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&symplectic manifolds
have the structure of a

Reschetzpencil I
Lefschetz fibrations in symplectic geometry ,

1998

-&Lefschetz pencils

[
have symplectic structure

S

-
The topology of symplectic manifolds

,
2001



Lefschetz pencils :

- 4-mfds ul "almost" a CP's worth of Eg

example : f : CP3/B- S2

Every algebraic surface [Lefschetz]

blow up Hep

Lefschetz fibration

example : CP#2
,
CP#yP? 3CP&#13 ch

5 x Eg, (sxT2)#45P2, K3#Z



Example of a genus-2 Lefschetz fibration :

· This is the genus-2 member

of Matsumoto's family of

Lefschetz fibrationsy 8 vanishing cycles and .

↓
8 singular fibers

· with monodromy

= p = (TypoTypo[mo[p)
"



Example of a genus-2 Lefschetz fibration :

Why is it an important example
?

[korkmaz] constructsOy f : x+ - 92 wi , = G

small
, highly not simply&↓ connected

= · used to construct new &

exotic LFS



Definition : Lefschetz fibration

1. f : X
* -S" is a smooth surjection

finitely many critical values" 81 , 82 , .... En

3. each f"(gi) EX has local word.

charts in which f(z ,w) = zw

↓ 5 z ,wt

4 f"(b) for b a regular value is
·

:---i a regular fiber (a closed

-
2

genus-g surface)

S



Regular fiber Singular fiber

genus
2

⑦

~

&Ez

= vanishing cycle
si



The vanishing cycles determine the mondromy :

monodromy of a LF :

1. embedded"in base S2 ⑭
C pre-image = 1x [g/((203x5g) ~ (313x5g) ↓ 5

si

-----3. monodromy p : the self-differ &
of a regular fiber Ig to itself - Sh



vanishing cycle monodromy:

-
corresp . to g

p = t
Il&

Dehn twist about
right-handed order

I

↓ f
Ex[g y

= van . cycle

~
critical value q

· o

& FactideMod([g)
when ItS" only

encircles regular values



For a lefschetz fibration f : X
*
-> S"

E Pn = 95

X4

↓ 5 &n = Erno ...Tyotys

i
as Is = idmod([g)
-

5

-%
=> [jno ... oTy,

= idmod([g)



So what do we want to know about these objects ?

1
. What are all possible monodromies

for X with a fixed fiber genus
?

2. How to find new monodromies ?

(a about id . fact of meg)

3. What is fundamental group of X
?

... orSignature , Euler char
,
1st Betti no,...

4. Which X are indecomposable ?



So what do we want to know about these objects ?

1
. What are all possible monodromies

answered for g =0,

for X with a fixed fiber genus
?
->

somewhat for g
= 2

no hope ? 93

2. How to find new monodromies ? current methods not

(a about id . fact of meg) - exhaustive

3. What is fundamental group of X
?
-

only when monodromy
... orSignature , Euler char

,
1st Betti no,... is (somewhat) known

4. Which X are indecomposable ? -> mostly unknown g > 2



An interesting family

Yukio Matsumoto found a genus-2 Lefschetz fibration

↳
Several others extended this example to higher genera

↑⑮&



O ↑⑮g&
- has at least 2 (symplectic) sections

- first non-simply connected family

- non-hyperelliptic for odd genera

- built from atomic singular fibers,

configurations of sing .

Gibs,

and Mathematica code



O ↑⑮g&
- has at least 2 (symplectic) sections

- first non-simply connected family

- non-hyperelliptic for odd genera

- built from atomic singular fibers,

configurations of sing .

Gibs,

and Mathematica code

-
Why no top. proof ?



Let's build it from daisy relations
,

aka generalized lantern relations

⑳⑳
[pIzIc[ , =TpTc[BTA



3
4

L
2 & ↳

b
↓ T [

S

a
N d

N

- - X

&

2.

-e



----·
in

3
4 ↓ involution

L
2 & ↳

↓ T [
S
&

a
N

b

e

d

2.

-N

- - X



·
-

22
d involution

----
⑧

->in

3
4 ↓ involution

L
2 & ↳

b
↓ T [

S
&

a
N

- - X

d

2.

-N
e



What else do we know about

nontrivial genus-g Letschetz fibrations?

Proposition (k 202*)

Let fix"eg" be a genus-g
nontrivial Lef. fib.

Then Ob , (X) < 2g-2 , this is sharp for g
= 2.

Motivation :

*Conjecture (Korkmaz , Stipicz , Bakyur, ...)

-> no genus Lefschetz
fibration with 3

generators oft,



What else do we know about

nontrivial genus-g Letschetz fibrations?

Proposition (K 202*) 7

Let fix"eg" be a genus-g
nontrivial Lef. fib.

Then Ob , (X) < 2g-2 , this is sharp for g
= 2.

1
of course b . ([gx52) = 2g



What else do we know about

nontrivial genus-g Letschetz fibrations?

Proposition (k 202*) 7

Let fix"eg" be a genus-g
nontrivial Lef. fib.

Then Ob , (X) < 2g-2 , this is sharp for g
= 2.

prof: Eat : For ab isotopy classes of sec's in Ic
,
for any 130,

# (tj)(a) = [a] + k- (a ,b)[b]

Example :

-
↓ ↓ d
[a]
[b] T3(a) = (a) + 3(b]



What else do we know about

nontrivial genus-g Letschetz fibrations?

Proposition (k 202*)

Let fix"eg" be a genus-g
nontrivial Lef. fib.

Then Ob , (X) < 2g-2 , this is sharp for g
= 2.

D
-

D⑪
-

= S

= 5x + 3 + 3 + YS

13
= 52 + B + 37 + 36 (2

= 52 + 3 + 3y
+ 28



⑭& )
⑳

⑫ *EB

ab = bao
B : - i

ab = oba

b=ob

bo = rob BEAC
05 = 50

⑪05 = 05

55a = a550

ba = ao 5

⑳an ⑭section


