
Appl. Phys. Lett. 117, 011907 (2020); https://doi.org/10.1063/5.0012974 117, 011907

© 2020 Author(s).

Beamforming with transformation acoustics
in anisotropic media
Cite as: Appl. Phys. Lett. 117, 011907 (2020); https://doi.org/10.1063/5.0012974
Submitted: 07 May 2020 . Accepted: 30 June 2020 . Published Online: 09 July 2020

Steven R. Craig, Jeong Hun Lee , and Chengzhi Shi 

https://images.scitation.org/redirect.spark?MID=176720&plid=1086294&setID=378288&channelID=0&CID=358612&banID=519897914&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=aaa086372f9ee665edf0e430668794a2c108e2bc&location=
https://doi.org/10.1063/5.0012974
https://doi.org/10.1063/5.0012974
https://aip.scitation.org/author/Craig%2C+Steven+R
https://aip.scitation.org/author/Lee%2C+Jeong+Hun
https://orcid.org/0000-0001-6736-4843
https://aip.scitation.org/author/Shi%2C+Chengzhi
https://orcid.org/0000-0003-0799-213X
https://doi.org/10.1063/5.0012974
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0012974
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0012974&domain=aip.scitation.org&date_stamp=2020-07-09


Beamforming with transformation acoustics
in anisotropic media

Cite as: Appl. Phys. Lett. 117, 011907 (2020); doi: 10.1063/5.0012974
Submitted: 7 May 2020 . Accepted: 30 June 2020 .
Published Online: 9 July 2020

Steven R. Craig,1 Jeong Hun Lee,1 and Chengzhi Shi1,2,a)

AFFILIATIONS
1Meta Acoustic Lab, George W. Woodruff School of Mechanical Engineering, Georgia Institute of Technology, Atlanta,
Georgia 30332, USA

2Parker H. Petit Institute for Bioengineering and Bioscience, Georgia Institute of Technology, Atlanta, Georgia 30332, USA

a)Author to whom correspondence should be addressed: chengzhi.shi@me.gatech.edu

ABSTRACT

Transformation acoustics correlates complex material properties in physical space with distorted wave manipulations in virtual space, such
that wave propagation patterns can be determined by mathematical coordinate transformations. These transformations allow for accurate
modeling of acoustic propagation in complex materials. Such models are relevant for both biomedical ultrasound therapies and integrated
on-chip systems, where muscle fibers and piezoelectric substrates act as effective anisotropic media, respectively. Without considering the
anisotropic density of these sophisticated media, attempts to beamform acoustic patterns by phase engineering result in a heavily distorted
signal. This distortion is detrimental to the performance of high intensity focused ultrasound acoustic tweezers for noninvasive surgeries, cell
trapping, and cell sorting. Here, we demonstrate that the distortion effects can be corrected by transformation acoustics in which the
phased array profile is adjusted to account for the corresponding anisotropy. We perform experiments to verify this transformation acoustic
correction for arbitrary focused and self-bending beams with two-dimensional anisotropic spoof surface acoustic waves. The benefit of
transformation acoustics in suppressing undesired anisotropic effects on beamformed waves improves the precision and efficacy of medical
treatments that facilitate noninvasive ultrasound therapies and integrated on-chip applications.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0012974

The constitutive relations that govern wave propagation through
a medium directly depend on the physical properties of materials. This
intrinsic relationship motivates researchers to create complex materials
that manipulate wave propagation through mathematically defined
coordinate transformations, known as transformation electromag-
netics and acoustics.1–3 This mapping leads to a unique design of wave
bending and distortion that realizes electromagnetic and acoustic
invisibility cloaks.4–7 The transformation electromagnetics and
acoustics are valid when the field equations describing wave propaga-
tion are invariant under coordinate transformations.1,2 This is known
to be true for Maxwell’s field equations and enable the theoretical
development of transformation electromagnetics.8–10 Transformation
invariance is also true for acoustics, given an anisotropic mass density
tensor.11,12 Transformation acoustics allows the design of acoustic
metamaterials with effective anisotropic mass density properties
that are used to experimentally demonstrate acoustic cloaking5–7 and
gradient index sonic lenses.13–15

On the other hand, transformation acoustics facilitates the map-
ping of wave patterns in sophisticated materials to medium where the
precise modeling of wave propagation is well-understood. This is

critical for high precision applications in which acoustic waves propa-
gate through anisotropic media, with prime examples being biomedi-
cal acoustics and integrated on-chip systems. In recent years,
biomedical ultrasound has demonstrated the ability to ablate cancer-
ous tumors,16–21 pulverize kidney stones,22 and clear aortic plaque23,24

in addition to being a noninvasive imaging tool for diagnostic
purposes.25–30 For many of these applications, beamforming by
manipulating a phased array to generate a desired wave pattern in the
body is critical [Fig. 1(a)]. In addition to applications for bulk acoustic
waves, integrated on-chip systems use surface acoustic waves (SAWs)
to manipulate, trap, and sort cells in a controlled environment.31,32

These on-chip devices commonly use anisotropic piezoelectrics to sup-
port SAW propagation. For both bulk and surface acoustic waves,
effective anisotropy distorts beamformed wave fronts and drastically
affects the performance of the desired application [Fig. 1(b)]. To
address these effects, we apply a coordinate transformation to correlate
anisotropic wave distortion with a required phase profile correction.
By doing so, any unwanted anisotropic effects are suppressed, and the
intended beamforming is restored [Fig. 1(c)]. Here, we demonstrate
the effectiveness of beamforming correction in anisotropic media
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using transformation acoustics for biomedical and on-chip applica-
tions via experimental validation using finned grating surfaces that
support two-dimensional spoof surface acoustic waves (SSAWs) for
focused and self-bending beams [Fig. 1(d)].33,34 Based on the disper-
sion relation of the grating,35 we mimic effective isotropic [Fig. 1(e)]
and anisotropic [Fig. 1(f)] media by varying the fin heights in x and y
directions. First, we apply transformation acoustics to correct focused
ultrasound beams in anisotropic media. The focusing of the acoustic
waves in an isotropic medium can be achieved by a transducer array
with the phase profile given by36–40

/ xð Þ ¼ �k0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x � fxð Þ2 þ y � fy

� �2q
� fy

� �
; (1)

where / xð Þ is the transducer phase along the horizontal axis, k0 is the
wave number of the isotropic medium, and fx and fy are the coordi-
nates of the focal point. The origin is set at the center of the transducer
array. The focal point is chosen to be at (70mm, 150mm) for 9 kHz
waves in our experiment. As expected, the phase gradient determined
using Eq. (1) focuses the acoustic energy to the desired focal point in
an isotropic medium in a numerical simulation [Fig. 2(a)]. On the
other hand, the same phase profile of the transducer array results in a
shifted focal spot in an anisotropic medium with the effective density
1.35 times greater in x than in y [Fig. 2(b)]. To correct for this shift, we
map the coordinates (x, y) of the original isotropic medium to the
coordinates (x0, y0) of the anisotropic medium with x¼ ½ ffiffiffiffirqp cos hð Þx0
�sinðhÞy0� and y¼ ½ ffiffiffiffirqp sin hð Þx0 þ cosðhÞy0�, where rq is the ratio
between the anisotropic density in the x0 direction and the isotropic
density, assuming that the anisotropic density in the y0 direction is the
same as the isotropic density and h is the angle between the transducer
array and the x0 principle axis of the anisotropic medium. This coordi-
nate transformation compensates the wavelength distortion along the
principle axis due to the variance of sound speed as a result of the
anisotropic density (cx0 ¼ c=

ffiffiffiffi
rq
p

, where c and cx0 are the sound speeds
in the isotropic medium and along the x0 axis in anisotropic medium,
respectively). Substituting this transformation in Eq. (1) yields the cor-
rected phase profile for focused acoustic beams in an anisotropic
medium (see the supplementary material for details),

/ x0; y0
� �

¼ �k0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rq x0 � f 0xð Þ2 þ y0 � f 0y

� �2q
�

ffiffiffiffi
rq
p

y0f 0x þ x0f 0y
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rqx0

2 þ y02
q

2
64

3
75:

(2)

Applying this phase gradient with the aforementioned aniso-
tropic density ratio shifts the focal point back to its intended location
[Fig. 2(c)]. We perform experiments with the previously mentioned
finned grating structures to verify the transformation. Isotropic and
anisotropic grating surfaces were 3D printed and assembled from
smaller square grating structures that combine to have a square surface
area of 533� 533mm2 [Fig. 1(d)]. Small gaps or misalignments
between gratings cause acoustic reflections that impact the beamform-
ing performance, resulting in experimental error. The dispersion
relation of the gratings determines the specific dimensions of
each structure to mimic an effective isotropic or anisotropic medium
(supplementary material). Acoustic surface waves were generated with
a transducer array consisting of twelve 17mm diameter speakers with
a periodicity of 19mm. The phase gradients were created using a digi-
tal multichannel recorder with independent channels to control the
phase profile. To measure the resulted pressure field, an omnidirec-
tional microphone attached to a motorized positioner scanned a pla-
nar area (5k by 7k, where the wavelength in the isotropic medium
k¼ 38.1mm) 2mm above the grating surfaces with a scan resolution
of k/10 for each case [Figs. 2(d)–2(f)]. A lock-in amplifier recorded the

FIG. 1. (a) Discretized transducer array with a phase gradient as a function of the x axis such that the desired acoustic focusing is achieved in an isotropic medium. (b)
Identical transducer array with the same phase gradient in an anisotropic medium, resulting in a focal point shifted from the desired location. (c) The same transducer array
with a corrected phase gradient that restores the focal point to its original location. (d) Experimental setup in which two-dimensional SSAWs propagate across effective isotropic
and anisotropic gratings. (e) Closeup of the isotropic grating design. (f) Closeup of the anisotropic grating design.

FIG. 2. (a) Simulation results of a focused acoustic beam in a 2D isotropic
medium that focuses 70 mm to the right and 150 mm above the center of the
speaker array. (b) Simulation results of a focused acoustic beam in an effective
2D anisotropic medium with the same phase profile as (a). Here, the resulting
focal point shifts from the desired location. (c) Simulation results of a focused
acoustic beam in an effective 2D anisotropic medium with a corrected phase pro-
file with a focal point matching (a). (d) Experimental replication of the simulation
in (a) with a matching focal point. (e) Experimental replication of the simulation in
(b) with a matching focal point. (f) Experimental replication of the simulation in (c)
with a matching focal point.
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amplitude and phase of the acoustic waves to reconstruct the pressure
fields above the grating surfaces. For an isotropic grating with a prede-
termined focal point at (70mm, 150mm) when the transducer array
aligns with the x0 axis, the acoustic intensity pattern matches with the
desired focal point denoted by the blue dot in Fig. 2(d). When the
same phase profile is applied to focus the acoustic wave on the aniso-
tropic grating, the focal point shifts from the desired location to
(57.15mm, 209.55mm) [Fig. 2(e)]. Using the corrected phase profile
in Eq. (2), the focal point shifts back to its intended location [Fig. 2(f)].

The derived phase correction from transformation acoustics is
also valid for more general cases in which the anisotropic axes are not
in line with the speaker array. To demonstrate the focusing correction
with misalignment, we tilt the transducer array 10� and focus the
acoustic wave to the same focal spot at 9 kHz. The theoretical model
focuses the acoustic energy at the predetermined location (the blue
dot) as illustrated in Fig. 3(a). Again, switching the propagation
medium to the anisotropic grating displaces the focal point to
(38.1mm, 215.65mm) [Fig. 3(b)], while the corrected phase profile
given by Eq. (2) restores the focal point to its proper location in Fig.
3(c). Experimental validation of the off-axis anisotropic density is per-
formed using a nearly identical experimental setup as the previous
case. However, the microphone’s scan area is reduced to a 5k by 6k
rectangular area [indicated by the blue rectangle in Figs. 3(a)–3(f)] to
avoid collision with the tilted transducer array. The experimental dem-
onstration with propagation above the isotropic grating results in a
focal point [Fig. 3(d)] in agreement with the theoretical results shown
in Fig. 3(a). Switching the grating surface to the anisotropic medium
shifts the focal point [Fig. 3(e)], matching the results in Fig. 3(b), while
applying the corrected phase profile shifts the focal point back to its
intended location [Fig. 3(f)], matching Fig. 3(c).

To further demonstrate the effectiveness of transformation
acoustics correcting anisotropic distortions, we restore the curved
interference patterns of self-bending acoustic beams in anisotropic
media. Without loss of generality, the resulting curved pattern of the

acoustic beam is chosen to be f ðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � y � rð Þ2

q
,where r is the

radius of the semicircular curve. The corresponding transducer array
phase profile is derived in Refs. 36–40 and applied in an isotropic
numerical simulation to achieve an acoustic energy intensity profile
matching the aforementioned equation [Fig. 4(a)]. However, using the
same phase profile on the transducer array in the previously discussed
anisotropic medium distorts the semicircular interference pattern,
resulting in an elliptical intensity profile [Fig. 4(b)]. We use transfor-
mation acoustics to restore the original semicircular pattern [Fig. 4(c)]
by applying the same coordinate transformation as the focusing case
to correct the phase gradient (supplementary material). To verify the
transformation, we conduct experiments using the previously
described experimental setup where the transducer array is in line
with the x0 axis. For an isotropic grating with a semicircular acoustic
interference pattern having radius 4k, the acoustic intensity pattern
matches the desired trajectory denoted by the blue arc in Fig. 4(d).
When the same phase profile is applied on the anisotropic grating, the
circular trajectory distorts to form an elliptical arc [Fig. 4(e)]. Using
the corrected phase profile (supplementary material), the beam is
restored back to its intended interference pattern [Fig. 4(f)].

In conclusion, we use transformation acoustics to modify phase
profiles for arbitrarily focused and self-bending acoustic beams to cor-
rect for the distortive effects resulted from anisotropy. Experimental
verifications are performed using 2D grating structures that support
SSAWs with density anisotropy in the x and y directions. This trans-
formation acoustics enabled beamforming is crucial for biomedical
ultrasound applications, such as high intensity focused ultrasound
(HIFU), acoustic tweezers for noninvasive surgeries, cell trapping, and
cell sorting.

See the supplementary material for the details of the corrected
phase gradient derivations, the correction of high anisotropy cases, the
grating dispersion, the effects of viscothermal loss, and additional full
wave simulations.

FIG. 3. (a) Simulation results of a focused acoustic beam in a 2D isotropic medium
that achieves the desired focal point with a 10� tilt. (b) Simulation results of a
focused acoustic beam with the same phase profile in an effective 2D anisotropic
medium. Here, the focal point shifts from the focal point of the isotropic case. (c)
Simulation results of a focused acoustic beam in an effective 2D anisotropic
medium with a corrected phase profile resulting in focusing at the desired focal
point (d) Experimental replication of (a) with a matching focal point. (e)
Experimental replication of (b) with a matching focal point. (f) Experimental replica-
tion of (c) with a matching focal point.

FIG. 4. (a) Simulation results of a self-bending acoustic beam in a 2D isotropic
medium that matches the desired beam pattern. (b) Simulation results of a self-
bending acoustic beam in an effective 2D anisotropic medium with the same phase
profile. Here, the intensity profile shifts from the desired interference pattern. (c)
Simulation results of a self-bending acoustic beam in an effective 2D anisotropic
medium with a corrected phase profile. Here, the resulting curved interference pat-
tern matches the desired intensity profile in the isotropic case. (d) Experimental rep-
lication of the simulation in (a) with a matching curved interference pattern. (e)
Experimental replication of (b) with a matching interference pattern. (f)
Experimental replication of (c) with a matching interference pattern.
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