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Existence of θ6

Theorem (Lin–Wang–Xu)

h26 survives to the E8-page in the Adams spectral sequence.



Notations

§ For x P Ext, permanent cycle, we denote by

§ txu: the set of all classes in π˚ that are detected by x .

§ rxs: a specific or a general class in txu,
depending on the context.

§ θ5 “ rh25s: any synthetic homotopy class in π62,62`2S
0,0 detected by

h25 in the Adams E2-page.

§ Denote also by θ5 its image in π62,62`2S
0,0{λr via the map

S0,0 Ñ S0,0{λr for all r ě 1.

§ η “ rh1s P π1,1`1S
0,0.

§ Fact: 2 ¨ θ5 “ 0 in π62,62`2S
0,0 for every θ5.

§ Ext0,63A “ 0 ñ π62,62`2S
0,0 doesn’t contain any λ-torsion.

§ Xu, Isaksen–Wang–Xu: 2 ¨ θ5 “ 0 in π62S
0 for every θ5.
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Inductive Approach for θ6

Theorem (Barratt–Jones–Mahowald, Burklund–Xu)

1. The element h26 survives to the Er`3-page of the classical Adams
spectral sequence if and only if for some θ5,

ληθ25 “ 0 in π125,125`4S
0,0{λr`1.

2. In particular, h26 is a permanent cycle in the classical Adams spectral
sequence if and only if for some θ5,

ληθ25 “ 0 in π125,125`4S
0,0.

§ In fact, the expression ληθ25 is consistent for every choice of θ5.
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Ideas of the Proof

§ Take any θ5 P π62,62`2S
0,0, and its extension f : S62,64{2 Ñ S0,0,

where S62,64{2 is the cofiber of 2 : S62,64 Ñ S62,64.

§ Consider its quadratic construction Sqpf q : pS62,64{2q^2
hC2

Ñ S0,0.

127, 128

2

63, 64

2

126, 128

λ2η

62, 64
θ5

&&

124, 128
θ2
5

((
0, 0 0, 0

S62,64{2
f // S0,0 pS62,64{2q^2

hC2

Sqpf q // S0,0
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+3 S0,0{λ
δ1 // S1,´1

h26
� // ληθ25

§ If ηθ25 is detected by λn´5Tn for some Tn P Extn,125`n
A ,

then there is a synthetic Adams differential dn´2ph26q “ λn´3Tn.
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Strategy for proving h26 as a permanent cycle

§ If ηθ25 is detected by λn´5Tn for some Tn P Extn,125`n
A ,

then there is a synthetic Adams differential dn´2ph26q “ λn´3Tn.

§ Goal: Show that ληθ25 “ 0 by Adams filtration (AF) estimation.

§ Start with θ25 P π124,124`4S
0,0.

§ Exti,125`i
A “ 0 for i ď 2

§ ñ π124,124`4S
0,0 doesn’t contain λ-torision.

§ By inspection, AFpθ25q ě 10.

§ If AFpθ25q “ 10, then θ25 is detected by λ6h20x124,8.

§ Next estimate ηθ25.

§ AFpλ3ηrh20x124,8sq ě 14.
§ If AFpλ3ηrh20x124,8sq “ 14, then it is detected by λ6h1h4x109,12.
§ If AFpλ3ηrh20x124,8sq ą 14, then it is zero.
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An η-extension

Proposition A

Exactly one of (1) and (2) is true:

(1) h26 survives to the E8-page.

(2) d12ph26q “ h1h4x109,12 ‰ 0.

p2q is true ô p3q, p4q, p5q are all true:

(3) d6px126,8,4 ` x126,8q “ 0.

(4) θ25 “ λ6rh20x124,8s ‰ 0 P π124,124`4S
0,0.

(5) λ3ηrh20x124,8s “ λ6rh1h4x109,12s P π125,125`8S
0,0.

§ Choice of θ5 in (4) doesn’t matter,

§ Choice of rh20x124,8s in (5) doesn’t matter.

Proposition B

If (3) is true, then (5) is not true.
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Proof of Proposition B
For the sake of contradiction, we assume (3) and (5) are both true.

Lemma 1

There exists α1 “ rx123,9 ` h0x123,8s P π123,123`9S
0,0{λ9,

α2 P π124,124`13S
0,0{λ9, α3 P π125,125`15S

0,0{λ9,

such that

1. λ3η ¨ α1 “ λ3rh20x124,8s ` λ6α2 P π124,124`7S
0,0{λ9,

η ¨ α2 “ λ ¨ α3 P π125,125`14S
0,0{λ9,

2. λ3 ¨ α1 ¨ rh0s “ 0 P π123,123`7S
0,0{λ9.

Lemma 2

The synthetic Toda bracket

xλ3α1, rh0s, ηy Ă π125,125`7S
0,0{λ9

does not contain zero, and is detected by λ4h20x125,9,2.
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Proof of Proposition B

Lemma 3 (Corollary of Lemma 2)

rλ4h20x125,9,2s ¨ rh0s “ λ6rh1h4x109,12s ‰ 0 P π125,125`8S
0,0{λ9.

Lemma 4

rλ4h1x121,7s ¨ rh2s “ λrλ5h20x125,9,2s P π125,125`5S
0,0{λ9.

Sketch Proof of Proposition B:

§ rλ4h1x121,7s ¨ rh2s ¨ rh0s “ λrλ5h20x125,9,2s ¨ rh0s

“ λ8rh1h4x109,12s ‰ 0 P π125,125`6S
0,0{λ9.

§ rλ4h1x121,7s ¨ rh0s ‰ 0 P π122,122`5S
0,0{λ9, only possibilities:

λ6rh6Md0s in AF “ 11, λ7rh5x91,11s in AF “ 12.

Both lift to π˚,˚S
0,0.

§ In both cases, λ4rh1h4x109,12s is a λrh2s-multiple in π˚,˚S
0,0.

§ ñ in ASSpS0{νq, h1h4x109,12r0s must be killed by dr for r ď 5.
Contradiction!
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Sketch Proof of Lemma 1

Lemma 1

There exists α1 “ rx123,9 ` h0x123,8s, α2, α3 P π˚,˚S
0,0{λ9, such that

1. λ3η ¨ α1 “ λ3rh20x124,8s ` λ6α2 P π124,124`7S
0,0{λ9,

η ¨ α2 “ λ ¨ α3 P π125,125`14S
0,0{λ9,

2. λ3 ¨ α1 ¨ rh0s “ 0 P π123,123`7S
0,0{λ9.

Facts: (1) x123,9 ` h0x123,8 survives to E12, not killed by any differential.
(2) d2px125,8q “ h1px123,9 ` h0x123,8q ` h20x124,8.

§ Let α1 “ rx123,9 ` h0x123,8s P π123,123`9S
0,0{λ11 and

its images in π123,123`9S
0,0{λr for 1 ď r ď 10.

§ ληα1 ` λrh20x124,8s P π124,124`9S
0,0{λ9 lies in AF ě 11.

§ λ3ηα1 ` λ3rh20x124,8s P π124,124`7S
0,0{λ9 has AF ě 13 by inspection,

and is detected by λ6e0∆h6g if AF “ 13.

§ in Ext, h1 ¨ e0∆h6g “ 0.

§ λ3 ¨ α1 ¨ rh0s P π123,123`7S
0,0{λ11 has AF ě 17 by inspection.
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Sketch Proof of Lemmas 2 and 3

Lemma 2

The synthetic Toda bracket xλ3α1, rh0s, ηy Ă π125,125`7S
0,0{λ9

does not contain zero, and is detected by λ4h20x125,9,2.

§ From Lemma 1 and (5): λ3ηrh20x124,8s “ λ6rh1h4x109,12s,

η ¨ λ3ηα1 “ η ¨ λ3rh20x124,8s ` η ¨ λ6α2

“ λ6rh1h4x109,12s ` λ7α3 P π125,125`8S
0,0{λ9.

η ¨ λ3ηα1 “ λ3α1 ¨ xrh0s, η, rh0sy “ xλ3α1, rh0s, ηy ¨ rh0s.

§ ñ xλ3α1, rh0s, ηy lies in AF ď 12, which is generated by

rh20x125,5s in AF “ 7,

λ2rh6p∆e1 ` C0 ` h60h
2
5qs in AF “ 9,

rλ4h20x125,9,2s in AF “ 11.

§ ñ Lemma 3:
rλ4h20x125,9,2s ¨ rh0s “ λ6rh1h4x109,12s ‰ 0 P π125,125`8S

0,0{λ9.
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Sketch Proof of Lemma 4

Lemma 4

rλ4h1x121,7s ¨ rh2s “ λrλ5h20x125,9,2s P π125,125`5S
0,0{λ9.

§ Fact: h1x121,7 survives to E6, not killed by any differential.
ñ rλ4h1x121,7s ‰ 0 P π122,122`4S

0,0{λ9.

S3 ν // S0 i // S0{ν
q // S4 ν // S1

¨ ¨ ¨
¨h2 // Ext˚,˚

A pS0q
i˚ // Ext˚,˚

A pS0{νq
q˚ // Ext˚,˚

A pS4q
¨h2 // ¨ ¨ ¨

h20x125,9,2
� // h20x125,9,2r0s

h1x121,7r4s

`x126,8r0s

`x126,8,2r0s

� //

d3
OO

h1x121,7

§ Generalized Mahowald Trick:
rh1x121,7s ¨ rh2s “ λ2rh20x125,9,2s P π125,125`9S

0,0{λ3.

§ Lift via S0,0{λ5 Ñ S0,0{λ3, push via λ4 : Σ0,´4S0,0{λ5 Ñ S0,0{λ9
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