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Remark :
--

OUTLINE : feel free to interrupt

with questions
!

A . BACKGROUND

i
. Lefscherz fibrations

11
.
relationship to mapping class group

B. CURRENT PROGRESS

i . it, of a Lefschetz fibration

ii
.

results on new by bounds

iii . indecomposability of a genus-2 family
C. FUTURE DIRECTIONS

questions + techniquesfutureme) another proof of Matsumoto's relations



A .

BACKGROUND : Lefschetz fibrations

4-manifolds
A symplectic 4-mfd

is

a smooth 4-mfd X

Smooth 4-mfds equipped with w
,
a

closed
, nondegenerate

Symplectic 4-mfds
2-form.

Word= xindy
(on IRC)



A .

BACKGROUND : Lefschetz fibrations

Why physicists care about symplectic an-manifolds :

·

many classical mechanics systems evolve on phase space
which naturally carries a sympl. str

· equations of motion come from a Hamiltonian function
and are encoded by sympl. aforms

· electromagnetic fields fit into this framework , like one of

maxwell's equations :

Faraday's law of induction : dF = 0

·
behaves like a symplectic structure

on spacetime coming from

electric and magnetic fields



A .

BACKGROUND : Lefschetz fibrations

Symplectic Structures :

gives all natural constructionsphysics- of 4manifolds

[
pology - seeks to classify and "understand"

all possible ones

So what do the topologists know
?
..



A .

BACKGROUND : Lefschetz fibrations

&symplectic manifolds
have the structure of a

Lefschetz pencil 3-
Lefschetz fibrations in symplectic geometry ,

1998

-&Lefschetz pencils

[
have symplectic structure

S

-
The topology of symplectic manifolds

,
2001



A .

BACKGROUND : Lefschetz fibrations

Ssymple Getabrationsover S2
3

upshot : nearly surface bundles, combinatorial

data
, straightforward invariant computations

Q : What is a Lefschetz fibration ?



A .

BACKGROUND : Lefschetz fibrations

1. f : X *- S" is a smooth

surjection

⑭ gigz , ...,Gn

finitely many
critical values

X4

↓ 5 3
.

each f"(gi) eX has local

coordinate charts in which

f(z,w) = zw z ,wek

-----
-

2

S 4 . +(b) for b a regular value

is a regular Fiber

(a closed genus-g surface)



A .

BACKGROUND : Lefschetz fibrations

Regular fiber Singular fiber

genus
2

⑦

&Ez

= vanishing cycle ~

si



A
.
BACKGROUND : mapping class group

Remark 1 :

genus of regular
fiber

Il Egenus of the
L .F.

X4

Remark 2 : ↓ 5
-

The monodromy
determines the LF -----
-

Sh



A .
BACKGROUND : mapping class group

monodromy of a LF :

1. embedded S' in ⑭base space S

2. pre-image
↓ 5= l x

[g/((203x5g) w (313xzg)
si

3. monodromy p = the -----&-
self-differ of a regular Sh
fiber Ig to itself



A .
BACKGROUND : mapping class group

Remarks :
-

↑ is self-differ of

: Eg to itselfpemod([g)
Ex[g

↓ f
& = Tyno ... o [yzoTy

& where I are positive
T
#

Dehn twists of order 1
·



A .

BACKGROUND : mapping Class group

motivation for p = idmod(2g)

1 . S' loop around only

regular fibers , then

Ep = Edmod([g)

· # cs2&



A .

BACKGROUND : mapping Class group

motivation for p = idmod(2g)
vanishing cycle

2 . S'loop around a

critical value g ,
then

p = Ty

cycle corresponding to
&where y = vanishing

singular fiber f
+ (g) ↓ f

-
critical value

Recall :
· o

= Vanishing ye & # cs2



A
.

BACKGROUND : mapping class group

Lefschetz fibrations over S2
:

↓ fE
If Eg-+

XY is a Lefschetz

g2

X4
fibration

,
then PN = %5.

↓ 5
% &n = Erno ...TyotysO In
as Is = idmod([g)
5

-% => [jno ... oTy,
= idmod([g)



B . CURRENT PROGRESS

Research questions surrounding f :X-S2 , a lefschety fibration

1
. What are all possible monodromies

for X with a fixed fiber genus
?

2. How to find new monodromies ?

(a about id . fact of meg)

3. What is fundamental group of X
?

... orSignature , Euler char
,
1st Betti no,...

4. Which X are indecomposable ?



B . CURRENT PROGRESS

Research questions surrounding f :X-S2 , a lefschety fibration

1
. What are all possible monodromies

answered for g =0,

for X with a fixed fiber genus
?
-> somewhat for g

= 2

no hope ? 93

2. How to find new monodromies ? current methods not

(a about id . fact of meg) - exhaustive

3. What is fundamental group of X
?
-

only when monodromy
... orSignature , Euler char

,
1st Betti no,... is (somewhat) known

4. Which X are indecomposable ?- mostly unknown g > 2



B . CURRENT PROGRESS

Results for any genus :

Proposition I (k 202*)

Let fix"eg" be a genus-g
nontrivial Lef. fib.

Then Ob , (X) < 2g-2 , this is sharp for g
= 2.

Proposition 2 (K 202*)

Let fix"eg" be a genus-g Lef . fib . With

monodromy = id e mod (Ig).

If I is transitive wrt Mod (Eg), then i.(X) = 0.



B . CURRENT PROGRESS

Lemma 3 (k 202*)

Let fix"eg" be a genus-2 nontrivial
Lef

. fib.

with i nonseparating and s separating vis

Then 2n - 535 This bound is sharp.

Lemma 4 (k 202*)

Let fix"eg" be a genus-2 nontrivial
Lef

. fib.

Then X of type (2k , 4K-5) have b. = 2 and are

indecomposable Lef . fibrations (if they exist).



B . CURRENT PROGRESS

Let's begin with the following result :

Lemma 3 (k 202*)

Let fix"eg" be a genus-2 nontrivial
Lef

. fib.

and s ves.with M nonseparating separating

Then 2n-55s This bound is sharp.

Defn : A Lefschetz fibration with genus-g fibers is

of type (2 , S, Sz..... Sr) for K= Led if
it has a nonseparating and si separating

vanishing cycles. e
type typto



B . CURRENT PROGRESS

Example :
This is Matsumoto's genus-2
LF and it is of type (6 ,2)

y - genus
- 2 Lefschetz fib

with 8 vanishing cycles

p = (TypoTypo[mo[p)
"

↓5
By Lemma , 24-5s

s (n , s) = (6 ,2) mo 2(b) - - 3232

(n , s) = (4 ,3)me2(4) - 533
333



B . CURRENT PROGRESS

GENUS-2 LF. OF TYPE (m ,5)
- 16

-
-14

/

separating - 10

. S

no .

of
- 12

-
↑

S

↑

L

vanishing - g
S

cycles
-b . ↑

L
S

-4 ↑ S

- 2

-

...
↓ingning

(4 ,3) (b ,2)

smallest LF Matsumoto's LF
-

"Lefschetz fibrations of"SmallLetschezraton (Baykur-Korkmat,! [Matsumoto , 1962 genus two
- a topological
approach

"



B . CURRENT PROGRESS

GENUS-2 LF. OF TYPE (m ,5)
- 16

-14

·
- 12

no .

of ↑

L

separating - 10/ .

S

L

S

vanishing - g

cycles
-b

I

↑ ↑

S

-4 ↑ S

- L

- 2 I S

-

I I 111 I 1 I ↓ ↓
2 4 6810 12 14 16 18 20

no of non-separating vanishing cycles

Lemma 4 (k 202*) PROOF :
-

Let fix"eg" be a genus-2 nontrivial
Lef

. fib. indecomposability : vector argument
Then X of type (2k , 4K-5) have b. = 2 and are

b , (x) = 2 : bi = +(x + o) + b,+ - 1
indecomposable Lef. fibrations (if they exist).

and b21s + 1 and b, = 2



B . CURRENT PROGRESS

How do we know how to compute

bI(X)
,
bi(X) , b , (x) or X (X) ?

⑧
Eact : simple closed curves on I are hyperelliptic.

[Margalit-Winarski]

-100



B . CURRENT PROGRESS

hyperelliptic : not hyperelliptic :

branched
-
.

cover with

6 fixed points ↓ ↓

impr
swith -

↳ fixed points

..........V·⑳................ -------
↓ d

i m



B . CURRENT PROGRESS

hyperelliptic :

Consequences:

branched. - separating vanishing cycles
cover with are lifts of two copies of
6 fixed points ↓

full twists around fixed points

impo -

nonsep . VCS are lifts of
swith /7

↳ fixed points half twists between fixed

points of S2

· - can explicitly see how each s

andn contribute to X and

· signature , o



B . CURRENT PROGRESS

How do we know how to compute

bI(X)
,
bi(X) , b , (x) or X (X) ?

⑧
Answer : hyperelliptic LFs are a well-structured subset

How do we know that bi (x) = 2 ? (Proposition =)



B . CURRENT PROGRESS

How do we know that bi (x) =2 (Proposition =)
&

Proposition 1 (K 202*)

Let fix"eg" be a nontrivial genus-2 Lef
· fib . Then O = b , (X) > 2

Proofi

Fact : For a,b isotopy classes of sec's in Ze
,
for any 130,

# (tj)(a) = [a] + k. (a ,b)[b]

Lo

E : Mod(Eg)-> Sp(2g ; #)

symplectic representation of Mod(Ig)



B . CURRENT PROGRESS

How do we know that bi (x) =2 (Proposition =)
&

Proposition 1 (K 202*)

Let fix"eg" be a nontrivial genus-2 Lef
· fib . Then O = b , (X) > 2

Proofi

Fact : For a,b isotopy classes of sec's in Ze
,
for any 130,

-

# (tj)(a) = [a] + k. (a ,b)[b]

Example:

-
↓ ↓ d
[a]
[b] T3(a) = (a) + 3(b]



B . CURRENT PROGRESS

Proofi

Fact : For a,b isotopy classes of sec's in Ze
,
for any 130,

-

# (tj)(a) = [a] + k. (a ,b)[b]

Example :

-
↓ d
say
t

T3(a) = (a) + 3(b][b]

And we know that sep. curve do not change homology.
So if all nonsep I: are homologous,

# (To ...o[ys)([S]) can't possibly be equal to E(d)((53)



B . CURRENT PROGRESS

Let a
, B , y , & 6 be

# generators of homology.-
Then each honsep vanishing cycle looks like

M
= ai(x) + bi[j] + ci(y] + di[S]

At least two VC's
, say Me

and Mr
,
are distinct.

So H . (X) is some subgroup ofG
: 0 = b , (x) = 2 fromt ne

&
from yR



B . CURRENT PROGRESS

Theorem (Ivan Smith)

A nontrivial genus-g
LF over S2 must have

at least one nonseparating vanishing cycle

LIMPROVEMENT
Theorem 5

LF over S" must have
A nontrivial genus-g
at least two non-homologous nonseparating

Vo
.

S

↳
49 improvement on total number



B . CURRENT PROGRESS

PINJECTURES: (for all genus-2 LFs)

· [Ye) & [Yn] are always a part of an integral

basis for 4

· At least. oneclass [i][intersectora (e) or [m]
homologically once

MOTIVATION: , (X , Xo) has at most 2 generators

3
i
.

.

.. a longstanding conjecture



B . CURRENT PROGRESS

Proposition 2 (K 202*)

Let fix"eg" be a genus-g Lef . fib . With

monodromy = id e Mod (Ig).

If I is transitive wrt Mod (Eg) , then i. (X) = 0.

[Seibert-Tian , 199] Nontrivial holomorphic genus g
> 2

Lefschetz fibrations with only non-separating
vanishing cycles are simply connected

"On the holomorphicity of genus 2 2003
Lefschetz fibrations

"



B . CURRENT PROGRESS

Imreproof somop immersed

↓ 5 ↓
⑰ some loop in $2

-
Sh



C. FUTURE DIRECTIONS

·&
-

22
g2

3
↑

4

2 ↳ ↳

↓
b
T [

S

2.

----&

N

a
N

e

d

·Xin- - X

↑
↓

~
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