Solar Corona over the Hlmarayas "
By Jeff Dai s




(1) Spectra Sp and the stable homotopy category SH.

> SH is a closed symmetric monoidal triangulated category
whose objects represent (co)homology theories.

» SHis oitained from Sp by inverting the

Ty = isomorphisms.

—_—

(2) Bousfield Localization and E-local spectra SHg

» SHe is obtained from Sp by inverting the
» E-Local spectra Y: Ex(Z) =0 — [Z,Y] =0
> E-lLocalization X — LegX

LeX: Eocyclic

X <~~~ E-local
7
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Ring Objects 1w 2

A homotopy ring spectrum E is a ring object in SH. In particular, E has a
unit and a multiplication:

wnh mul kPl ok on
s% - E, EAE—SE

which satisfy the diagrams of a ring object in SH.
It is homotopy commutative if the following diagram commutes in SH:

ynX
Xay f'_—’

EAE—— 2 S EAE

For such E, w4« E is a graded ring. It is graded commutative if E is commutative.




A complex orientation for a homotopy ring spectrum E is a class
e e
X

= xE e E3(CP®)
whose restriction under the map

@
{:cP' e CP

3
* € E*(CP®) — E*(CP') = E*(S°) = mpE 21
is the unit.

X — A

T Suspawsion (52
Let 43 — CP® be the tautological line bundle. Recall that
where

HZ* (CP™) = (2]

axrb

Qe W, be W7
is the first Chern class of ;. This is a complex orientation. In fact,

Wormo.

x = xH2 e {z3(CP®) — W (0P = WZ(SH L
HZ*(CP®) = HZ*[[x].
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Let B € mK be the Bott class and| [ fyl — 1]

i@cpw) Then
K*(CP*) = Z[B*'][[m — 111
— -
The class
x = xK
is a complex orientation

B — 1] € K3(CP®) — P
_ —
. In fact,

K*(CP™) = K*[[x].
ACD) g

Note that CP® =~ BU(1). The zero section

e

Adms
Blue Rl
o _, hom('yl = Mu(l) &M\e )
e @we—afnd gives a class Dk .
x = xMU ¢ [(C_POO, MU2] =‘/\702((CP°O l

which is a complex orientation. In fact, Y204 sgea of YW

MU*(CPOO) >~ MU*[[x]] ﬂu*"—’?le‘JIz,_,, .

i x; eW2;

=] F




For a complex oriented theory E with orientation x = xg,
E*((CP™®)™) = E*[[xq,
T
and

.-,Xm]]

gl et

x; € E2((CP®)™)
E*(BU) ~ E*[[c1, 0, .. .]]
t T

ci € E¥(BU)
Hint. Use the Atiyah—Hirzebruch spectral sequence.

TI’EC,’ are the Chern classes of E. The map
E*(BU) — E*(BU(1)) =~ E*(CP%™)
-
S t .
map f_l @ fst dharn doas.




ﬁ’af"')@ (=g
CP® x CP® * Cp®
—

classifying the tensor product of line bundles gives map

E*(®) J

E* [[x]] E*(CP®) ————— E*(CP® x CP®) = E¥*[x,y] |

@(_@) F{x y) = x+;:y‘
For
2(CP°°—>(CP°° )

classifying the C-linear dual of ~1,
E*(I)(x) =1 i(x)
x) =:i(x o\ *7'(%)
In fact, C&QA\'\- )
a(l ® L) = F(a(l), all))

eels)

Properties of ® imply:

(1) (x+¢ y;+pz:x+p (y +F2z)  osscuahw

(2) x+py=y+Fx _ Commuiebor Hrn\lp ‘—‘F(:j)"’)
(3) x+F0=x,04ry=y. 2 oC =X

(4) x+Fi(x) =0 Qe "=




Formal Group Laws > & EFCCP®) ~3 -2

For Ry = R™* a graded ring and x, y € (R«[x,y]|)—2. Define a category
FGL(Ry)
Objects. A formal group law (fgl) over Ry is a power series
x+gy=F(x,y) € (Re[x,y]) -2
satisfying the properties (1)-(4).
Morphisms. A morphism f: F — G of fgls is a power series
f(x) € (xR« [[x]])—2 such that f(x+Fry)=f(x)+¢cf(y).
The identity is x.

Base Change. If ¢: Ry — Sy is a ring homomorphism, applying ¢ to coeffi-
cients gives a functor
¢: FGL(Ry«) — FGL(S)

> Fro(x,y) = x + y is the additive fgl.
> F(x,y) = B7H((Bx + 1)(By + 1) — 1) is the multiplicative fg|.




MU carries the universal formal group law: - (1)

Fuu(x,y) = Z@’yj <
i
L—

MU*ngZ[a;j:i,jZO]@ o =0
MUy = L= .

where [ is ideal of relations required for Fyyy to be a fgl.

over the Lazard ring O =1 =Go

MUy = Z[x1, x2, X3, . - ., Fuu(x,y) = x+y+xxy +...

For E complex oriented with fgl Fg, there is a map of homotopy ring spectra
f: MU — E such that
L

(s f)Fuu = Fe(x,y) MNaows Pt T A

Quatiel O xiety
Universality. For a F € FGL(Ry), there is a homomorphism ¢: MUy — Ry
such that - —
Fyy = F. frar _
PFmu =¥ F&LIR) = Hom (Mu, R

S-S,




n-Series

For any n € N and formal group law F,
[lF() = X+ ... +Fx = FCx,ECx, - Flxa))
n-times

is a morphism [n]g: F — F. This is called the n-series.
e

For example:

> Fug(x,y) = x+yso

[l () = mx
> Ficlx,y) = B7H(Bx +1)(By +1) — 1) s0
MR (x) = B7H(Bx +1)" — 1)




Fix p a prime. Let v, € MUy(,n_1) be the coefficient of xP" in

[p]FMU(x):x+,:...+,:x:px+...+v1xp+...+vnxpn+....
[

p-times

P n=0
Vy =
" Xpn—1  mod (p, X1, ...,Xpn_2)

Let F € FGL(Ry) be classified by ¢: MUy — Ry. If ¢(vs) is a unit in Ry,
then F has height < n at p. If in addition ¢(v;) = 0 for 0 < i < n, then F has
height = n.

> Fug has height 0:
[P]Frg (X) = px = vox.
> Fk has height < 1:
[Pl (x) = px + p(...) + BP1xP.
> KZ/p = K A SZ/p has height = 1:

[PlFcs, (x) = 8PP,




For a ring homomorphism ¢: MUy — Ry consider the functor CW4 — Ab:

—7 X —(Ry ®umuy, /T/’T/*(X);

This is a homology theory provided that Exactness holds.
—~——

‘ Landweber Exact Functor Theorem

(1) If for every p and n > 0,
Rs/(pyvi, .oy Va—1) ——=> Ry /(p, Vi, .., V1)

is injective, then
X = Ry Qmuy, MUy (X)

is a homology theory.

(2) If E is complex oriented and MUy — Ey satisfies (1), then

Esx(X) = Ex ®uu,, MUx(X).
ST TV TR

lewn -
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~

Landweber Exact Functor Theorem 0@l 3atom W rep to Griria .. - mem.()'

L -t = Lec,\)
(1) If for every p and n >0, v g? M~

Vn
R*/(pv Vlv"'vvn—l)HR*/(pv V1,...,Vn_1) C~duh
is injective, then
X = Ry ®mu,, MUx(X)
is a homology theory.

(2) If E is complex oriented and MUy — Ey is as in (1), then

Es(X) = Ex Quuy, MUsx(X). i uniaM
wmod (PN\--‘) \Ii—c)
BP and Johnson-Wilson Spectra - MlUepy = Zepy Lrsxa - -- ]
r N
> The Brown-Peterson BP is the spectrum coming from
/ﬁ MUy — BPy :ﬁ*A{,_U(p)/()ji»i#Pk*l_)gZ(p)[\(].vV?:V&-"] »
In fact, MU, splits as a wedge of suspensions of BP. \"luq,\c'— \/2 BP

> The Johnson-Wilson Spectrum E(n) is the spectrum coming from

‘ MUy — E(n)s = v, 'BPs/(Vas1,-.-) = Zpy[vi,- .o, Vo1, v ']
n

The theory E(n) has height < n. Vatz, .. T x?n




Zaos-Sullivan Consheuchm

Morava K-Theory leckwe 22 Lune

T
Fix pand n > 1. The n'th Morava K-theory spectrum is constructed from

MU, by killing

(s X1, X2y -+« Xpn—2, Xpn, Xpn 41 - - -)
and inverting Vn = Xpn_1. It satisfies
— reded Jed
W*K(”)=@)* ;]P;P[Vnil] — % g‘

—_—
and is a homotopy associative ring spectrum. It is complex oriented and
"_\_’_\/

ul
[p];:K(n) (x) = vaxP + ...
— {

so Fy(n) has height = n at p. t
KZ/p=Fle™ '3
»| K(0) ~ HQ - KZ/p= Fle
> K(1) ~ KZ/p%-1 is the Adams Summand BeT
> K(o0) ~ HZ/p R KO = Fpiv™)

> K(2) is K(2)

Note. These are not Landweber Exact Theories.




’\ A spectrum is a (p-local) finite spectrum if it is isomorphic up to a shift
in SH to (the p-localization) £®X for X a finite CW complex.

> E is a field if ExX is free over Ey for any X.
| S— [ —

> K(n) is a field and any field E is a wedge of suspensions of K(n)'s.
> K(n)s has a Kiinneth Isomorphism:
KX 7 Y) = K(0)s(X) @(nyye K (Y). T K
(\—' )% —
K(n) A K(m) ~%if m#n .
e e—
- |* Let 0 < n < 0. If X is finite, then

_ —_—

v

type n if it is in

Then, Cpht41 S Ch. A spectru




LetFGL Ry) have objects formal group laws over Ry and morphisms strict isos:

An isomo:hism f: F — G, given by f(x) € xRy[[x]], is strict if f(x) =Q<){- .

FGL: Graded Rings — Groupoids

MUy MU = MUy [by, b, bs,...]  bj € MUy MU

where e
fuu(x) = x + Z@x’+1
i=1

represents the universal strict isomorphism. That is,
e I

6 MUSMU — Ry

is a the data:
F,GeFGL(Ry) f:F=">G
In particular, I:_N(.EL is representable: M’FG—L

obj(FGL(R*)) = Hompings(MUs, Ry)
mor(FGL(R*)) = Homgings(MUsx MU, Ry.)




N)



Ln:= Lk©yv...vK(n)
Then

L,, >~ LE(n) >~ Lvn_lMU'

There is a natural transformatigns
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Computation by Ravenel .
lllustration by Hatcher Tk 8(5) D= )
Edits by Behrens

204, 2
.
gy g e
20/2% 219+
by
-

JRTUOUR JO00 SU0TR TOUIC SPUOR SUURE JUOE SUOTG DOUIC SPUOR SUORE JOOE SUOTG SO

319 359 399 439 479 519 559 599 639 679 719 759 799 833 879 919 953 999

39 79 119 159 199 239 (279



Computation by Ravenel
lllustration by Hatcher Trx 5(5)
Edits by Behrens

.
144 . -
B34 1 16

.
15/2¢° 214w
e

w04/, h
.. . 03¢ ¢ 11—
v1—periodic = image of J i 205

9 . s

Period =2(p—1) =8

39 79 119 159 199 239 279 319 &59 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 939



Computation by Ravenel —
Illustration by Hatcher Trx 5(5) b= )
Edits by Behrens

v9—periodic
Period = 2(p? — 1) = 48

39 79 119 159 199 239 279 319 359 399 439 473 519 559 539 639 679 719 759 799 839 879 919 953 939



Computation by Ravenel —
lilustration by Hatcher T 8(5) b= d
Edits by Behrens

w04, 2
073 '20 ,“' .
20/2% 2:19 =
_—
19

vg—periodic
Period = 2(p® — 1) = 248

39 79 119 159 199 233 279 319 359 399 435 479 519 559 599 639 679 719 759 799 839 879 G919 959 995



74S(2) (Illustration by Isaksen)
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74S(2) (Illustration by Isaksen)
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7% S(2) (Illustration by Isaksen)

Telescope Conjecture (Ravenel)

The first n-rays are detected b

Chromatic Splitting Conjécture (Hopkins)

The gluing data for the chromatic layers is simple.




