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Motion Variables!
• Motion variables are generalized velocities variables defined by Kane

• these are called the kinematic  differential equations
• linear relation between 𝑢!  and 𝑞̇" (can be nonlinear in 𝑞#)
• the above set of equations have to be invertible (one is the inverse of the other) 

• This is where Kane’s methods start to diverge from Newton’s or Lagrange’s or Hamilton’s
• Motion variables lead to partial velocities
• Partial velocities help us calculate generalized forces (active and inertial)
• Generalized forces leads to (Kane’s) equations of motion

• Selection of motion variables is up to the analyst
• The equations of motion and thus the complexity of final equations of motion depends on the choice of 

the motion variables
• The motion variables are directions along which the equations of motion are derived   
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Selection and Use of Motion Variable

• A default set of motion variables could be:

• this would lead to equations similar to Lagrange’s Equations
• it is better to uncouple the two – the choice of motion variables and choice of generalized coordinates 

– for optimal (simplest) equations

• Select the motion variables such that your velocities and angular velocities of interest can be 
written as simply as possible
• As far as the relationship between the motion variables and the derivatives of generalized coordinates is invertible

<latexit sha1_base64="FWhWvotoEH07+flsjvtd9fq2mV4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKaC5CwIvHCOYBybrMTmaTIbMPZ3qVsOQ/vHhQxKv/4s2/cZLsQRMLBoqqLrqn/EQKjbb9bRVWVtfWN4qbpa3tnd298v5BS8epYrzJYhmrjk81lyLiTRQoeSdRnIa+5G1/dD31249caRFHdzhOuBvSQSQCwSga6T71BLkivX6M5METXrliV+0ZyDJxclKBHA2v/GWiLA15hExSrbuOnaCbUYWCST4p9VLNE8pGdMC7hkY05NrNZldPyIlR+iSIlXkRkpn6O5HRUOtx6JvJkOJQL3pT8T+vm2JQczMRJSnyiM0XBakkGJNpBaQvFGcox4ZQpoS5lbAhVZShKapkSnAWv7xMWmdV56Jq355X6rW8jiIcwTGcggOXUIcbaEATGCh4hld4s56sF+vd+piPFqw8cwh/YH3+AFFRkbc=</latexit>

ui = q̇i



Generalized Speeds

• Generalized speeds are the independent motion variables:
• For holonomic systems, the motion variables are the generalized speeds
• For non-holonomic systems, constraints can be written in terms of the motion variables – and will thus 

reduce the number of generalized speeds

• The use of the generalized speeds leads to simplification of the expressions for the velocities and 
angular velocities and thus simplified calculation and expressions of the acceleration and angular 
acceleration (in terms of derivatives of generalized speeds)
• The equations of motion can be written in terms in terms of the generalized coordinates, generalized 

speeds, and derivatives of the generalized speeds
• The kinematic differential equations are written in terms of the generalized coordinates, motion 

variables, and derivatives of the generalized coordinates
• Any non-holonomic constraints are written in terms of motion variables and generalized coordinates 



Partial Angular Velocities & Partial Velocities
• Partial Velocities and Angular Velocities are key to Kane’s method

• Partial Velocities and Angular Velocities are vectors! 

• Any velocity and angular velocity in the system can be written in terms of the generalized speeds
• The coefficients are the partial (angular) velocities

• Holonomic System:

• Partial velocities are vectors while generalized speeds are scalars
• All velocities and angular velocities  have n partial velocities and partial angular velocities corresponding to n 

generalized speeds
• Many of the partial velocities may be zero

• Non-Holonomic: Later
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Generalized Active Forces: 
Particle (due to a resultant force)
• We have n generalized speeds

• Velocity of any particle will have n partial velocities
• Though it is possible that many of these partial velocities are zero – depends on which generalized 

speeds affect the velocity of that particle

• There will be a resultant force on the particle 

• The n generalized active forces (due to this particular ith resultant force) can be calculated as

where,        is the velocity of the particle (where the resultant force is applied), and        is the 
corresponding partial velocity  
• Generalized forces are scalars
• Units of the generalized force depends on the units of the generalized speed
• This is the generalized force that goes into the rth equations of motion 
• You will have contributions due to all such resultant forces on the particles
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Generalized Active Forces:
Rigid Body (due to resultant force and torque)
• The system has n generalized speeds

• Velocity at a point on the body and angular velocity of the body will have n partial velocities

• The n generalized active force contributions due to forces on the rigid body can be calculated 
from the resultant force (with line of action passing through Qi) and torque (at Qi) on the rigid 
body as 

• This gives you the effect of the applied forces (via the corresponding resultant and torque) on the 
equation of motion (corresponding to the rth generalized speed)

• You will have contributions due to all such resultant forces/torques on various rigid bodies
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What does all this mean?

• To find the effect of an applied force (or torque) on an equation of motion which corresponds to a 
generalized speed
• Find the velocity (or angular velocity) of the point (or rigid body)
• Find the n partial velocities (or partial angular velocities) 

• This gives the dependence of the motion at that point (or rigid body) on the n generalized speeds
• Take the dot product of the force (or torque) with the the rth partial velocity (or partial angular 

velocity)
• This is the effect of the force (or torque) on the rth equation of motion (corresponding to the rth equation  

partial velocity or partial angular velocity)

• Note if the rth partial velocity (or partial angular velocity) of a point (or rigid body) is zero, it 
means that a force (or torque) on that point (or rigid body) does not affect the rth generalized 
speed directly and does not show up in the rth equation of motion



Generalized Inertia Forces: Particle

• The inertia force on a particle can be written as:

where, the star indicates that it is related to the inertial forces

• The generalized inertia force can be written as:
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Generalized Inertia Forces: Rigid Body

• The inertia force and torque on a rigid body  can be written using the center of mass as the 
reference point:

• The generalized inertia force can be written as:
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Kane’s Equations of Motion (Holonomic)

• The equations of motion of a holonomic system S with n degrees of freedom can be written in 
terms of the generalized active forces and generalized inertial forces as:

• The generalized active forces and generalized inertial forces are calculated in N 
• The partial velocities and partial angular velocities are in the inertial frame
• The accelerations and angular accelerations are in the inertial frame

• The generalized active forces include any applied forces on particles and rigid bodies, as well as 
any forces due to gravity, friction, and interactions between bodies/particles

• The generalized inertial forces include the forces on all particles and rigid bodies
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Steps in Deriving the Equations of Motion 
(Holonomic System)
• Start with configuration variables

• Determine any Holonomic Constraints 

• Choose generalized coordinates that satisfy the Holonomic Constraints
• Derive expressions for the angular velocities of bodies and velocities of particles and bodies at 

significant points
• Choose motion variables – write the kinematic differential equations

• For holonomic system, motion variables are the independent generalized speeds

• Calculate all the resultant forces on particles and resultant forces/torques on rigid bodies
• Determine the partial angular velocities and partial velocities

• Derive the angular acceleration and acceleration in terms of the generalized speeds, time 
derivative of generalized speeds, and generalized coordinates 

• Determine the generalized active forces and generalized inertial forces

• Write the equations of motion



Number of Coordinates and Speeds (Holonomic)
• Number of Configuration Variables: N
• Number of Holonomic Constraints: M 

• Assumed satisfied by the generalized coordinates for Kane’s method

• Number of Generalized Coordinates: n = N – M 
• Number of Motion Variables: n
• Number of Non-Holonomic Constraints: 0
• Number of Generalized Speeds: n
• Number of kinematic differential equations: n
• Number of equations of motion: n
• Number of equations equal to the number of unknowns: 2n 

• n (gen coord) + n (gen speed)



Interesting Problem



Non-Holonomic Constraints

• In terms of generalized coordinates and derivatives of generalized coordinates

• In terms of motion variables

• Simple non-holonomic constraint (linear in motion variables)

• Explicitly for m dependent motion variables in terms of the p generalized speeds
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Partial Angular Velocities & Partial Velocities
• Holonomic:

• Non-Holonomic:
• up+1, up+2, … un, do not show up the expressions as they have been replaced using the m non-

holonomic constraint equations
• Possible for simple non-holonomic constraints (linear in motion variables)

where, tilde indicates that the partial velocity is derived for a non-holonomic system 
(it does not indicate a dual matrix!) 
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Generalized Forces: Non-Holonomic Systems

• We can derive the generalized active forces on a non-holonomic system by 
• using the corresponding reduced set of p generalized speeds 
• which lead to a reduced set of p partial (angular) velocities 
• and reduced set of p generalized active forces 
• which goes into a reduced set of p equations of motions in terms of derivatives of the p generalized speeds

• Generalized inertial force are similarly derived
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F̃r = ~̃vPr · ~R
<latexit sha1_base64="oqH1ci/IWmfP5OCu10m/oWEM0Rs="></latexit>

F̃r = ~̃!r · ~T + ~̃vQ
r · ~R

<latexit sha1_base64="Yt4Du2h3BPXB//PSW2LRIParwIk=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VwVRLxhSAIgrisYlVo0jKZ3OrQyYOZm0IJ/Rc3/oobF0px48J/cRqz0NYDA4dzzuXOPX4ihUbb/rRKM7Nz8wvlxcrS8srqWnV941bHqeLQ5LGM1b3PNEgRQRMFSrhPFLDQl3Dn987H/l0flBZxdIODBLyQPUSiKzhDI3WqJy4KGQC9aLsameooekrdPvCs0PvDjmpnjSF1eRBjbtHrIlut2XU7B50mTkFqpECjUx25QczTECLkkmndcuwEvYwpFFzCsOKmGhLGe+wBWoZGLATtZfmNQ7pjlIB2Y2VehDRXf09kLNR6EPomGTJ81JPeWPzPa6XYPfYyESUpQsR/FnVTSTGm48JoIBRwlANDGFfC/JXyR6YYR1NrxZTgTJ48TW736s5h/eBqv3Z2XNRRJltkm+wShxyRM3JJGqRJOHkiL+SNvFvP1qs1sj5+oiWrmNkkf2B9fQPF+qRY</latexit>

F̃ ?
r = ~̃vPr · ~R?

<latexit sha1_base64="pwG3xPQU1dABv/ByqROnmYVarEE="></latexit>

F̃ ?
r = ~̃!r · ~T ? + ~̃v C

r · ~R?



Kane’s Equations of Motion 
(Non-Holonomic System)
• For non-holonomic system, we will get a reduced set of p equations of motions

<latexit sha1_base64="SDTuhlZdbfFlkR2RdLC1PUGZQMQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKIaDdCQRCXFewDmhgmk0k7dPJg5kYopWs3/oobF4q49Qvc+TdO24DaeuDCmXPuZe49fiq4Asv6MgoLi0vLK8XV0tr6xuaWub3TVEkmKWvQRCSy7RPFBI9ZAzgI1k4lI5EvWMvvX4791j2TiifxLQxS5kakG/OQUwJa8sx9B7gIGL7yJD7GP487RwGR+AJbnlm2KtYEeJ7YOSmjHHXP/HSChGYRi4EKolTHtlJwh0QCp4KNSk6mWEpon3RZR9OYREy5w8kpI3yolQCHidQVA56ovyeGJFJqEPm6MyLQU7PeWPzP62QQVt0hj9MMWEynH4WZwJDgcS444JJREANNCJVc74ppj0hCQadX0iHYsyfPk+ZJxT6rWDen5Vo1j6OI9tABOkI2Okc1dI3qqIEoekBP6AW9Go/Gs/FmvE9bC0Y+s4v+wPj4BmrMmMY=</latexit>

F̃r + F̃ ?
r = 0



Steps in Deriving the Equations of Motion 
(Non-Holonomic System)
• Start with configuration variables
• Determine any Holonomic Constraints 
• Choose generalized coordinates that satisfy the Holonomic Constraints
• Derive expressions for the angular velocities of bodies and velocities of particles and bodies at 

significant points
• Choose motion variables – write the kinematic differential equations
• For non-holonomic system, derive the motion constraints and choose the reduced set of 

independent generalized speeds (possible for simple non-holonomic systems)
• Express all angular velocities and velocities in terms of the (independent) generalized speeds
• Calculate all the resultant forces on particles and resultant forces/torques on rigid bodies
• Determine the partial angular velocities and partial velocities
• Derive the angular acceleration and acceleration in terms of the generalized speeds, time 

derivative of generalized speeds, and generalized coordinates 
• Determine the generalized active forces and generalized inertial forces
• Write the equations of motion



Number of Coordinates and Speeds 
(Non-Holonomic System)
• Number of Configuration Variables: N
• Number of Holonomic Constraints: M

• Assumed satisfied by the generalized coordinates

• Number of Generalized Coordinates: n = N – M 
• Number of Motion Variables: n
• Number of (Simple) Non-Holonomic Constraints: m
• Number of Generalized Speeds: p = n – m 
• Number of kinematic differential equations: n
• Number of equations of motion: p
• Number of differential equations equal to the number of unknowns: n + p 

• n (gen coord) + p (gen speed)
• The motion constraints (algebraic) can be used to post-process the other m motion variables


