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Angular Velocity

• Angular velocity is a vector!
… even though the general 3D orientation cannot be represented as a vector.

• Angular velocity is derived from small changes in the angle
… small (infinitesimal) angles are additive and commutative and can be 
represented as a vector 

• For small-angle, linearized, dynamics, we may not need 
representation of general 3D orientation 

e.g., linearized attitude dynamic of aircraft including linearized stability analysis



Simple Rotation and Simple Angular Velocity

• Let's consider two reference frames A and B 
• If there is a rotation of frame B relative to 

frame A, about a fixed axis in both frames 
(simple rotation), say the z-axis, of θ

• This is simple angular velocity of B in A for a 
rotation about a fixed axis in A and B
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• The angular velocity is written in terms of the rate of change of unit 
vectors of B in A
• All the angular velocity expression can be derived from the above 

equation
• The expression can also be used to derive other very useful relations  

Mathematical Definition of Angular Velocity



Addition Theorem for Angular Velocities

• Lets consider two reference frames A and B and auxiliary or 
intermediate frames A1, A2, ..., An-1, An    

• Thus:

• We will use this in calculation of the aircraft angular velocity in terms 
of intermediate frames C and D
• For later, angular acceleration does not satisfy any addition theorem!

<latexit sha1_base64="NTAA218+BTlWq9SeqSWHOUX+oSg=">AAACHnicbVDLSgNBEOyNrxhfqx69DIrgxbArBHMRkngRvEQwUUhimJ104uDsg5nZQFj2S7z4Df6BFw+KCJKDfoh3J4kHjRY0FFXddHd5keBKO86HlZmZnZtfyC7mlpZXVtfs9Y26CmPJsMZCEcpLjyoUPMCa5lrgZSSR+p7AC+/meORf9FEqHgbnehBhy6e9gHc5o9pIbbtAkvQqqaSk2UdGmqGPPUquknJKjgjZH5vlabOStu0dJ++MQf4S95vslODzfjjMnFbb9luzE7LYx0AzQZVquE6kWwmVmjOBaa4ZK4wou6E9bBgaUB9VKxm/l5Jdo3RIN5SmAk3G6s+JhPpKDXzPdPpUX6tpbyT+5zVi3S22Eh5EscaATRZ1Y0F0SEZZkQ6XyLQYGEKZ5OZWwq6ppEybRHMmBHf65b+kfpB3C3nnzKRRhAmysAXbsAcuHEIJTqAKNWBwCw/wBM/WnfVovVivk9aM9T2zCb9gvX8BpMGkpQ==</latexit>

B~!A = �A~!B



Angular Velocity in terms of 
Body Axis Measure Numbers
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• It is common to write angular velocity as 

• For small angles:

• Above angular velocities cannot be 
integrated to get corresponding angles 
for finite rotations

<latexit sha1_base64="qKFDPNljzYhHB0iCsx5Y+h5fiNE=">AAACXHicfZFLSwMxFIUz46ud+qgKbtwEi+KqzIhiN0LBjcsKVoVOKZn01gYzMzG5I5Shf9JdN/4VzbSz0Pq4EDic++UmOYmUFAZ9f+a4K6tr6xuVqlfb3Nreqe/u3Zs00xy6PJWpfoyYASkS6KJACY9KA4sjCQ/R83XRf3gFbUSa3OFEQT9mT4kYCc7QWoO6UfSE0isaDlPMw9SixaQ8HIJERkM1FtMpDUPvxWJ/UjgGZAtO/8cpU0zzBvWG3/TnRX+KoBQNUlZnUH+zA3kWQ4JcMmN6ga+wnzONgkuYemFmQDH+zJ6gZ2XCYjD9fB7OlB5bZ0hHqbYrQTp3v+7IWWzMJI4sGTMcm+VeYf7W62U4avVzkagMIeGLg0aZpJjSImk6FBo4yokVjGth70r5mGnG0f5HEUKw/OSf4v6sGVw0/dvzRrtVxlEhh+SInJKAXJI2uSEd0iWczMiHU3Gqzru76tbcrQXqOuWeffKt3INPm2W0FQ==</latexit>

p = ˙��

q = �̇✓

r = ˙� 
x

y

z

<latexit sha1_base64="tBQ4Zws5teyVOiYzsfq8PNNeomk=">AAACJnicbVBLS0JBFJ7b0+x1q2WbQxIEhdxrRW4EoU1Lg3yAV2TueNTBuY9m5goi/po2/ZU2LYyIdv2UxsfCtAMD3+MczpzPjwVX2nG+rbX1jc2t7dROendv/+DQPjquqCiRDMssEpGs+VSh4CGWNdcCa7FEGvgCq37vfuJX+ygVj8InPYixEdBOyNucUW2kpl3w+sjAiwLsUChADOBdgdelGvymC5fwvMBzhssFfg1NO+NknWnBKnDnIEPmVWraY68VsSTAUDNBlaq7TqwbQyo1ZwJHaS9RGFPWox2sGxjSAFVjOD1zBOdGaUE7kuaFGqbq4sSQBkoNAt90BlR31bI3Ef/z6olu5xtDHsaJxpDNFrUTATqCSWbQ4hKZFgMDKJPc/BVYl0rKtEk2bUJwl09eBZVc1r3NOo83mWJ+HkeKnJIzckFcckeK5IGUSJkw8kLeyJh8WK/Wu/Vpfc1a16z5zAn5U9bPL9bZoGg=</latexit>

~! = p b̂1 + q b̂2 + r b̂3



Angular Velocity in terms of Body Axis 
Measure Numbers – in terms of finite angles
• Consider angles (ϕ,θ,ψ) representing (Body 3-2-1) orientation from 

Earth frame A to aircraft body frame B:
• Rotate about Earth z-axis by ψ to get intermediate reference frame C
• Rotate about ref frame C y-axis by θ to get intermediate ref frame D
• Rotate about ref frame D x-axis by ϕ to get aircraft body frame B
• There are singularities but not if we restrict the angles

<latexit sha1_base64="DIPbn5MZHdPvP1jNw5lXktiOS4E="></latexit>

p = � ̇ sin ✓ + �̇

q =  ̇ cos ✓ sin�+ ✓̇ cos�

r =  ̇ cos ✓ cos�� ✓̇ sin�
<latexit sha1_base64="tBQ4Zws5teyVOiYzsfq8PNNeomk=">AAACJnicbVBLS0JBFJ7b0+x1q2WbQxIEhdxrRW4EoU1Lg3yAV2TueNTBuY9m5goi/po2/ZU2LYyIdv2UxsfCtAMD3+MczpzPjwVX2nG+rbX1jc2t7dROendv/+DQPjquqCiRDMssEpGs+VSh4CGWNdcCa7FEGvgCq37vfuJX+ygVj8InPYixEdBOyNucUW2kpl3w+sjAiwLsUChADOBdgdelGvymC5fwvMBzhssFfg1NO+NknWnBKnDnIEPmVWraY68VsSTAUDNBlaq7TqwbQyo1ZwJHaS9RGFPWox2sGxjSAFVjOD1zBOdGaUE7kuaFGqbq4sSQBkoNAt90BlR31bI3Ef/z6olu5xtDHsaJxpDNFrUTATqCSWbQ4hKZFgMDKJPc/BVYl0rKtEk2bUJwl09eBZVc1r3NOo83mWJ+HkeKnJIzckFcckeK5IGUSJkw8kLeyJh8WK/Wu/Vpfc1a16z5zAn5U9bPL9bZoGg=</latexit>

~! = p b̂1 + q b̂2 + r b̂3



Differentiation in Two Reference Frames

• For any vector 

• This is an important relation used frequently
• Angular velocity is key to the differentiation of vectors in rotating frames

… in addition to giving information about the angular motion of the body 

• If vector is fixed in B



Angular Acceleration

• Lets consider two reference frames A and B, the angular acceleration of 
B in A is given by:

• We can also differentiate the angular velocity in the B frame to get the 
angular acceleration

• For simple rotation and angular velocity, we have
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