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Abstract

In many real-world applications of reinforcement learning (RL), deployed policies have varied impacts on different
stakeholders, creating challenges in reaching consensus on how to effectively aggregate their preferences. Generalized
p-means form a widely used class of social welfare functions for this purpose, with broad applications in fair resource
allocation, AI alignment, and decision-making. This class includes well-known welfare functions such as Egalitarian,
Nash, and Utilitarian welfare. However, selecting the appropriate social welfare function is challenging for decision-
makers, as the structure and outcomes of optimal policies can be highly sensitive to the choice of p. To address this
challenge, we study the concept of an α-approximate portfolio in RL, a set of policies that are approximately optimal
across the family of generalized p-means for all p ≤ 1. We propose algorithms to compute such portfolios and provide
theoretical guarantees on the trade-offs among approximation factor, portfolio size, and computational efficiency. Exper-
imental results on synthetic and real-world datasets demonstrate the effectiveness of our approach in summarizing the
policy space induced by varying p values, empowering decision-makers to navigate this landscape more effectively.
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1 Introduction

In this paper, we study a reinforcement learning (RL) setting where a deployed policy impacts multiple stakeholders in
different ways. Each stakeholder is associated with a unique reward function, and the goal is to train a policy that ade-
quately aggregates their preferences. This setting, which is often modeled using multi-objective reinforcement learning
(MORL), arises in many RL applications, such as fair resource allocation in healthcare [1], cloud computing [2, 3] and
communication networks [4, 5]. Recently, with the rise of large language models (LLMs), reinforcement learning from
human feedback (RLHF) techniques that reflect the preferences of heterogeneous individuals have also been explored
[6, 7, 8].

Preference aggregation in such scenarios is often achieved by choosing a social welfare function, which takes the utilities
of multiple stakeholders as input and outputs a scalar value representing the overall welfare [9, 7, 8, 6]. However,
selecting the appropriate social welfare function is a nontrivial task. Different functions encode distinct fairness criteria,
and the resulting policies can lead to vastly different outcomes for stakeholders depending on the choice of the social
welfare function.

In this work, we focus on a class of social welfare functions known as generalized p-means, a widely used class of social
welfare functions in algorithmic fairness and social choice theory. Each choice of p represents a distinct notion of fairness,
and the p-means unify commonly used welfare functions such as Egalitarian welfare (p = −∞), Nash welfare (p = 0)
and Utilitarian welfare (p = 1), providing a smooth transition between these principles. Notably, this is known to be the
only class of social welfare functions that satisfy several key axioms of social welfare, such as monotonicity, symmetry,
and independence of scale [10, 11, 12, 13].

In practice, the right choice of p is often unclear in advance, and the decision-maker must understand how policies vary
with p in order to make informed choices about which p (and thus which policy) to adopt. Small changes in p can
sometimes lead to dramatically different policies, and selecting a policy optimized for an arbitrary p can lead to poor
outcomes under a different p value. Despite these challenges, much of the existing work assumes a fixed social welfare
function — and hence a fixed value of p — is given [14].

To address this challenge, we propose a method to compute a small yet representative set of policies that covers the
entire spectrum of fairness criteria represented by p ≤ 1. Our main algorithm, p-MEANPORTFOLIO, sequentially selects
finite p values starting from −∞ to 1. These values are chosen so that the optimal policies at these points sufficiently
cover the entire range of p ≤ 1 for a given approximation factor α. We also propose a computationally efficient heuristic
algorithm, which adaptively selects the next p value from the intervals formed by previously chosen p values. The
portfolios provide a structured summary of approximately optimal policies, allowing decision-makers to navigate the
implications of different p values efficiently and make an informed choice about which policy to deploy.

2 Problem Setup

We consider multi-objective MDPs with finite horizon H , where N stakeholders have distinct reward functions Ri, i ∈
[N ]. The key challenge in this setting is training a policy that effectively aggregates heterogeneous preferences across all
stakeholders.

The generalized p-means provides a principled method to train a singly policy that aggregate heterogeneous preferences
by assigning a scalar objective value to any policy π. The generalized p-mean welfare function f(·, p) : RN

>0 → R>0 for

p ∈ [−∞, 1] is defined as: f(x, p) = mini∈[N ] xi if p = −∞;
(

1
N

∑
i∈[N ] x

p
i

)1/p

if p ̸∈ {−∞, 0};
(∏

i∈[N ] xi

)1/N

if p = 0.

For trajectory τ with total rewards G(τ) = [G1(τ), . . . , GN (τ)] where Gi(τ) =
∑H

h=1 Ri(sh, ah), we consider two aggre-
gation rules from prior work: v(1)(π, p) = Eτ∼π[f(G(τ), p)] and v(2)(π, p) = f(Eτ∼π[G(τ)], p). For a fixed p, aggregation
function v(ℓ)(·, p), ℓ ∈ {1, 2}, and a given set of policies Π, the welfare maximizing policy can be obtained by solving the
problem: maxπ∈Π v(ℓ)(π, p). The algorithms we develop assume that this problem can be solved, and we refer to each
instance of solving this problem as an “oracle”.

A fundamental challenge emerges when seeking to find a welfare maximizing policy: we must fix a specific value of p.
However, the appropriate choice of p is often unclear to decision-makers, as it requires balancing competing notions of
fairness without clear guidance on which perspective should dominate in a given context. To address this challenge, our
approach leverages the concept of an α−approximate portfolio, which provides robust performance guarantees across
the entire spectrum of fairness criteria.

Definition 2.1 (α-approximate Portfolio). Given aggregation rule ℓ ∈ {1, 2} and approximation factor α ∈ (0, 1), a set of
policies Π′ ⊆ Π is called an α-approximate portfolio for aggregation functions v(ℓ) if for each p ≤ 1, there exists a policy
π in Π′ that achieves v(ℓ)(π, p) ≥ α×maxπ′∈Π v(ℓ)(π′, p).
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Table 1: Comparison of actual approximation factors for
p-MEANPORTFOLIO and natural baselines.

Size p-MEANPORTFOLIO
Random

Policy
Random

p
1 0.66 0.24 0.66
2 0.61 0.31 0.61
3 0.97 0.54 0.65
8 0.87 0.71 0.67
10 0.99 0.60 0.65

Table 2: Comparison of oracle calls and actual approxima-
tion factors.

Size p-MEANPORTFOLIO BUDGET-CONSTRAINED
Oracle Approx. Oracle Approx.

1 17 0.66 1 0.66
2 30 0.61 2 0.61
3 44 0.97 3 0.92
8 118 0.87 8 0.90

10 144 0.99 10 0.92

3 Proposed Method and Results

Our approach is to compute an α-approximate portfolio that is both small and diverse, which provides effective coverage
across all p ≤ 1. Such a portfolio allows decision-makers to efficiently compare policy alternatives over the full spectrum
of fairness criteria, without needing to commit to a specific value of p in advance. This eliminates the reliance on ad hoc
parameter choices or costly trial-and-error exploration.

3.1 Algorithm p-MEANPORTFOLIO

Our main algorithm p-MEANPORTFOLIO is guaranteed to construct an α-approximate portfolio Π′ for all v(ℓ)(·, p), p ≤ 1.
The algorithm iteratively chooses an increasing sequence of p values p0 < p1 < . . . < pK = 1 using a line search
subroutine, and adds the corresponding optimal policy πpk

= argmaxπ∈Π v(ℓ)(π, pk) to the portfolio. It ensures that πpk

is α-approximate for all p ∈ [pk, pk+1], i.e., v(ℓ)(πpk
, p) ≥ α×maxπ′∈Π v(ℓ)(π′, p) for all p ∈ [pk, pk+1]. In other words, each

policy πpk
in the portfolio is approximately optimal for any p in the interval [pk, pk+1] to its right.

Theoretical guarantees. We show that the portfolio size is bounded by |Π′| = O
(

lnκ
ln(1/α)

)
, and the number of oracle calls

is bounded by Õ
(

(lnκ)2 ln lnN
ln(1/α)

)
, where κ is a problem-dependent parameter representing the ratio of the maximum to

minimum achievable rewards.

Key insight. The optimal value function maxπ∈Π v(ℓ)(π, p) exhibits favorable monotonicity in p, which allows the optimal
policy at a given p to remain approximately optimal over an interval of larger p values to its right.

3.2 Heuristic under a Budget Constraint

In p-MEANPORTFOLIO, we provide guarantees on the approximation factor α. However, achieving these guarantees
may require a large number of oracle calls across different values of p, which can be impractical when computational
resources are severely limited.

To address this limitation, we propose a heuristic BUDGET-CONSTRAINEDPORTFOLIO, designed for scenarios with a
strict budget K on oracle calls. Unlike p-MEANPORTFOLIO, which selects p values in a monotonically increasing order
from −∞ to 1, this algorithm dynamically refines the search space based on observed approximation performance. It
greedily targets regions where the approximation factor is likely to be weakest, ensuring efficient use of the limited oracle
budget.

3.3 Experimental Results

We evaluate our approach by measuring the actual approximation factors achieved by the portfolios generated by the
proposed methods across varying portfolio sizes. We conduct experiments on three domains, spanning both synthetic
and real-world settings. Tables 2 and 1 present representative results from one domain studied previously in [15].
Table 1 shows that a small portfolio can achieve near-optimal approximation quality across all p ≤ 1. For example,
a portfolio of size 3 constructed via p-MEANPORTFOLIO achieves near-optimal approximation quality (97% optimal)
across all p ≤ 1, significantly outperforming baseline methods with the same portfolio size. This shows that our algo-
rithm allows decision-makers to select from a compact set of policies without needing to worry about other potential
choices of p. Table 2 demonstrates that BUDGET-CONSTRAINEDPORTFOLIO achieves similar approximation quality to
p-MEANPORTFOLIO—sometimes even outperforming it—while requiring only a fraction of the oracle calls.

Overall, our work introduces the first algorithms for computing portfolios that summarize the policy space across fair-
ness criteria represented by p−means, offering both theoretical guarantees and practical efficiency.
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