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Complex Oriented Theories : Chern Classes and a formal group law

(EE x,y)€ E¥(CP® x CP®) =~ E*[[x,y]

G (el = tE(C,,(Q,-),

Universal Formal Group Law : carried by MU

E/I‘w : For fixed p, v, € MU2(PH_1) is the coefficient ofin

[PlFyy (X) =px o vixP o vaxP
=Xtg o tex P T
Height : A formal group law classified by

has height < <n if qb(v,,) is a unit and = =n if also d)(v,) =0,0<i<n.

Landweber E><act Functor Theorem : Construct new theories

E( )i = Zpy[vi, - - N,, 1 of height < n.
- = A
Morava K-theories : K(n) for 0 < n < o

> K(n)y = Fy[viE ]ofhelght—n

> K!n!*Kgm)—Olfm;én

> X finite and K(n)xX =0 = K(n—1)4X =0. QRawewd
AN —_ L )
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Part 1ll — The Chromatic Filtration

(1) Chromatic Fracture Square <—

(2) Algebraic Chromatic Filtration Rawtnel (984
(3) Thick Subcategories and Type n-Spectra \,ouo\,(flﬂc‘-"“ .
(4) Geometric Chromatic Filtration

(5) Telescope Conjecture




For
E={E), wE: E, - QE,1}  F={Fnwh: Fo > QF, 1}

the spectrum E v F is the W of En v Fn with maps

LAJ” \/W’f
Env Fp——————> QFEp11 v QF 01— Q(En v Fp)
\ ‘ S

The operation v is both the product and the coproduct in SH:
* (Ev F)x(X) = Ex(X) ® Fx(X)
» E¥(X v Y) = E'@X)xE* (Y)

> Etc.




Chromatic Fracture Square

LnX:=Lk)v...vk(m X
hewvi e
Remark. Roughly, and this can be made precise for MU-module spectra:
AN —
> L, is like inverting “v," Y AX

> Li(n is like inverting “v," and completing at (p, vi, ..., Va—1).

For every spectrum X,
> L,—,X >~ LE(,.,)X >~ L

_ X .
My Yo Al
| Vn (), 2¢p"1) n Ty AT
» @< then Ly LnX = 0 z MUy — T "1k
— = | W
There are natural transformations
leve = LE vn
¢ LaX — Lp_1X LnX — Lic(myX

and a homotopy pull-back, the Chromatic Fracture Square:
LnX —_— LK(,.,)X

e

Lp 1 X LnflLK(n)X

w

AL

]

AYW
e Wik Qoedim (VMU Lo TWep — -~ - =

J



Lo X ——— LK(,,)X

|

Lp g X —— L, 1 LK(n)X
—




Localization Theorem. For every spectrum X,
AN~ —_—

2

LaX A MUgp) = X A LaMUp,)

If )_( is vn__llMU(p)-acyclic, then
——

E(i\‘l) K=

(MU(p))*(LnX)
@co)v VRG] Ky —

MU(,,))* (X).

Smash Product Theorem. For every spectrum X,

LnX ~ X A LpS°

’Smas\u'ng Lowali te-bion
Chromatic Convergence Theorem. For every finite spectrum X,

X(p) = holimp L,X

For a p-local spectrum X, let €3 (X)

= X and, for

n>1,

63 (X) = ker(ms X — mgLn—1X).
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A full subcategory C of @is thick:
> If C is closed under isomorphisms.  wxak %MUM

r XLy o Cr — ¥ X is a distinguished triangle and two of

{X,Y,Cs} isin C, then so is the third. Coftbrahons , O st ovd
» If X v Y isin C, then so are X_and_Y. rebraets
Examples.
> Finite spectra SHS wmpact -

> E-local spectra and E-acyclic spectra

> A full subcategory of a thick subcategory
Y Ul SUDCates LK

A thick subcategory 7 g@s a thick tensor ideal if SQQ:‘. ( C)
s xeT

i XeTand YEC, then Y A X €T, L)”Ba\mzr
A proper thick tensor ideal@g C is prime if
» X AY € P implies that X e P or Y € P.
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Fix a prime p. For n > 1, let /‘P locad {%m{b Ape
AN

P = {XL@- K(n - 1)sX = 0}.

Exercise. These are thick tensor prime ideals of S?-@).

KCa).X =0 D ¢ta-).X =0
Let Po = SHE,). Then S p ol 2 Tukdeel

Po2P12.. 2P 2Pny12... 2%
[ijCS'HC

Thick suowgte &2y T

_ K. X £ 0
A finite p-local spectrum has type n if it is in Pp\Ppy1. { Kln-.X =0
= w-DX =

Example. N
0 ; 0
> S: ) has type 0 since K(O)*(S(p)) #0

> SZ/p has type 1 since K(0)%SZ/p = 0 and K(1)xSZ/p # 0.

Sazasc_,s-7up —

K(n) gwe fhe

prnes of chechr
(o) is a thick subcategory, then C = Pn)for somen>0. —



Use the Chromatic Fracture Square to show L, X =~ Ly, X for\type n spectra.
— ']

For a self map f: );i)_( - X, if@ given by

shax EUTVN s e1yay i six — ' o x

is null for some k > 0, then f is nilpotent.
_— ~—
The nilpotence theorem states that for X € SHEP):

f is nilpotent if and only if K(n)xf =0 forall0 < n<




Niclpokene T Moplyns - Smikly.

T~

For n > 0 a vp-self map for X e S’H( ) is a map

such that

o

N
vi

FrY9X - X

n#m

n m

—_—

Example.

(m)*f = {
SO

» 2, Sé)p) is aself map.
For p odd, the Adams map JOL) TV o imoge of 3 Sl'wa_
a: $2e=1S7/p — SZ/p

is a v1-self map with K(1)x(a) = vi.

>

>

QLG." )

a: $852/2 - 572

a).

For p = 2, the Adams map

is a vy-self map with K(1




K)X+0 Kta-t\.X=O0O
£:sx oK

Periodicity Theorem (Hopkins-Smith)

a2 4 Vpmoell

> A spectrum X has type n if and only if it_has a v,-self map.

> If fand g are vp-self maps, then
fl= gj

for some i, j > 0. That is, v,-self maps are essentially unique.
=) =

Exercise

Prove that if X has type n and {: Y9X — X is a vp-self map, the cofiber Cr .?

| ZIX —> X H(%)H yd+ix

has type n + 1.

Hint. Examine the long exact sequence on K(m)s homology for the cofiber

sequence, using the properties of K(m)X and K(m)xf.

& Oy



Constructing Type n-Spectra

If X has type n with vj-self map f: ¥9X — X, then C has type n+ 1.

Examples. vo

> The cofiber SZ/p of ( )y~ 50 (e) has type 1. It is also calle
S

> For p odd,
a: 22D (1) - M(1)

satisfies K(1)x(a) = vi". The cofiber has type 2 and is called M(1,1).

> For p =2,
Qam a: T8M(1) — M(1)

satisfies K(1)x (o) = v@ The cofiber has type 2 and is called M(1,4).

——

Definition.( M(ig, ..., in) Is the type n+ 1 spectrum defined inductively as the
cofiber

s2(p" 71)'"/\/’(10, yin—1) @ M(io, ..., in—1) ——> MM

where f, is a v,,—self map satisfying
K(n)x(fa) =

. . . . Naoﬂ_
If it exists, M(1,1,...,1) is called a Smith-Toda complex.
e —— — AANNASTT N




Torsion and Periodic Elements

Let M, := M(ig, i1, ..., in—1) with v,-self map f, so that K(n)sf, = v,';”.
—— | ——— _J — - ‘ J ——
For X € SH(y): Teee 1
> wemX is‘v,,_l—torsionyf there is a diagram
— ?‘ia
Lo} N .
S — X 5;7 (fg) Seo w iy V- pe odac
IR —> Gemilien
¥
n

Ifal M, M,

> If wp o fy # 0 for any vy-self map f, of M, thenp is vp-periodic ’

Geometric Chromatic Filtration

Let 45 (X) = mxX. For n > 1, let €F(X) be the Vn—1-torsion elements.
“8(X) 2 €5(X) < €5(X) 2




Let w € 7, X be v,-periodic and
M= M, = M(io,i1,...,in—1)

with vp-self map f, so that
fn n
YIM—"s M "5 5yrx &
is non-zero. Let M" be the r-skeleton of M and

e ) e

be cofiber sequences. There exists r and a dlagram
Saa- mu’[ﬁpl\ uJﬁM

M0 sk

= r
-
with g o i non-trivial. That is, wp o f, is non-trivial o
fe— 1 s R

Such elements g o i € wyy,X for the v,-periodic family of w.
—p—— e




Computation by Ravenel
lllustration by Hatcher Trx S(5)
Edits by Behrens

R TUUUC JOUTR JUUC U000 SUURR JUUUG FUUTR 20000 JPOTR SUUOR JUUE JOURR

39 79 119 159 199 239 279 319 359 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 999
—Q - ~]
'\KSCI)

Jdevalecadicndie,




Computation by Ravenel
lllustration by Hatcher Trx S(5)
Edits by Behrens

s,

B34 1 16

15/2¢
14"

w04/, .

.. . 03¢ 2 114

v1—periodic = image of J i as
g

Period =2(p—1) =8

39 79 119 159 199 239 279 319 359 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 939



Computation by Ravenel
lllustration by Hatcher

Edits by Behrens (5)

v9—periodic
Period = 2(p? — 1) = 48 w2

39 79 119 159 199 239 279 319 359 399 439 473 519 559 539 639 679 719 759 799 839 879 919 953 939



Computation by Ravenel
lllustration by Hatcher
Edits by Behrens

m3(s)

vg—periodic
Period = 2(p® — 1) = 248

U U008 SOV JUU0K JUUUE SUUUE SUUPS SUUUR JUUEG SOUC SPUUS SURUC SUUUR SURVS SUVRR UUUS SUUUE JUUPY SURC JUUPE JUUUC SUU0% SUUS SUUNR JORE

39 79 119 159

199

239

279 319 359 399 439 479 519 559 589 639 679

719 753 799

wal,
21351 2l .
203+ 219+
19
18 Sl

839 879 0919 959 939



W*Sg) (NMlustration by Isaksen)




74S(2) (Illustration by Isaksen)
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If f: ¥9X — X is a self map, the telescope of f is

f~YX = hocolim (X T

yodx I y2dy TV )

|

For M, = M(ig, i1, . . ., in—1) with self map fn, let Tel(n) = £71M, and

— —-_Tt
LEX = Lrag)v...vTei(m X %
Example. If X is a type n complex with v,-self map f, then

LZX =fiX. Q/J’Yc\esap\‘lg ).o%\iiq(s’a

Let X be a p-local spectrum. Then Sa”()g(X! = 74X and, forn > 1,

GE(X) = ker(mgX — meLh_1 X).

4



For a p-local spectrum X, let €3 (X) = 74X and, for n > 1,

CF(X) = ker(ms X — mxln_1X)
for L,X = LK(O)v...vK(nM)X'

Let X be a p-local spectrum. Then %ﬁog(X) = 74X and, for n > 1,

CE(X) = ker(mx X — mxlE_1X)
for LfX = Lyao)yv ... v Tel(nitlt) X

There is a natural transformation

_> L;HX
which is known to be an equivalence if
> X is E(m)-local for some m > 0

X= LK

-
» X is an MU-module spectrum (see the Localization Theorem)

=




For every spectrum X,
LIX = X

> n=0, p > 2 Bousfield since Tel(0) = SQ = HQ = K(0).

*» n=1, p> 2 Miller —_—

> n=1, p =2 Mahowald

> n_>__ZE, p = 2 Open M%P\’s c-(‘o(z&‘)roocz Q‘o‘m Row.

—_—

Let n > 1. The following are equivalent:
> IfLf |~ L,_q, then Lf ~ L,

> There exists a type n spectrum X with f~1X ~ [, X.
e —

Lﬂuc\t Sw\ou}tsm&a &w%\m,v-& N



The Comparison Map

Let X have type n with v,-self map f: £9X — X.
Exercise. LnX >~ Ly X
By definition, the localization X — Lk )X is a K(n)s-isomorphism.
Localization gives a map
FIX — Ly £ 71X > (L £) M ie(my X =~ Lig(m X
where the last equivalence comes from the fact that K(n)«f is an isomorphism.

This gives the map
LAX = F71X — Ly X = LaX.




I
@—) L,,,lLK(n)X ]

> Discuss the gluing data L,—1X — Ly—1Lkn) X of the fracture square.

> Discuss the building blocks L)X
> Higher p-complete K-theories E, and higher Adams operations G.
IN——— ———




hank yo

‘“waw . youtube . com/watch?v=Ix4pg87LKVK&1 ist=PLEARA1j39FGEmbWyYVendxnE- 1£Q3K9a6%

Timestamp 30:33


https://www.youtube.com/watch?v=Ix4pg87LKVk&list=PLEdRA1j39FG6mbWyYVendxnE-lfQ3K9a6&index=6&t=1987s

