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From Wikipedia

“A time crystal or space-time crystal is a structure that repeats 

periodically in time, as well in space. Normal three-dimensional 

crystals have a repeating pattern in space, but remain 

unchanged with respect to time; time crystals repeat themselves 

in time as well, leading the crystal to change from moment to 

moment.

The idea of a time crystal was first described by Nobel laureate

and MIT professor Frank Wilczek in 2012”

Time evolution phenomena in quantum mechanical finite systems

Time reflection and time translational symmetries are broken

Quantum Space Time Crystal (symmetry breaking in all four

dimensions: space and time)

Unprecedented experimental control of few-body systems of 

trapped ultracold ions and neutral atoms

https://en.wikipedia.org/wiki/Nobel_laureate
https://en.wikipedia.org/wiki/MIT
https://en.wikipedia.org/wiki/Frank_Wilczek




Ion crystal

Ultracold ions/ Coulomb repulsion

Both fermions ( 24Mg+ ) and 

Bosons ( 9Be+ ) 

Lump/ Bose-Einstein soliton
Ultracold neutral atoms

Attractive contact interaction

Bosons  ( 87Rb or 85Rb )

THE CONCEPT/ INTUITION/ TWO PROPOSALS/

STARTING POINT BASED ON SYMMETRY BREAKING
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F. Wilczek, PRL 109, 160401 (2012)

T. Li et al., PRL 109, 163001 (2012)



Effect of breaking time reversal symmetry

2D oscillator under a magnetic field

Darwin-Fock spectrum
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Noguchi, A. et al., Nat. Commun. 5:3868 (2014).
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Ion crystal

Ultracold ions/ Coulomb repulsion

Both fermions ( 24Mg+ ) and 

Bosons ( 9Be+ ) 

Lump/ Bose-Einstein soliton
Ultracold neutral atoms

Attractive contact interaction

Bosons  ( 87Rb or 85Rb )

“ROTATING” QUANTUM-MECHANICAL SP DENSITY 

SHOULD EXHIBIT PERIODICITY IN BOTH SPACE AND TIME

BREAKING OF TIME TRANSLATIONAL SYMMETRY
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F. Wilczek, PRL 109, 160401 (2012)

T. Li et al., PRL 109, 163001 (2012)

A different orbital for each particle 

The same orbital for all particles 



LOWERING OF ENERGY AND SYMMETRY  BREAKING (SB) 

IN SELF-CONSISTENT MEAN-FIELD APPROACHES 

Restricted vs unrestricted and fermions vs bosons

Attraction
Restricted approach (RHF)

Same orbital and 

symmetry breaking (SB): 

Nilsson potential

(fermions, nucleons)

Gross-Pitaevskii (GP)

(attractive bosons, 

Lump of ultracold neutral 

atoms)

Repulsion
Unrestricted approach (UHF)

Different orbitals and 

symmetry breaking (SB): 

Hydrogen molecule, dissociation

(electrons, chemistry)

Wigner molecules

(electrons, quantum dots)

Space-time crystals on rings

(fermion or bosons, ultracold ions)
GP for repulsive bosons: 

SB raises the energy !



UNRESTRICTED HF FOR REPELLING FERMIONS

(Self-consistent Pople-Nesbet Eqs.)

Different orbitals for different spins

Two coupled equations/ Spin-up coupled to spin-down

Self-consistent solution  orbital localization 

[example from chemistry: 

dissociation of Hydrogen molecule (next slide)] 

UNRESTRICTED HF FOR REPELLING BOSONS?

A different orbital for each particle

Self-consistent set of Eqs. is not practical

Reason: orbitals for bosons are not orthogonal/

spin-orbitals for fermions are orthogonal

In case of crystals, employ ansatz = permanent of

orbitals approximated as displaced Gaussians



Szabo and Ostlund, Modern Quantum Chemistry
The Hydrogen molecule

Next step: Heitler-London



• Per-Olov Lowdin 

(Chemistry - Spin)

• R.E. Peierls and J. Yoccoz 

(Nuclear Physics – L, rotations)

RESOLUTION OF SYMMETRY DILEMMA:

RESTORATION OF BROKEN SYMMETRY

BEYOND MEAN FIELD (Projection)!

..

Ch. 11 in the book by P. Ring and P. Schuck



Control parameters

Neutral 

bosons
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2D TRAP/

2D QD

Neutral Bosonic 

systems

W

1 hertz [Hz] = 

4.13566553853599E-15 

electron-volt [eV]

External Confinement

2D RING 

TRAP



Self-consistent UHF

Self-consistent HF                Exact

N=9e

N=2e

(2,7) (1,8)



Construct determinant/ permanent  YSB

(MF symmetry-breaking ansatz)
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PROJECTION/ ANGULAR MOMENTUM



Rotational spectrum: quantum rigid rotor

Band head/ where interaction and 

Correlations show up

RW = 1000

Rd = 50

Magnetic flux

L => magic

Fermions, N odd; bosons

Fermions, N even

Attractive bosons, lump

Repelling, polygon crystal:

(fermions spin polarized)



Rotational spectrum: quantum rigid rotor

SECOND TERM/ AHARONOV-BOHM TYPE SPECTRUM

N=7 fermions



Norm overlap/

Time-reversal

KAMLAH

expansion

<J>

F/F0

^

GOA/

GCM

Ring & Schuck,

Ch. 11



N=2e QD,  RW=200;  EXACT

RIGID ROTOR

Y&L, PRL 85, 1726 (2000)



YSB

Structure of many-body wave functions on ring
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Lowest Landau level  B  Infinity

CPDs for QDs, fully spin polarized



Wave packets/ Time evolution

Many frequencies, terms e

Invert the projection

-iEL



J. Sato et al.,

PRL 108, 110401 (2012)

Diffusion 

and

Revival



PINNED WIGNER MOLECULE (PWM)/

TWO-PROJECTED-STATE SUPERPOSITION



PWM: TIME EVOLUTION OF SPD 

(snapshots)

BOTH SPACE AND TIME TRANSLATIONAL SYMMETRY ARE

BROKEN 



CONCLUSIONS:

SYMMETRY RESTORATION IS A NATURAL

METHOD TO BE USED IN ADDRESSING 

THE PHYSICS IN  MESOSCOPIC SYSTEMS 

OTHER THAN NUCLEI


