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A knotoid (V.Turaev) is a knot diagram with two ends.
The ends can be in different regions of the diagram.
We study knotoids up to Reidemeister moves.
The moves do not move arcs across the ends of

the diagrams.
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FIGURE 1. Knotoid diagrams
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(b) Forbidden knotoid moves
/\/\\ AN
—~ NN/
\ Qg \_\/\

(a) i=1,2,3- moves




2.1. An Interpretation of Classical Knotoids in 3-Dimensional Space. Let K be a
knotoid diagram in R?. The plane of the diagram is identified with R%? x {0} C R3. K can be
embedded into R?® by pushing the overpasses of the diagram into the upper half-space and
the underpasses into the lower half-space in the vertical direction. The tail and the head of
the diagram are attached to the two lines, t xR and hxR that pass through the tail and the
head, respectively and is perpendicular to the plane of the diagram. Moving the endpoints
of K along these special lines gives rise to embedded open oriented curves in R? with two
endpoints of each on these lines.
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FIGURE 3. Curves in R® obtained by the knotoid diagram in Figure 1(c)
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An embeded arc in R*3 becomes a knotoid on
taking a generic projection to a plane.

Restricting isotopies of the arc to endpoint motions on
the parallel lines (perpendicular to the plane) and
otheswise in the complement of the two lines, preserves
the knotoid type of the projection.
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Descending Knotoid

diagrams are unknotted.
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Virtual Closure (K)

Figure 14: Knotoid and Its Virtual Closure

The virtual closure of a knotoid is supported
in genus one (add a handle to the 2-sphere).




Two Distinct Knotoids with the same Virtual Closure




Bracket Polynomial for Knotoids
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Bracket Calculation
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Conjecture: The bracket polynomial detects the
unknotted knotoid.

Discussion: This conjecture includes the well-known
conjecture that the Jones polynomial detects the unknot.

Note that the corresponding conjecture for virtual knots
is false. There are non-trivial non-classical virtual knots
with unit Jones polynomial. And there are examples of such
virtual knots of genus one.This means that we conjecture
that such virtual knots are not in the image of the closure
map from knotoids.
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= {{s, 0,1}, {1+1/s, 1, -Ss}, {-S, 1, 1/5S}};
Expand[Simplify[Expand[Permanent[MM]]]]

1 2
Outdl= 2 + — - S-S
S






MMM = {{s, 6, 0, 1, 0, O}, {-1/s, 1, 0, 1, s, O},
{0, -s, 1, 6,1, 1/s}, {6, 0,1, 1, 0, -s},
{i,1/s, 1, 0, 6, 0}, {0, 0, 0, 1, -S, +1/S}};

MatrixForm[MMM]

Expand[Simplify[Expand[Permanent[MMM]]]]

atrixForm=
s 0 01 0 0
-1 1 01 s 0
S
© -s 10 1 1t
S
© 0 11 0 -s
1 1 10 0 o
S
© 0 01 -s 1t
S
1 1 2
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