Galois Deformations and Hecke Curves

B. Mazur

Following Andrew Wiles' announcement of his work, in
June 1993, and in view of the immense interest it met
with, I felt it reasonable to give a two semester graduate

course ! covering topics that might be helpful to people
who want to understand, and possibly pursue, the
subject.

In the Fall semester | covered the basic deformation
theory of Galois representations (in detail) and Fontaine's
theory (very briefly), all the material covered having
been already available in published papers.
 The Spring semester was entirely devoted to a study

the methods of Flach's article? in some depth, these
methods following on the work of Kolyvagin.

The pages below comprise a (still very rough) draft
of a compilation of course notes for the Spring semester.
I would like to extend these notes in future drafts,
writing the unwritten sections, completing the unfinished -

sections®, and adding a good deal more material
(including a certain amount of numerical data):
Nevertheless, incomplete as these notes are at present,

" I'm distributing them in the hope that they may be
useful. Please let me know if you spot any errors, regret
any omissions, or want any clarifications to be included
in later drafts. | am thankful to Henri Darmon and

1 Math 257z in the Fall and Math 257y‘in the Spring, at Harvard, 1993
2 Flach, M.: A finiteness theorem for the symmetric square of an elliptic

curve, Inv. Math. 109 (1992) 307-327.

3 e.g., proofs for Lemmas 1 and 2 of §6 of Chapter 8 have not yet been

written...




Alexander Beilinson for extensive comments on my first
draft.

The first part of these notes is an "axiomatic” preview of
the type of structures dealt with in Flach's article. The
basic structure we call a "Flach System” and a stricter
version of this type of structure we refer to as a
"Cohesive Flach System". The mere existence of a
"Cohesive Flach System" has rather extraordinary
consequences which are examined in Part I.

In the second part of the course we study Flach's
construction in some detail, and show that it does
produce "Cohesive Flach Systems". We focus, in Chapter
9, on the context of modular curves and explicitly
extract some of the direct consequences of the existence
of Cohesive Flach Systems for the Galois representations
attached to modular forms.

In the third part of the course we return to "axiomatics".
We observe that Flach's construction vields something
still stronger than a "Cohesive Flach System". We try to
capture more fully the precise structure that his
construction yields, by formulating a notion which we
call a "Bilateral Flach Derivation".
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Part I : Axiomatics

Chapter one: Local Preliminaries

A general reference: [Milne] Milne, J.S.:
Arithmetic Duality Theorems Academic Press 1986. pp.
1-45.

§1. Conventions. All our rings will be assumed to have
identity elements. If M is a module over a commutative
ring A, and [ C A is an ideal, the notation MI[I] will mean
the "kernel of I in M", that is,

Ml = N ker { ¥M —M }.
¥el

If A is a A-algebra, if M is an A-module and B a A-
module, the A-module HomA(M,B) is given a natural A-

module structure compatible with its A-module structure
by the rule: a-¢(m) = g(a-m) for a € A, ¢ € HomA(M,B),

and m € M.

Pairings: If A is a commutative ring, B a A-module,
and M, N are two modules over a A-algebra A, and if we
are given a A-bilinear pairing

(,) MxN — B

we will say that A is self-dual (or synonymously:

Hermitian 1) with respect to the pairing if we have




(a:m,n) = (m,a+n) for all acA, meM, neN. If so, then the
pairing factors through a homomorphism of A-modules

MesN - B,

which we may also refer to as “the pairing” (, ). The
action of A is Hermitian if and only if the mappings
N—Hom A (M,B) and M—Hom A (N,B) induced from the

pairing are homomorphisms of A-modules. We say that
the pairing is perfect if these mappings are
isomorphisms.

Given pairings

(,)J':MJ-XNJ- - Q/7

of finite A-modules indexed by jin N (or more
generally, in a directed set of indices) with
homomorphisms of A-modules (p:I\/IJ-—eMJ-+1 and

k|JINJ'+1—‘>NJ' for jin N we will say that the pairings (, )J' ),
jeN, are compatible if for all j and meI\/IJ-, neNJ-+1 we

have
(m, \pn)J = ((pm,n)J+1.

In such a case, the pairings ( , )J for j € N "compile” in an

evident way to provide a bilinear pairing,

( , ):lim. ind.(MJ') x lim. proj. (NJ') - Q/Z
je N je N

with respect to which the action of A is Hermitian if it is
so for all of the pairings (, )J' If the ( ")J are perfect

1 anticipating the moment, which will not in fact come in these notes,

when we have rings A with an anti-involution a—a and pairings which
are Hermitian in the standard sense, ie., (asm,n) = (m,a -n); in these notes

our rings A are commutative and our anti-involution a — a is the identity.
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pairings in the sense of Pontrjagin duality, then the
compiled pairing ( , ) is also a perfect pairing in the
category of topological abelian groups if the inductive
limit of the MJ-'s and the projective limit of the NJ-'S are

given their natural topologies; in particular, lim.ind. ( I\/IJ-)

is discrete, and lim.projj. (NJ-) is profinite.

Group cohomology: Let G be a profinite group, and M a
torsion G-module, the action of G on M being continuous.

Then HY(G,M) will stand for i-dimensional group
cohomology computed via continuous cocycles where M is
given the discrete topology; equivalently it is the
inductive limit of the i-dimensional cohomology over the
inductive system of finite submodules of M.

§2. Finite fields. Let k be a finite field of characteristic
2, with g = of elements. Let Gy be its Galois group, so: Gy

- Gal(k/k) = Z with [¢: x—~x9] € Gy identified with 1 ¢
i Let M be a torsion Gp-module. Then:

HiGE,M) = 0 for i =1,2
MCk

HO(Gy,M)
H1(Gy,M)

Ml[1-¢]
M/(1-¢@)M,

MGk

with the correspondence between l-cocycles representing
classes in Hl(Gk,l\/I) and elements of M/(1-¢)M being
given by

[c:Gy—>M] --—----- - c(@) mod (1-¢@)M.

If M has trivial Gy-action, we have the canonical

identifications HO(G,,M) = HL(Gy,M) = M, and taking M=

Q/Z with trivial Gy-action, let us record the canonical
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identification
H1(Gy,@/2) = Q/Z.

Now let M be finite, and denote its Pontrjagin dual

A

M~ := Hom (M,Q/Z).

The perfect pairing M x M - Q/Z induces perfect
pairings

MOk x (M ). - @Q/Z and M_ x M )8k— @/z,
: Gk Gk

and these are simply the pairings induced by cup-product
on the cohomology groups

(1) Hi(G,,M) x H1iG,M") - HL(G,,Q/2) = @/zZ,

for i = 0, 1 respectively. So (1) is a perfect duality for all i
€ Z.

§3. Local fields. Let K be a finite extension of @) with

residue field k. We have the basic facts of life of such K's:

val
0 —>6K*—>K* - 7Z -0

=1 1

0 > U - GP > G — 0

1 [

0 — Ig = Gk - Gy — 0

10
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where the downward arrows are given by local class field
theory, the two unlabelled ones being injections which
induce isomorphisms from the profinite completion of
their respective domains to their respective ranges, and
the right-most one inducing the isomorphism 27 = Gy

described previously (1 = o).

§4. Tate Local Duality. Let U denote the torsion
subgroup of all roots of unity in K. By Local Class Field

Theory we have the canonical identification H2(GK, M) =

Q/Z. Define the "Cartier” dual of a torsion GK—module M

to be M* := Homy»(M,u) with Gg-action giveh in the
natural way, namely: if f € Homz(M,4) and g € Gg, then

(g-f)(gem) = g-(f(m)). Now suppose that M is finite. Cup-
product induces a pairing,

(2)  HWGg,M) xHZ7iGg,M*) — HZ(Gg,Ww) = Q/Z,

and by "Tate Local Duality” let us mean the assertion that
the groups Hi(GK,M) are finite, and that (2) is a perfect

pairing for all i € Z (cf. [Milne] Chapter I, Cor. 2.3 for a
slightly more general formulation). It follows that

Hi(GK,M) vanishes if i = 0,1,2, and we have the following

information about these intermediate dimensions:
HO(Gg,M) = MOK , H2(Gg,M) = (M*)®K =Homg, (M,W),
and there is a perfect pairing,

(3)  HlGg,M) x HL(GK,M*) — H2(Gg,uw) = Q/Z.
Example. Let M = Z/NZ with trivial Gg-action. Then:

11
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H1(Gg,M) = Hom (Gg, Z/NZ) = Hom(K*, Z/NZ),

where the isomorphsim is given by local Class Field
Theory, and

Hl(G,M*) = Hi(Gg,uy) = K*/K*N
where the isomorphism is given by Kummer Theory.
In this situation, (3) is a perfect pairing

(4) Hom(K*, Z/Nz) x K*/K*N - q/z,

and we should make our sign conventions so that (4)
comes out to be the natural pairing, not the negative of it.

§5. The "finite part" of 1-dimensional cohomology.

Keep M a finite Ggy-module. The Hochschild-Serre

Spectral Sequence (cf. [Milne] Ch. I, 0.7 ) for the normal
subgroup Iy C Gk reads:

HP(G (HU(1, M) = HP Gk, M)
and gives an exact sequence
(5) 0 — HL(G, MK) - HlGe,M) - HLIM - o,

the zero on the right because H2(Gk, MIK) vanishes.

Suppose M is unramified. By this we mean that Iy

acts trivially on M and therefore M may be viewed, in a
natural way, as a Ggy-module. Then (5) reads:
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(6) 0 — Hi(G,, M) - Hl(Gg.M) — HomGk((IK)ab,M) - 0.

Suppose M is unramified, and of cardinality a
power of a prime number p = §. Then two further

things happen. First, M* is also unramified. Second, any
homomorphism (IK)ab — M factors through the p-

primary component of the tame inertia group, i.e.,

Homg, (Ig)2P,M) = Homg, (Z,(1),M) = M(-1)% ,

so we may evaluate the exact sequence (6) for M and M*
as follows:

(7) 0 — HYG,, M) - HL(GE,M) — M(-1)Ck — 0
8) 0 — Hl(G, M) — HLGgM*) - M) - o,

where we have used the identification of M*(-1) with M ",

Proposition 1: Tate Local Duality "respects” the exact

sequences (7) and (8) in that Hl(Gk, M) and Hi(Gk, M)

are orthogonal complements with respect to the Tate
pailring,

Hl(Gg,M) x Hl(Gg,M*) - @/z
and the induced pairing

(9) HL(G, M) x M) - @/z

1s the perfect pairing coming from Pontrjagin duality.

Note: The phrase "coming from Pontrjagin duality” in
the statement of the Proposition is ambiguous perhaps, in
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that there are two ways to think of (9) as coming "from
Pontrjagin duality: Identifying (M ~)Ck with HO(Gk, M)
we may pass from the left-hand side of (9) via cup-
product to Hl(Gk, Q/Z) = Hom(Gy, Q/Z), and this latter

group we identify with Q/Z by associating to a
homomorphism h €¢Hom(Gy, Q/Z) the image of the

Frobenius element in Gy under h. Alternatively, we may
view the left factor, Hl(Gk, M), of (9) as isomorphic to the
module, MGk , of co-invariants of the action of G on M,
via the identification of a class h in Hl(Gk, M) with the
image in MGk of the Frobenius element in Gy under a 1-

cocycle representing h. The pairing (9) then becomes a
pairing,

Mg, * M)% - @/z

k

which is obtained directly from the Pontrjagin duality
pairing

MxM" - Q/Z,

by restricting to (M~ )Gk on the right, and passing to the
quotient MGk on the left. These two descriptions of the

pairing (9) are the same.

Proof of Proposition 1: See [Milne] Chapter I, Thm. 2.6.
Briefly, the argument is as follows: that Hi(Gk, M) and

H1(G,, M) are orthogonal can be seen by noting that the
k

*
Tate pairing restricted to Hl(Gk, M)XHl(Gk, M ) factors
through the cup-product mapping to H2(Gk, i) which

vanishes. To finish, one must identify the induced pairing
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(9). But if one is content not to actually identify (9) as the
Pontrjagin pairing, but merely to see that it is a perfect
pairing, this is easy: it follows from a simple argument
using only that the Tate pairing is perfect, and the two

groups Hi(Gk, M) and (M ")k have the same (finite)

order.
0

Let us call the subgroup Hl(Gk, M) C Hl(GK, M) the
finite part of the cohomology, and the quotient group
| Hi(GK,M) — M(-1)Ck the singular "part”. So, a

necessary and sufficient condition for a class in Hl(GK, M)

to lie in the "finite part” is for it to project to zero in the
singular part, and if it does so, then a necessary and
sufficient condition for it to vanish is for it to "cup”
trivially with every element in the singular part of

H1(Gg, M™).

§6. Passage to the limit. For a moment, let G be any
profinite group and M* any (continuous) G-module whose
underlying abelian group is a free Zp—modules of finite

rank. The cohomology of M* is then defined as the
projective limit of cohomology,

HI (G, M*) = proj. lim. HI(G , M* /pVM*)
4 — oo

viewed as Zp—module. If M is a Gg-module whose
underlying abelian group is a p-divisible group of finite
corank, then M* is as above, and we have cohomology of
both M and M* defined. The entire discussion above goes

through for the cohomology groups of M and M.
Specifically, the exact sequences and dualities listed in (1)
-(3) and (5), (6) all hold.
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Suppose M is unramified, and of cardinality a power of
p = 2 Then (7)- (9) also hold. In particular, revisiting (7)
and (8) in this new context, we have that the singular

part of Hi(GK,M*), le. (I\/IA)Gk, is a free Zp—module of
finite rank (since it is a submodule of such) and the
finite part of Hi(GK,M), ile. Hl(Gk,l\/I), is p-divisible.

§7. Suppose ! = p and M is allowed to be ramified.

If IK,D, C Ig is the (unique) pro-2-Sylow subgroup of Iy,
then the quotient group IK/IK,Q: called the tame
quotient of Iy, is abelian, of (pro-) order prime to ¢, and

there is a canonical isomorphism

5: IK/IK,Q - 1T Zr(l)

r =19

where the product on the right is taken over all prime
numbers r = {, and where Z,.(1) = Tate (uroo), the Tate

module of ur°°' There are natural actions of G on

domain and range, , the action on the tame quotient
being induced from the action of Gy on IKab via
conjugation by liftings of elements of G to G, and the
isomorphism 8 is G-equivariant. For a concise description

of this structure theory for tame inertia, see pp. 262-265
of Serre's Proprietes galoisiennes des points d'ordre fini
des courbes elliptiques, Inv. Math 15 (1972) 259-331.

Projecting Ig to the factor Zp(l) of the tame quotient, we

get an exact sequence of profinite groups with Gyg-actions,

(10) 0 — FK - IK —)Zp(i) - 0
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where Iy is the kernel of the projection Iy —-)Zp(l).

From now on, M will be a p-torsion Gg-module such that
Mlp] is finite.

Suppose that ['y acts trivially on M. Then M, M¥,
and M~ have Zp(i)—actions induced from their Ig-
module structures. Since 'y is a projective limit of finite

groups prime to p, the exact sequence (10) gives us a
degenerating Hochschild-Serre Spectral Sequence for the

calculation of group cohomology of M. Thus Hi (Ig, M) =
H(Z,(1), M) for all i, so H! (Ig, M) vanishes for i = 1,2,

and we have canonical isomorphisms:

HO (Ig, M) = MIK = MZp(l) and
1 * ~ 1l x
H+ (Ixg, M*) = H (Zp(l), M*).

This latter group is canonically isomorphic to the module i
of Z,(1)-co-invariants of Hom., (Z,.(1),M*) = M*(-1)= M ",

p Zp b
ie.,

(11) HI (g, M*) = (M“)Zp(i) = (M™)/(-1)(M ™),

where ¥ is any choice of topological generator of Zp(l),

and this isomorphism is "equivariant” for the natural
action of Gy on each side.

Let us return to (5), written for both M and M¥*,

(12) 0 - Hl@G, MK) - Hl@Ge,M) — Hlg,M%k - 0

17




(13) 0 - HL(G, M*'K) SHL(GE,M*) —HL(IEM*Ck > 0.

Note that we have a natural Pontrjagin duality pairing,
MK My, - /2,

from which the isomorphism of (11) gives the perfect

pairing

MK x HL (1, M*) - @/2,

which, in turn, induces a perfect pairing:

(14)  HLG, MK x HO@y, HI (I, M*)) - Q/Z.

The "same” proof of Proposition 1 in §5% above gives:

Proposition 2: Tate Local Duality "respects” (12) and
I
(13) in that HL(@G, M'K) and HL@Gy, M*'K) are

orthogonal complements with respect to the Tate pairing,
HlGeg,M) x Hl(GgM*) - @/z

and Tate Duality induces the pairing (14) on the
respective subgroup and quotient group.

Proof: This follows precisely the pattern of the proof of

I
Proposition 1: one checks that the two groups Hl(Gk, M K)
I
and Hl(Gk, M* K) are orthogonal because the Tate pairing,

| |
restricted to Hl(Gk, M K) Hl(Gk, M* Ky factors through
the cup-product mapping to H2(Gk,u) which vanishes,

and then a counting argument will give that they are
orthogonal complements, while a more detailed

18
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calculation identifies the pairing (14).

Exercise and comment: Correctly worded, essentially
the same Proposition and its proof work in complete
generality... ie, not assuming that 'y act trivially. As an

exercise, work this out. But note that the hypothesis that
"'k acts trivially” is satisfied, for example, by the semi-

stable Galois representations (we discussed last term) of
Gk into GLN(A) where A is a complete noetherian local

ring with finite residue field of characteristic p.

Terminology: We import, in this context, the same
terminology as in the unramified case, i.e.,, the subgroup

H1(Gy, M'K) of HL(Gg,M) will be called the finite part of

Hi(GK,I\/I) and the quotient group Hl(IK,M)Gk will be called

the singular part, and similarly for M*.

§8. Some notation, and the category M(W). The
letter A will stand for a complete local commutative finite
faithfully flat Zp—algebra. For the definitions below we let

p=p, or b=p. Let W* be a free A-module of finite rank,
with an A-linear continuous Gg-action. So W, the

Cartier dual to W¥*, is naturally endowed with the
structure of p-divisible A[Ggl-module of finite corank.

Define the category IM(W), a subcategory of the categdry
of A[Ggl-modules, as follows. The objects M of (W) are

the A[Ggl-submodules of W. The set of morphisms

Homm(w)(Ml M» ) C HomA[GK](Ml ,M» )) are those

morphisms of A[Ggl-submodules obtainable by
multiplication by elements a of A in W:

M4 — My
[
W — W.
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a

We want to specify the notion of short exact sequence
in M(W) in the following rather restricted way: A ("short")
sequence in M(W) is exact if and only if it is isomorphic to
a sequence of the form

1 o
(x) 0 — Wlx] — Wla-p] —» W[p] - 0

where o,p € A, « is a unit in A®Z Qp , and 1 is the
p

natural inclusion. These are short exact sequences in the
category of A[Ggl-modules because W is p-divisible. We

will say that a morphism in M(W) is injective or
surjective 1if it is isomorphic to a morphism labelled 1 or
o respectively in some short exact sequence (x).

Define the category M(W*), which we will call the
"Cartier dual category” to M(W) to be formally just the
opposite category to JL(W). If M is an object of MM(W)

then its corresponding object in M(W>) we will denote
M*. Of course, we can also think of M(W¥*) as a category

whose objects are quotient A[Ggl-modules of W*, where

M is indeed the Cartier dual of M, and its exact
sequences are the Cartier duals of (x).

§9. Clean ramification. Let W and M(W) be as in §8,
and suppose that ¢=p and that 'y acts trivially on W.

Lemma: The following are equivalent conditions:
1) WK is p-divisible.

2) The functor M — MIK 1s "exact” on the category
M(W).
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3) Hl(IK,W*) is free as a Zp—module.

Proof: 1) & 3) because WIK and‘Hl(IK,W*) are dual;
while 2) applied to the exact sequences

ph
0 - W[ph'] - W - W -0

for arbitrary n, yields 1). To see that 1) implies 2)
consider the commutative diagram of exact sequences of
Al[Ggl-modules below,

o
0 — Wlx] — Wlx-p] = W[p] = 0

o
0 = Wla] » W - W - 0,

and note that if w € W[p] then the full inverse image,
W, C W of the element w under multiplication by o is
contained in Wlw-pl. By 1) if w is Ig-invariant, there is

an Ig-invariant element in W,,,, and hence there is one in

Wlopl, ie., W[oc-B]IK HW[B]IK is surjective, giving 2).

Definition: If the equivalent properties of the lemma
above hold, say that W is cleanly ramified.

§10. Formal pedantries. As a formal summary of
what we have done so far, let us say that we have a
finite/singular structure on l1-dimensional Galois
cohomology over K for M(W) if to each object M of M(W)

we are given an A-submodule, call it Hfl(GK,M) in

Hl(GK,M) and refer to it as the "finite part” in Hi(GK,M),

this data being functorial on TM(W) and satisfying these
two further properties.

21
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1) Hel(Gg, W) is p-divisible.

2) If M1 — My is injective in M(W), then the following

diagram is Cartesian:
Hel(Ge, M) - Hil(Gg,Myp)
f WKV f \9K»Vi2

Hl(eg,Mp) - HlGk,My).

To give such a structure, it suffices to stipulate Hfi(GK,W):

Lemma: Given any p-divisible A-submodule

}ECHi(GK,W) there is a unique finite/singular structure on

M(W) with He (G, W) = ®.

Proof: For M CW any sub A[G@Q]—module, define

Hfl(GK,M) to be the sub-module of Hl(GK,M) making

Hel(Gg, M) — HL(Gg,M)

l l

® - Hl@Gg,wW)

Cartesian. Axiom 1 is immediate, and Axiom 2 is directly
verifiable.
[m]

Example: The most "stringent” finite/singular structure
on (W) is given by stipulating Hfi(GK,W) = 0. For the

finite/singular structure determined by this stipulation
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one has H¢ (Gg,Wla)) = HO(Gg,W)/o-HO(Gy, W) for any o
in A. The "loosest” finite/singular structure is given by

stipulating that Hfl(GK,W) be the subgroup of divisible
elements in Hl(GK,W).

Now let a finite/singular structure M = Hfl(GK,M) on 1-

dimensional Galois cohomology over K for M(W) be given‘.
For this finite/singular structure, and for any M in (W),

we define the singular quotient Hsl(GK,M) to be the
quotient of Hl(GK,M) by Hfi(GK,M) so that we have a

functorial exact sequence of A-modules
(15) 0 = He1(Gg,M) —»HY (G, M) —H (G, M) —o0.

Proposition 3: Given an exact sequence in (W),
1 o
0 - Wlx] - Wlap]l - Wlgl = 0

the finite/singular structure "cleaves” the nine-term long
exact sequence for Gg-cohomology into two six-term

exact sequences, as follows, where the cohomology groups
recorded in (16), (17) below are all understood to be "with
respect to" Gg:

(16) 0 - HOWlx]) — HOW[xp]) — HOWI[gD) —
- Hl(Wla) — HE(Wlapl) — H(WIBD) — 0,

and

(17) 0 - HIWla) — HI(Wlap) — HIWIED -
- H2(Wla)) — H2(Wlopl) — H2(WIpD) - O.

Proof: This is a straightforward diagram-chase, and
uses only the two axioms for finite/singular structure.
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Given a finite/singular structure on M(W) we also define
functorial exact sequences of A-modules for objects of the

Cartier dual category M(W*) to M(W),
(18) 0 = He1 (G, M*) »H (G, M*) »H (G, M*) 0.

by the requirement that Hfi(GK,M) and Hfl(G, M*) be
orthogonal complements under Tate Duality, thereby
putting the pairs Hfl(GK,M) & Hsl(GK,M*) and
Hfl(GK,M*) & Hsl(GK,M) in perfect duality, one with
another. From 1) it follows that then Hsl(GK,W*) is also

free over Zp. The "exact sequences” of M(W?*) are simply

the the dual exact sequences to those of JM(W), i.e.,
(19) 0 — WX/BW* - WX/apW* - W*/aW* — 0

for x,p € A, with o a non-zero divisor. We have the
statement “dual” to Proposition 3:

Proposition 4: Given an exact sequence (19) in M(W*)
the finite/singular structure "cleaves” the nine-term long
exact sequence for Gg-cohomology into two six-term

exact sequences, as follows, where the cohomology groups
recorded in (20), (21) below are all understood to be "with
respect to" Gg:

(20)
0— HO(W>*/gW*) — HO(W*/apW*) > HO(W*/aW*) —
—HAW*/eW*) - HL(W*/apW*) — Hl(W*/aW*) =0,

and
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(21)
0- HIW*/pw*) »HI(W*/apW*) sHI(W*/aW*) —
SH2(W*/pW*) > H2(W*/agW*) — HZ(W*/aW*) —0.

Proposition 5. When { = p, we have produced in the
previous paragraphs a finite/singular structure on (W),

Proof: Axiom 1) for finite/singular structures on (W)

follows immediately from the hypothesis that W is
cleanly ramified. As for Axiom 2), we must show that

Hi(G, Wiad'®) - HL@G, Wlo-p1'K)

l l
H1(Gg, Wlal) - HlGg,Wla-p))

is Cartesian. But by the Lemma of §9, we have the
following commutative diagram of short exact sequences
of A[Ggl-modules,

0 - Wi’k - Wla-pllK - WipllK - 0
0 — Wlal] — Wlx-pl - W[pl — 0,

and writing the long exact sequence of Gy-cohomology for
the top line, and of Gg-cohomology for the bottom line, a

simple diagram-chase does it.

This finite/singular structure on IM(W) for W cleanly
ramified (§=p) can be defined "cohomologically” :

Proposition 6: The inclusion Hfl(GK,M) - Hi(GK,I\/I) is

isomorphic to the natural injection
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H1 . ( Spec Ok, jxM) — H1 . (Spec K, M)

where the Gg-module M is viewed as sheaf for the etale
topology over Spec K, and j: Spec K — Spec O is the

natural morphism.

Hints for the proof: Perhaps the most down-to-earth
way of seeing this is to use the explicit description of jy

(for the open immersion j: Spec K — Spec Oy ) given, eg,

in Example 3.15 of Chapter II of Milne's Etale Cohomology
Princeton Univ. Press (1980); also, for a brief expository

account, see my Notes on etale cohomology of number
fields , Annales Sci. de I'EIN.S. 6 (1973) 521-556.

§11. The case ! = p (minimalist version). Now let W
be a p-divisible A[Gg]-module such that WX is free over A,

and 2=p. In place of the clean ramification condition, let

us suppose that W is crystalline2. Let T denote the Tate
module of W and V = T®Zp®p so that we have an exact

sequence of A[Ggl-modules

O T -V - W -0

2 Here we rely on the brief expository account of this theory that was

given last semester. But we should add two comments. The first is that
crystalline issues will only begin to be germane in Chapter 4, and if you are
willing to impose some definite finite/singular structure for 0=p, nothing
more specific than the axioms of "finite/singular structure"” will be assumed
about it until Chapter 4 (Theorem 2) at which point one will have to deal
with crystalline matters. The second comment is that merely to give the
definition which we give below, we need not logically assume that W is
crystalline. But if we do not assume that W is crystalline, the finite/singular

structure defined may not be connected to anything useful.
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Define Hfl(GK, V) to be the kernel of the morphism
Gk, V) — Hl(Gg, V®@chrys)

and define Hfl(GK, W) to be the image of Hfi(GK, V) under
the natural mapping Hl(GK, V) - Hi(GK, W). For M CcW
a sub A[Ggl-module, define Hfl(GK, M) C Hl(GK, M) to be
the inverse image of Hfl(GK, W) ¢ Hl(GK, W) under
the map Hl(Gg, M) - HL(Gg, W).

Proposition 7. The above rule imposes a finite/singular
structure on M(W) (which we will refer to below as the
crystalline finite/singular structure).

Proof: The group Hl(Gg, W) is p-divisible since it is

defined as the image of the vector space Hfl(GK, V). Our

Proposition then follows from the Lemma of §10.
O

Commentary: Later we will restrict to a subclass of
crystalline representations W which are particularly
relevant to us, and for these there is a slightly more

down-to-earth description of Hfl. B

If it were sufficient for our purposes (it
is not , unfortunately!) to deal only with modules that
prolong to finite flat group schemes (or Barsotti-Tate
groups) over the ring of integers of K, we could use the
flat topology to define a reasonably satisfactory
finite/singular structure. Here is a sketch of what one

can do in that situation3.

3 What follows will not be used in the sequel.

27




If M is a finite Gg-module let us say that M prolongs
to a finite flat group scheme M over Oy if there is such a

finite flat group scheme M with an isomorphism of its
generic fiber with M (which, for this purpose we we view
as finite flat group scheme over Spec K). There may be
many non-isomorphic prolongations, but for example,
when K = Qp and p > 2, a prolongation M, if it exists, is
unique up to unique isomorphism. Similarly, if W is a p-
divisible GK module of finite corank, then we have the

~

notion of W prolonging to a Barsotti-Tate group W over

Ok (and a theorem of Tate? guararitees that W, if it

exists, 1s uniquely determined by W for any K finite over
Qp, any p). If M prolongs to a finite flat group scheme or

to a Barsotti-Tate group, KA, over GK, define
Hel(Gg, M) := Hpl(Spec(Og), M) < HL(Gk, M)

where Hﬂ1 refers to cohomology over Spec(Qyg) computed

for the flat topology (cf. [Milne] Chap III) and Hsl(GK,M)
is defined so as to make the sequence (15) exact. The
group Hfi(GK, M) may depend upon M, the finite flat
prolongation of M chosen, in general. The Local Flat

Duality Theorem (loc. cit. Cor. 1.4) and the explicit
description for p-divisible groups (loc. cit. Prop. 1.13) tell

us, in effect, that this definition of Hfl and Hsi defines

the analogue of a "finite/singular structure” for Galois
modules M with prolongations to finite flat group
schemes, or to Barsotti -Tate groups. If we then restrict
our Galois modules to objects of the category M(W) for W
a fixed p-divisible Barsotti-Tate group, taking M to be the

4 Theorem 4 in:

Tate, J.: p-Divisible groups , pp. 158-183 in Progceedings of a Conference on
Local Fields (NUFFIC Summer School held at Driebergen 1966) 1967,
Springer-Verlag.
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induced finite flat subgroup scheme on W for every M ¢
M(W) we do get a finite/singular structure on that
category.
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Chapter two: Global Preliminaries

A general reference: Milne, J.S.: Arithmetic Duality
Theorems Acadamic Press 1986. pp. 60-81, and 200-212.

§1. Global cohomology.

Although we could work over arbitrary number fields
with no retrenchment of statements in this §, let us focus
on the case of particular interest to us, namely Q. Fix Q,
an algebraic closure, and, as usual, let Gg = Gal(Q/Q).

Having done this we may identify abelian sheaves for the
etale topology over Spec Q with Gg-modules ( sheaves M I
Galois modules M(Q) ) and we shall do this with no change
of notation, i.e., we think of the M's in the parenthesis
above alternatively as abelian sheaves for the etale
topology and as Galois modules.

Let W be a p-divisible Gg-module of finite rank with a
commutative Zp—algebra A of endomorphisms. Suppose
that p > 2, and that the Cartier dual W* is a free A-
module of finite rank. Suppose further that W is
unramified except at a finite set = of primes, and at each
prime ? = p for which it is ramified, it is "cleanly ramified”;
moreover, W viewed as GQp-module is assumed to be

crystalline. Thus we have finite/singular structures for
My(W) where the subscript 2 signifies that W is viewed as

A[G@Q]-module, for all prime numbers £. Dually, we have

finite/singular structures for M y(W*) for all 2.1

1 1f you are not at ease with the theory of Bcrys (and consequently with
the finite/singular structure we have imposed on J,(W)) you may put off

the moment when you must deal with these crystalline matters by merely

assuming, at present, that you have stipulated some specific finite/singular
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Let X = Spec Z and S C X is a finite set of primes. For M
any A[Ggl- submodule of W or A[Ggl-quotient module of

W* define the A-module HL(X-S, M) as follows:

(1) HH(X-S, M) := ker (H1(Gg, M) - TT Hl(Gg, M)}
1¢'S

Let GQ,Z denote the Galois group of the maximal Galois

extension of @ which is unramified outside 2 (equivalently,
the quotient of G by the closed normal subgroup generated

by all inertia subgroups at primes { not lying in 2). Then
the Gp-actions on W and on M factor through the quotient

GQ,Z- Viewing M as sheaf for the etale topology over

Spec(Q) and letting j:Spec Q — X-S denote the natural
inclusion, form the direct image sheaf j,M for the etale

topology over X-S. Our "cohomological notation” is meant to
be suggestive, and, in fact, the special case when p €S, we

actually have a cohomological interpretation for Hl(X—S, M)
as defined by (1). Namely,

Proposition 1: If p € S, the injection
HL4(X-S, jxM) = HL(Spec @,M) = H1(Gg,M)

identifies H1 ;(X-S, jxM) with the sub A-module H1(X-S, M)
of Hl(GQ,M) defined in (1) above.

If 2CS, then we have the further
identification:

structure at p. Absolutely no property of this finite/singular structure
(beyond the fact that it satisfies the defining axioms of a finite/singular

structure) will be relevant until Chapter 4.
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HLg (X-S, juM=HL(X-5, M) = Hl(Gg g M) ¢ HL(Gg,M).

This Proposition is a good exercise in etale cohomology. For
some hints of how to do the exercise, see my article: Notes

on etale cohomology of number fields, Ann. Sci. Ecole.
Norm. 6 (1973) 521-552.

Comment: We should guard against our cohomological
notation suggesting too much. For instance, if p is not in S,

we have yet defined the analogous groups Hi(X-S, M) for i

> 2. To be explicit about this, the modules Hi(X—S, M) when
1 <1, or when p € S are defined as follows:

HO(X-s, M) = MUQ,
Hi(_}g—S, M) = as defined in (1) and if p € S it may also be
identified with H1 5 (X-S, j.M) as submodule of H1(Gg,M),

and if further £C S, it may be identified with Hl(Gg g,M) as
asserted in Prop. 1 above,

Hi(X—S, M) --for 12 2 -- is only defined, so far if p € S,
and then it is defined to be the etale cohomology group

Hig (X-S, jxM).

[ am thankful to Beilinson who pointed out that there is

no problem in defining "good modules” HI(X-S, M) in general,
or at least the cases where M is given the crystalline (or
ordinary) finite/singular structure at p. We will not be
making any explicit use of this general definition (i.e., of

Hi(_X—S,I\/I) for i22 when p is not in S) in these notes, but see
§6 below for a sketch.

Proposition: If M is of finite type over A, the A-modules

Hi(_X—S, M) as defined above, when they are defined, are of
finite type.

Proof: This is standard for the etale cohomology groups
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over X-S (cf. Milne, Chapter I, Thm. 3.1 ) so HI(X-S, M) is
of finite type over A when p € S. But when p ¢ S,

H1(X-S, M), is a submodule of the A-module of finite type

HI(X-(SL{p}), M). Since A is noetherian H1(X-S, M), is of
finite type as well.
]

In particular, if M is finite, the groups Hi(X—S, M), when
defined, are also finite.

§2. Basic exact sequences.

Let M be a sub A[Ggl-module of W or a quotient AlGgl-

module of W*. Let S € T be finite sets of primes. Then

(2) 0-HMX-s, M) »H'X-T, M) > T HMGg, M)
eT-S

is exact, a fact that follows immediately from the definition.

Proposition 2: For S a finite set of primes, and any
exact sequence

0 — Wlx] — Wlap] — WI[p] —= 0

(with o« € A a nonzero divisor, and p € A) there is an
associated exact sequence for "cohomology":

3) 0 —» Wixl%@ — wlxpl®@ - w[pl®Q —

— HI(X-S, Wlx])—-HL(X-S, Wiap]) -»HL(X-S, WIg).

obtained by pullback from the corresponding exact sequence
for Gg-cohomology:

Proof: The beginning of the sequence (3) being clearly
"defined" and exact, even at the "point” W[a]GQ of the
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sequence, we may restrict our efforts to showing that the
arrows of the top horizontal line of the following
commutative diagram are defined, and that the top line is
exact:

0 0 0

l l l

W[f]G@—>H1(x—s, Wix]) — HL(X-S,Wlxpl) — HL(X-S,WIp)

wigl®@—H1(Gg, Wia) — Hl(Gg, Wiapl) — Hl(Gg, WipD

l l l

0 - anl(GQQ, Wla]) — TTHsl(GQQ,W[ocB]) - TTH1(Gq,, WipD.

Here the product TT occurring in the bottom line is over all
prime numbers { not dividing m. The vertical lines and the
middle horizontal line is exact; so is the lower line (by
Proposition 3 of Chapter 1). A diagrarm-chase gives our
Proposition.

a

We also have the dual statement. For m > 0 an integer,
and any exact sequence

0 — WX/BW* — WX/apW>* — WX/aW>* — 0

(with o« € A a nonzero divisor, and p € A) there is an
associated exact sequence for “cohomology” obtained by
pullback from the corresponding exact sequence for G-

cohomology:

Proposition 3:

(4) 0 » W*/pW*GQ - W*/apW*GQ — W*/aWw*GQ —
— HI(X-S,W*/pW*) - HI(X-S,W*/opW*)—
> HI(X-S,W*/aW¥).
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Proof: The proof is almost identical to that of Proposition
2. The beginning of the sequence (4) again being clearly

"defined” and exact, even at the "point” W*/BW*GQ of the
sequence, we may restrict our efforts to showing that the
rest of the sequence is defined and exact, as in Prop. 2. But
a straightforward diagram-chase with a diagram analogous
to that which enters into the proof of Prop. 2, whose
"bottom horizontal line" is the exact sequence

0—>UH51(G®2,W*/BW*)—>TTH51(G®Q,W*/ocaW*)—>

—TTHM (G, W*/oW)

gives the proof.

§3. Recalling Global Class Field Theory, and Global
Tate Duality.

Recall that p > 2. The fundamental facts about 2-
dimensional Galois cohomology of “p°°’ which will play a
dominant role in what follows are these.

The local invariant. For any prime number § have a
canonical isomorphism which we will call inv)
ian
2 i

~

if h € H2(G® , “p°°) , then invy(h) will be referred to as its
)
"(local) invariant " .
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Passage from global to local. There is an exact sequence

1 pX
— 2 2 - -
0 H (GQ,upoo) - ®H (GQQ’“p“) (Dp/Zp 0,

where 1 is the direct sum of the natural restriction
mapping from Gg-cohomology to GQQ—cohomology, taken

over all prime numbers {, and where ¥ is the summation of
the local invariants.

In the discussion for the rest of this paragraph, let M be
either an A[Ggl-submodule of W, or an AlGgl-quotient

module of W*, and M*, as usual, its Cartier dual. Until
further notice S will refer to a finite set of primes
containing the prime p. Define

(6) LUg'(M) = ker (HIX-S,M) —  TTHIGg,,M)).
LeS

Note that, despite appearances to the contrary, _Lusl(l\/[) is

a “contravariant functor” on the directed system of finite
sets of primes S, and more specifically, if S € T, then we

have a natural inclusion _ILLTl(M) C _U_lsl(l\/l). On the

other hand, msz(M) is a covariant functor, and more

specifically, if S € T, we have a natural sur jection

Ls?(M) - LIp2).

If 8 is any set of primes (possibly infinite)? containing p,
put:

2 our convention will be that script 3 refers to a possibly infinite

collection of primes while Roman S refers only to finite sets of primes.
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(6) HIglv) = "proj. lim" Ity = n mgtov
S Ci SCR

the projective limit taken over the system of all finite sets
of primes S contained in .8, which can be also viewed as an

intersection over all S € 8, where the _Iﬂsi(l\/l)'s are all

viewed as submodules in Hl(G@,M). Alternatively, we may
write:

(7) LLg (M) - ker (116 M)~ TTH (Gg, M) x TTHL(Gq, M),
2ed 2e8

Also, for 8 any set of primes, put

Ls“M) = U LIg2(M).
S cd Scd

(8) _Iﬂ/g2(l\/l) = “ind. lim"  [[l«2

Defining these groups analogously for M*, Tate Global
Duality establishes, if M and 8=S are finite, a perfect
pairing

(9) gl x 1

3_j. *
g” (M¥) - Qp/Zy,

(See Milne Chapter I §4), and passage to the limit yields
a perfect pairing

(10)  miglv) x  mg2mv) o Qp/Zp,
for any set of primes 3.

If B is the set of all primes, abbreviate I1g'(M) as III'(M),
for i=1,2.

To analyze the structure of mi(M) further in the case
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where M is finite, let K/Q be the splitting field for the Gg-

action on M so that we have the exact sequence
1 -G — Gq - A — 1 where A is a finite subgroup of

Autp (M), and the action of G on M is via projection to A.

Consider the following exact sequence of A-modules obtained
from the associated Hochschild-Serre Spectral Sequence:

Y
(11) 0 - HLA, M) - HY(Gg, M) — Hom (Gg,M)& .

Note that the submodule _I_lll(M) C Hl(GQ, M) maps to
zero under . The reason for this the following. Let h €

Ml(M) and let ¢: Gg—M be the A-invariant
homomorphism ¢(h). Since h = 0 in Hi(GQQ, M) for all 2,

and in particular for all § which are unramified in the GQ-

action on M, we see that ¢ brings the Frobenius elements of
Gk attached to all liftings of such primes £ to zero. But, by

Cebotarev's Theorem, these Frobenius elements are
topologically dense in Gg, and since ¢ is continuous, ¢=0. By

what has just been discussed, and the duality (10) we have
shown:

Proposition 4: The submodule IIl(M) of Hl(GQ, M) is

contained in H1(A, M) ¢ Hl(GQ, M). The modules _Iill(l\/I)

and [1%(M”) vanish if HL(A, M)=0.
§4. A lifting problem.

Let X = Spec Z, and S a finite set of primes containing p.
Here is the problem we wish to consider in this section.
Suppose we are given an exact sequence:
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0 - WX/BW* - WX/apW* — W*/aW* 5 0

with o a non-zero-divisor. Consider the mapping

HI(X, W*/apW* ) — HL(X, W*/aW* ), which is, of
course, not necessarily sur jective.

Is there an S C X such that the image of
HUX W*/aW*) in  HL(X-S, W*/aW*) Iifts to
H1(X-S, W*/apW*)?

Relevant to this question is the commutative diagram:

HI(X, W*/apW*) = HL(X-S, W*/apW*)

—

(12) H1(X, \i\/*/ocW*) > HI(X-S, W*/aWX)

HI?(W*/pW*) = H2(X-S, W*/gW*)

where the right vertical sequence is simply a piece of the
long exact sequence for etale cohomology, which is ;
legitimate since S contains p. That an element of ok

H1(X-S, W*/aW*) which is in the image of
HL(X, W*/aW*), when mapped to H2(X-S, W*/pW*)
actually lands in mSQ(W*/BW*) comes from the fact that

the local coboundary mappings Hl(GQQ,W*/ocW*) -

H2(Gg,,W*/8W™) annihilate Hil(Gg),W*/aW™), for all
prime numbers 2 (cf. Prop. 3 of §11 of Chapter 1).

Proposition 3: Suppose that _Iﬂl(W[B]) vanishes. Then
there is a finite set S of prime numbers so that the

elements of HL(X W*/aW*) in H1(X-S, W*/aW*) lift to
HL(X-S,W*/opW*),
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Proof. This does follow directly from the above discussion
concerning diagram (12), and from the perfect duality (10)
of §3.

A sufficient criterion for the vanishing of ml(W[B]) is

given by Proposition 4 of §3; namely _I_ﬂl(W[B])=O if
HI(A, WIgD=0, where A is the image of Gg which acts
faithfully on W[pl.

§5. The Bockstein pairing.

In this paragraph [ would like to focus on a certain pairing
which [ believe will clarify a good deal of the formalism
later. For reasons which will shortly become clear (I hope) it
seems reasonable to call it the "Bockstein pairing” relative to
(ax,B). ’

Keep notation as in the previous paragraphs. In particular,
let X= Spec Z; let o, B be elements of A with o« a non-zero- : E
divisor; and let A be the quotient of Gq acting faithfully on '

WIpl. Let us suppose a hypothesis which we will call--

A-vanishing (for ) : HL(A, Wipl) = 0.

Now let x ¢ HI(X, WIg]) and v € H1(X, W*/aW*). We wish
to define an element which we will denote {X:Y}oc,a €

Qp/Zp. For this, we first define elements §7Q €
He(Ggy, W*/pW*) for € S.

Note that our hypothesis of "A-vanishing" allows us to use
Proposition 3 of §4. That is, there is a finite set of primes S

(with p €S) such that the image of y in H}(X~-S, W*/aW*)
lifts to an element y € Hl(x-s, W*/xpW?>). For each prime
number { € S, let 37@ eHsl(GQQ, W*/axpW™>) be the image of
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the restriction of ¥ to 2, resQ';/ € Hl(GQg, W>*/apW>») in
the singular part. Recall the exact sequence (Proposition 3
of §11 of Chapter 1)

0—He (Ggy, W*/BW ) > Hl (Gg ), W /apW ) >

—HgMGg ), W* /oW ™)

and note that since v ¢ HL(X, W*/aW*) , the image of ';fp_
in Hsl(G@g,W*/ocW*) is zero. It follows that 372 lies in the
submodule Hy1(Gg,, W*/pW*) of H (Gg,,W*/opW ™), and
from now on we will view 99 as an element of

1
He1(Gg, W /W ™).

Now let xp denote the restriction of the class x ¢
HL(X, Wig)) to Hl(GQQ, W(gl), and note that xj lies in
Hfi(GQQ, WipD ¢ Hl(GQQ, WipD. We view x) as an element

of Hfi(G@Q, WIigl). Now we may invoke the pairing (which

we will denote <, > )
1 * *
Hel(Gg,, WIeD x Hg'(Gg, W*/BW™) — Qp/Zp

and define

(13) {x,y}a,ﬁ = 2 <XQ, §Q>Q .

0eS

To see that this definition does not depend upon the lifting

~

y, consider two such liftings, ';/1 and ';12. Then the
difference § = ';/1 - 372 maps to zero in H1(X-S, W*/aWX)
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and therefore comes from a class in H1(X-S, W*/gW*) by
Proposition 2 of §2. It then follows from the definitions that
the difference between the computation of the right-hand
side of (13) via the lifting y4 and via y9 is given by the
sum of all local invariants of the image in the cohomology

group HQ(GQ, Llpoo) of the cup-product of the two global
cohomology classes xv 8 € H2(X-S, W[a]@ZpW*/ﬁW*), and

by "Global Class Field Theory" (cf. §3) this sum is zero. We
have therefore a well-defined bilinear pairing,

(14) H1(X, WipD) x HI(X, W*/aW*) — Qp/Zp

which we will call the Bockstein pairing (relative to «,p).
[t is also evident from definition of the pairing that the
image of

HL(X, W*/apW*) — HL(X, W*/aW*)
lies in the right-nullspace relative to the pairing (14).

Problems: [ haven't yet worked this out, but I imagine
that the definition is symmaetric, and the same pairing

could be defined by lifting the class x ¢ HI(X, Wlp]) to H1(X-
S, Wlapl) and making a symmetrical construction, in which
case one would also have that the image of HL(X, Wlxpl) in

H1(X, W[g)) lies in the left-nullspace relative to the pairing
(14) (?) What, in fact, are the precise nullspaces?

§6. Definition of HI(X-S,M) "in general".

[ am very thankful to Beilinson who suggested the
definition of these cohomology modules which we will only
very briefly sketch in this §. Here let us assume that (W)
is given the crystalline finite/singular structure at p as in
Chapter 1, §11. Let X= Spec Z, as usual, and S C X a finite
subset, which we may as well assume not to contain p.
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Let 8: Spec @ — X-S-{p} and ¥ X-S-{p} — X-S and
j:Spec Q@ — X-S denote the natural (the only, in fact) open
immersions. So j = ¥°8&.

Choose an algebraic closure Fp of Fp and let @pnr
denote the maximal unramified extension of Qp , l.e., the
field of fractions of W(Fp). Let @p be an algebraic closure of
@pnr and Q C ﬁp the algebraic closure of Q in @p. Having

made all these choices, we can identify the categories of
etale sheaves over the relevant fields, with the
corresponding categories of Galois modules.

Let Hlf(Qpnr,M) , for M € M(W), denote the union of the
images of Hlf(K,M) in Hl(Qpnr,M) where K ranges through
the finite extensions of Qp contained in Qp"". The module
Hif(Qpnr,M) has a natural GFp=Gal(Fp/Fp) action, and may

be identified with a sheaf of A-modules for the etale
topology over Fp, or alternatively as a "skyscraper sheaf”
supported at p on the etale topology of X = Spec Z; it is a
subsheaf of the skyscraper sheaf R1¥,(6,M ) whose

underlying GFp—module is Hl(Qpnr,M). Viewing

Hlf(Qpnr,M) as such a sub-skyscraper sheaf, let us call it
Rly, (s, M )f.

Fixing an injective resolution N, of the etale sheaf 8§, M

on X-S-{p} we have a complex of sheaves for the etale
topology on X,

90 91
(15) ¥4 (Ng) = ¥x(Nq) = ¥, (Ny) = ..,

whose quasi-isomorphism class is independent of the choice
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of injective resolution, and which represents R¥, (6§, M ). We

have a diagram where straight lines are exact:

0

l

image(dq)
| 91
0 — ker(9q) — ¥,(N1) = ¥,(Np)
l

Ry, (8 ,.M)

l

0.

Defining ¥4 (N41)f C ¥4(N41) to be the subsheaf given as the
inverse image of Rlb’*(S*M)f ¢ Rly, (6,.M) in ker(94) C

¥x(N1), we have a truncation of the complex (15) that we
will refer to as R¥,(8,M)s

9
(16) ¥4x(Ng) — ¥4 (Nq)¢ .

The quasi-isomorphism class of the complex R¥,(5§,M)s is
easily seen to be independent of the choice of (15) and its

sheaf cohomology groups, H'( R¥,(8§,M)¢ ) , are as follows:

#0 = j,M, #1 = R1y,(6,M);, and HJ = 0 for j = 2.

Definition: HI(X-S,M) := HIi( X-S, RY¥,(8,M)f ), where Hi
referes to the hypercohomology of the complex R¥, (8, M)
for the etale topology on X-S .

These cohomology modules are A-modules of finite type;

they fit into "long exact sequences” restricting to the exact
sequences of §2 above. Beilinson has communicated to me
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that for S empty one can show that cup-product,

<,>: HZXM e H3IEM*) - H3 X upe=) = Qp/Zy,

gives rise to a perfect three-dimensional duality pairing,
and that using the above, one can obtain the Bockstein
pairing without any A-vanishing assumption. Namely, we
have a canonical pairing

. wl 1 *
(17) {,}: HY(X,W) ® HX(X,W ®zp®p/lp) - Qp/Zp
defined by {x,y} := <x,dy> where
.l * 2 %
9 :HH (X, W ®Zp®p/lp) — H4(X, W)

is the coboundary mapping in the long exact sequence of
cohomology coming from the short exact sequence of
modules

€ * * 1
0 - W* - W¥ez Qp = W*ez Qp/Zy — 0.

To compare the pairing (17) to the Bockstein pairing
defined in §5, let «,Bp be non-zero-divisors in A, and

x ¢ HIX Wla]) v e HLEW*/p-W*).
Then, if the A-vanishing hypothesis holds for g,
(18) {(x,ylgp = {x, 871y}

where the { , }oc,fs refers to the Bockstein pairing defined in

§5, and the { , } on the right-hand side of (18) is the

pairing (17) for x considered as an element of H1(X W) and
-1, 1 *

pT++y as an element of HH(X,W ®Zp®p/lp).
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Chapter three: The Symmetric Square of a rank two
Galois representation

§1. Our basic set-up for this Chapter.

We will keep all of the notational conventions of the
previous two chapters, and begin to restrict the type of
GQ-modules W that we wish to consider. Recall that p > 2

and that the base ring of scalars A is a commutative local
finite faithfully flat Zp—algebra. Let m C A denote the

maximal ideal, and k = A/m the residue field.

Let H be a free A-module of rank 2 with continuous A-
linear action of Gg, unramified outside a finite set 2 of

prime numbers including p. This defines a continuous
Galois representation, p: Gq 3z — GL2(A), well-defined up

to conjugation.

We make the following assumption about the
determinant of the representation p.

(1) The p-cyclotomic determinant condition:

The determinant character detAp : G — A is the

composition of the p-cyclotomic character, X: Gg — Zp*

with the natural inclusion Zp*c AX .

Let TQ € A denote the A-trace of the !-Frobenius
element Froby on H, and let us call Ty the &-th "Hecke

operator” in A. It follows from (1) that the action of
Froby on H satisfies the ("Eichler-Shimura -type")
identity

(2) Froby2 - Ty Froby +10 =0.
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For any ideal J contained in the maximal ideal of A, let
pJg: G — GLo(A/J)
denote the reduction of p mod J, and let
.5: Gg — GLy(k)

be the reduction modulo the maximal ideal, ie.,, p = Py

is the associated "residual representation”.
It follows from (1) that E is an odd representation, i.e.,

that the image of a "complex conjugation” involution T in
Gq under p is not a scalar matrix in GLy(k).

Assume that p is absolutely irreducible.
§2. Principal polarizations.
To give a GQ—equivariant skew-symmaetric pairing

(3 (,): Heg H - Zy)

with respect to which the action of A is self-dual is visibly
the same as giving a Zp[GQ]-homomorphism

4) /\AQ(H) = Z5(1).

It is also the same as giving a Zp—homomorphism (4)
since Gg-equivariance of such a homomorphism is
automatic: by the p-cyclotomic determinant condition,
the action of Gg on /\AQ(H) is via the p-cyclotomic
character X, which is precisely how Gg-acts on Zy(1).

Refer to the pairing corresponding to Y as (, )q_, .
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Lemma: The following are equivalent:

i) The GQ-equivariant, A-Hermitian, skew-symmaetric

pairing
(,)4,: H®ZpH - Zp(l)

1s perfect in the sense that the induced mapping

¢:  H - Homzp(H, Z(1))

m > [nw (m,n)qJ ]

is an isomorphism of (equivalently)

a) Zp—modules,

b) A-modules, where Homzp(H, Zp(l)) is given its

induced A-module structure, and‘of
c) AlGgl-modules, where Homzp(H, Zp(l)) is given its

induced A[G@]—module structure.

ii) The A-module Homy (/\A2(H) ) Zp(i)) is free of rank
p
: 2
1, generated by the element in Homzp(/\A (H) , z,(1)),

call it g /\A2(H)—>Zp(1), induced from ( , )\P'

Proof: The equivalence of a) and b) in i) is clear and
Just put in for the record. That ¢) is equivalent to b)
comes from the discussion right before the statement of
the Lemma. Now suppose i) in the form of ¢). We first

show that ¢, € Homzp(/\Az(H) , L5(1)) is a generator of
the A-module Homzp(/\AQ(H) , Zp(l)). For, by Schur's

Lemma (see the form of it proved in the appendix) since
p has been assumed to be absolutely irreducible, any
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Al[Gql- module homomorphism f : H —>Homzp(H, Z,(1))

1s a scalar multiple of the A[GQ]—isomorphism y, i.e, there
is an element a € A, such that fo = a-Y,, where f, Yo €

Homzp(/\AQ(H) , Zp(l)) are the elements induced from f

and ¢. The A-module Homzp(/\A2(H) , Lp(1)) is therefore oW

cyclic; that it is free of rank 1 then follows from the fact
that it is Zp—free of the same Zp-rank as A. Therefore i)
implies ii). To see that ii)=i) b) note that the Gg-action
plays no role, so you can choose an A-basis x,y of H, and a
Zy-generator ¢ of Zp(l) giving /\A2(H) = XAy-A Zp(l) =
§-Zp. A generator, then, Yo of the A-module

Homzp(/\Az(H) » Lp(1)) is given by x~y-a — g-tr (a) for

a € A, where tr : A — Zp 1s a Gorenstein trace for A
over Zp , l.e., tr is a generator of the A-module
Hom(A,Zp); cf. §8 below. Then the associated
homomorphism ¢: H— Homzp(‘H, Zp(l)) is seen to be

XA ®yA - Homzp(y-A, $Zp) @ Homzp(x-A, S-Zy)

X-a + yb a-tr + b-tr

(with the evident notational conventions) and this Y is
perfect. ‘
0

Definition: A pairing satisfying any one of the
equivalent conditions of the previous lemma is called a
principal polarization of H. Since the only
'polarizations” we consider in this course are principal, we
shall drop the adjective “principal” and refer to a
principal polarization simply as a polarization.

The following two Corollaries come immediately from
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formulation (ii) of the Lemma:

Corollary 1: Let ( , )\IJ - H ®Zp H — Zy(1) bea

polarization. Then for any GQ-equivariant skew-linear
pairing (, )qJ there is a unique element a € A such that
(x,y)LlJ = (a-x,y)@ for all x,y € H.

The pairing (, )q) 1s a polarization if and only if a is a unit
in A ; it is a polarization if and only if ¢ is a generator of
the A-module Homzp[GQ](/\Az(H), Z,(1)).

Corollary 2: The ring A is Gorenstein if and only if H
admits a polarization.
O

We shall not be assuming the existence of a polarization,
(or equivalently that A be Gorenstein) until §8 below.

§3. The symmetric square of H. Define W* to be
SymAQ(H) with its induced A[Ggl-module structure. Then

WX is a free A-module of rank three. Also, for any ideal J
C A, we have that

* /T W* = 2(4/3.
W>*/J-W SymA/J (H/J-H)

is a free A/J- module of rank 3.

Lemma 1: Let EndAO(H)= End®(H) denote the A-module

of A-endomorphisms of H of trace zero. Then given a
polarization ( , ) = ( , )g of H, as in §2 above, there is a

canonical isomorphism of A-modules
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- o
(4) W = End°(H)®z Qy/Z, < Homp(H, Heg Q,/Zy)

W —mm e mmmm e - [T, H —>H®1p®p/zp) ]

where, if w is an element of W = HomZ (Sym 2(H),L1p°o)

p

and if we view w as a W _ -valued A-bilinear symmetric

[~ o]

function w(x,y) of "two variables" x, y on H, the
transformation T, is determined by the rule w(x,y) =

(X,Twy)‘I’ where the pairing

(g B o~ H®Zp®p/zp = Z,(1)®Qp/Z, = Moo

1s induced in the evident manner from the given
polarization (, )g. The canonical isomorphism is Gg-

equivariant if we endow EndO(H)®Zp®p/Zp with the
adjoint action induced from the Gp-module structure of H

(explicitly: if g € G and e € End°(H) then:

Ad(g)-e = geeeg"l :H — H).

Proof: That the rule of passage w «— T,,, described

above gives an A-module isomorphism between A-bilinear
functions of two variables w(x,y) and elements Ts,, €

Hom p (H, H®Zpr/Zp) is straightforward, in view of the
fact that our polarization gives us a perfect pairing. Let us
see that the trace zero condition on T,,, corresponds to the

symmetry condition on w. For this, we can cheat and
choose an A-basis x,y of H, a Zp—basis ¢ of Zp(l), writing

Ty as a 2x2 matrix with coefficients a and d on the
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diagonal, and writing the polarization ¥ as
T xAyeax = Eotr (o)

for o« € A and for tr some Gorenstein trace (cf. §8).
Then the symmetry condition for w translates simply as
the condition (o:x, T,y = (y,0-T,X)g for all o € A,

or equivalently, tr (d-o) = - tr (a-«) for all x € A.
Since tr is a Gorenstein trace, this latter condition is
equivalent to requiring that a+d = 0.

(]

Changing the polarization ¥ to a+¥, for a unit a € A%
changes the identification 1 above to a-1. It will be useful
in Chapter 4 to assume the existence of a polarization, to
fix a polarization, and thereby identify the A-module W

. o
with EndA (H)@Zp@p/lp.

Define W = Hom Zp(W*, upoo), to be the Cartier dual

of W* with its induced A[Ggl-module structure, so that W

and W* are in accord with the notational conventions of
the previous Chapters. For any ideal J € m C A, W[J] is

the Cartier dual of W*/J-W* |, both modules given their
induced (A/J)[GQ]—actions. In particular, Wlm] is seen to

be a 3-dimensional k-vectar space, Cartier dual to
W>*/mW-

We now assume that the 3-dimensional k-vector space
W*/m-W>* (= Symkza) is an irreducible Gg-

representation. It is equivalent to assume that Wlm] be
irreducible as Gg-representation.

We also assume that W is cleanly ramified when
viewed as A[GQQ]- module for all 8 = p and we give W,
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viewed as A[G@Q]—module, its associlated finite/singular

structure at ¢ (cf. Chapter 1) for § =p. As for
finite/singular structure at p, assume that W is
crystalline when viewed as G(Dp—module, and give it its

crystalline finite/singular structure (or, the relentless
axiomatician may simply assume that a specific
finite/singular structure has been imposed at p, whose
particular properties will be irrelevant until Theorem 2 of
Chapter 4). So our W has been endowed with
finite/singular structures at all primes ¢, and conforms to
the running assumptions made in Chapter 1. In particular
we have the machinery of global cohomology introduced
in Chapter 2 which applies now to W, its submodules of

the form Wl«] for o € A, and for W* and the analogous
quotient modules.

Since W[m] is an irreducible 3-dimensional vector
space, it has no fixed vectors under Gg and therefore, for

any finite set S ¢ X (= Spec Z), we have:
wéa = HO(x-s, W) = HO(X, W) = 0.

Lemma: HL1(X-S, Wla)) = HL(X-S, W)l«l.

Proof: This comes from the long exact sequence of §2 of
Chapter 2, and the fact that HO(X, W)=0.

§4. The singular depth at primes of type L.

If J CmCA is an ideal, let Kj /Q denote the field
extension which splits the representation pj. So pj maps
Gq onto Gal(K;/@Q) which injects to GLo(A/J). By a
"complex conjugation” involution, call it T=13, In

Gal(Kj/Q) we mean any representative of the conjugacy
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class of the image of the nontrivial element of a
decomposition group Gal(C/R) mapping naturally to
Gal(Kj/@), i.e., corresponding to a complex imbedding of

K.

Let £ j denote the set of prime numbers 2 which are
unramified for p and such that a Frobenius element Frobj
is (contained in the Gal(Kj/Q)-conjugacy class of) the
complex conjugation involution T = 7j. If J4 € Jpis an
inclusion of ideals of A, both contained in the maximal

ideal m, we have E’Jl C E,Jz CLyy. Put & = L, By the

Cebotarev Density Theorem, there are an infinity of
primes in £ j for any ideal J of finite index in A.

If 0 € IZJ then Frobg satisfies the relation FronQ -1 =0

mod J, so that (2) implies that 8 = -1 mod J, and Ty = 0

mod J. Recalling that p > 2, an application of Hensel's
lemma gives us then that we have a factorization in A[XI:

(5) X2 - Ty X+ = (X+ w)(X+v)

for elements u,v € A withu=1and v = fl mod J.

Lemma 2: Let § € £ and retain the notation above. We
have a direct sum decomposition of the A-module

(6) H=Hy @ Hy,

where each of the A-modules H; and Hy, are free of rank
1, and Froby acts as multiplication by u on Hy and

multiplication by v on Hy,.

Proof. Take
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H, := (Froby-v)-H and H, := (Froby-u)-H,

and note that Hy NH,, = {0} since Frob, acts on any

element in this intersection as, simultaneously,
multiplication by +1 and by -1 modulo the maximal ideal
(recall: p >2). If h € H, writing h; = (Froby-v)-h and hy, =

A—(Frobg—u)-h, we see that h +h,, =(u-v)-h and since u-v

is a unit in A, we do have our direct sum decomposition H
= H, ® H,,. Neither H, nor H,, can vanish, because if one

did (say H;=0) then Froby would act as multiplication by
the scalar v on all of H, and hence its trace Ty would be

2.v which is not = 0 mod m. Similarly, 2-u is not =0 mod
m, so Hy, cannot vanish. Now, since the free rank two

module H is a direct sum, H;, & H,, of two nonzero

modules, it follows, counting dimensions over k, that
H,®ak and H{;®pk are both of dimension 1, and

therefore, by an application of Nakayama's lemma, Hy
and H,, are both cyclic A-modules. Since A is Zp-

torsionfree, a necessary and sufficient condition for a
cyclic A-module U to be free of rank one is that its tensor
product U®yz ‘Dp have the same dimension (as a vector

' P

space over (Dp) as A®y Qp does. A simple dimension
p

count shows that H, and Hy, satisfies this condition.

O

Lemma 3: With the above notation, if § € £, then the
singular quotient at 2, Hsl(GQg, W*) = Hl(IQQ,W*)GFQ is a
free A-module of rank one. Moreover, for any ideal J C
A, HM(Ggy, W*/IW) =H1(I®Q,W*/JW*)GFQ is a free

A/J-module of rank one.
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Proof: Since H1(I®Q,W*) = W*(-1) as a Frobp-module, we

use the decomposition (6) of Lemma 2 to give us a

decomposition of W* as a direct sum of three free A-
modules of rank 1:

(7) W* = (Hu®AHu) S5 (Hu®AHV) S5) (HV®AHV)

and Frobj acts on the first as multiplication by u? the

second as multiplication by uv = { and the third as
‘multiplication by v2 . It follows that it is only the second
of these three factors that contribute to the Froby-fixed

space in W*(-1). The first assertion of our lemma follows.

The second assertion follows from the analogous
calculation made over A/J, noting that u2=v2 = 1 mod
m, and therefore that the first and third factors in (7)
still fail to yield anything fixed by Froby in W*/JW*(-1).

If ¢ is a cohomology class in Hl(GQ,W*) let cg p €
Hsi(GQQ,W*) denote the projection of resy(c) €
/

Hl(GQQ,W*) to Hsi(GQQ, W*), the singular quotient.

Definition 1: If « is a nonzero-divisor in A, and 0 is a
prime number in £ we will say that the cohomology class
¢ has singular depth, at ¢, equal to « ¢ A if we have
isomorphisms of A-modules

Hl(Gg, W*)/cg A = Alad,

or, equivalently, if the annihilator of the cyclic A-module

Hsl(GQg, W*)/cg g-A is equal to the ideal generated by o.
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Remark: The tightness (and usefulness) of Definition 1
depends upon Hsl(G@Q, W*) being free of rank one over A,
which, in turn, occurs (cf. Lemma 3 above) when ¢ €L. In
particular, we have only defined the notion of "singular
depth being equal to «" for primes e L. This is to be

compared with the following looser notion, which makes
sense for all prime numbers &:

Definition 2: If o is a honzero-divisor in A, and { is
any prime number we will say that the cohomology
class ¢ has singular depth, at {, divisible by o« € A if

the image of ¢4y in Hsl(GQQ, W*/x-W?¥*) vanishes.

§5. Systems of Flach type.
Keep the hypotheses and notation of §4.

If ¥ € A is a non-unit, non zero-divisor, let K=Ky be the
splitting field of the Gg action on W[¥]. Let A = Gal(K/@),

so that the Hochschild-Serre Spectral Sequence yields an
exact sequence

¢
8) 0 — HL(A, WI¥D — HL(X,WI¥) — Hom (Gg,WI¥D&,

and, consequently if Hi(A, WI¥]) is assumed to be zero
(the "A-vanishing hypothesis for ¥ of Chapter 2) the
homomorphism ¢ is injective, allowing us to identify

H1(X WI[¥]) with a submodule of Hom (GK,W[X])A; to any

cohomology class ¢ € HL(X,W[¥]) let its image under ¢ be
denoted ¢. , a A-equivariant homomorphism:

9o G — WLyl

To be explicit here, the A-equivariance condition boils
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down to the following. Since ¢, is a homomorphism to an

abelian group, the homomorphism ¢, factors through the
maximal abelian quotient GKab of Gg. Let E be the fixed
field of the kernel of Ggx—Gr2P so that E/Q is Galois, with

Galois group fitting in the exact sequence,
1 - Gg?P - Gal(E/Q) - A — 1.

Denote the natural "conjugation-after-lifting” action of

A on GKab by exponentiation, i.e., the action is given by

8g = 8851 for 5 e/, g eGKab ,and § € Gal(E/Q)
denotes any lifting of 8.

Denote the action of A on W[¥] by o, so that if § ¢ A and
w € WI[¥], then the action is given by (§,w) = 8ow.

Then by A-equivariance of ¢, we have:

(9 ¢8g) = 809 (g).

It follows that the kernel of ¢ is stabilized by A. Let L/K
denote the field fixed by the kernel of 9. and T = Gal(L/K).

The field extension L/Q is then a finite Galois extension,
and we have the exact sequence

1 - [ -» Gal(lL/Q) — A - 1.

The homomorphism ¢. induces an injective
homomorphism, which we again denote by ¢.: " = WI¥],

and A-invariance then boils down to (9) again where
now g is taken to be in ', and the exponential action is
the evident action of A on I

Definition: If « € A is a non zero-divisor, let J denote
the ideal () if o is not a unit, or the maximal ideal m 1if
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« is a unit. A Flach system of depth o (relative to the

AlGgl-module H) is a rule which assigns to each prime

number § € & a cohomology class c(2) € HI(X-{2}, W*)
which has singular depth « at § (in the terminology of

§4).

Let us assume that a Flach system of depth «, £ — c(2),
is given. Consider the diagram

c(2) € HI(X-{2}, W*)
l

HL(X, W*/aW*) ¢  HLIX-(2}, W*/aW*)

Lemma: For all § € £, the image of c(2) under the
vertical mapping in the above diagram is contained in the

submodule HI(X, W*/aW*) ¢ HL(X-{2}, W*/axW*).

Proof: The condition to be checked is in the singular
quotient of @y-cohomology, so let us recall the notation of

§4 and pass from the above diagram to the corresponding
diagram of singular quotients for Qp-cohomology,

c(®g ¢ Hsl(G@Q, W *)

l

Hl@Gg,, W*/aW™),

and note that by Lemma 3 of §4, Hsl(GQQ, WX) is free of
rank one over A, and Hsl(GQQ, W*/aW?*) is the quotient

of Hsl(GQQ, W*) modulo oc-Hsl(GQQ, W ). Moreqvér, by
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the defintion of "depth o, c()g ) lies in ocoHsl(GQQ, W)

so goes to zero in Hsl(GQQ, W*/aW*).

O

Let d(2) € HLM(X, W*/o«W*) be the unique class mapping to
the image of the class c(?) in HL(X-{0}, W*/aW?>),

Define, for J and ideal in A of finite index:
(10) 3y < HLEX, W*/aWX)

to be the sub A-module generated by the elements d(2) €
HL(X, W*/aW>) for all £ ¢ L.

§6. Annihilation of cohomology.

The following theorem, up to change of language and
axiomatic setting, is due to Flach, and its proof is simply
copied from the proof of Proposition 1.1 of [F].

Theorem 1 : We suppose our running hypotheses. We
suppose that the A-vanishing hypothesis holds for all non

zero-divisors ¥ € A, i.e, HL(A, W[¥]) = 0 where A is as in
the beginning of §5.

Then if a Flach system of depth o exists,

(11) HL(X, Wlx]) = HL(X, W)lal = HL(X, W).

Proof: The first equality is just from the lemma of §1. It
is the second equality, giving that H1(X, W) is annihilated
by « that is the point of the Proposition. Let x ¢ HL(X,W).

Since Hi(_}g,W) is A-torsion, we may assume that x is
annihilated by ¥ for some non zero-divisor and non-unit
in A; we can (and do) fix such a ¥ to be a multiple of «.
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By the lemma of §1, again, x € HL(X,WI[¥]) and we must
show that x is annihilated by «.

Lemma 1: If § € & the restriction resp(x) € Hl(GQQ,W[b’])

of the class x is annihilated by multiplication by «.

Proof: Let the image of x in Hi(G@, WI[¥]) be denoted Xq

Fix a prime number { € £ and any scalar p € A. Consider
the cohomology class p-c(2) € HL(X-{1}, W*). let p-c(l)q €

Hl(G@, WX*/¥W?*) denote the image of this class after
projecting the coefficient module to W*/¥W>, and passing

to Gg-cohomology. Form the cup-product of the
cohomology classes xq and B.C(Q)Q:

xqup-cl)q € H2(Gg, Wixlog W*/¥W*),

and, using the natural pairing W[¥]®5 W*/¥W* - o
Zp p

we get a cohomology class which we will denote
(12) xq v p-cld)g ¢ HQ(GQ, upoo).

[f g is a prime number different from 2, then the local
invariant at q of the cohomology class (12) is zero. This is
because, by hypothesis and construction, the restriction of

both classes xp and p-c(8)y to Gn -cohomology lie in the
Q Q (Dq

finite parts of their respective cohomology groups and so
these classes are orthogonal under cup-product. Since the
sum of all the local invariants of the global cohomology
class (12) is zero, we then get that the local invariant of
(12) at the prime 0 is zero, as well. In other words, the
classes resy(x) and p-c()g j are mutually orthogonal in

the pairing:
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(13)  Hfl(Gq,, WD) x Hl(Gg,, W*/¥W™) — Qu/Zy,

But A is Hermitian in the above pairing, and by Lemma 3
of §4, we may identify Hsi(GQQ, W*/¥W*) with A/¥A,

viewed as A module, and moreover, the identification can
be made in such a way that c(2)g j is identified with o.

Via the duality (13) we may use the above identification
to identify Hfl(Gg,, WI¥]) with the A-module

Homlp(A/b’A, Qp/lp)

and the element res)(x) ¢ Hfl(GQQ, WI[¥]) is identified

with a "homomorphism" r: A/¥A — Qp/Zp such that
r(p-a)=0. This being true for any p € A, we have that
x-r=0, i.e, res)(x) ¢ Hfl(GQQ, WDl

O

Since the image of o-x in Hel(Gg,,WI¥]) is zero for all §

€ £, in the terminology of §3 of Chapter 2 we have that
KX € m/gl(W[b’]) where 8 is the set of prime numbers £.

Since ‘C(b’) c &£, we have that

1. LwiyD) ¢ L(wiy)

I I
L L)

and therefore Theorem 1 then follows from the following
refinement of Prop. 4 of §3 of Chapter 2 (and the A-
vanishing hypothesis for ¥), where A is as defined there,
or again in the discussion at the beginning of §5.

Lemma 2: llllgl(W[h’])C H1(A, Wi¥]), when =Ly
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Proof: Using the exact sequence (7) it suffices to show

that if ¢ € mlgl(W[b’]) then the A-invariant

homomorphism @=¢.: Gg — WI¥] is zero.

Recalling the discussion at the beginning of §5, let L./Q be
the finite Galois extension containing K, such that L is the
field fixed by the kernel of ¢, we have [’ =Gal(L/K), and
we denote by ¢ again the induced injective A-
equivariant homomorphism ¢: I'— W[¥].

Choose T € Gal(L/Q) a complex conjugation. For every g
€ ['=Gal(L/K) choose a prime number ! =Qg unramified for

p such that there is a prime v of L above 2 =Qg in @
whose associated Frobenius element FrobL/@(v) €

Gal(L/Q) is equal to t-g. Let X be the prime of K lying
under the prime v of L. The projection of FrobL/Q(v) to

Frobg /(N in A =Gal(K/@) is equal to T, and therefore the
prime numbers 0= D,g are all in T(y) = 8. The residue
field degree of A over 0 is 2 (recall: T is of order two) and

therefore Froby /x(v) = (tg)?. Since c is assumed to be in
mlgl(W[b’]) , the restriction, res)(c), of ¢ to Hi(G@Q,W[b’])
vanishes. It follows that @(Frob /x(v))=¢(TgTg) =0. But
both tgt = 'rg'r”i and g liein ', and ¢ is a
homomorphism, so therefore:

(14) o@(tgtg) = @ltgt 1) + @lg) = ¢(Tg) +plg) = 0 (g eI).

Since ¢ is A-equivariant, ¢(Tg) = T-¢(g), and therefore
(14) gives us that the image, ¥ = @(I'), of the
homomorphism ¢ lies in W[¥]~, the subspace of WI[¥]
where T acts as -1. Moreover, ¥ is stable under the action

of A.

Since ¥ is a non-unit in A, Wlm] € WI[¥], and the action of




A stabilizes W[m]. As discussed previously, Wim], being
the Cartier dual of W*/mW*= Symkz(_p) is a k-vector
space of dimension 3, and is irreducible as a A-
representation space.

To conclude the proof of Lemma 2 (and the Theorem) we
must show that # = 0. For this it suffices to show that
HNW[m] = 0. From the above discussion we have that
HNW[m] ¢ WIm]™ and since both ¥ and W[m] are A-

stable, so is HNWI[m]. But since det(E) is odd, Wlm] is a
vector space of dimension 2 over k, and therefore can
contain no nonzero A-stable sub-vector spaces. Therefore
HNW[m] =0.

O

§7. Left nondegeneracy in the Bockstein pairing.

One can get a bit more out of the machinery of the
proof of Theorem 1. For this, let us assume again that the

A-vanishing hypothesis holds for all non zero-divisors ¥ €
A.

Now consider the Bockstein pairing relative to (o),
denoted {"'}oc,oc , as introduced in (14) of §5 of Chapter 2:

(12) HI(X, Wlal) x HI(X, W*/aW*) — Qp/Zy,

(x , vy) = (xy=xYle o

Suppose that we are given a Flach system of depth «,
with $,) C H1(X, W*/aW*) the A-submodule

generated by the images d(2) of all the classes c(9) for § ¢
f,(o(). Consider the restriction of the Bockstein pairing

(12) to
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(15) HLX, Wlad) x 8oy = Qup/Zp,

(x , v) {x,v}

Proposition 1: The restriction of the Bockstein pairing

(15) is left-nondegenerate. That is, if x € H1(X, Wl«x]) has
the property that {x,y} = 0 for all y € &), then x=0. The

left-nondegenerate pairing (15) induces an injection of A-
modules,

(16) 0 — HL(X,W) — Homz _(3(q), Qp/Zp).

Proof: Let y €® be the image of a Flach class c(2) for 0
€ (o) Recall the definition of the Bockstein pairing

associated to the exact sequence
0 = WX/aW* — W*/«x2W* — W*/aW* —0.

According to the definition, we must first find a finite set
S of primes such that the element y € HI(X, W*/oW*)

lifts to a y € HL(X-S, W*/«2W*). But the Flach class
itself is such a lifting, i.e., we may take S = {0} and vy =
c(?). Next we must restrict v to the primes of S, which in
our present case means {, and project this restriction to
the singular quotient getting an element we denote 37;2 €

Hl(Gg,, W*/«?W>). By Lemma 3 of §4, the A/a2A-

module Hsl(G@Q, W*/x2W*) is free of rank one, and by

the axioms for a Flach system, 379 is of singular depth «,
ie., 372 is a generator of the (free, rank one) A/xA -

submodule
H.l(Gn ., W*/aW*) c -H 1(Go,, W*/2W*)
S QQ’ s @Q: .

Then, the Bockstein pairing {x,r-y} for r € A is given by
65
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the value <res)(x), ro3~/g> of the local pairing < -, - >
Hfl(GQg, Wilad) x Hl(Gg,, W*/aW™) = Qp/Zp,

It follows from nondegeneracy of this pairing, that if x is

an element in H1(X, W[«]) which lies in the nullspace of &
relative to the pairing (15), then resy(x)=0 for all ¢ ¢

L(x) e, X € l_I_I_/gl(W[oc]) where 8 = L(). Lemma 2 in

the proof of Theorem 1 then allows us to conclude left-
nondegeneracy of the {o,x}-Bockstein pairing, and, using
Theorem 1 we get the stated inclusion (16), thereby
concluding the proof of the present Proposition.

|

Let Jength denote the length of an A-module.

Corollary: In the above situation,

(16)

length (HL(X, Wla])}=length {(HL(X, W)} < length (3).

§8. Gorenstein rings and congruence elements
(minimalist wversion).

Here we wish to review very briefly a mild modification
of the notion of congruence ideal due to Andrew Wiles
(exposed in his lectures at the Newton Institute,
Cambridge in June 1993; see also the distributed notes of
H. Lenstra).

Suppose that our commutative, local, faithfully finite flat
Zp—algebra of scalars, A, is Gorenstein. If k is its residue

field, we may view A as W(k)-algebra via the canonical
homomorphism W(k) — A which induces the identity on
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residue fields. Let us recall that A is Gorenstein if and only
if these equivalent conditions hold:
(a) Homzp(A,Zp) is a free A-module of rank 1.

(b) Homyy(k)(A,W(k)) is a free A-module of rank 1.
(c) Hom p ( A®ZpA» A) is a free A®ZpA—module of rank 1.

(d) Hom( A®W(k)A’ A) is a free A®W(k)A—module of

rank 1.

Some comments are in order: The "Hom's" mean module-
homomorphisms over the coefficient ring which occurs in
the subscript. For (¢) and (d) we are viewing A®ZpA and

A®W(k)A as A-modules by letting an element a €A act on
A®ZpA via multiplication by 1®a, and the same for

A®W(k)A' The module in (¢) is given its canonical

A® ZpA—module structure, and the same for (d).

For B any finite flat Zp—algebra, let us call a Gorenstein

tracel (over B) a homomorphism tr: A®ZpB —B  of

1 Eventually | would like to replace this section of the notes by some more

elaborate discussion of the Gorenstein condition. But for now I must at least
warn the reader that to use the word trace in the phrase Gorenstein
trace might be misleading. The reason for possible confusion, of course, is
that there is the other, more natural and more standard, trace mapping

TraceA/zp: A - Zp
whose value on a € A is simply the ordinary trace of the matrix with entries
in Zp obtained by multiplication by a (choosing a Zp—basis of A which is a
free Zp -module of finite rank). And these traces can be different. For
example, if A is a complete intersection A = Zp[[Xl,XQ,...,Xn]]/ (f1.,9,...f1),
(flat over Zp) then A possesses a Gorenstein trace (over Zp) tr which

bears the following relation to Tracep 7 defined above. TraceA/Zp is equal
p
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B-modules which is an A®ZpB—generator of the (free)
A® ZpB—module Homp(A® ZpB,B). Fix such a Gorenstein

trace tr over A. So tr is an A-module homomorphism

tr :A®ZpA — A.

Let 1t A®ZpA — A (a®b — a-b) denote the natural

homomorphism of A-algebras.

Consider the composition

t
T T
A= HomA(A,A) - HomA(A®ZpA,A) = A®ZpA - A,

where the isomorphism in the middle is given by sending

u € A®ZpA to u-tr € HomA(A®ZpA,A), and where ntt is

the "transpose” of 1, i.e., the A-module homomorphism
obtained by applying the functor Homp(-,A) to . The

above sequence of homomorphisms are all A-module
homomorphisms, and therefore the composition, which is
an A-module endomorphism of A, is given by
multiplication by a unique scalar n € A, called the
congruence element of A. Although the congruence
element n depends upon the choice of Gorenstein trace
over A, the ideal that it generates does not and is called
the congruence ideal of A.

Exercises: 1) If we perform the "identical” construction
using A®w(k)A rather than A®ZpA, we would get the

same congruence ideal (n) C A.

2) The congruence element 1n is a hon zero-
divisor in A if and only if A is reduced, i.e., A®Zp®p Is a

to tr times the image in Zp of the determinant of the jacobian matrix

(2£;/9X ).
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product of fields.

§9. Cohesive Flach Systems.

Up to now, in our preparatory study of Flach's
method, we have formulated the notion of "Flach
System”, which represents a good deal less than what
the constructions of Flach provide for us in some concrete
instances. The point of that exercise in axiomatics, of
course, was to invoke the bare minimum equipment
needed to get the type of annihilation results obtained in
the past two §'s.

But as we shall show in Parts Il and III, the
cohomology classes produced by Flach's construction fit
together into a rather "tight structure”. Specifically,
Flach's construction produces what we will be calling a
Bilateral Flach Derivation in Chapter 10. But for ease
of exposition, it seems natural to pave the way for the
axlomatics of Chapter 10, by first introducing an
axiomatic structure weaker than the notion of Bilateral
Flach Derivation, yet stronger than the bare notion of
Flach System. The existence of this "intermediate
structure”, which we call Cohesive Flach Systems, is
already sufficient to yield all the arithmetic applications
explicitly given in these course notes.

To review our running hypotheses: The prime p is > 2.
We are dealing with H a free A-module of rank two,
endowed with a A[GQ,Z]-module structure giving rise to a

representation
p: G(D,Z — GLy(A)

satisfying the p-cyclotomic determinant condition (1). We

suppose that the Symz(é), the symmetric square of the
residual representation p is absolutely irreducible. For
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W* and W as in §3, we have supposed the local
ramification conditions at primes { € 2 as described in

§3.

We now add to our running hypotheses by also assuming
from now on that the A-vanishing hypothesis holds for all
non zero-divisors ¥ € A.

Definition: Let &« € A be a non-zero-divisor, A Cohesive
Flach System (of singular depth «) for the AlGgl-

module H is a rule which assigns to each prime number 2

not in = a cohomology class c(2) € HL(X-{1}, W*) satisfying
these properties:

1) The singular depth of c(?) at £ is divisible by o for all
prime numbers § ¢ ¥ (cf. Definition 2 of §4)

[ Hence, for each prime number { ¢ 2, the image of
c(?) in HL(X-{0}, W*/aW*) is equal to the image of a
unique element, call it d(2), in HI(X, W*/aW*) ]

2) For all § € &, the singular depth of c(?) at § is equal
to o (cf. Definition 1 of §4)

[ Hence restricted to § € £, 8 = c(2) is a Flach System of
singular depth « ]

3) There is a unique derivation ® : A — HI(X, W* /oW *),
from the ring A to the A-module Hi(X,W*/ocW*) with

the property that for each prime number { ¢ 2,
(17) ®(Ty =d0) e HLEXW*/oaW™),
where Ty € A is the 2-th Hecke operator (cf. §1 above).

S

If we denote by D: A — Qp = Qp/w(k) the universal
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W(k)-derivation of A into the A-module of Kahler

differentials?, then axiom 3) is equivalent to asking that
there be a unique homomorphism of A-modules

(18) h:Qp — HUXW*/aW>)
such that h(D(T))) = d(2) for all prime numbers ¢ ¢ Z.

Clearly, if we are given a Cohesive Flach System, the A-
module @) C HL(X, W*/aW*) (cf. §7 above) generated
by the classes d(2) for all § € I() is contained in the

image of Qp under the homomorphism h. It follows that
if we first use Theorem 1 to identify H1(X,W) with
HL(X,Wlal), and then "pull back” the {o,o)-Bockstein
pairing (via h) to a pairing,

1 X -
(19) HLX,W) x Qp = Qu/Zp,

we get left-nondegeneracy of (19), and therefore get a
natural inclusion of A-modules

(200 0 - HlX,wW) - Homzp(QA, Qp/Zp).-

Corollary: Given a Cohesive Flach System (of any depth),
then

length {HL(X, W)} < length {Q4).

2 Whenever there is a choice we mean continuous derivations and Kahler

differentials; a good reference for the theory of deriviations and differentials
is Grothendieck's EGA [Va 20.3-20.5. Another source is Ch 10 in Matsumura,

H.: Commutative Algebra W.A. Benjamin Co. New York (1970). A  quick

compendium, with proofs referred to Matsurmura is given in Hartshorne, R.:

Algebraic Geometry Springer (1977) 11 §8.
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Remark: Beilinson pointed out to me that since we may
multiply any Cohesive Flach System (CFS) of depth « by
an non-zero-divisor B € A, to get a CFS of depth «p, it

might be more natural, given a CFS of depth «, to "divide"

the ® and the h of (17) and (18) by «, i.e., to view the
range cohomology group as a submodule in

Hl(Gg, W*® @,/Z,)

and thereby hope to have (17) and (18) somewhat less

"dependent” upon the particular CFS from which it comes.
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Chapter four: The deformation theory of rank two
Galois representations

§1. Our basic set-up for this Chapter.

We retain all the notation introducted in Chapter 3. Our
ring of scalars A is, as usual, (commutative), complete,
local, faithfully flat and finite over Zp and the prime

number p is > 2. We let H be an A[GQ,Z]—module which is

free of rank two over A; H determines a homomorphism
PG,z — Autp(H)

which gives us an equivalence class of representations
which we shall also denote p: Gg 5 — GLy(A), and the

associated residual representation we denote, as usual . p:
G,z — GL (k).

We assume that Sym?2(p ) is absolutely irreducible,
which implies that p is absolutely irreducible as well. We
assume that the p-cyclotomic determinant
condition holds, i.e., that

detp(p) : Gq — Zp* C A*
is given by the p-cyclotomic character X: Gq — Zp*.

Local conditions:

If 2 € 2 and 2 =p: Assume further that if § € £ and ¢
=p, the restriction of the representation p to GQQ 1s semi-

stable, and that p is ramified.

This means, in down-to-earth terms, that if Ip is an
inertia group at { then Iy acts on H through the p-part of

its tame quotient Ij —>Zp(1), and if ¥ is a choice of
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topological generator of Zp(l), then the action of ¥ is given

for a suitable A-basis of H by the matrix:

11

0 1]
In slightly less coordinate-dependent terms, note the
following equivalences:

Lemma: Let G be a commutative noetherian local ring
with residue field k. Let ¥ be a free @G-module of rank two
over @, and ¥: ¥ = H an A-linear homomorphism. These
conditions are equivalent:

(i) There is an @-basis of ¥ with respect to which the
action of ¥ is given by the matrix:

3]

(ii) We have (¥-1)2=0, and ¥®Kk is not the identity in
Hogk.

(iii) The image of ¥-1 : ¥ — ¥ is equal to the ker(¥-1),
and is a free G-module of rank 1, sitting as a direct-
summand in ¥.

Proof: (iii) is equivalent to (i) which clearly implies (ii).

Now assume (ii), and let v=¥-1, so that v2=0 on H.
Consider the mapping

H - v-HC HVv]ICH

whose composition gives v: ¥ = H. Since v®@3k is nonzero,

we have that the inclusion ¥[v] € ¥ induces a nontrivial
homomorphism H[vl®gk — H®zk, and so we can find an
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element x in ¥[v] € ¥ which reduces nontrivially in
Hepk. By Nakayama's lemma (and the fact that ¥ is

free of rank 2 over (@) we can find a element y in ¥ such
that x,y is a free G-basis for ¥. The matrix for v in
terms of the basis x,y is then

Ou

0 vli,
where u-v=0, V2=0, and u and v are not both in the
maximal ideal of Q. It follows that u is a unit, and

consequently v =0. Changing x to u-x, we have found a
basis for which the matrix for ¥ is:

3]

If 8=p: Assume that the restriction of the
representation p to G(Dp is "Barsotti-Tate” in the usual

sense that it is isomorphic to a G@p -representation (of
dimension 2~[A:Zp]) coming from a Barsotti-Tate group

over Spec Zp.

§2. The deformation theory for p. Let us make a
choice of residual representation

(1)  p: Ggs — GLy(k),

(as homomorphism, rather than just conjugacy class of
homomorphisms). We wish to make use of a bit of the
deformation theory developed last semester. By a
deformation of 5 to a noetherian complete local ring Q
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with residue field equal to k we mean a lifting of the
homomorphism (1) to a strict equivalence class of
homomorphisms,

(2) Gqy — GL2(G),

Pg’

(two homomorphisms being strictly equivalent if they
can be conjugated one to another by an element in GLQ(G)

which reduces to the identity in GL,(k) ). It is convenient
to "choose” a representative homomorphism pg in each

deformation class and to make the minor abuse of
language of referring to the homomorphism pg "as the

deformation class” but we will try not to allow any
confusion to result, and in any event will explicitly signal
whether it is the deformation class, or a particular
homomorphism in it, that is being discussed.

Let Runlv(a) stand for the complete local noetherian ring
with residue field k which is the "universal deformation
ring" for the residual representation (1). This exists since
p has been assumed to be absolutely irreducible. Let R
denote the "somewhat less universal” deformation ring
which classifies deformations of p to complete local
noetherian rings Q@ with residue field k which have the
property that

(3) (i) p-cyclotomic determinant condition. The

determinant dete(pe) : G — Q% is the

composition of the p-cyclotomic character X: Gq

- Zp* with the natural homomorphism from

(ii) Local conditions away from p. The
representation pg is (unramified outside 2, and)
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semi-stable at primes § € 2 with 0=p,

(iii) Local condition at p. The representation
p@ is "pro-finite flat” (meaning that for all finite

artinian quotients, G, of @, the induced

representations PGo satisfieg the finite flat local

condition at p).

That this deformation problem is actually representable
with the subtle finite flatness condition at p is a result of

Ramakrishna ([R])?1.
If Qis Zp—torsion free, condition (iii) is equivalent to

asking that p be "Barsotti-Tate" ( ).

Universality of the ring R means that we have a
representation

(4) Gz — GL,(R),

PR’

satisfying the conditions of (3), determined up to
conjugation by an element of GLy(R) which reduces to

the identity in GLy(k), such that if we are given any

deformation (2) of (1) satisfying (3) there is a unique
W(k)-homomorphism R — Q@ such that pg is induced

from pRp.

Now choose any finite set of primes S and consider the
"less restricted” problem of classifying deformations of 5
which satisfy the same determinant condition as (3i)
above, and which are required to have all of the local
behavior required in (3ii) and (3 iii) above for all primes 2

1 This theory was explained last term; cf. e,g. [M] for the

general theory related to RYPV | The ring R is a quotient of

RYNIV 45 will be shown in the next Lemma.
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which are not in S, but we impose no conditions at ¢, for
0 € S. Call Rg the complete local noetherian ring with

residue field k which classifies this problem, and pRS: G@

— GLo(Rg) the "universal deformation” for this problem.
So is unramified outside ZUS; satisfies the local
PR PR

conditions (3ii) and/or (3iii) on the complement of £NS in
2; and there are no a priori local requirements for pRS

on the complement of XNSin S. We have R = Ry, and

for inclusions S C T we have natural mappings RT 2 Rg.
Lemma: The mappings RT =@ Rg are surjections.

Proof: Let S € T be an inclusion, with T a finite set of
prime numbers. Let R CRg be the image of RT, and let

be the deformation of p to R induced from the

PR

deformation pRT via the surjection RT = R. The

deformation
pr: GQ, sus — GL»(R)

has the property that extending scalars from R to Rg the

induced deformation is equal to PRy’ We wish to show

that the representation Py satisfies the local conditions

(3ii) and/or (3iii) at prime numbers ? in the complement
of 2NS in 2. For then, the representation pgp would

satisfy all the requisite properties for it to be “classified"
by the universal deformation PRy giving us a ring-

homomorphism Rg — R whose composition with the
inclusion R CRg gives the identity automorphism of Rg; in
other words, giving that R = Rg.
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For this, first consider the case of a prime number { =p
in the complement of NS in 2. Then we must show that

if N = RxR is the free R-module of rank two endowed
with Gg-action via the homomorphism pg: Gg sys

GLy(R), and if ¥ € Zp(1) is a topological generator, we

must show that (¥-1) satisfies any of the three
equivalent conditions of the Lemma of §1, for @=R, and
H=N =RxR. But if we extend scalars M= N®pRg we do

have condition (ii) of the Lemmma of §1 for G@=Rg, and

H=M, ie, (¥-1)2=0 and (¥-1) is not the identity after
tensoring with k. Since N € M and M®Rsk = N®f}?,k’

condition (ii) persists for @=R and #=N.
a

Next, suppose that p is in the complement of NS in 2.
We must show that pg satisfies the (pro-) finite flat

condition at p. But we know that PRg does. What we

want, then, follows from the fact that if Tl is a G@p-

representation "attached to" a finite flat group scheme 7l
over Spec(Zp), and if ¢ T is a sub-module which is

stable under the G@p—action, then 7Tl is "attached to" a

finite flat subgroup scheme J1 C 7l over Spec(Zp). Here
the phrase "attached to" means: is the natural Galois
representation on @p-rational points; eg.,, M = fm(@p).

The subgroup scheme 7l is given be the Zariski closure of
T, viewed as a subgroup scheme of the generic fiber, in

m.
m|

Until further notice, the only deformational problems
related to p that we will consider in this course are the
problems classified by the rings Rg, and so we will just

refer to Rg as the universal ring (relative to S).
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Since the deformation p: Gg 5 — GLo(A) of §1 satisfies

all the requirements of the classfication problem solved
by the ring R (and a fortiori by the rings Rg) we have a

canonical W(k)-homomorphism m: R — A coming from
the universal property satisfied by the ring R. This m is
the unique W(k)-homomorphism which brings the
universal representation pr to p. Denote by mg: Rg — A

the composition of m with the natural homomorphism
Rg—R. It will be useful at times to view A as R-algebra

(and as Rg-algebra) via the structure homomorphism

(and mg).

§3. The deformation-theoretic interpretation of

the cohomology of EndAO(H)GDZ Qp.
p

In this section it is convenient, but probably not
necessary, to assume that A is Gorenstein. By the
Corollary of §2 of Chapter 3, it is equivalent to assuming
that H have a polarization. Fix, then, a polarization ¥ of
H. We get, by Lemma 1 of §3 of Chapter 3, a canonical
identification of A[Ggl-modules

1

(5) W = Endp°(H)®, Q,/Z,
P

where End® refers to endomorphisms of trace zero, and
W is the Cartier dual of W* which is defined to be
SymAQ(H) as in Chapter 3.

In view of the local conditions satisfied by H, the A[GQ]-

module W is cleanly ramified at each 8=p and is

crystalline at p since the functor SymA2 preserves

crystalline representations ( ). We impose, at each
prime number {, the standard finite/singular structure
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on W, as described in Chapter 1.

If R is a complete noetherian local ring with residue field
k denote by Qgp = Qg /w(k) the R-module of Kahler

differentials. We now turn to a result, which in the
generality we state it is due to Wiles :

Theorem 2. Let S C X be a finite set of primes. There is
a canonical isomorphism of A-modules

A
1ix- —
(6) Hi(¥X-s, W) Hom p ( QRS®RSA, A®Zp®p/Zp).

N

Comments . We defer the proof of Theorem 2 to §4, and
§5. If S contains X, this is a fairly standard deformation-
theoretic identification. For variants, see [M-T]. If S
contains p, then it is also an essentially elementary
exercise; see §4 below. The subtle part of Theorem 2 (due
to Wiles) comes in the case when S does not contain p; see
§5 below. In this case we are really dealing with the finite
flatness condition at p that we have imposed on the
deformation problem, i.e.,, we are using the theory of
Ramakrishna [R] cited previously, and (for the first time
in the course!) we really must come to grips with the
imposed crystalline finite/singular structure at p.
Changing the polarization ¥ to a*¥ with a ¢

A* changes the isomorphism X\ of the Theorem to a-A.

Corollary: We have a “canonical” isomorphism of A-
modules

1(x-
(7) HH(X-S, W) — Homzp( QRS@RSA , Qp/Zy ).

in

Remark: The quotation marks around the word
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“canonical” is just to remind us that & will turn out to
depend on a choice of polarization, and a choice of
Gorenstein trace as will be clear in the proof below.

Proof of the Corollary: This turns on the following
fact. Fix a Gorenstein trace over Zp, tr : A — Zp , and let

tr again denote the induced homomorphism
tr ®1: A®®p/Zp - Qp/Zp. Now,

Lemma. Let M be an A-module of finite type. Then the
homomorphism

Homp (M, A®Zp®p/Zp ) — Homzp(M ,(Dp/Zp )
¢ - tr o g

is an isomorphism of A-modules (call it the trace
isomorphism).

Proof: Resolve M by free A-modules of finite rank,
T

(8) A - AS - M - 0,

so that M is finitely presented by the s x r matrix T, with
entries in A. Applying Hom( -, A®Qp/Zy) to (8) gives us

an exact sequence,

0— Hom 3 (M,A®Qp, /7))~ Hom(AS,A®Q/Z ) = Hom p (AT,A®QL/Z)

which we can "evaluate” as
Tt®1
(9) 0 » Homp(M,A®Qp/Z,) — AS®Qu/Z, — A'eQp/Z,

where Tt is the transpose r xs matrix to T . On the other
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hand, applying Hom_ (-, Qp/Zp) = Hom( -, Qp/Zyp) to (8)

Zp
gives us an exact sequence of A-modules,

OﬁHom(M,Qp/Zp)—*Hom(AS,Qp/Zp)HHom(Ar,Qp/Zp) ;
which can be identified with

Tte1
(10)
0— Hom(M,Qp/Zp) - Hom(A,Zp)5®Qp/Zp—> Hom(A,Zp)r®®p/Zp,

where Tt is, again, the transpose to T, operating as
indicated.

We may now assemble (9) and (10) into a commutative
diagram,

Tte1

0—=Homp(M,A®Qp/Zy) = AS®QL/Z, —  AT®Qp/Zy,

l l !

O—>Hom(M,Qp/Zp)*)Hom(A,Zp)s®®p/Zp—> Hom(A,Zp)r®®p/Zp
Tte1

where the vertical arrows are all induced by the Gorenstein
trace tr (i.e., the left-most arrow as described in the
statement of our Lemma, the middle arrow given by

(aq,a29,..,ag) ® b = (aq-tr ,ag-tr ,.,ags-tr) ® b.

Since the two right vertical arrows are isomorphis,i’ns of A-
modules, so is the left-most, giving our Lemma. Composing
the mapping A of the Theorem with the trace isomorphism
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of the Lemma gives the isomorphism &, and our Corollary.
Note that & depends on both the choice of a polarization
and of a Gorenstein trace.

a

§4. Beginning the proof of Theorem 2.

We begin with a standard isomorphism in the
deformation theory of Galois representations:

Proposition 1. Let S be a finite set of primes containing
2, and let J C A be an ideal. There is a canonical
isomorphism,

K

H1(Gq g, Endp°(H/J-H)) — Homp( QRg®p A A/d).

-

Proof: Let p: Gg g — Autp(H) be our initial
representation. Form the A-algebra A= A®e-A/J, where

€2=0, so that we have the canonically split extension

1
0— ¢A/J - A — A -0,

and form
H=HepA =Heo eH/JH
so that we have an exact sequence

1 > 1+ e.End(H/J-H) —» Autx(H) — Autp(H) — 1

with a canonical splitting,
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Autx(H) = Autp(®) - (4 + e-End(H/J-H) ).

Given x € Hl(G@,S, EndAO(H/JoH)) we wish to define k(x).
Let

c: Gg g — Endp°(H/J-H)

be a 1-cocycle representing x.

Define p.(g) = p(g)-(1+e-c(g)), which is a representation

lifting p, unramified outside S, and such that

detp.(g) = detp(g): (L+e-trace(c(g))) = det(p(g)),

the latter equality since c(g) has trace zero. It follows
that p. satisfies the p-cyclotomic determinant condition

because p does, and therefore p. satisfies all the
requirements necessary for it to be “classified " by Rg, i.e,,

there is a canonical homomorphism,
.. Rg — A giving rise to p.. The homomorphism T,

dependent only on the strict equivalence class of p. is
therefore independent of the choice of l-cocycle ¢
representing the cohomology class x, for if ¢’ is a 1-cocycle
representing the same cohomology class x as ¢, write ¢’ =
c+8(w) where w € EndAO(H/J-H) is viewed as "O-cocycle"
and &8 is the coboundary. Then p.' is directly seen to be
equal p. conjugated by the element 1+g-w in the kernel
of Autx(f) » Auta(H)} (and conversely: if p is the
conjugate of p. by such an element 1+¢-w, then p = Pe'

where ¢’ = ¢c+8(w) ). With this understanding, we can
relabel our homomorphism 1. as my: Rg — A since the

choice of 1-cocycle ¢ no longer enters into the game.
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This discussion yields the commutative diagram below,
which will still take some explaining:

(11)
0 0
l
g - $ &)RSA - e-A/J
l l l
lomng Ty ®1
Rs®wwRs Rs®wmA = A
J« SRS 18A°(1Ts®1) J,’IJ
Rg N A - A
l s l
0 0

The ® are completed tensor products; if R is a complete
noetherian local W(k)-algebra, the mapping SR: Réw(k)ﬂ?,

— R is the natural product hgmomorphism; the mapping
labelled m,®1: RSQW(k)A — A is viewed as A-algebra

homomorphism (where, of course, Rg &’W(k)A gets its A-
algebra structure by the operation on the right).; the ideal
J is simply the kernel of SRS, and we view § as Rg-
module, via the action on the right; viewing A as Rg-
algebra via the structural homomorphism mg allows us to
form the completed tensor product @RSA . The

vertical sequences are exact, and we may view the
middle vertical sequence as arising from applying ®RSA

to the left-most veritical sequence. "Dividing by $2" in the
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top horizontal line of (11) gives us a diagram

2 2 .
979 - 3/42 o A e-A/Y |
(12) l l l ;
QRS - QRS®RS A — A/J.
K(x) i

The homomorphism of A-modules k(x) that we want to -
define is then given by the indicated arrow in (12). st |

To go the other way, begin by noting that any A-module
homomorphism «: QRS®RS A — A/J defines, threading

backwards through diagram (12), a canonical Rg-module

homomorphism
U9 —9/92 - g.A/.

Now note that the (right) Rg-algebra Rg éW(k)RS admits

a natural splitting,
Rs®w(xRs = Rg @ §. ]

Using this splitting we can define an Rg-algebra
homomorphism vy : Rg éW(k)RS — A (where
Rg ®W(k)RS 1s given its right Rg-algebra structure. and A

obtains its Rg-algebra structure via the composition of

g Rg — A with the natural A-algebra structure of A)
by defining v, on § to be uy and on Rg to be mg.
Restrict vy, now, to the (left) Rg = Rg®1 in Rg éW(k)RS

to give us a homomorphism, which we will call Ty : Rg —
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A. This homomorphism induces a deformation p, of p to

A (induced from the given “universal" deformation to
Rg). Taking py to be represented by a given

homomorphism, _

we can then obtain a 1-cocycle ¢k by inverting the
procedure of the beginning of this proof, i.e., define ¢, by

the formula
o (@) = plg)-(1+e-c(g))

and denote its corresponding cohomology class

x(k) € HY(Gq g, End p °(H/J-H)).

One checks directly that x = k(x) and kK — x(k) are
two-sided inverses.
]}

Corollary. Let S be a finite set of primes containing 2.
There is a canonical isomorphism,

AS
(v
HH(X-S, W) — Hom( QRS@RSA’ A®®p/Zp),

(to be given explicitly in the proof below).

Proof. Taking J to be the ideal generated by pV (v=1,2,..)
In Proposition 1, gives us isomorphisms

Ky
1 o
H-(Gq g, Endy (H/pVH)) — Homp( QRS@RSA’ A/pVA)

—~
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and "compiling” these isomorphisms via the natural
mappings

End , °(H/pVH)—>End , °(H/p?*1H) and A/pYA—A/pYA
both given by multiplication by p, and noting:

H1(Gq s, Endp°(H)@@Qp/Zy) = ind. lim. HY(Gq g, End, °(H/pVH))

4V — oo

HomA( QRS@RSA’ A/pVA) ind. lim. Homx ( QRS@RSA’ A/p?A)

1) — oo
gives the isomorphism
K

. |
H1(Gq s, Endp°(H)®Qp/Z,) — Hom( QRg®p A A®Qp/Tp).

~

Finally, making the identification (5) gives an
Isomorphism

As

H1(X-S, W) — Hom( ORg®p A A®Qp/Tp).

Theorem 2 will then follow from:

Proposition 2. Let S be any finite set of primes. Let S =
SUZ. There is an isomorphism of A-modules, \g, fitting

into the commutative diagram,
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Hl(X-S, W) —  Hom( QRg®p A A®QL/Zy)

l l

HI(X-5, W) —  Homjl( QRg®p A A®QyL/Ty),

IR

IR

where the vertical arrows are (the natural) inclusions,
and where A\§ is the isomorphism given to us by the

previous Corollary.

Proof: The left-hand vertial mapping is injective as

follows directly from our definition of the cohomology
groups. The previous Corollary does indeed give us the
ilsomorphism A§ since § contains =. The right-hand

vertical morphism is indeed injective, as follows from the
Lemma of §2. What remains be checked is most
conveniently expressed using some of the notation from
the proof of Proposition 1. Specifically, for any ideal J of
finite index in m CA, and any class,

x ¢ HY(X-5, End,°(H/JH))

we must show that x lies in Hl(K—S, EndAO(H/JH)) if and
only if the representation p. (for one choice of cocycle ¢

representing x, or equivalently, for all choices) satisfies
the local conditions (3ii) and/or (3iii) for each § € SNZ.
Considering these conditions, one prime number at a time,
this discussion has shown that it suffices to prove:

Lemma: Let S be a finite set of primes,  a prime
number not in S, J an ideal of finite index in m CA, x
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an element in the A-module HI(X-Su{s), EndAO(H/JH)), c
a l-cocycle representing x, p. as in the proof of
Proposition 1.

Then x lies in the A submodule H1(X-S, Ends°(H/JH)) if
and only if p. satisfies (3ii) if £=p, and (3iii) if 2=p.

Proof:

Let us first consider the case ¢=p. By the defining
property of 1-dimensional cohomology over X-S, the class

x lies in the submodule Hl(X-S, EndAo(H/JH)) if and only
if its restriction to {, resy(x) goes to zero in the singular
quotient,
1 o -yl o GF
Hg (GQQ’ Endp®(H/JH)) = H (I@Q,EndA (H/JH)) . At

this point it is important to specifically fix an imbedding
Q ¢ Q) so as to have a fixed imbedding I@Q C G@Q C Gq

in mind. Having done this, then we can find a
representative 1-cocycle ¢ for x which, when restricted to
I@Q vanishes. Then the representation p.(g) =

p(g)-(1+e-c(g)) is evidently semi-stable at ¢, since p is.
Going the other way, we choose ¥ € I@,2 mapping to a

topological generator of Zp(l) (cf. notation as in Chapter

1), and fix a basis for H so that p(¥) is given by the matrix

5

Writing c(¥) as a matrix (entries in A/J)

r s

u vi,
with r+v =0, we now consider what conditions the entries
of the matrix c(¥) must satisfy in order for
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11 [1+€-f €5 = [1+e.(r+u) 1+e-(v+s)
01 |_ gu 1+e.v €.u 1+e.v

to be unipotent. Since the trace must be 2, we have u=0,
and therefore, since the eigenvalues must "both"” be 1, we
get r=v=0

as well, leaving us with a matrix for c(¥) of the form

o

but letting ¢, denote the coboundary of the "0-cocycle”

i

we have ¢ (¥) = c(¥), i.e.,, resy(c) projects to zero in

G
HL (G, Enda°(H/JH) = Hl(lg, EndpCH/JH) Tt as

was to be shown.

§5. The case §=p. We now consider the case 2=p, this
being the first time that we must consider, in its
particularities, the finite/singular structure at p.................

xxxxxx (1o be written) x % x x x x x x x x x
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Chapter five. Deformation-theoretic implications of
the existence of Flach Systems, and of Cohesive Flach
Systems

§1. Our basic set-up for this Chapter.

Let A, p, 5, H, W*, W, etc. be as in §1. Fix a polarization
¥ of H. Assume that A is Gorenstein, and fix tr :A— Zp , a

Gorenstein trace . Let n be the associated congruence
element of A. Assume that n is a non-zero-divisor of A
(equivalently, A®Zp®p is a product of fields). Assume the

A-hypothesis for all non-zero-divisors ¥ € A.

Let R be the universal ring for p, as in §2 above (relative
to S= the empty set of primes). We have the
homomorphism of rings m: R > A. Assume that m is
sur jective. This would be the case, for example, if A
were generated as Zp—algebra by the Hecke operators T)

for all 8 ¢ 2.

§2. Consequences of the existence of a Flach
System.

Now assume that we have a Flach System { — c(2)
of depth o for W as in Chapter 2, where § ranges
through prime numbers in £, and where the notation is
from S§4, §5 of Chapter 2. For § € L, we have denoted

d(®) € HLU(X, W*/xW*) to be the "image"” of the class c(2),

and @ ¢ HL(X,W*/aW?*) the A-submodule generated by
the d(2)'s for § € L. Applying Proposition 1 of §7 of
Chapter 2, we have that the (o,o)-Bockstein pairing
restricted on the right to (),

HIX, WD) x &(y) = Qp/2
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is left-nondegenerate, and by Theorem 1 of Chapter 3, §6,
we have that :

HI(X, Wiad) = HL(X, w).

Putting this together with the Corollary to Theorem 2 of
§3 in Chapter 4, applied in the case when S is empty, we
have that the {«,«} Bockstein pairing restricted on the
right to ®(,) can be viewed as giving a pairing,

(1) Homzp(-QR®RA , Qp/Zp) x Do) — Qp/Zy

which is nondegenerate on the left, and with respect to
which A is Hermitian.

Thus, given a Flach system of depth o, we have (by
left-nondegeneracy of (1)) a natural injection

(2)

0 ——>Homzp( QR®RA , Qp/Zy, ) - Homzp(é(a) ,Qp/Zp),

and, passing to Pontrjagin duals, a natural sur jection,

(3) ¥y QR®RA -0

of A-modules.

Corllary 1: The length of QRr®_ A is finite, and less than

R
or equal to the length of $().

Corollary 2: If the depth « of the Flach system is a unit
in A, then R=A=W(k).

Proof: For then QR®RA vanishes and therefore so does

QR and therefore the Zariski tangent space of R vanishes

94




as well. Nakayama's lemma gives surjectivity of W(k)
—R; but the injection W(k) — A factors through the
surjection R — A; in a word, we have the equalities of the
Corollary.

O

Corollary 3 : Spec (A®Zp®p) is open in Spec (R®Zp®p)'

Proof: Let X = W(k)®zp®p, the field of fractions of
W(k); let @ = A®Zpr, which, by our assumptions is a
product of (finite) field extensions of X. Let R = R®Zp®p'
We have the surjection of X-algebras induced by m, TI: R

~

—@. Let @ denote the semi-local X-algebra which is the
completion of R with respect to the ideal ker(TT). Since
QRrORA is of finite length over W(k), the X-vector space

QR®RA ®W(k)3{ vanishes, and since

QG/x @R QA = Qg x ®R G = QpeRA W (k)¥K,

we have that Qé/ﬂ( ® R @ vanishes and hence (by a

application of Nakayama's lemma to the semi-local

complete ring @) we have that Qé/j{ vanishes as well,

giving that Q@ = Q@ and giving, therefore, the conclusion of
our Corollary.

§3. Preliminary consequences of the existence of
a Cohesive Flach System.

Suppose that the hypotheses of §5 are in force, and
beyond that let us (suppose that there exists, and) fix a
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Cohesive Flach System for the AlGgl-module H, as in

§9 of Chapter 3, of depth o« = n, where n is a congruence
element for the Gorenstein ring A.

Combining the injective homomorphism (20) of §9 of
Chapter three (dependent, of course, on the Cohesive
Flach System):

- 1 -
(4) 0 — HIX W) Homzp(QA, Qp/Zy),

and the identification

v 3 .
RA , Qp/Z,) = H (X, W)

(5) Homzp( QR®
of the Corollary to Theorem 2 of §3 of Chapter four
(dependent upon a choice of principal polarization of H
and of Gorenstein trace for A) we get, after passing to
Pontrjagin duals, a natural surjection of A-modules:

(6) QA - Qp®_ A — 0,

R

this sur jection being dependent upon the hypothesized
Cohesive Flach System, and the choices enumerated
above.

Let us also recall the surjection (3) (but here with
ox="):

(7) ) > QRO®L,A — 0,

R
and the natural surjection

(8) QR@ A - QA -0

R
(stemming from our hypothesis that m: R = A be
sur jective).

Combining, now,
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(a) the three surjections (6), (7), (8), and .

(b) the inclusions $(,) € h(Qp) C HL(X, W>*/nw™>),

we deduce that all three surjections in (a) above are
isomorphisms of A-modules, and that the homomorphism

h: Qp — Hl(x,W*/nW*) is an isomorphism of QQp onto

the submodule @(n). To record some of this:

Corollary 1: The (surjective) homomorphism m: R —A
induces an isomorphism of A-modules

~

QR@RA - QA'

O

Definition: Given a surjective homomorphism of
noetherian local rings, f:B — A, with the property that the
induced mapping of A-modules QB®BA —Qp isan’

isomorphism, we shall say that f (or B) is an

evolutionl of A.
So Corollary 1 can be rephrased as saying that the
universal deformation ring R is an "evolution” of A. For

an analysis of this notion of "evolution”, see §4 below.

Corollary 2: In the above situation, the homomorphism

h:Qp — HMHXW*/aW™)

1s injective.

T The motivation for the term is just that, thinking of Spec A as a closed subscheme of Spec

B, the larger scheme Spec B possesses no new infinitesimal directions that can be seen from the
vantage-point of Spec A, i.e., whatever "growth" occurs, going from the smaller scheme to the
larger, follows in already set-down directions: it is an "evolution". | am thankful to David
Eisenbud for pointing out that this notion occurs in the papers of (See [ ], for example)
where the property in question is called "differentially basic".
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In a certain context, below, where A is Gorenstein we
will construct Flach Systems of depth « equal ton, a
congruence element of A. Given such a Cohesive Flach
System, some questions come to mind:

1) Is the homomorphism h:Qp — HI(X, W* /oW *)

an isomorphism?

2) Composing the isomorphisms (6) and (8) we get A-
module isomorphism U: Qp — Qp . It doesn't quite (yet)

make sense to ask: What is U? This is because the
pairing <, > depends upon a choice of polarization, a
choice of Gorenstein trace, to say nothing of a choice of
Cohesive Flach System. Any change of the first two
choices entails modification by multiplication by a unit of
A. Also, since the depth of a Cohesive Flach System is
fixed to be n, one can still modify the System by
multiplication by any unit in A. Nevertheless it still
makes sense to ask: Is U given by multiplication by a unit
in A?

§4. Evolutions (minimalist version)

Let A be a (commutative, faithfully finite, flat, local)
W(k)-algebra such that A®Zp®p is a product of fields,

where k is the residue field of A. Recall from §3 above
that an evolution f:B — A is a surjective
homomorphism of complete (noetherian) local rings with
the property that the induced homomorphism of A-
modules, df: Qg ®gA — Qp , is an isomorphism.

I am thankful to Hendrik Lenstra for enlightening
discussions on the topic of evolutions (and on other topics),
and for conveying to me the Lemma below which
provides a necessary and sufficient condition for the ring
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A to admit no nontrivial evolutions:

Let P = W(k)I[Xq,..,X ]l be a power series ring in n

variables over W(k); let (¥) 0 -1 »P - A -0 be a
presentation of A; and let U denote the kernel of the
induced homomorphism Qp®pA — Qp . We have a

natural surjection of A-modules v: /12 - U .
Lemma (Lenstra): These are equivalent:

1) A admits no nontrivial evolutions.

2) The induced homomorphism v®Kk: (I/12)®Ak —U®pk

is an isomorphism (for one, and equivalently for all
presentations (x))

3) the dimension of the k-vector space (I/Iz)®Ak is
less than or equal to the dimension of U® pk (for one,

and equivalently for all presentations (x)).
Definition: If the ring A possesses the (equivalent)

properties above, we will say that A is evolutionarily
stable.

Proof of the Lemma: 3) & 2): For ¥v®k is surjective.
2) = 1); Let B — A be an evolution, and we
can suppose that B is presented by P as well, giving a
diagram:
0O — Jl — }1 -——)i - 0

0 -1 »P - A >0

and
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J/J2 - QpepA — Qp®pA— 0
! [

/12 - QpepA — Qp — 0,

so that the composition J/J2 - 1/12 -»U is sur jective.

Tensoring with k, we deduce, from 2), that
(J/J2)® pk — (1/12)® pk
is surjective, and therefore, by Nakayama, so is J —1.

1) = 2): Let N C (1/12)®Ak be a k-subspace complementary

to the kernel of v®k: (I/12)® sk > U® 7k, and let @q,...9, € T
be a k-basis. Lift the a\j's to elements o) in I, and letting J =
(@1,....¢y) be the sub-ideal in 1 of P that they generate, I

guess it is clear that B=P/J is a nontrivial evolution of A.
]

Corollary: If the W(k)-algebra A, satisfying the
properties above, is a complete intersection, then A is
evolutionarily stable.

Remark: In a forthcoming article written jointly with
David Eisenbud, the following result will be shown :

Proposition: Let A be local with residue field equal to k,
which is reduced, Gorenstein, finite flat over W(k), and
which has imbedding dimension <3 over W(k) (i.e., the
relative Zariski tangent space of A is of dimension =< 3
over k, or equivalently, the W(k)-algebra A admits a
surjective W(k)-algebra homomorphism from the power
series ring in three variables over W(k) ).

Then A is evolutionarily stable.
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A corollary of the above Proposition is

Corollary: Let A be local with residue field equal to Kk,
which is reduced, Gorenstein, finite flat over W(k), and
which has W(k)-rank < 4.
Then A is evolutionarily stable.

O

Problem: Find any example of a local ring A which'is
reduced and finite flat over W(k)-- and which is either
Gorenstein or not-- which admits a nontrivial evolution.

We still lack any such example!

Side comments concerning the cotangent complex:
It is natural to try to gain some perspective on the notion
of evolutions by appealing to the theory of the cotangent
complex ( [I] Illusie, L.: Complexe Cotangent et
Deformations I Lecture Notes in Mathematics 239
Springer-Verlag (1971)). In [I] a functor B — Ly/¢ is

constructed from (commutative) C-algebras B to
simplicial B-modules Lg/c (this simplicial B-module

being taken only up to quasi-isomorphism, and called the
cotangent complex attached to B/C). There is a
canonical isomorphism of B-modules Hg(Lg/c) = QB/c-

Given a homomorphism of W(k)-algebras R — A, one gets
from the functorial construction of the cotangent complex
an induced homomorphism of simplical A-modules,

(9) LR/ Wxk)®RA — La/Wk)

such that the induced homomorphism on homology in
degree zero gives the functorial homomorphism of A-
modules,

(10) QR®RA - QA'

If the homomorphism (9) of simplicial A-modules is a
quasi-isomorphism, then it follows from [I] IIl 1.25.1
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and III 3.1) that R — A would be etale, and in our
situation ( R = A a surjective homomorphism of complete
noetherian local rings) R — A would then be an
isomorphism. What axiomatics, if any, would refine the
homomorphism (6) to produce a homomorphism of
simplicial A-modules Lp/wk) = LrR/W(k)®RA wWhose

induced homomorphism on homology in degree zero yields
(6)?

§5. Criteria for universality.

In this § we give some sufficient conditions for the
representation p to be a "universal’ deformation of p in
the sense of §2 above (i.e., satisfying the conditions (3)
there). Actually, as Kazhdan mentioned, one would prefer
to have necessary and sufficient conditions...

For clarity of the statement of the "criterion” below, we
include explicit mention in its text of all of our "running
hypotheses" along with the specific hypotheses we need

for this particular Proposition.

Proposition: (a criterion for a representation to be
"universal”)

1) The context. Let p > 2. Let

5: GQ,Z - GLz(k)

be a residual representation such that Sym?2(p) is
absolutely irreducible, and which is (unramified for prime
numbers § ¢ ¥, and) semi-stably ramified, but actually
ramified , for all § € ¥ such that 0= p, and which is
finite flat at p. Suppose that p is a deformation of 5 to a
local ring A with residue field equal to k, and which is a
reduced finite flat W(k)-algebra. Let H (=AxA) denote the
free rank two A[Ggl-module given by the representation
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p, and suppose H is endowed with a (principal)
polarization (and therefore A is Gorenstein). We shall

make use of the notation W*,W with their usual
definitions. Suppose that p, W, A have the following
properties:

2) Conditions on p: The deformation p satisfies the p-
cyclotomic determinant condition; it is (unramified for 2
¢ 2, and) semi-stably ramified for § € 2, ! =p; and it is
Barsotti-Tate at p.

3) Conditions on W: The A-vanishing hypothesis holds
for all non-zero-divisors of A.

4) Conditions on the deformation of p to A: We
suppose that'A is generated by all the Hecke operators T)

for § ¢ 2, and that a Cohesive Flach System exists for the
A[Ggl-module H.

5) Conditions on A: We suppose that A admits no
nontrivial evolutions, i.e., that A is "evolutionarily stable".

Conclusion: The deformation p of p to A is the
universal deformation of p ("universal” in the sense of
§2). Equivalently: The mapping m: R— A determined by
the deformation p is an isomorphism.

Proof: Since A is generated by the Hecke operators T) for

0 ¢ 2, the mapping m:R — A is surjective. Our other
hypotheses then allow us to apply Corollary 1 of §3,
giving that m: R— A is an evolution, and therefore an
isomorphism by virtue of the condition we imposed on A.

a

Let us sighal the conclusion above by the simple phrase :
"p is universal’. Assume that we are given a p as in the
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context 1) above and assume that conditions 2), 3), 4),
are satisfied but not (yet) that the mysterious condition
5) holds.

Corollary 1 (Wiles?2): Under the above assumptions
1) -4), if A is a complete intersection, then "p is
universal”.

Proof: Using the Corollary of §4, we have condition 5)
when A is a complete intersection.
a

Corollary 2: Under the above assumptions 1) -4), if the
W(k)-algebra A has imbedding dimension <3 (or if A has
W(k) rank <4) then "p is universal”.

Proof: This follows from the result with Eisenbud quoted
in §4.
o

But, this Chapter and our axiomatic study has gone on,
perhaps, too long! In the second half of the course we will
study Flach's construction (of "Flach Systems").

2 This result ( in its essence, with minor differences, perhaps, in language

and sgtting) is a consequence of one of the results Andrew Wiles covered in

his Princeton course (Spring, 94): Under the hypothesis that A be a complete

intersection, Wiles also discussed universality of p for cases of "raised level”

when 5 can no longer be assumed to be "cleanly ramified”.
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Appendix A. Schur's lemma for complete local
noetherian rings.

Let TT be a profinite group and p: IT —»GL(R) any continuous

homomorphism where R is a complete local ring with residue
field k. Let C(p) CGLN(R) be the subgroup of matrices in GLN(R)

commuting with the image of p. Then if the residual
representation p: TT —=GLp(k) obtained from p is absolutely

irreducible, the group C(p) is the subgroup of scalar matrices
in GLN(R).

Proof: It suffices to prove this for artinian local rings A, for
one then gets the full result by passage to a projective limit.
So let R = A be an artinian local ring with residue field k. Our
proof will go by induction on the length of A, noting that when
A=k, this is indeed one of the classical versions of Schur's
lemma. We therefore are led to consider a small extension,

0 —>1—->A—->Ag—0

where I is a principal ideal (1) annihilated by mp and assume
we are given p: TT = GLN(A), a continuous homomorphism
which is residually absolutely irreducible, and denoting by
pO:TT—>GLN(A0) the representation induced from p we may
assume, by induction, that C(pg) € GLj(Ag) consists of scalar
matrices. Now take an element ¢ € GL,(A) which commutes

with p(TT). By our inductive assumption, ¢ projects to a scalar
matrix in GLN(Ag). Modifying ¢ by an appropriate scalar

matrix in GL\(A) we may assume that it reduces to the
identity matrix in GLy(Ag). Since the kernel of
GLN(A)—GLN(AQ) consists of matrices of the form I + T-Mp(A)
and since T is annihilated by mp, ¢ may be written as [+71-S
for a matrix S € Mp(A), and the image S € My(k) is uniquely

determined by c. Moreover, we may write ¢ =1+1-S' for any S’
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€ MN(A) with S' = S. Since ¢ commutes with p(TT), the matrix

S commutes with E(TT), and therefore, by the classical Schur's
lemma again, S is a scalar matrix in MN(k), hence so is c.

O
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Part Il : Constructions

Chapter six. Cohomological Preliminaries

Reference text: [Milne 2] Milne, J.S.: Etale cohomology
Princteon Univ. Press (1980)

§1. Cohomological purity and its immediate
consequences.

In this section let S denote an irreducible base
scheme, which will eventually restricted to being the
spectrum of a field or a discrete valuation ring. Let V be
an irreducible smooth S-scheme. Let Z € V be a smooth
S-subscheme closed in V of codimension c. In the
terminology we used on Monday, (Z,V) is a smooth pair
over S. By a morphism of smooth pairs over S we
mean a morphism ¢: (Z',V') —»(Z,V) such that (both (Z',V")
and (Z,V) are smooth pairs, and) Z'is the scheme-
theoretic fiber product Z' = ZxyV'. Let (Z,V) be a smooth

pair over S, and set U = V-Z, giving us a diagram:
i J
Z o V &«—U
N S
S .

Let F be a locally constant torsion sheaf for the etale
topology on V annihilated by an integer n which is
relatively prime to all the characteristics of the closed
points of S. [From Monday's lecture, we have the
theorem of cohomological purity-- cf. [Milne 2: Ch. VI §5
Thm 5.1; §6 Thm 6.1] --namely we can "evaluate” the
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sheaves _Hrz(V,F) for the etale topology on Z as follows:]

Theorem:

H'7(V,F) = 0if r = 2¢c, and

H2C,(VF) = i, F(-c),
the isomorphism being canonical. E%
Consequences:

1) (Global cohomology with support) Since we have, "in b
general’, a Spectral sequence:

HY(Z, HS7(V,F)) = H"S;(V,F),

we get for our smooth pair (Z,V):

Corollary 1: There is a canonical isomorphism
HY(Z,F(-c)) = HY'2%,(V F)

(called the "Gysih iIsomorphism”, and given by cupping -1
with the fundamental class).
O

Corollary 2: HrZ(V,F) =0 if r< 2c.

Corollary 3: If S is the Spectrum of a field K and Z = z
1s the Spectrum of a field extension L/K, then

H' ,(V,F) = HI~2¢(G ,F(-c)).
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Let us also record that, in the above context, if ¥ denotes
the completion of V at z, we have

H',(V,F) = H'(VF) = HI~2¢(G F(-c)).

Applying the functor Ext!y;(-,F) to the exact sequence of
sheaves on V

0 - jij*2 - 7 - i,i*Z — 0
gives us a long exact sequence:

(1) .. » H'2(V,F) > H'(V,F) — H'(UF) —H*1 v F - ..

and replacing the term HrZ(V,F) by its image under the

Gysin isomorphism gives us (the "Gysin" sequence)

Corollary 4: In the above context we have a natural
long exact sequence

—HI"2¢(Z,F(-¢)) = H'(V,F) »H(U,F)>H*1-25(Z F(-¢))— ..

o

SZ. The fundamental class.

The theory of the "canonical class” goes hand-in-hand
with the isomorphism of sheaves given in the statement
of the purity theorem of §1. Specifically, let A denote Zp

for p a prime not equal to any of the residual
characteristics of the residue fields of S, and when we
want specifically to emphasize that we are viewing A as
constant sheaf on any of the schemes involved we may
denote it A.
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At the risk of proceeding backwards relative to the
logical development of the theory; cf. [Milne 2], a direct
consequence of Corollary 1 of the Theorem of §1 is the
following:

Corollary: Let Z C V be a smooth, irreducible, S-
subscheme closed in V of codimension c. There is a
canonical isomorphism of sheaves on Z:

A = Hz2S(V,A().

By the fundamental class

2¢c

S(Z/V) € Hy**(V,A(0)) = T(Z, Hp>S(V,A0)),

we mean the section of image of 1 € A under the above
isomorphism (cf. [Milne 2] VI, §6) and if Z is not
necessarily connected, ie., Z= U ZJ- where ZJ- are the

connected components of Z, then define
2¢ 2¢c
s(Z/V) € Hz" (V,A(c))= & HZJ- (V,A(c))

to be the sum ZJ- s(ZJ/V). The rule:

Z/V -—== sZ/V) € Hp?S(V,A()

enjoys these properties:

1) (functoriality) If ¢ : (Z/V') = (Z/V) is a morphism
of smooth pairs of codimension c, then

©*(s(Z2/V)) = s(Z'/V").

2) (a generating section) Multiplication by s(Z/V)
induces an isomorphism of sheaves
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n

H, 250V, AlQ)).

>
!

s(Z/V)

3) (in codimension 1) Let c=1, so that Z is a smooth
irreducible divisor in V. We have a commutative
diagram

(2)

HO(U, Gy — Hzl('\/, Gy) — HLWV,G,) — HLU, 6,

'y, gy*) - Z — Pic(V) —  Pic(U)
ordy

and the standard Kummer sequences

0 = (A/PAA)1) » Gy — Gy — O
| o

compile (as n = <o) to yield a homomorphism

A= Ae Hp (V, Gy —  Hp2(V, A(D) .

The image of 1 € A under this homomorphism is s(Z/V).

4) (transitivity). Suppose now that we have a triple of
smooth varieties over S Z CY C V, where Z and Y are
closed subschemes of V, Z is of codimension ain Y, Y is of
codimension b in V (and therefore Z is of codimension
c=a+b in V). In this situation, the Spectral Sequence
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HZF (Y, HyS(V,A(Q)) = HyT*S(V, A(c))
degenerates, by purity, to an isomorphism
Hz22(Y, Hy2P(V,A(e))) = HZ2S(V, A()),

and since the domain of this isomorphism can be written
as

Hz22(Y, Hy2P(V,A(c)))

Hz22(Y, Aa) ®Hy2P(V,A(b)))

Hz22(Y,A(a))® Hy2P(V,A(b),
we get a natural isomorphism
Hz22(Y,Ala))® Hy2P(V,A(b) =  Hy2S(V,A()).

Then the tensor product of the fundamental classes
s(Z/Y)®s(Y/V) maps, under this isomorphism, to s(Z/V).

One easily sees that a functor (Z/V) ---—s(Z/V)
satisfying 1)-4) is necessarily unique. For a proof of
existence, see [Milne 2] VI §6.

§3. "Extension obstructions"” for the three-
dimensional cohomology of smooth surfaces.

Let V be a smooth S-surface. For the moment, let Z ¢ V
be of codimension c=2, and U = V-Z. Thus Z is zero-
dimensional and smooth over S, i.e., Z is an etale
extension of S. If r= 3, Corollary 4 gives the exact
sequence

(3) 0 — HY(V,F) »H(UF)—-HYZF(-2)

l.e., iIf a three-dimensional cohomology class on U
‘extends” to a class on V, it does so uniquely, and the
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obstruction to its doing so is measured by a canonical

homomorphism to HO(Z,F(-Q)).

Letting F = Z/p"Z (2) we have that the group HO(Z,F(-Q)) is

canonically Z/p™Z-- and then, more conveniently, passing
to the limit and letting F = Zp(2)-- we get a natural exact

sequence
| §7
- 3 - 3 — HO
(4) 0 — HYV,Z,(2) »H>(U,2,(2) - HOZ, Z,).

Call the image ¥7(c) € HO(zZ, Zp) of a class ¢ € H3(U,Zp(2))

the extension obstruction of ¢ (across Z): we may
think of the exact sequence (4) as saying that a class ¢ in

H3(U,Zp(2)) ‘extends” to V if and only if its "extension

obstruction” vanishes, and if it does extend, it does so
uniquely. Of particular interest to us will be the following
situation: S = Spec K, V 1is smooth and proper over S,
and U is the complement of a finite set of closed points Zj
3(U,Zp(2)) extends to the
compactification V of U if and only if the v-tuple of p-adic
integers given by the obstruction invariants

(j=1,..,0) in V. Then a class ¢ in H

( b’zl(c), ¥5,(c), .., b’zv(c) )

22
vanishes, and its extension is unique.
§4. Three-dimensional cohomology of proper
smooth surfaces over fields.

Here let S = Spec K, S= Spec K, for K an algebraic

closure of K. and let V be proper. Denote by V the base
change V®gS. We have the Spectral Sequence
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r S(YJ r+s
(5) HY (G ,H (V,Zp(2)) = H (V,Zp(2))
from which let us consider the edge-homomorphism
. 3 0 3(v ‘
e: H (v,zp(z)) — HY(Gg H (V,Zp(2)))

Lemma: If H3('\_/,Zp(2)) is torsion-free and K is either a

Global number field or a local number field of residual
characteristic different from p, or a finite field of
characteristic different from p, then e=0.

A consequence of the above lemma is that the Spectral
Sequence (5), under the hypotheses of the Lemma,
determines a canonical mapping

(5) H3(V,Z,(2))  — HL(GK H2(V,Z5(2)))

C — C.

§b. Smooth curves in surfaces.

Now we wish to consider smooth surfaces over S again,
but no longer assume them to be proper as was assumed
in §4. So let us call our ambient, not necessarily proper,
surface U. Let Z C U be closed subscheme of
codimension c= 1, smooth over S; in particular, Z is a
smooth curve over S. The local-to-global Spectral
Sequence for cohomology with supports on Z gives the
1Isomorphism:

1 2 = 3
HY(Z, 7,(1) ® Hz<(U,Z,,(1))) = Hz>(U,Z2,(2)),
and, identifying the domain with

H1(z, Zp(l))®H22(U,Zp(1)), we get a canonical

lsomorphism
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(7) vl Zpeg HZz2(U,Z,(1) = Hz3(U,Z,(2)),

or, more concisely, an isomorphism
1 o 3
(8) H*(Z, Zp(l)) = Hyp (U,Zp(2))
obtained by "cupping with" the canonical class s(Z/U).

The cohomology group H1(Z, Zp(l)) can be computed

using the Kummer sequence, giving:

(9)
0 — 0*@)ezZ, — HUZ 7,(1) - Tatey(Pic(z)) —0.

Composing the isomorphism (8) on the right with the
natural mapping HZ3(U,Zp(2))—>H3(U,Zp(2)), and on the

left with the natural injection 6*(Z)®le—-> Hl(z, Zp(i))

of (9) we get a canonical homomorphism

(10) o: 0*(2)ezZ, — H3U,Z,2).

For f € O*(Z)@le denote by o(f;Z/U) ¢ H3(U,Zp(2))

the cohomology class o(f). If, further, the surface U
satisfies the hypotheses required of V in the Lemma of §4 o E
above, then the Hochschild-Serre Spectral sequence yields

a homomorphism HS(U,Zp(Z)) - Hl(GK,Hz(G,ZpQ))) and

we shall, most often, be dealing with the image

o'(£2/U) € HL(Gg,HA(U,2,(2)))
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of o(f;Z/U) under that homomorphism.

Note: Let us give ourselves an element f ¢ 6*(C)®le ,

and assume :
(a) S = Spec K is a Global number field,
(b) U is "almost proper”, i.e., it possesses a smooth

compatification V such that V-U is a finite union of closed
points zj, ..., 24,

(c) H3(V,Zp(2)) has no p-torsion.

Then we have the following three natural questions:
The questions:

1) What are the "extension obstructions” for the
cohomology class o(f) =o(f;Z/V) across the points z;?

Assume these obstructions vanish, so that o(f) extends
(uniquely) to H3(V,Zp(2)) and then the previous discussion
(in particular, thanks to our hypotheses a), b), ¢), the
Lemma of §3 ) gives us a class o(f) € Hl(GK,Hz('\_/',Zp(Q))).

2) At which primes X of K is the class o(f) ramified?

3) When the class o(f) is not ramified at A, how can one
pin down its image in Hl(GkA,HQ(\_/',Zp(Q)))’?

§6. Properties of o(f;Z/U).

1) (functoriality) If ¢ : (Z,U) —=(Z,U) is a morphism of
smooth pairs over S-schemes of codimension 1, then:
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¢*(alf; Z/U)) = olfeq; Z'/U).
2) ( linearity )

O’()xlf1+)\2f2 ; Z2/U) = >\10(f1 : Z/U) + )\20'(f2 : Z/U).

§7. Calculating the extension obstruction.

Let C denote a closed curve in a smooth surface V over
S= Spec K with K a perfect field. Let z € C(K) be a
(closed) K-valued point of C, such that Z = C-z is smooth,
so that if U = V-2, then (Z,U) is a smooth S-pair. Let € —=C
denote the normalization of C, so that Z = C-z is naturally
contained in € as an open subscheme. Let Ei’-"»gr denote

the closed points of € in the complement of Z, i.e., lying
over z. Let d; denote the degree of the residue field

extension Ei/z. If f is a rational function on C which is

regular on Z, define ord,(f) by:

r
ord (f) = X d;-ordz . (f).
z J Z ]
i=1

Theorem: In the above situation, if ¥, denotes the

"extension obstruction” over the point z (as defined in §3
above) and if the base field K is of characteristic 0, then

¥x( o(f ; Z/U)) = ordy(f).

Proof: The extension obstruction is insensitive to change
of base field K, so we may (and do) assume that K is

algebraically closed: all the points EJ' are defined over K,
and therefore all the dJ-'s are equal to 1. The extension

obstruction at z also being unchanged by completion at z
we assume that V is the spectrum of a complete regular
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local ring (K-algebra) of dimension 2 with residue field
equal to K, i.e., V = Spec Kl[x,y]]l, and U = V-z. The formula
of our Theorem is "additive on components” in the sense
that if Z breaks up as the disjoint union of components Zj

for j=1,..,s and if fJ- denotes the restriction of f to the j-
th component ZJ-, then X ordz(fj) = ord,(f), and
Z ¥( O’(fJ : ZJ-/U)) = ¥, ( olf ; Z/U)) so that we may also

(and we do) reduce attention to the case where C C V is
irreducible.

We now consider the special case where C is smooth in V.
After suitable change of coordinates, we may take C to be

the closed subscheme of V given by the equation y=0.

For this, we need the following commutative diagram:

(11) ord,
9*(2) -  HCG,) = Z
K J, l K
d

2 -
HL(Z,Z,(1) — H2(CZ1) = Zp
vsz/u) | L vsicrv

HZ3(U,Zp(2)) - HyA(V,z,(2)
doi

([N
N

where the mappings k are the natural mappings coming
from Kummer Theory, the mappings 0 come from
coboundary mappings of the evident long exact sequences
for cohomology, and the mapping i is the natural mapping

Hz3(U,Z,(2)) — H3(U,Z,(2)).

(Check this commutativity!) Granted commutativity
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of (11) our Theorem follows in this case (C smooth)
because if you make the circuit

O*(C) »HAV,Z,(2) = 74,

by the right-hand route you get ord,(f) ¢ Zp, while
making it via the left~hand route gives ¥ (a(f ;Z/U)).

To reduce to the case where C is smooth, let C now be an
arbitrary but irreducible curve in V, let C, = Spec K[[tl]],

and let V =»C, be a projection for which the composition
C —=C, is not constant, i.e,, is of finite degree. Judicious
change of the coordinates x,y will allow us to take this
projection to be given by t = x, so that V = Cg x D where

D = Spec K [[y]l. The mapping V —C is formally smooth.
Let v:€ — C be the normalization of C, and since we are
in a completed situation, we have that there is a unique
point z in C lying above z. Let p denote the degree of the
mapping C —C,. Since K is algebraically closed of

characteristic O, : C —C, is Galois, cyclic of order U (a

"model” being given by Kl[t]] ¢ K[[t1/H]] ). Let g:t1/Hs

gu-ti/l-l be a generator of the Galois group, for Cu 2

primitive p-th root of 1 in K. Put

V=0Cxc vV =CxD,

so that the natural projection ¥V — V is cyclic Galois of
degree |, and is merely the product of the cyclic Galois
mapping of degree i C —C, with the identity on D .

Our V is (formally) smooth over C which is also L
(formally) smooth. There are W distinct sections nj C -V

( j=1,..,1) given by ﬁJ- = (gd,v). Let ZJ- =ﬁj(5) - z and

let f?J denote the unique function on ZJ- such that f}oﬁ\j =
fov on C, for J= 1,..,u. Put 0 = ¥ -z, If Z denotes the
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pullback, Z = Ux(jZ, then Z is the disjoint union of the 7 5

and we have a morphism of smooth S- palrs @: (Z,0)
—(Z,U) . Moreover, fo@ on Z restricts to f on the
component Z

Since éj is smooth in ¥V, we know that

b’g(O'(ij ; Zj/ﬁ ) = o‘rdg(fj) = ord,(f).

Moreover, we have a commutative diagram,

(12)
(p*
Hz3(U,Z,(2) = Hz3(0,2,(2)
il il | 2y
H3(U,Zp(2) —  H3(T,z,(2) /
CH) 2|
24 (V,25(2) > HZAV,2,(2) | |
~l ~l
Zp - Zp
1L

and since ¢@*: HZS(U,Zp(2)) - HZS(G,ZPQ)) brings the
class o(f ; Z/U) to

I
olfeg ; Z/0) == of
we compute that

u
w-¥,( olf ; Z/U)) = = ¥5(a(f




which gives what we want.

§8. Measuring ramification.

We begin with a review of two basic compatibilities
which are preliminary "exercises” in preparation for the
eventual Proposition of this section.

Let K be a finite extension of Qyp, with 2=p. The following

diagram is commutative:

(13) K
K* - Hl(Ggzp,1) - H(g, 7,108

ord l Sl =

Z C Hom(Zp,Zp) = HomGk(Zp(i), Zp(i))

where Kk comes from Kummer Theory, the horizontal
arrow comes from restricting cocycles on Gk to Iy CGg,

and the vertical isomorphism comes from the natural
isomorphism § (cf. §7 of Ch. 1 of Part I) which identifies
the maximal pro-p quotient of I with Zp(l).

Next, let S = Spec(Qg), S, = Spec(k), and Sp=Spec K,
and u = Spec(OklltlD), u, = Spec(k([tl]), and uy=Spec
K[[t]]. Define the sections z Cu, z, € u,, and znC uyp by

t=0, giving the following picture:
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e

S

n
NS

Let f be in K*. Then the following diagram is
commutative.

(14)
e : c

K* — Hl(zn,Zp(i))®Hzn2(un,lp(1)) = Hp S(up,Z2,(2))

l ord l

2
Z HlGp, H,_“(u_ .z.(2)))
Ko Pazg g0

l l

Hl(cg, Z,(1)

! I

Hom(Zp(1),Zp(1))=Homg, (Z,(1),2,(1) —  HL(g,Z2,(1))%

§1
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Here the mapping labelled e is given by our "basic
construction’, i.e., tensoring with the image of f under
Kummer Theory with the fundamental class,

f = k(f) ®s(zn/un).

The mapping labelled ¢ is given by cup-product, and the
right-hand vertical mappings are given, reading from ﬁ
bottom to top, as follows.

The bottom arrow comes from the Hochschild-Serre
Spectral Sequence, the middle arrow comes by the
identification of the Gg-modules

®s( z— /u=)
N N

2
Z,(1) - Hy_*(u Z,5(2)),

i

while the top arrow also comes from the appropriate

Hochschild-Serre Spectral Sequence, in view of the fact

that Hz_3(u_ ,25(2)) vanishes.
n n

Now let U be proper and smooth over S. Let Z be a
subscheme of U. Suppose Z to be regular, and proper over
S. Let, as above, the subscripts "n" and "o" refer to
generic and special fibers, respectively. Suppose further
that Zn C UT] 1s a smooth pair over Sﬂ’ and the special

fiber Z, is reduced. Let f be a rational function on Zn (not

identically zero) satisfying the "ord-condition". We may
view f as a rational function on the regular scheme Z,
and if (f) denotes its associated Cartier divisor of zeroves-
and-poles on Z, let (f)y,ort denote that part of the divisor

(f) supported on Z,; equivalently, the difference of the
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two divisors, (f)-(f)y,ert , s @ "horizontal” Cartier divisor,

l.e., contains no irreducible component of the fibers of
Z— S in its support.
We can form the cohomology class k(f)®s(Z/Uy),

which lies in Hzn3(Un,Zp(2)), and which maps to the
cohomology class we have called 5(f;Zn/Un) in

1 2(1—
HL(Gg H2(U ,Z,5(2).

We wish to describe the ramification of the class
G(f;Zn/Un) In the sense that we want to know its image

under the natural mapping
1 2(y— 1 2(y— G
(15) H*(Gg, H (UT] ,Zp(2)) — Hi(Ig, H (UT] ,Zp(2)) k.

Of course, the class a(f;Zn/Un) is unramified if and

only if its image under (15) is zero. We can think of the
mapping (15) as having the following domain and range:

1 2(y— - pl 2(y— G
H(Gg, H (Un,Zp(l))@»Zp(l)) HA(Ig H (Un,Zp(i))®Zp(1)) k.

Since U is smooth over S and since we are assuming
that ¢= p, the action of the inertia group Iy on the

module H2(Uﬁ ,Zp(l))®lp(1) is trivial. Therefore the
range above can be identified with
: 2(11— Gy, -
Hom(Ig, H (Un ,Zp(l))®lp(1)) k = |
2(11— -
HomGk(Zp(l), H (UT] ,Zp(l))®Zp(1)) =
2(U— Gk _
H (UT] ,Zp(l)) =

2 = Gk

the last identification being given by the comparison
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theorem for the etale cohomology of the generic and
special fibers of the the smooth proper scheme U over S.

The isomorphism (15), after the identification of its
range with I--I2(U08>k1\T ,Zp(l))Gk as above, yields the

mapping:
1 2(1]— 2 * Gy
(16) H(Gg, H2(ULZ(2)— H2(U eyk ,Z(1))7k.

Definition: Let £ be a cohomology class in
Hi(GK,HQ(UT—],ZpQ)) and let D denote a Cartier divisor in

Uy We will say that the ramification of £ is given

by D (in notation: ram(g) = D) if the image of £ under

(4) is equal to the Chern class of D in H2(Uo,Zp(1))Gk.

Proposition: The ramification of the class S'(f;Zn/Un) 1s

given by the Cartier divisor (f)y,ort.

Proof: The key, here, is to prove a stronger statement. ’
We shall use our rational function f on ZT] to produce a

class a(f;Zn/U—ZO) in HZnS(U—ZO,ZpQ)) which maps to
E(f;Zn/Un) under the natural mapping Hzn?(U—ZO,Zp(2))
—>Hzn3(Un,Zp(2)). We then compute the image of

s(f;Zn/U—ZO) under the composition

(17) Hz, 3(U-24,2(2)) ~H(U-2,,2,(2)) — Hz (U 2,20,

If TT denotes the Gi-set (i.e., set, with given Gp-action)
of irreducible components of the scheme Zo®Spec kSpecE,

we may
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(a) identify the range of (3) with the Zp-module

and
(b) view (fly,ort = = ranCJ- (mj € Z, CJ- eTl) as
being an element in Z[TT] k
We shall prove that the image of a(f;Zn/U—Zo) in

G
Z,[TT] K s equal to (flert = £ m;-C; . This suffices to

establish our proposition, as can be seen by consulting
the following commutative diagram:

(18)
3 3 4
Hz “(U-Z0,25(2) = H (U-Zo,Z5(2) = Hz (U ,Zp(2)

l , l

Hz, *(Un,2p(2)) > HL(Gg HAU S 2p(2) > HAU 8 K 2,10k,

where the right-hand vertical mapping is given by

_ . 4
sending an element ¥ m;-C; in Hzo (U ,Z,(2)) =

G
ZITT1 K to its "Chern class’, £ mj- Chern(CJ) in
2 i Gy
H (Uo®kk (1)) 7K.

Returning to the proof of the Proposition, let C, be
any component of Z,, and let m, denodte the multiplicity
of that component in (f), or equivalently, in (f)y,ort. We !

wish to show that the multiplicity of C, in the image of

~ G
c(f;Zn/U—ZO) in Zp[Tf] "k is also equal to m,. But, to
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check this equality of integers, we may restrict our \ ;
entire picture to a formal neighborhood U in U of a - F
(smooth) affine open in Cy C Uy ; let @ denote the

"scheme-theoretic" intersection of U with Z, i.e., the
formal scheme cut out in U by the ideal of definition of
the scheme Z. We may reduce our picture even further
and still be able to check the desired equality of integers.
Namely, after making, if necessary, a finite base change
of k find a "transverse slice” u to Cy in U. If we let "2"

denote the (formal) scheme-theoretic intersection of u
with Z, we have that z=Spf(91) and u = Spf(Q[[t]]) for

L. an appropriate finite extension of K, and t a

uniformizer. The equality we are required to check then

follows directly from commutativity of the diagram (14).
0

§9. Commentary about the resolutions of
Gersten, and of Bloch-Ogus.

The "Gersten resolution” , and its cohomological
reformulation studied by Bloch and Ogus, are systematic
machines which produce elements in the K-theory of
schemes U, and in various cohomology theories of U,
respectively. See [G], [B-0]. Our treatment of the
cohomological classes o(f; Z/U) may be viewed as a
somewhat ad hoc reconstruction of a tiny piece of this
machinery in the simplest case. We shall not need an
more of this than we have already made explicit, but let
us recall that the full Gersten resolution of the sheaf K,

on a smooth scheme U over a field (conjectured by
Gersten, and proved in this context by Quillen; cf. [B]) is
a chain complex of sheaves for the Zariski topology on U,

(19)
HoigKpk(u)) » U igKpoq(k(u)) = .. = HijKgk(u)—0,
ue U0 : ueUl uegnn
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where UJ refers to the set of points u of codimension j in
U, k(u) is the residue field of u, and i F, for F a

commutative group, is the direct image to U of the
constant sheaf F on the Zariski closure of u in U. The
analogous (Bloch-Ogus) resolution for the sheaf ljn(Zp(n))
for the Zariski topology on U associated to the pre-sheaf
U — HIY(U, Zp(n)) (H* = etale cohomology, and U smooth
over a field of characteristic different from p; cf. [B]) is

given by the complex

(20)
L i HMk(W), Zp(n) = U i H k(W) Zp(n-1)) - ..
ueuo ueul

- Ui HO(k(w), Z,(0)—0,

ueyn

The previous paragraphs of this Chapter have been
dealing, in effect, with H1(U, K») and with

Hl(U,HQ(Zp(2))) as computed via the complexes (19) and
(20) for n=2. Moreover, Hl(U,H2(Zp(2))) is related to
H3(U,Zp(2)) via the Spectral Sequence

HY (U HS(Zp(2))) = HI¥S(U,Z,(2)).

To formalize what we have done, let GC(U) denote the
"Gersten" 1-cocycles of the complex (19), i.e.
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uor_du

GC(U):= k - .
(U) er { @u1€Uk(u1) GauzéUZ}

cod uq =1 cod uy =2

The formation of GC is both covariantly and
contravariantly functorial in U for finite faithfully flat
morphisms: if ¢:U =V is a finite faithfully flat

morphism, we have the commutative diagram

k(vq)* — B k(up™
ug vy

(21) ord l lord

z - b Z

ulr——)vi

where v4 € V is a point of codimension 1, and uq € U
ranges through the full inverse image of v4. The top

horizontal mapping is the natural one, and the bottom
horizontal mapping sends 1 € Z to the vector

(...,eui,...) € @D Z

uiHvi

whose uq-component (for each uq = vq ) is the
ramification index of the localization of U at uq over the
localization of V at v4. The "direct sum” of the diagrams
(19) for all points v4 € V of codimension 1 induces the

(contravariant) functorial homomorphism
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@*: GC(V) —GC(U).

The covariant functor is obtained from the norm
mapping. Explicitly, we have the commutative diagram

Norm
& k(ugp™ - k(vq)™
uq = V1
(22) ord | ,l,ord
&3] Z - Z
ug — vq

where the botttom horizontal arrow sends (...,aul,...) to

> [1{(1.11):k(v1)]oau1

ulel

and where the brackets [ , ] means degree of the field
extension. The "direct sum" of the diagrams (20) for all
points v4 € V of codimension 1 induces the (covariant)

functorial homomorphism @,: GC(U) — GC(V).

We have a natural homomorphism
. ,
GC(U) — H3(U,Z,(2)

which commutes with ¢* and ¢, and which is

constructed as in the previous paragraphs. Specifically,
if ¢ € GC(U) and if we write
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c = Bc € @ k(uq)* ,
u1€U
cod uq =1

let Z be the (closed reduced) scheme which is the closure
of the finite set of points uq €U of codimension 1, such

that the component Cuy of ¢ in k(u4q)™ is not equal to 1,

and let f denote the rational function on Z which on the
component of Z given by the closure of uq is equal to Cuy-

Then, since ¢ is a Gersten cycle, we have that "ord f* =0
on Z , and o(c) is defined to be the class o(f;Z/U) in

3
H>(U,z,(2)).
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Chapter seven. Correspondences
§1. "Marked curves”" and "marked correspondences".

Let S = Spec K, with K perfect. For an integer w, a w-
marked curve over S will mean a reduced curve X over
S, marked with a nontrivial rational section, call it fx, of

the w-th tensor power of the line bundle Qix /S
sm

where X, is the smooth locus of X.
The integer w we will call the degree of the marking fx.

Let X,Y be irreducible curves over S. By a (reduced; resp.:
irreducible) correspondence I' "from" X "to" Y we mean
a reduced (resp.: reduced and irreducible) closed one-
dimensional subscheme I'C XxY, and we will assume that
every irreducible component of I’ maps nontrivially to X
and to Y, under the natural projection maps ny and my.

A "general” correspondence is a formal sum (rational
integer coefficients) of irreducible correspondences.

[f X, Y are proper and smooth over S, and if [C XxY is
an irreducible correspondence (“from X to Y ") the
projections myx and my are both finite and faithfully flat.

Consequently my and my induce both covariant and

contravariant mappings on cohomology. The
correspondence [ itself induces a homomorphism denoted

[Ny:= ny*onx* from the etale cohomology of X to that of

Y, and a homomorphism I'*:= nx*ony* from the étale
cohomology of Y to that of X. We extend the formation of
['x and I'* from irreducible correspondences to all

correspondences, by linearity. More explicit description of
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this, and use of it, will be made in §2 below.

If X is w-marked and Y is v-marked, we may view a
reduced correspondence I as (w-v)-marked by setting fF

to be the rational section of the (w-v)-th tensor power of

ersm/s given as the image of

TtX*(fx) ®Tty*(fy)_1
(restricted to the smooth locus I'gpy).

Remark: Saying that the correspondence is "from” X and
"to" Y is perhaps arbitrary since the notion of
correspondence makes no distinction between the first or
second factors in XxY, but it is useful to make this (non)-
distinction anyway. First, one gets convenient notation for

the two induced mappings on cohomology (I', and I'*).

Secondly, the marking given to I' clearly does depend
upon the ordering of X and Y.

We take X, Y irreducible and smooth over S, but our
correspondences I’ may (and generally will) have
singularities and many components. If X and Y are both
w-marked for some w € Z, then any correspondence I’
from X to Y is "O-marked”, i.e., is endowed with a chosen
rational furiction fI_,. The "hook-up” of this situation with

the constructions of Chapter 6 is that we have a smooth
surface V = XxY over S, a reduced curve [ on that
surface, and a rational function fI~ on I'. Recall the

definition of "ord," as in §3, Chapter 6, and define the bad

set @ (for ' in XxY) to be the (finite) set of points at
which “ord,(fr)" = O.

For any prime number p = char(K), we have
constructed, in §5, Chapter 6, the cohomology class
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op= olfp; T/ XxY) e H3(XxY - 9; 7,(2)).

In the special case where the "bad set” is empty, ie.,
“ord (f[)" = 0 for all z €I", we have

or £ H3(XxY; Z,(2)).

We can extend the construction I'= o by linearity to

apply to formal sums of reduced I''s, i.e., to general
correspondences.

§2. Composition of correspondences

Let X, Y, Z be irreducible smooth curves over S. Let F be a
correspondence from X to Y, and G a correspondence from
Y to Z. There are various equivalent ways to express the

composition correspondence I' = GoF. Here is one.

Consider the three projections

Ty XxYxZ = XxY
Ty: XxYxZ — XxZ
TY: XxYxZ — YxZ.

Let m, and ™ denote the usual mappings of cycles, so

that (for example) if C is a 1-cycle in XxZ, then my ™~ (C) is

the cycle CxY in XxYxZ, and if C is an irreducible 1-cycle
(i.e., closed irreducible curve) in XxYxZ then my4(C) =0

if C is a fiber of my and is d.C if my(C) is a curve C in

XxZ, where d = the degree of the (finite) mapping

Ttyt C —>6

134




Lemma:

1) The two (reduced, effective) divisors myx*(G) and

7*(F) in XxYxZ intersect properly (i, have no

irreducible components in common).

2) If K is of characteristic 0, the intersection of any

irreducible component of myx*(G) and any irreducible

component m7*(F) is generically transversal.

3) More generally, we have the conclusion of 2) under
the assumption that at least one of the projection
mappings

G—=Y orF-Y

is generically etale on each irreducible component of their
respective domains.

Proof: As for the first assertion, note that any component

of x*(G) is a union of fibers of my and any irreducible

component of m7*(F) is a union of fibers of mz, and

therefore if they had an irreducible component in
common, this common irreducible component would be a
(single) fiber of the mapping

X 7" XxY¥YxZ — Y,

contradicting the assumption that every irreducible
component of F and G maps nontrivially to each factor.

As for 3), let us begin by considering any closed
point E in the intersection of the smooth locus of an

irreducible component Q of myx*(G) and that of an
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irreducible component R of m7*(F). We may write & as

xx¥ = @xy forpoints¥ € G, g e F,xe X,andy € Y. In
the tangent space T of the point £ in XxY xZ we have the
lines Ty, Ty, T7 determined by the coordinate axes, and

the tangent planes T, TR to the surfaces Q and R (both
assumed to be smooth at &). By construction, Tx C ‘ZI'Q,
and Ty C TR. If we had a nontransversal intersection of
Tqand TR at &, we would have equality TqQq =TRr and
consequently, ‘J'Q =TR = TxxT7. In a word, the

projections Q—Y and R—Y would have vanishing
differential at ¥ and ¢, respectively. By the hypothesis of
3), one of these projections, say Q—Y, is generically etale,
and therefore by choosing ¥ sufficently general we get a
contradiction to nontransversality at g, proving 3).

Since these projections (being nontrivial) are generically
etale if the characteristic of K is 0, we get 2).
]

Let then C = nx*(G) N nz*(F), meaning the (scheme-

theoretic) intersection. By 1) we have that dim(C) <1. So
as not to have to worry too much let us define the
notion of composition of correspondences G and F
only under the hypothesis that

(x) The scheme C is generically reduced!?.

Under this hypothesis, we use the same letter C now to
denote the (reduced) 1-cycle in XxY xZ given as the "sum”
of the irreducible components of the scheme C.

Definition: Given a pair of correspondences F from X to
Y and G from Y to Z satisfying (%), the composition of

1 In what follows we will only be considering the construction of the
composition of correspondences for base fields of characteristic 0, in which case,
by 3) our hypothesis (*) is automatically satisfied
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correspondences G and F, denoted GeoF, is I' = TIIY*(C)

viewed as a correspondence from X to Z.

Note: It is sometimes helpful to "think of" GeF as
"(1xG) (F)" or as "(Fx1)*(G)", which is what it would be if

G (or F) were actual functions.

§3. The Liebniz property.

Let us now hypothesize that X, Y, Z are irreducible
smooth w-marked curves over S (all for the same w),
and that F is a correspondence from X to Y, and G a
correspondence from Y to Z. Let ' = GeF. We suppose
further that the "bad sets” for all three (0-marked)
correspondences F,G,I" are empty. This gives three
cohomology classes,

oF € H3(XxY, Z,,(2))
og € H3(YxZ, 7,,(2)
or € H3(XxZ, Z,(2)).

What is the relationship between them?

Proposition:
(1) or = (Fx1)*.0g + (1xG)«-OF,

where we view Fx1 as giving a correspondence from XxZ
to YxZ, and 1xG as giving a cohomological correspondence
from XxY to XxZ.

Proof: [ am very grateful to Beilinson for giving me the
following elegant proof of this Proposition: It is sufficient to
establish the above formula on the level of "Gersten
Cycles” using the terminology of §9 of Chapter 6. It is also
sufficient to do this after replacing X and Z by finite etale
coverings of their generic points. After a suitable such

137




replacement we may assume that the projections F —= X,
G —Z are isomorphisms on each irreducible component of
F, G, respectively. By bilinearity, we may assume that
F—X and G —Z are isomorphisms; now (1) is clear.

O

§4. Galois cohomology classes coming from
correspondences.

Let X, Y be smooth proper irreducible w-marked curves
over K, a number field or a finite extension of Q) for § =p.

Let I" be a correspondence from X to Y, with empty "bad
set”. Let
Tr € Hi(GK, H2(XxY; Zp(2))

be the image of the class o constructed in the previous

sections where means passage to K. Since Zp(2) has no

p-torsion, and the cohomology of curves over
algebraically closed fields have no p-torsion we may
project to Kunneth components, and we let

nr € Hl(Gg, HI(X; zp(i)mZpHi(?; Z,,(1)))

be the class induced from T under the canonical

projection
2(Xx V- 1(%. 1(v-
H4(XxY; Zp(2) -  H(X; Zp(1)®ZpH (Y; Zp(l)).

Using the Proposition of §3, if we have three smooth w-
marked curves X,Y,Z and correspondences F, G as in §3
with composition equal to I, then
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nr e Hlag, HA(X; Zp(l))®ZpH1(f; Z,(1)))

is given by the formula

(2) nr = (F el)ng + (18Gy)nF
where
(3) F* . H1(Y: Z,(1)) S>HI(X; Z7,(1)) and

Gy : HL(Y; 2,(1) »HNH(Z; 2,5(1))

are the inverse and direct image mappings on the
cohomology groups cited induced from the respective
correspondences, and the "parentheses” ( ) occurring in
(2) means the natural mappings induced from these on 1-
dimensional Gg cohomology.

§5. Bilateral derivations: first wvisit.

For use in subsequent paragraphs, let us quickly
introduce a bit of algebra somewhat separately from the
context in which it will arise. We will revisit this topic in
significantly greater detail in Chapter 9, below.

Let @ be a Z

noetherian.

p—algebra not necessarily commutative, or

Definition: A Dbilateral derivation from a Zp—algebra
@ to an @®yz (G-module N is a Zy-linear mapping
p

D:@ - N

such that D(x-y) = (x®1)-Dy + (1®y)-Dx for all x,y in G.
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Example: The Zp—linear homomorphism

§ Q3@ > N = G®Zp(3

given by 8(a)= a®1-1®«, for o €Q is a bilateral
driviation.

If D:@ — N is a bilateral derivation, and if x and y are
commuting elements in @, then we have

(4) 8(x)-D(y) = 8(y)-Dx.

Suppose, now, that @ is a commutative Zp—algebra. v
Given an G®ZpG—module N, let Ng C N denote the

intersection of the kernels of multiplication by the
elements 8(x)= ax®1-1®x acting on N, for all o € Q.

Note that Ng is naturally an @-module, for its
G®ZpG—module action factors through the natural

homomorphism G®ZpG - Q.

Lemma: If G is a commutative Zp—algebra, N an
@®y QG-module, D: Q@ — N a bilateral derivation, and I CQ@
p

an ideal such that 191 and I®1 annihilate N, then the
restriction of D to I €@, induces an QA-module
homomorphism

(5) D: 1 /12 > Ng

Proof: If p €I, then (x®1)-Dp = D(ax-p) = D(p-ox)=
(1®x)DB for all & € Q. If both o and p are in I, then the
above gives D(a-p)=0.

0
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§6. Self-correspondences.

- Let X be a smooth proper irreducible w-marked curve

over K, a number field or a finite extension of Qp for § =p.

A correspondence F from X to X is self-adjoint if the
two induced mappings

*x . yl(e- — Ve
F* : HL(X; 7,(1) H1(X; Z5(1)

and
Fo t HU(X; Zp(10) - HUX; 75(2))
agree.
We view H1(X; Zp(l)) as Zp[GK]—module.

Let G, denote an algebra (possibly infinitely generated) of

commuting, self-adjoint correspondences from X to X, the
multiplicative structure being given by composition. Let

Q= GO®Zp. Then H1(X; Zp(l)) is an @-module, its G-action
commuting with the action of Gg, and the action of I" €
Q, being given either as I'* or I',, these being the same
since I' is assumed self-adjoint. Let B denote the image of

Q in Endy (H1(X; Zp(l))), so that B is a finite flat Z-
p

algebra.

At this point we wish to choose a maximal ideal m C B
and let A denote the completion of B at m, so that A
occurs as a factor algebra of the semi-local algebra B Let

H:= the completion of the B-module HL(X; Zp(l)) with
respect to m, or equivalently, H= Hl(}_{; Zp(l))®BA. We
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have that H is an A[Ggl-module.

Let [ denote the kernel of the projection of G to A:

0 -1 »-Q@ - A — 0.

The Z,-module H®7 H has a natural A®y A module
P p | P
structure which commutes with its natural GgxGy action.
So, the cohomology group Hl(GK, H® ZpH) is endowed'with
an A® ZpA—module structure.

The discussion up to this point has given us the

Proposition. There is a bilateral derivation
(6) D: @ — Hl(gg, Hoz H)

uniquely determined by the requirement that the image of
D(I") in Hl(GK, H®ZpH) be equal to nr. Let I= ker(G@—A).

Then the restriction of D to I induces ( see (5) above) an A-
module homomorphism,

(7 D:112 - Hlg, Hoz H -

Proof: The proof of this Proposition follows directly from
formula (2) of §4, the fact that our correspondences are
self-ad joint, the definition of bilateral derivation, and the
lemma of §b.

O

Define the derivation D of Q@ as follows: The natural
projection H®ZpH —H® pH induces a homomorphism on

cohomology
Hl(ck, Hez H) — H1(Gg, H® pH)
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which when composed with (6) gives a (plain old!)
derivation

(8) D:Q — HL(Gg, He pAH)

where Hl(GK, He® pH) is viewed as G-module. Note that

D annihilates 12 and when restricted to I factors through
an A-homomorphism

(9) D :1/12 - Hl(Gk, He pH).

§7. Divisibility of D by n.

To prepare for the "Divisibility Proposition” below we need
two elementary lemmas in commutative algebra. For the
first, let B be a commutative reduced ring, finite flat
over Zp and Gorenstein. Since B is reduced, if nis a

congruence element for B, we have that n is a non-zero-
divisor of B.

Let M,N be free B-modules of finite rank. Consider the
composition of B® ZpB -module homomorphisms

(10) J: (M®ZpN)s c Mez N — MegN,

where we recall the notation "subscript 8" of §5: The B-
module (M®ZpN)8 is, by definition, the intersection of the

kernels of multiplication by 8(x) = x®1-1®x (all x € B) in
the B®ZpB—module M®ZpN- We can (and do) view j as

B-module homomorphism since the first and last modules
in (10) are canonically B-modules.

Lemma 1. The B-module homomorphism j identifies the
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B-module (M®ZpN)8 with the submodule n:(M®pgN) C
M®BN.

Proof: The statement being "bilinear” in M and N (e.g.,

((M1®M2)®ZPN)8 is canonically isomorphic to
(M1®ZpN)8 @ (M2®ZpN)8,

etc.) we may suppose that M and N are both free of rank
1. So let us rewrite (10) for this case:

I
(11) J: (B®ZpB)8 - B®ZpB - B,

where the modules involved are viewed as B®ZpB -
modules, the morphisms being B®ZpB -linear. Now

"dualize” (11), to get

(12)
Homy (B,Z,) —Homy (B®7 B, Z,) - Homy ((B®y Bs, Z,),
Zy, o) o Zy Zp p 0 Zy 7,28 “p

which we identify with the diagram of B®ZpB—modules

H n
—

B B®ZpB — Be®pB =B.

But the composition peil is simply multiplication by n
(by definition of congruence element).
: a

Now assume that H is free over A (in which case A is
then Gorenstein, since H has a principal polarization and A
acts in a self-adjoint way) , and that A is reduced. Let
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n be a (fixed) congruence element for A. By Lemma 1
we have that there is a "canonical” isomorphism p of A-
modules making the following square commutative:

(H®ZpH)8 C H®ZpH — H®pH
(13) 2) l = l =
H® pH - He pH .

N

Of course, p is dependent upon the choice of congruence
element n.

Lemma 2: If for every Jordan-Holder constituent M of
the Z [Grl-module H® 7 H we have MK =0, then
pt¥K Zp

H1(Gy, H®7 H)s = H1(Gy, (H®7 H)g ).
K z,s K z,s

Proof: This is quite general: Let N be a Zp[GK]—module
such that every one of its Jordan-Holder constituents M

has MCK =0 (equivalently, this is true for every
subquotient Zp[GK]-module attached to N) and let ¥
denote a set of Zp[GK]-endomorphisms of N (say a finite
set, ¥ = {¢q,..,4,} but finiteness is not really necessary) .
Then

Hi(Gg, NIT]) = HlGg, N) (3],

where [F] means the intersection of the kernels of the
endomorphisms ¢ € ¥.

This we prove by induction on v, using the fact that the
hypothesis made for N is also valid for any of its Zp[GK]—
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submodules, and so we are reduced to showing our lemma
for v=1. For this, let us consider the exact sequences

$
0 — Ny - N —

ol li

0 »¢yN — N — N/¢yN - 0.
i

YN — 0

to distinguish the endomorphism ¢ from the
homomorphism N— ¢yN we call the latter ¢, so that ¢=i-¢.
By virtue of our hypothesis, we have that

HO(GK, N/YN)=0, and therefore (by the exact sequence

induced from the lower line of our diagram)
i, HL(Gg, ¢N) »HL(Gg, N)

is injective, and consequently,

H1(Gk, Myl = ker{ ¢:H1(Gg, N) »HL1(Gg, N)} =

ker{ $:H1(Gg, N) —»HL(Gk, $N)).

But HO(GK, YN) also vanishes by our hypothesis, and
therefore the exact sequence induced from the upper line
in the diagram gives

H1(Gg, NIyD) = ker( $:H1(GK, N) —HL(Gg, $N)} = HL(Gg, N)[y] .

O

Assume, from now on, the hypothesis of the above
lemma.
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The restriction to I CQ of the bilateral derivation

D: G — Hl(GK, He ZpH) has given us an A-homomorphism

which we called D :1/12 —>H1(GK, H®ZpH)8- By the above

lemma, and by (13) we may make the identifications
=
(14) Hl(cg, Hez Hs - Hl(cg, (Hoz H)g) = H1(Gk, He pH).

Composing D with the isomorphism of A-modules given
in (14) we obtain an A-homomorphism which we denote

(15) A:1/12 — H1(Gg, He pH).

The above constructions and discussion give us the

following simple relationship between D of (9) and A of
(15):

Divisibility Proposition: n-A = D,
(i.e., D is "divisible" by n).

Corollary: There is a unique derivation of A,

(16) ©: A —» HY(Gg, He pH/n-He pH),
fitting into the commutative diagram

0 — I - Q - A =0
(17) Al - 1l cl

0 — H(Gg, HepH) » HL(Gg, Ho \H)— HL1(Gg, He® pH/n-He zH),
n

where the lower line is a piece of the long exact sequence
on cohomology coming from the exact sequence
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0 -’H@AH - H®AH—) H®AH/T]°H®AH - 0.
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Chapter eight. Hecke axiomatics

§1. Hecke Curwves.

In attempting to clarifying the logical structure of
some of the arguments to follow [ found it useful for
myself, and [ hope also for the reader, to simply
"axiomatize” the constellation of geometric properties of
the modular curves (for the modular groups I'g(N), N

square-free) that seem particularly critical to us. What
follows, then, is an exposition of an axiomatic set-up of
which I know only one example: namely the tower of
modular curves Xg(N) for N squarefree (cf. Chapter 8.5

below).

Let Tl denote the set of square-free positive integers.

Definition 1. A Hecke Tower X is a collection of
smooth projective, geometrically irreducible curves X,

over Spec @, for neJl, with the following extra structure.
Data:

(a) For each pair m,n € T, with m dividing n, we
are given a nonconstant morphism defined over Spec Q,

Inm' Xn = Xm

(b) For each pair m,n € N, with m dividing n, we
are given an involution defined over Spec Q,

Wm: Xn 2 Xp -

This data is required to satisfy the following list of
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Hyvpotheses:

(i) Transitivity of the j's:

Given m, n, r in Jl each dividing the next, we
hawve that the composition

Jr,n Jn,m
Xy = Xpn = X

is equal to j, ,y (i.e, we have a "tower of curves" indexed
b

multiplicatively by Jl).
(ii) The multiplicative nature of the j's:
Let m,n €7, and put M = the least common multiple

of m and n, and D = the greatest common divisor of m
and n. We have (by (i) above) a commutative diagram

XM
JM,m JM,n
SN
Xm Xn
Jm,D Jn,D
NS
XD

which gives us a mapping of the curve Xjp, to the fiber

product of curves X, xXDXn . We hypothesize that this

mapping is a birational isomorphism. In particular, this
implies that the fiber products X, XXDXn are

geometrically irreducible.
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(iii) The multiplicative nature of the w's:

If m4 and mo are relatively prime positive divisors of n

€ Jl then the involutions wm1 and Wm2 of X,, commute

and their composition is equal to Wmq-my:

(iv) The relationship between the j's and the w's:

Given m, n, r in 71, each dividing the next, then w,,

commutes with j, , i.e,, we have a commutative
H

diagram
Wm
Xy = X/
\jr,nl l Jr,n
Xn —  Xj
Wm

(v) Models over Spec Z. We hypothesize further that
each curve Xn/Spec Q (ne ) of the Hecke Tower be given

a proper, regular, semi-stable model over Spec Z, denoted
Xn/Spec 7- The model Xn/Spec 7 is hypothesized to be

smooth over Spec Z[1/n].

(vi) The mappings w and j over Spec Z. For all mn
¢l with m dividing n, we require the involutions w,,

extend to inwvolutions Wm/Spec Z of these models. We

require the morphisms Jn,m extend to morphisms

Jn,m/Spec Z - >(:n/Specz Z — Xm/Spec Z-
Moreover, if r is any prime number not dividing n, we
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want the restriction, Jn,m/Spec F, of the morphism

Jn,m/Spec 7 to characteristic r to be a generically etale

mapping of the curve Xn/Spec F, onto Xm/Spec F,

(vii) The "Eichler -Shimura" relation and Hecke
Correspondences: For square-free positive integers n, m
which are relatively prime, let rn,m CXm*Xm denote

the image of the mapping

Jnom,mx(Jn-m,m°Wn) : Xpem 7 Xn*Xn

which we view as being an irreducible geometric
correspondence from X, ,q to Xp/q- We will refer to

rn,m/@ as the n-th Hecke Correspondence and
sometimes abbreviate this notation to just I'y if the
curve X,,, on which we are operating is "understood”.

Let 0 be a prime number not dividing meJl and let

Tp/z= Tom/z € Xm*Xm/Spec Z

denote the Zariski closure of rQ,m/Q in the model of
X * Xy over Spec Z given to us by (v). We hypothesize
that the fiber, FI’./FQ , of 'y /7 over Spec F) is the

reduced divisor in the regular surface Xm"xm/FQ

consisting of two irreducible components: Froby C

mexm/l.-.-g, the graph of the Frobenius mapping, and
Frobp_#c Xm"xm/FQ» its transpose (i.e., Frobg# is the

image of Froby under the symmetry of Xm * X Wich

permutes the two factor X,,'s).
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Lemma 1.

(a) The subvarieties I'n =rn,m CXm*Xm are
invariant under the involution of X, xX,, which

interchanges factors.

(b) The correspondences [}, are self-ad joint.

(¢) If n,m are mutually relatively prime square-free
positive integers, then we have ' o'\, = ',y Where o

denotes composition of correspondences.

(d) The correspondences I'y; (n €Jl) all commute

(under “"composition of correspondences”).

(e) Let p and 2 be distinct prime numbers not dividing
m €Jl. The action I'p,: Hi(Xm;Qp) - Hl(Xm;d?p) of the
Hecke correspondence 'y on one-dimensional etale
cohomology of Xm = Xm®®@ with coefficients in (Dp 1s

given by

(The "Eichler Shimura" relation)
Ty, = Froby, + Froby™.

Proof: (a) Since wp is an involution, the subvariety 'y,
=rn,m CXm*Xm  can also be viewed as the image of the

mapping
Un-m,m°¥n)*dn-m,m Xn.m > Xm*Xm:
ie, I'p € X xXy i1s invariant under the involution of

Xm *Xm which interchanges the factors. Assertion (b),

that the correspondences ', are Hermitian follows
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immediately from (a). As for (¢), we must show that
Ty« () Nz*(Ty) 3 = Thoy (cf. §2 of Chapter 7)

and this is straightforward from the definition of the I[''s,
using that w, Wy, = Wy.y. Assertion (d) then

immediately follows. Assertion (e) comes directly from
the hypothesis (vii) above and the comparison theorem
foretale cohomology of smooth proper schemes.

O

Definition: Let N be a square-free positive integer. A
Hecke curve of level N is a curve X over Spec Q given
along with a Hecke Tower X and an isomorphism X = Xy

over Q, where the curve Xy is the N-th curve of the

tower X.

§2. Admissible w-markings on Hecke Curves. Let N
be a square-free positive integer. Let us be given a Hecke
curve X of level N as in §1, ie, X = X, the N-th curve

in a Hecke Tower X = {X,}heq1- Let w be an integer, and
fx a w-marking on X/q (as defined in Chapter 7 §1).

Thus fy is a rational section of the line bundle (QX/®)®W

on X. Let Div(fy) denote the divisor of zeroes and poles of
the rational section fy of the pluricanonical sheaf

)®W
/Spec Z
model X/Spec 7-

(Qysm on the smooth locus of the stable

Notation: For each nell relatively prime to N, denote by
fyx n » or f,, for short, the O-marking (alias: nontrivial

rational function ) on I', induced, as in Chapter 7 §1, by

the w-marking fyx on each of the two factors in XxX .

Note that multiplying the w-marking fx by a non-zero
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rational number does not change the rational functions
fx n» 1 €I, and the mapping fyx = fx p is multiplicative

in the w-marking fy, for each n €7l

Now fix a w-marking fy, and for n €71, we let f,; denote

fx n-

Lemma 1: If ! is a prime number not dividing N, then
the vertical part, (fy) .. , of the divisor of zeroes and

poles of the rational function fy on rQ/Spec 7 1s supported

entirely in characteristics dividing 2:-N. In characteristic
? this divisor, (fﬁ)ve‘rt/F' when viewed as a Cartier
)

divisor on the smooth surface XXX/FQ is given by the

formula

(fp) w-(Fron#- Froby).

vert/}:‘g =

(Recall that Frob, is the graph of ¢-Frobenius and

Frobg# is its transpose).

Proof: Let r be a prime number not dividing N. Since
XN/Fr 1s geometrically irreducible for any prime number

r not dividing N (and since Z is a PID) we may "force" the
vertical part of the divisor Div(fy) in all such
characteristics r to vanish, by multipling fyx by a suitable
nonzero rational number. Recalling that the functions f,,
are left unchanged by multiplying fy by any nonzero

rational number, we may (and do) suppose that we are in
the case where the divisor Div(fyx) has no vertical

component in characteristics r not dividing N.

Now let r be a prime number not dividing 2-N. Noting
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that JQ-N,N/Spec F, has been hypothesized to be a
generically etale mapping of the curve XQ-N/Spec F, onto
XN/Spec F, (in Definition 1, (vi), in §1 abowve) it follows

that the projection of [y to each factor of XyxXy is
generically etale in characteristic r, and therefore (fD,)vert

has no support in characteristic r.

It remains to consider the case when r={. Hypothesis
(vii) of Definition 1 allows us to explicitly compute the

support of (fy),.. in characteristic ¢ and this

computation gives us the formula displayed in our
Lemma. Namely, the pullback of fx to Froby under

JD,-N,N in characteristic ? contributes nothing to the
vertical component of (fp_) since the projection of Froby,
the graph of 0-Frobenius, to the first factor of
XNXXN/Spec Fy is etale. The pullback, however, of fyx to

Frobg# under JQ-N,N in characteristic 2 "picks up a factor

of dW" since JQ—N,N 1s purely inseparable on Frobg# and

looks locally like " z — 2! , and since we are working in

the sheaf (QXN)®W. Thus the vertical component of the

divisor of zeroes and poles of (JD,-N,N)*(fX) in
characteristic ? is given by w-Fron# . The roles of Frob,
and of Frobg# get reversed when we consider the

contribution to f,, of (JD,-N,N°W0,)*(fX)» and this accounts

for the formula displayed in our Lemma.
a

Definition 2. A w-marking fx on X,q will be said to be

admissible if for all neJl (n relatively prime to N) and
for all closed points z of 'y, /q,

“ord,(f,,)"=0.
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Notation: Denote by QM (X) the set of all admissible
markings of X.

Then GM(X) forms a (commutative) group under
multiplication, and the mapping which associates to a
marking fyx € QM(X) its degree w is a homomorphism

degree
(1) amx) - Z.

§3. The Hecke rings: If X is a Hecke curve of level N,
as defined in §1 above, for n any square-free positive
integer not dividing N, let ['; C XxX denote the geometric

self-correspondence of X isomorphic to the n-th Hecke
correspondence rn,N C XN*xXN of the Hecke Tower X

"attached to" X, the isomorphism induced by the
isomorphism given between X and X. We refer to I'y, as

the n-th Hecke correspondence for X. Let G, = Go,X

denote the (commutative) Z-algebra of self-
correspondences of X generated by the Hecke
correspondences ', (n €71, n relatively prime to N)

where the multiplication is given by composition of
correspondences. From Lemma 1 (c), Q@ is generated by

the I'y's where ! runs through all prime numbers not
dividing N. Let @Q =GO®ZZp be the Zp—algebra obtained
by tensor product. Then the rule which associates to each
'y €@, the endomorphism T'p, of Hi(X/@,Zp(l)) extends

to define a unique action of the Zp—algebra Q on
Hl(X/@,Zp(l)). Let B the Z-algebra quotient of G

operating faithfully on H1(X/@,Zp(1)) (notation here as in
Chapter 7). We have that B is a finite flat Zp-algebra,

hence semi-local. Fixing one of the (finitely many)
maximal ideals m C B, put A: = B,, , i.e,, the completion

of B at the maximal ideal m, and

el
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= w(%
H: = HY(X,Z,(1)epBy,,

viewed now as A[GQ,Z]—module. Here ¥ is the set of prime

divisors of p-N.

Definition 3: The maximal ideal m C B will be said to be
admissible if its residual characteristic, p, is odd, and the
following four hypotheses hold.

(1) The ring A is reduced.
(2) The A-module H is free of rank 2.

(3) As usual, let p : Gg 5 = Autp(H) = GL3(A) denote the
representation coming from the Gg action on H, where ¥

is as above, and the = is given by the choice of an A-basis
of H assuming (2), and let p : Gg 5 — GL,(k) denote the

residual representation associated to p, \A_/here k is the
residue field of A. We hypothesize that p is ramified, and
cleanly ramified, at each prime divisor of N. We

hypothesize further that SykaE is absolutely
irreducible.

Note: The "Weil pairing” for 1-dimensional cohomology of
the curve X,q induces a principal polarization on H, and

by Lemma 1 of §1, the action of A is Hermitian with
respect to this pairing. It follows from our hypotheses up
to this point and from the Lemma of §2 of Chapter 3 that
A is Gorenstein.

(4) Let W* = SymAz(H) and W = Homzp(W*,u) these

both being considered as A[Ggl-modules. We assume the

"A-hypothesis” for « € A, for all non-zero-divisors « € T,
as in §5 of Chapter 2. '
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§4. The Flach Classes.

Let us give ourselves now a Hecke Curve X of level N
together with an admissible w-marking fyx and an

admissible maximal ideal m, keeping the notation of the
previous §'s.

Then for each prime number { not dividing p-N we

obtain (using hypothesis (1) of §2 above, and the
constructions of Chapter 6) a cohomology class,

op= olfy; I'p/ XxX) € H3(XXX/Q, Zp(2)).

PutV = XxX and V = V®@@. Since, by the Lemma of §4
of Chapter 6, the edge-homomorphism e: H3(V,Zp(2)) —
HO(GK,H3('\_/,Zp(2))) vanishes (because K is a number field

and H3(Xx X,Zp(Q)) is torsionfree), it follows, as in §4, §5
of Chapter 6, that the Hochschild-Serrre Spectral

Sequence yields a natural homomorphism,

3 oyl 20T
H3(V,Z,(2)— HL (G HA(V,Z,(2))

and, conforming to prior notational conventions, we
denote by o'y =o'(fy; T'y/ XxX) € HN(GK, HA(XxX,7,(2)))
the image of o(fy; I'y/ XxX) under this homomorphism.

Now let

(2) gy ¢ H(Gq, H1(>‘<,zp<1))@ZpH1<>‘<,zp(1)))

denote the image of ¢’y under the natural mapping

induced on cohomology from Kunneth projection
20X x X 1% 1%
H4(XxX,Z,(2)) — H (X,Zp(i))®ZpH (X,Z2,(1)).
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Let us consider the "ramification"” of the classes o'p_ and

5y

As for the behavior of 59 restricted to the decomposition

- groups at primes dividing N:p, we defer this to § below.
As for its behavior at primes r not dividing N-p, we have,
from Chapter 7, that the "ramification” of o' is

measured by the divisor Ram(oy) € DiV(X/Fr"X/Fr)

given by the "part” of the Cartier divisor (fj) which is

vertically supported in characteristic r. By the
hypothesis (2) of §2 above, we have then that oy is

unramified except possibly in characteristics dividing
0-N-.p. In characteristic §, we have, by the hypothesis
(3) of §2 above, the formula:

(3) Ramy(oyp) = w-(Froby -Froby™).

Definition 4: Let (X,fy,m) be a triple, where X is a
Hecke Curve, fyx an admissible w-marking on X, and m

an admissible maximal ideal (we also use the same
notation, m, for the maximal ideal of the ring A = Bm; cf. t

Definitions 2,3 above).

For each prime number { not dividing N the 2-th Flach
Class '

c(l) € Hl(GQ,ZU{g}, W)

is defined to be the image of the class 82 under the

natural projection

HlGq, HL(X,Zp(1) ez HHXZ,(1) = HY(Gg, W™

§5. Cohesive Flach Systems attached to Hecke
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curves.

Theorem: Let X be a Hecke curve endowed with an
admissible w-marking fy, and an admissible maximal

ideal m € A (cf. above, for the definition of A, which is
Gorenstein in this situation). Let p > 2 be the residual
characteristic of m. The rule § — c(?) assigning to each
prime number £ not dividing p-N the Flach class c(2) is a
Cohesive Flach System for the representation

p: GQ,Z — GLQ(A)

(of depth w-n, where n is a congruence element for A).

Proof: We defer the proof of the following Proposition to
the next §:

Proposition (“finiteness of the Flach classes"): For
all prime numbers { not dividing p-N, the Flach class c(2)

lies in HL(X-(0L,W*) < HL(Gg sy} W™).

Proof of the Theorem, assuming the Proposition:

We shall check the three properties in the definition of
Cohesive Flach System (cf. Chapter 3, §9 above).

Property 1: In fact, we shall show:

Lemma 1: For all primes ? not dividing p:N, the Chern
class of the divisor Frob-Frob¥ ¢ DiV(XFQXXFQ) under the

composition of homomorphisms

GF
F_QXXF_Q’ Zp(l)) ! =

Hl(Gg, H2(X@QxX@Q, Z,(2)) -

(4) H2(X
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1%~ 1(x— N
Hl(Gg, H (Xg,Zp(1) ®7 HH(Xg Z5(10)

H(Gg,, H 7 H) - Hl(Gg, H ®pH) - Hel(Gg, W™,

is divisible by n, where the subscript "s" refers to the
singular part as in §5 of Chapter 1.

Proof: Since the Frobenius endomorphism and its
transpose commute with the action of A, the image of the

Chern class of (Frob-Frob¥) in Hsi(GQQ, H®ZpH ) =

HomGFQ(Zp(l), H®ZpH ) under the chain of

homomorphisms in (4) above lies in the submodule

(5) HomGFQ(Zp(l), (H®ZpH)8 ) C HomGFQ(Zp(l), H®ZpH ).

Using Lemma 1 of §7 of Chapter 7, and the diagram (13)
we get the commutative diagram

HomGFQ(Zp(l)’ (H®ZpH)8) - HomGFQ(Zp(l)’H®ZpH)

(6) pl = l

HOmGFQ(Zp(l)’H‘X’AH) - HomGFQ(Zp(l),HGbAH),

n

giving us that the image of Chern (Frob-Frob¥) is
divisible by n, thereby establishing our Lemma and
property 1).

O

Property 2: We will now be making intensive use of
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the notation and theory of §4 of Chapter 3. For 2 € T, let
us call @y € Hsi(GQQ,W*) the image of the class

G
_ # (v _ F
Chern (Frob-Frob™) ¢ H (XFQXXFQ» Zp(l)) 0

under the composition of homomorphisms of (4) above.
Property 2) follows from:

Lemma 2: For ) ¢ L, the class @) € Hsl(G@Q,W*) is of

depth n (i.e., is equal to n times a generator).

Proof: Fix ? €L. Consider the image, Kps of the class

Chern(Frob-Frob¥) under the composition of the first
three morphisms of (4); namely:

G
(7) Chern(Frob-Frob#) e H2(Xg xXg , Zp1) 'L -

1 2 = X N -
H 1 (Gq,, H2(Xg, X, Zp(2))

1 1(x = 1(x= S
Hel(Gg,, B (Xg, Zp(1) ®7 H (Xg, Z5(1))

Ko € HH(Ggy. H ez H).

As discussed above, since the correspondence Frob
commutes with the action of A, it follows that k) lies in

the submodule HomGFQ(Zp(l), (H®ZpH)8) C

HomGFQ(Zp(l),HQ’ZpH) = Hsl(G@g, H ®ZpH ). Consider the
image of Ky € HomGFQ(Zp(l),H(&ZpH) under the

homomorphism,
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B: HomGFQ(Zp(l)’H®ZpH) - HomGFQ(Zp(l),H®AH)

of diagram (7) above.

If u and v are the two eigenvalues of the Hecke operator
Ty on H we write H = H,®H,, for the two eigenspaces.

Make the choice of a Z,-generator ¥ of Zp(l) and an A-
generator x of H,. Having made these choices find an A-
generator y for Hy, such that x~y =¥ under the Hermitian
pairing ~: H ®H,, —>Zp(1) determined by the polarization
on H (cf. §4 of Chapter 3) In terms of these bases of Hy
and H,,, we get an A-basis of HomGFQ(Zp(l), He pH) |

which, by Chapter 3, §4, (7) is identified with

(8) HomGFQ(Zp(i)» Hy®pHy,) o HomGFg(Zp(i), Hy® aHy);
namely, the homomorphism {¥ —x®vy} is an A-basis of
HomGFQ(Zp(l), Hy® pHy, ) and {¥ »y®x} is an A-basis of
.HomGFQ(Zp(l), Hy,® pHy; ). The image of the Chern class of

Frob in HomGFQ(Zp(l), He pH ) is then given by

(¥ » u-x0y & v-y®x},
while that of the transpose of Frob is given by
{¥ » v-x®y & u-y®x 1},

so that Ky is (u-v)-{¥ —»x®y+y®x}. Since, for § € L, u-v is

congruent to 2 modulo the maximal ideal m of A, and
since p >2, this gives that for £ €L, k) is a generator of

the subspace of HomGFQ(Zp(l), He pH) which is fixed

under the involution that permutes the two factors H in

164




He pH. Since ?y is the projection to Hsl(GQQ,W*) of
T]°ﬁ(KQ), it follows that @) is n times an A-generator of
Hsl(GQQ,W*). It follows that c(8) has singular depth n at 2.

O

Property 3: We shall be checking what is, in essence, a
stronger form of the "derivation property" 3); namely:

sLemma 3: The rule
ry » oy € Hl(Gq, Hi(i,zp(i))®ZpH1(>’<,Zp(1)))

which, for each prime number 0 not dividing p:N, assigns
to the 2-th Hecke correspondence ['y the class o) (as

defined in §4 above) extends to a bilateral Zp—derivation
of the algebra @ = G,® ZZP to the G®ZpG—module

G HHX, Zp()eg HHX,Zp(1))),

Proof: The hypotheses that we have made in our
present situation give us all the hypotheses required in
the Proposition of §6 of Chapter 7; the conclusion, then, of
that Proposition gives us our Lemma. Conforming to our
notation there, let us denote the bilateral derivation

(99 D: a - HlGg, Hi(x,zp(i))®ZpHi(x,zp(i))).
O
It then follows from the Corollary to the Divisibility

Proposition of §7 of Chapter 7 that the bilateral
derivation D "gives rise to" a unique derivation
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(10) ®: A — HL(Gg, He pH)

which fits into the commutative diagram (17) of §7 of
Chapter 7. This derivation ® has the required properties
to give us 3).

O

§6. "Finiteness" of the Flach classes.

The Proposition of §5 requires that we check that, for
all prime numbers r =1, the restrictions of the Flach
classes land in the "finite parts” of Q, - Galois cohomology.

These classes are unramified for primes r not dividing
p-N-2, and so it only remains to check the primes r
dividing N, and the prime r=p. We separate these two
statements as distinct lemmmas, and also take the
opportunity to record a statement somewhat more
precise than is needed above, but which will be needed
later. Recall the class

(11) o) « H1(GQ,ZU{Q},H1(>_(,Zp(1))®ZpH1(}_<,Zp(1)))

constructed in (2) of §4 above. For use in Chapter 11 we
want to deal with this "finer" class o) rather than the

Flach class c¢(8) € Hl(GQ,ZU{Q} , W*). Note that the

statements of the Lemmas below explicitly make use of
the natural finite/singular structure on the Gg-module

H1(>_(,Zp(1))®ZpH1(>_(,Zp(1)).

Lemma 1: For all prime numbers { not dividing p-N,
and all prime number q dividing N, the restriction resqoy

of the class 50_ to G‘QQ lies in the finite part,
1 1% 1%
Hf (GQq, H (X,Zp(l))®sz (X,Zp(l))),

in Hl(G@q, Hi(i,zp(i)mZpﬂi(i,zp(i))).
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Lemma 2: For all prime numbers 2 not dividing p*N,
the restriction resp oy of the class o) to GQIZ lies in the

finite part, Hfi(G@p, H1(>‘<,zp(1))®ZpH1('>"<,zp(1))),

in Hi(GQP, H1(>’<,zp(1))®ZpH1(>'<,zp(1))). ‘

What we need, at present, of these two lemmas are the
following:

Corollary 1: For all prime numbers { not dividing p-N,
and all prime number q dividing N, the restriction

resqc(ﬂ) of the Flach class c(2) € Hi(G@,ZU{Q},W*) tg
Hl(GQq,W*) lies in the finite part, Hfl(GQq,w*) c

Hi(GQq,W*).

Corollary 2: For all prime numbers 2 not dividing p-N,
the restriction respc(ﬁ) of the Flach class c(?) €

Hl(G@,ZU{Q},W*) to Hi(G@p,W*) lies in the finite part,

Hel (G W™) © H (G, W™).

Proofs of Lemma 1 and Lemma 2: Not yet done!!

.. In §8 of Chapter 6 we "measured" the ramification of
cohomology classes (denoted there c(f;Zn/Un))

constructed from "Gersten cycles” (f, Z/U) at primes 2 of
good reduction for the ambient surface U. To deal with
Lemma 1, we must now extend this theory to measure
ramification at primes § of semistable reduction. At least
we must do this in the particular context that we find
ourselves, namely where our surface U is XxX, for X a
curve of semistable reduction at £.

IR EE R EEEEEE R EN]
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Chapter 9. Modular Curves.

§1. A quick review of the basic geometry of
modular curves of square-free level.

References: [S], [L],....

Let M be a square-free positive integer. The modular
curve Xg(M),q is a projective smooth geometrically

irreducible curve over @Q containing an affine open usually
denoted Y(M), which is the "coarse moduli space”

classifying isomorphism classes of pairs (E,Cpg) where E is
an elliptic curve, and Cpg CE is a cyclic subgroups in E of
order M. The complement of Yq(M) in Xn(M) consists in

the finite set, Cg(M), of "cusps” which can also be given a

"modular interpretation” as classifying isomorphism
classes of pairs (E,Cpg) where E is isomorphic to Gy x

Z/M-Z (a "degenerate elliptic curve”’), and Cpj € E is
again a cyclic subgroup of order M. The points of Cg(M)

are all Q-rational and are in natural one:one
correspondence with the set, D(M), of positive divisors of
M, by the rule that a pair (E,Cpy) corresponds to the

integer d = the order of G,,N CyM- There is a commutative
group of involutions acting on Xg(M)/q, usually referred

to as "the Atkin-Lehner involutions”, or "the w-operators”,
the elements of which are in one:one correspondence with
D(M); let us call this group Wa(M). The involution wg

which “corresponds” to d € D(M) under the oneione
correspondence D(M) - WE(M) is defined by the rule

that associates to the pair (E,Cpj) the pair (E',C\1) where
E' is the quotient of E by the (unique) cyclic subgroup of
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order d in Cpj, and C')j is the image in E’ of the subgroup
in E generated by Cpj and the kernel of multiplication by

d.
If N is a positive divisor of M, there is a surjective
mapping defined over @, denoted jp N: Xo(M) — Xg(N)

given by the rule which associates to the pair (E, CM) the
pair (E,CN) where Cyy C Cyy is the (unique) subgroup of
order N.

There are regular semi-stable (projective) models over
SpecZ, for the curves Xg(M)/q which are smooth over

Spec Z[1/M] (all square-free M > 1). These semistable
models have the further properties that the action of the
groups of involutions Wa(M) extend to the model of Xn(M)

(all square-free M > 1) and the morphisms JM,N extend to
yield morphisms of the semistable model of X3(M) to that
of Xg(N) (all square-free M 2 1, and positive divisors N of
M). One has:

Proposition: Let Jl denote the set of positive square-free
integers The association n = X, := Xg(n) for n €71, with

the j's and w's given as above constitute a Hecke Tower
in the sense of Chapter 8.
O

In fact, as confessed previously, this is the only example |
know of a Hecke Tower.

§2. The j's and w's acting on the set of cusps.

Let M be a multiple of N and both M,N square-free
positive integers. The Atkin-Lehner involutions and the
mappings ,_]'M,N preserve cusps. The set Cp(M) is a

principle homogeneous set under the action of Atkin-
Lehner involutions Wa(M). If we use the identifications of

the sets Cp(M) and W(M) with D(M) as described in §1,
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and compose one of these identifications with the inverse
of the other to make an identification of sets CO(I\/I) =

Wqo(M), the action of Wa(M) on Cy(M) is then given by the

multiplication law of Wp(M). We have a commutative

diagram
JM,N
Co(M)  — Co(N)
= l l =
D(M) - D(N)

d — gcd (d,N).

Lemma: The degree of the mapping JM,N :
Xo(M)—=X(N) at the cusp cq in Cg(M) identified with the
divisor d € D(M) is equal to

d/ged (d,N).

a

For purposes of the next §, let us draw the local picture
of the mapping jp N on cusps. Fix ¢ € Co(N), and let
Co(M;c) € Cp(N) denote the full inverse image, JM,N_l(c).

From the previous discussion, we have an identification of
Co(M;c) with the set D(M/N) of positive divisors of M/N,

and the degree of the mapping JM,N at the cusp cg in
Co(M;c) corresponding to the divisor § € DIM/N) is, by the

previous Lemma, equal to 8. Let 8% denote the integer

such that §:8* = M/N. Then, also by the Lemmma, the
degree of the mapping JM,N WM /N at the cusp cg is

equal to 8%.

Now let us focus on the mapping of eventual interest to
us,
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(1) ‘jM,N XJM,NOWM/N X Xo(M) —)FM/N Cc X x X,

where we fix X = Xg(N). As a summary of the above

discussion, we have that the image of the set of cusps
Co(M) under the above mapping consists of the "diagonal”

in Cp(N)xCq(N); given a diagonal cusp (c,c) € Cp(N)xCq(N)
C XxX, the inverse image of (c,c) in Xg(M) is precisely
the set Cp(M;c) = D(M/N), the local degree of the
projection of Xg(M) to the first factor X at the cusp\ cg €
Co(M;c) corresponding to the divisor 8 € DIM/N) being
equal to 8§, and the local degree of the p{ro\jection to the

second factor being 8§*.

§3. Modular units.

The term "modular unit" denotes a rational function f on
a modular curve (eg., on Xg(N)) such that the divisor (f)

of zeroes and poles of f is supported at cusps. For a
systematic treatment of modular units, see [K-L].

Now let us fix our sights on the Hecke Tower X described
in §1 above; ie, for n €71, the curve X, is equal to

Xo(n),q. Fix N € T, and put X = X (=Xg(N)) for short.
Let w € Z, and let fy be a w-marking of the curve X

(equivalently, fyx is a rational section of the
pluricanonical sheaf (QXO(N)/@)®W ). Recall the

construction of the functions f,, on I'y = rn,N C XxX for

all n €N relatively prime to N, given in §2 of Chapter 8
(see, in particular, the paragraph labelled Notation
there). Let us view the rational function f,, as being a

rational function on X,.N = Xo(n-N), the normalization of

171




'y = lqn,N- '

Definition: Say that fy is a modular unit generator

(of level N and of weight k = 2w for w € Z) if for all n €
J1 which are relatively prime to N, the rational function
fy, on Xg(n-N) is a modular unit.

Example: The classical modular form A= q-TT(l-qn)24 of

level 1 and weight 12, which we view as a rational
section of the sheaf {leo(i)}% is a "modular unit

generator” of level 1.
Proof: .....

Proposition: If fy is a "modular unit generator”, then fyx

is admissible, in the sense of Definition 2 of §2 of Chapter
8, i.e.,

(2) "ord,(f,)" = 0

for all n €1 be relatively prime to N, and z closed points
of T'y,.

Proof: Let n €7l be relatively prime to N, and note that
since our hypothesis gives us that the divisor of zeroes
and poles of f,, on Xg(n-N) is supported on cusps, to check

the proposition it suffices to check (2) for points z €'y,

which are images of cusps. But this comes “for free” in
view of the lengthy "summary” given at the end of §2
above. Here is the argument, in which we make use of the
notational conventions of §2. Recall, in particular, that c
is a cusp of X = Xg(N) and, for 8§ € DIM/N) we let cg €

Co(M;c) denote the cusp projecting to ¢ under ‘jI\/I N which

corresponds to & under the identification D(M/N) =
Co(M;e).

Suppose that we choose Z a local uniformizer of
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Xo(M),q about cg, so that z= 78 is a local uniformizer of

X=Xg(N) ,q about c. Consider some local meromorphic

section @= zl'-k(dz)<8>W of (QX/®)®W about c, with r, w ¢

Z. Putting 3g =y, N*(tp) and ¥g :=(JM NowM/N)*(cp) both
restricted to a suitable neighborhood of cg, we use the

discussion of §2 to compute ords at cg:

(3) ordz(%g) = r-8+w-(8-1)
ord7z(¥g) = re8*+w-(8*-1).

Returning to the mapping (1) of §2, and summing (3)
over all cg € Cg(M;c), we compute

" . *% . % _1 "
(4) ord(c,c){JM,N (@)®(JM,N°WM/N) (@) 7} =

pX r-8+we(8-1) - r-8*+w-(8*-1),
8§e D(M/N)

and we note that the sum is zero (for any r and w).
Applying this local analysis to ¢ = fy restricted to each

cusp ¢ € Cp(N) gives (2).

O
To summarize the above, for X = Xg(N) we may identify

AM(X), the group of admissible markings on X (cf.
Chapter 8, §1), with the group of "modular unit
generators” on X. The image of the degree mapping

AM(X) — Z

(cf. (1) of Chapter 8, §1) contains 6-Z (since A is an
admissible 6-marking).

173




Part 1l Bilateral axiomatics

Chapter ten. Bilateral algebra.

§1. Bilateral derivations. All the rings and algebras
we will consider in this section are assumed to be |
commutative.

Let, then, A be a noetherian (commutative) ring (with
unity).

Notation: For B a (commutative) A-algebra, consider the
A-algebra

By = B® AB.

We view By as equipped with its two natural B-algebra

structures, its "left B-algebra structure” via the ring
homomorphism b — b®1 and its "right B-algebra
structure” via the ring homomorphism b — 1®b. The
natural "diagonal’ homomorphism WwB® AB—B, which is a

homomorphism of B-algebras (when By is given either its
left or its right B-algebra structure) gives B a natural B,-

algebra structure.

Let B be a A-algebra, and M a Byp-module.

Definition: A bilateral A-derivation of B to M to be
a A-homomorphism

0:B —»M

satisfying the relation J(x-y) = (1®x)-9y +(y®1)-9x for
all x,y
in B.

Example: For any (commutative) A-algebra B the
canonical bilateral derivation &§:B — By is defined
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by the rule 8(x) = 1®x-x®1.
Remark: This notion occurs in ...
Lemma: Let 9: B =M be a bilateral A-derivation. Then
for any two elements x, y € B, 8(x)-3(y)=8(y)-9(x).
Proof: This comes from comparing the two sides of the
equation d(x-y)=09(y-x), using the definition of bilateral
derivation.

]

Notation:

Let 'y CBj denote the kernel of the homomorphism
W: Bo—B (L: b®ab" = b:b).

The sub Byo-module I'g is generated by the image 8(B).
The canonical bilateral derivation 8§ takes its values in FB
C B2 .

If M is any Byg-module let
Mg = {me M| &x)-m = 0, for all X € B};
i.e.,, Mg is the intersection of the kernels of the Byp-

endomorphisms 8(x) of M where x runs through all
elements of B. Equivalently, Mg = M[I'gl. Since the ideal

ker(j), we see that the

I'g annihilates Mg, and since I'g
By-action on the By-submodule Mg C M factors through
B. Therefore Mg may be (and will be) viewed as a B-

module.
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§2. "Counter-algebras” and congruence ideals:

Let B be a A-algebra, and consider M = By viewed as
Bo-module. What geometric significance does the ideal
B2,8 C By have, and what is the significance of the image
U(Bz,g) cB?

Definitions: If A is any commutative ring, and B any
(commutative) A-algebra, define the A-counter-algebra

B+ of B to be the quotient By/ By 5. Also (following H.
Lenstra [L]) let us call the ideal n(By g) in B the
congruence ideal of the A-algebra B. Call the quotient
A-algebra B = B/u(Bj g) the congruence quotient
algebra of B.

For any A-algebra B, then, we have the natural
commutative diagram, where "lines are exact” and where
the lower right square is a Cartesian square ( of A-
algebras with surjective homomorphisms) ,

0 0

l l

0 — BQ,SOFB - FB

(1) 0 - B2,8 — By - B+ -0

l l l

0—>L.L(BQ,8) - B - B —- 0

l l
0.

0 0

Carrying over some of this notation to the corresponding
affine schemes, if S = Spec A and X = Spec B, the "Spec” of
the Cartesian square above gives us a Cartesian diagram
of S-schemes (morphisms being closed immersions) which
can be denoted
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XxgX & X+
@ 1
X “— )—(,

where X —XxgX is the diagonal morphism, and X is the

scheme-theoretic intersection of X and X+ in XxgX. The

formation of the diagrams (1)B/A and (2)X/S are

"functorial” (in an evident sense) in B/A and X /g,

respectively, and commute with base change of A and of
S, respectively [ in the sense that tensoring the diagram
(1) term-by-term with A' over A yields (1)n.

B/A T 7 B'/A

where B' = B® A/, and similarly for (2)X/S 1.

Examples: 1) In the special case where B is a finite
ctale A-algebra (equivalently, X is finite etale over S) the

diagonal subscheme is open and closed in XxgX, and X+

can easily be seen to be the complement of the diagonal
in XxgX. In this case X is empty, and diagram (2) boils

down to the assertion that there is a decomposition of
XxgX as the disjoint union:

XxgX = X LUX+.
We can also state this in terms of diagram (1): we have
BQ’SOFB = {0}, B2,8 = B2,8) = B, and

By = BXFB.

2) Next, consider the case where A is an integral
domain and B is a finite flat and generically etale A-
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algebra. Let K denote the fraction field of A, and put 3=
Spec)K) and X = Spec(B® AK). Then, as in 1), we have

XxgX = X X+,

where X imbeds in Xx gX as the diagonal, and X+ is the

complement to the diagonal.

We also have that the diagonal X CXxgX is the Zariski-
closure of X in XxgX, and that X+ € XxgX is the Zariski-

closure in XxgX of the complement-to-the-diagonal X+ C
Xx gX. So the "congruence quotient scheme"” X is, in this

case, the scheme-theoretic intersection of the Zariski-
closures over all of S of diagonal and complement-to-
diagonal schemes at the generic point of S. Diagram (1)
simplifies in this case, for we have:

Lemma : B2,8ﬂl"B = {0}.

(Proof: Since A is an integral domain, and B2,8” I'g C
B, which is finite and flat over A, BQ,SH I'g is contained
in K®/\(B2,8” I'g) which vanishes)

giving us the commutative diagram (with exact straight
lines):
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0 0
L=
' — I'p
| l
(3) 0 — B2,8 - B2 - B+ >0
= | l l
0 —>LL(B2,8) — B —- B —0 '

l

0 0.

3) When B is Gorenstein. Making the assumptions
of 2), i.e., that A is a (noetherian, commutative) integral
domain and B is a finite flat and generically etale A-
algebra, and making the further assumption that B is
Gorenstein, we have that LL(BQ,S) C B is a principal ideal

generated by a (by any) congruence element 1 of B, ie., B
= B/u-B. We also have that 1 is a non-zero divisor in B.
It follows from diagram (3) above (since By § = W(By g) Is

an isomorphism of B-modules) that B2,8 is a principal
ideal of By, generated by any lifting N € B2,8 of n. Let us

refer to such a lifting 1 as a bilateral congruence
element (in By). Diagram (3) then reads:

0 0
l = l /
I's— I'p

§3. Annihilating ideals.
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Let m:B — A be a surjective A-homomorphism of
(commutative, as always) A-algebras, with kernel given
by the ideal I € B. Then the kernel of the induced A-
homomorphism By — Aj is the ideal 1®B+B®I C Bj.

Let M be an Ap-module, viewed as By-module via T;
equivalently, M is a Bo-module annihilated by I®1 and

1®I1. Let 9: B = M be a bilateral A-derivation of B to M.
Then, as proved in Part II,

Lemma: The restriction of 9 to | induces a

homomorphism d of A-modules,
)

1/12 - Mg

(5) T l ¢

IcB — M.
d

S§4. The module of bilateral differentials.

For B a A-algebra, consider the category of bilateral A-
derivation on B, and let d: B — QB//\ denote a universal

bilateral A-derivation (as will be constructed in the
Proposition below). Equivalently, d:B —Qpg/a is an

initial object of the category of bilateral A-derivations on
B. This simply means that Qg,/A is a By-module, and d is

a bilateral derivation from B to QB//\ with the pfoperty
that given any Bjp-module M and bilateral derivation o:
B — M, there is a unique By-homomorphism h:QB//\ —
M such that 9= deh. We will refer to QB//\ as the By-

module of bilateral differentials (relative to A). In
§ below we shall, in fact, show that for any A-algebra B,
the canonical bilateral A-derivation §: B — FB is

180 | -




universal. But for the time being let us content ourselves
with the assertion of existence:

Proposition 1: For any A-algebra B, there exists a
universal bilateral A-derivation d: B — QB//\-

Proof: One could simply dispose of this proposition by
making the evident construction; i.e., form the the free
By-module generated (freely) by elements db as b runs

through all the elements of B, and then take the quotient
Byo-module of that free module obtained by imposing all

the relations necessary for b—db to be a bilateral A-
derivation. Nevertheless, here is a somewhat more
economical construction of Qp,/A which may be slightly

more revealing.

Construction:

Step 1: Let X be any set, and let P denote the (free,
commutative) polynomial algebra over A generated by
the set X. Define Fy to be the free Po-module generated

by the set of symbols dx for x € X. Let Wy be the
quotient Pop-module of Fy obtained by imposing the
relations 8(x)-dy = 8(y).dx for all x,y € X. E

Lemma 1: There is a unique bilateral derivation d: P —
Wy which sends each x € X to dx € Wy.

Proof: We define d on the set Jll,, of monomials of degree

<n in the elements of X comprising a basis of P as A-
module proceeding inductively in n. Our inductive
hypothesis is that we have defined d on T, in such a

way so that
(6) d(o-p) = (1®ax)dp + (p®1)dx
for any monomials «,8 with «-p €Jl,. It follows that we
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also have 8(«x)-dp = 8(p)-dox for such pairs «,p. The
definition of d on T4 is forced by the prescription given in

the lemma, and visibly satisfies (6) so we may assume
that d has been defined satisfying (6) on MM, for some

nx1, and we must inductively define d on Il ;4 showing

that it is "well-defined"”, and also that it satisfies (6) on its
extended domain. Given a monomial m € 4 writing

mas m = X-r for some x ¢ X and r € fmn the definition of
dm is forced on us: dm = (x®1)-dr + (1®r).-dx. To see that

this prescription is well-defined, imagine a different
factorization of m, m = y-s, and we must compare
(7) (x®1)-dr + (1®r)-dx

with

(8) (y®1)-ds + (1®s)-dy.

Assuming that the two factorizations are distinct, i.e.,

that x=y, we may write m=x-y-t with r=y-t and s = x-t,
both in M,. By induction we have

dr = (y®1)-dt+(1®t)-dy, ds = (x®1).dt+(1®1).dx,
and therefore (7)-(8) is given by
(9) (x®t)-dy + (1®yt)-dx - (y®t)-dx - (1®xt)-dy =
(18t) { 8(x)-dy - 8(y)-dx }
and this vanishes since the term in brackets is one of our

relations. What we have done so far is to define d on
Mpy+1 and to check, in fact, that (6) holds if o« or p is of

degree 1.

To check that (6) holds for «,p of general degree with
o-p €My, Write o = x-a for x of degree 1 and a of
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degree 21, giving us, from what we have done so far,
that d(x-p) = (x®1)-d(a-p) + (1®a-p)-dx and do =
(x®1)-da + (1®a)-dx. By induction applied to a-p €, we

also have

d(a-p) = (1®a)dp + (p®1)da,

so we are in reasonable shape to compute the difference,
d(ox-p) - {(1®x)dp + (p®1)dox}

as being equal to

(10) (1®a) {6x-dp -6p-dx }

which vanishes since the term in the brackets vanishes
by the inductive assumption, x-g being in M, .

O

Corollary: The bilateral A-derivation d: P — Wy is

universal for the A-algebra P.

Proof: If 3: P —» M is any bilateral A-derivation, then
define the Pp-homomorphism h: Fx — M by the rule that

dx — 9(x). Since 8(x)-9p= 8(p)-dxx for any two elements
o,p € P, the relations 8§(x)-dy-8(y)-dx in Fy are sent to

zero under h, and therefore h induces a homomorphism
h: Wy — M such that 9= hed, and clearly h is uniquely

determined by this equation.
O

Having established that d: P =Wy is universal for

bilateral A-derivations of P, let us rename it d: P
— Qp/A noting that in view of its universality property it

is canonically defined, independent of the basis X chosen,
and uniquely so up to canonical isomorphism.

Step 2: Now let B be any A-algebra, and X C B any set
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of generating elements for the A-algebra B. Let P denote
the (free, commutative) polynomial algebra over A
generated by the set X. Let I C P denote the kernel of the
natural surjection of A-algebras P —B. By the lemma of
§3, the composition of mappings

P —')QP//\ _)QP//\®p2B2 =Qp//\ / (I®AP+P®AI)°QP/A
Io% — dox ® 1

induces a homomorphism of By -modules

d: 1/12 - Qp//\@PQBz

(in fact, of B-modules, if we restrict the range to the
submodule (QP//\®p Bolg ).
2

Define Qg/A to be the quotient By-module of Qp//\®p282

which fits into the exact sequence of By-modules,
(11) /12 - Qp//\®p2B2 - QB//\ — 0.

An equivalent description of the Bo-module QB//\ is given

as follows. Consider the subset §= d4dl+
(I AP+P®AD-Qp /A in Qp/a, ie., the subset of elements

of the form do + v where o € [, and v
c(I® AP+P® AD)-Qp /A . Then this subset § forms a sub Py~

module of Qp//\ and QB//\ is the quotient Po-module
§~2p//\ /3 with its inherited Bo-module structure.

Define dp: B — QB//\ to be the universal bilateral A-
derivation on P, d: P — Qp//\ taken modulo J.
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Lemma 2: The mapping dg: B — QB//\ is a universal

bilateral A-derivation on B.

Proof: The mapping dp:B — QB/A is indeed well-
defined on B, i.e. dgl = 0 since dI €4, and dp is a bilateral

A-derivation on B. Given any bilateral A-derivation on B,
9:B - M where M is a By-module, we may view 0 as

giving a bilateral A-derivation on P with values in M,
viewed as Pp-module. By universality of Qp/A. we have

a unique Po-homomorphism h: Qp//\ — M such that

d=hed. It is immediate that h(J)=0, giving our lemma, and
therefore our Proposition.
0

Corollary: Let m: C—B be a surjection of A-algebra
with kernel equal to J € C. Then m induces a sur jective
homomorphism Q¢ /A ®C2B2 — Qp/A of B2—modules

fitting into an exact sequence:

(12) J/J2 - QC/A®CQB2 - QB//\ - 0.

Remark: We will often be dealing with complete
(noetherian) local rings A and complete (noetherian) local
A-algebras B viewed as topological rings, and for these it
is more appropriate to deal with "continuous” bilateral
derivations and differentials. When working in this
category we let By denote the completed tensor square

B@AB and we consider only continuous bilateral
derivations from B to Bo-modules. The initial object in

this category (of continuous bilateral derivations from B
to Bo-modules) we will call the module of continuous

bilateral differentials Qp/A cont- If m C B is the
maximal ideal then QB//\,cont is isomorphic to the

projective limit
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QB//\,cont = lim. proj. Q(B/m’”)//\'

U — oo

If X is a set, and P the power series ring in the variables
X with coefficients in A, then Qp/A.cont 1s the Pé—

module generated by X with relations 8§x-dy=8y-dx for all
X,y € X.

The previous Corollary has a direct analogue for
continuous bilateral differentials; namely: Let A be a
complete noetherian local ring, and m: C—B a surjection
of complete noetherian local A-algebras with kernel
equal to J € C. Then 1 induces a sur jective
homomorphism QC//\,cont ®C2B2 — QB//\,cont of Bo-

modules fitting into an exact sequence:

(13) J/J2 - QC/A,cont®C2B2 - gAjB//\,c:ont — 0.

Remark: When we are clearly working in this category
of complete noetherian local rings and continuous
bilateral derivations and differentials (as will almost
always be the case from §6 on!), and when no confusion
can result, we will drop the subscript “cont” from the
notation.

§5. The projection to "plain old" differentials.
Composing any bilateral A-derivation 9: B =M with

the natural projection 1.: M _’M®BQB yields a A-

derivation ®=100: B— M®BQB (that is, a derivation in the

more usual sense, which we might call here "unilateral”
derivations) Let us say then that the bilateral A-
derivation 9 covers the “unilateral" A-derivation ©.
From the universal property of Qp/A we get a canonical

186




homomorphism of B-modules,
¢t Qp/a — QB/A®B,B.
Proposition: The homomorphism ¢ is an isomorphism.

Proof: Using the universality property of the Bp-module
QB//\ (for bilateral A-derivations on B) one checks that
the B-module QB//\‘X’BQB is universal for (unilateral) A-

derivations on B.
0

§6. The canonical homomorphism €.

Since the "canonical” bilateral A-derivation

§: B _)FB

(of §1) is a bilateral A-derivation, there is a unique
homomorphism of Byp-modules

£: QB//\ - FB CBy

such that €od = 8.

(we will call € the canonical homomorphism). The
following is a Corollary of the mere existence of the

canonical homomorphism €.

Corollary: Let « € B. The annihilator ideal (in By) of
the element du in QB//\ is contained in the annihilator
ideal of the element S in By. If 8o is a nonzero-divisor,

then the annihilator ideal of dox in OB//\ is trivial.

Proof: If ¥-dx=0, then applying ¢ to this we get ¥-8x=0.

187




a

Proposition 2: Let B be any (commutative) A-algebra.
The canonical homomorphism ¢: Qp/A I'p is an

isomorphism.1 The canonical bilateral A-derivation §: B
— ['g is universal.

Corollary 1: We have a commutative square of By-

modules

Qp/A = QB/A
= l £ =
rg — I'p/T'p?

where the upper horizontal homomorphism is the
homomorphism coming from the Proposition of §5, and
the lower one is the natural projection.

Proof of Corollary 1: The unlabelled vertical arrow in

the diagram which can be identified with €®B 1p is
2

directly seen to be the standard isomorphism Qp/A =

1"]3/1"32 in the theory of derivations.
O

Corollary 2: For B any (commutative) A-algebra, the
module of bilateral differentials (Qg/A is annihilated by

B2,5 and inherits a canonical Bt-module structure

induced from its Bz-module structure.

Proof of Corollary 2: Since By g is the annihilator ideal

T 1t would be embarrassing to me if anyone knew how many weeks | walked this planet
covering blackboards and yellowpads with scribblings about bilateral differentials before |
realized that this isomorphism exists.
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in By of I'g the statements in the Corollary hold for the
By-module I'g.
O

Proof of Proposition 2:

Of course it is only the first assertion of the Proposition
that needs proof, for the second then follows. I am
thankful to Beilinson for providing me with the following
short proof of this Proposition.

For M a Byo-module, let X(M) denote the set of

isomorphism classes of pairs (E, e) consisting of extensions
(E) O - M -E —-B —= O

in the category of Byp-modules, and liftings e € E of the

identity 1 € B. Note that given an (E,e) € X(M) we have a
"B®1-linear” section s: B =E given by s(b) = (b®1)e,
allowing us to write E (viewed as "B®1 -module")
canonically as E = B & M; explicitly:

(14) E=s(B)e M (= "(B®l)e & M.

The essential structure, then, of the isomorphism class
(E,e) € X(M) is given by the 1®B-module structure on
(14). The 1®B-module structure on E, being determined
on 0 ® M by the By-module structure of M, and being

also determined on the projection to the first summand
B, is entirely captured by the following data: form the
bilateral derivation d:B—M given by d(b') = 8(b')-e
viewed as an element of M, where b’ € B. We may
reconstruct (E,e) from d, the prescription being

(15) (1®b)(b ® m) = b'b ® {(18b)-m +(b®1)-d(b")}

where the direct sum @ refers to the decomposition of 14)
above.
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Moreover, given any bilateral A-derivation d:B—M
(15) determines a Bo-module structure on (14) which

defines an isomorphism class (E,e) € X(M). This gives us a
canonical bijection '

(16)  X(M) = Homp, (Op/AM).

We also have a mapping X(M) — HomB2(TB,M) by
sending (E,e) to the By-homomorphism f: I'g =M given

by f(¥)=¥-e viewed as element of M. We can reconstruct
(E,e) from such an f by taking the image under f of the
class (Eg,ep)

in X(I'g) where E is the exact sequence of Bp-modules
{0»T'g—By—B—0} and e, is taken to be the identity

element 152 €By. Thus we have a bijection
(17) X(M) = HomBQ(FB,M).

Composing the two bijections (16) and (17) gives us a
bijection

HomBz(FB,M) = HomBz( Qp/AM)

which is directly seen to be an isomorphism of By~
modules,
giving Proposition 2.

0

Remark about continuous bilateral differentials:
Working in the category of complete noetherian local
rings we have the analogous isomorphism QB//\,cont

['g where I'g is the kernel of B&AB — B. Again, if we

are working squarely in this category and no confusion
can result, we will suppress the subscript “cont” and the )
from the notation.
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§6. Bilateral ewvolution.

Definition: Say that a surjective homomorphism of A-
algebras, m: C — B.is a bilateral evolution if the
induced homomorphism Qg /A ®C2B2 - Qp/A of Bop-

modules is an isomorphism: ~ =
e/ 8c,Ba 2 OB/A -

Let A be a complete noetherian local ring with residue
field k, and let us now work exclusively in the category of
complete noetherian local A-algebras with residue field k.
Thus if B, C are objects of this category then B® AC will

mean completed tensor product, By will mean B&AB,

and we will drop the "cont" from the subscript in the
notation for the module QB//\ cont of continuous

bilateral differentials.

Proposition: If A is a complete local noetherian ring
with residue field k, and m: C =B is a surjective bilateral
evolution of complete local noetherian A-algebras with
residue field k and such that B is flat over A, then m is an
isomorphism.

Proof: I am thankful, again, to Beilinson for providing me
with the following simple proof of this. First, using
Proposition 2 of §5, one can check directly that a
surjective homomorphism m: C—B is a bilateral evolution

if and only if Torc21(B2,C) vanishes. Seéondly, for C-

modules M, N that are flat over A one also directly checks
that there is a natural isomorphism of A-modules,

Tor® (M,N) = Tor®2, (M®AN,C). Taking M=N=B the
above facts mean that we are merely required to show

the vanishing of Torcl(B,B), which follows from
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(sur jectivity of m, and) Nakayama's lemma.
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Chapter eleven. Bilateral Flach Derivations

§1. The basic set-up for this Chapter.

In part Il we showed (subject to the clearing up a list
of "loose ends”) that Flach's construction yields a "Cohesive
Flach System"” in the terminology of Chapter 5. In fact, a
reader of that Chapter will notice that, to obtain this
result, we did not really make the maximal use of the
cohomology classes of Flach's construction. We now wish
to provide a system of axioms that sharpens the notion of
"cohesive Flach system” and that records a bit less
profligately the type of information given to us by Flach's
construction.

Let p be a prime number > 2. Let A be a local, finite flat
reduced Zp—algebra and H a free A-module of rank two

endowed with an A-linear GQ’Z—action (for 2 a finite set

of primes containing p). We assume that H satisfies the
running hypotheses of §1 of Chapter 5. In particular, it
satisfies the p-cyclotomic determinant condition.
Denoting by p: Gg s — Autp(H) = GLy(A) the

representation determined by this action, and 5 the
associated residual representation, we assume that

Sym?2(p) is absolutely irreducible and that p is cleanly
ramified at all primes of & different from p, that p is
semi-stably ramified at these primes, and that p is
Barsotti-Tate at p. For prime numbers £ not in X, let Ty

€ A denote the "8-th Hecke operator” as defined in Part I,
i.e., Ty is the A-Trace of the element p(Froby) € GL)(A)

where Frob) is any choice of 2-Frobenius element. Let @
denote the free Zp-algebra on the generating set {Tyly ¢ &
and let @— A denote the natural homomorphism of Zp—

algebras. Make the hypothesis that @ — A is surjective.

[Remark: Looking ahead, one may want to define,
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in certain contexts, an element Tp € A and include
a "corresponding generator” Tp in the algebra @G,
but let's not bother to do that now.]

We also assume that the H possesses a principal
polarization with respect to which the action of A is
Hermitian. In particular, A is a Gorenstein ring

(Corollary 2 of §2 of Chapter 3). Let n be a congruence
element for A.

§2. The A®ZpA-module H®ZpH and its cohomology.

Using the notation Ay = A®ZpA of Chapter 10, we have
that H® ZpH is a free Ag-module of rank 4. Although this

may seem a bit strained, let us give the following new
notation for the AQ[GQ,Z]—module H®ZpH'

New notation: Put W*:= H®ZpH, and let W denote the
A2[GQ,Z]—module which is Cartier dual to W¥*, i.e.,

W := Homy (H®7 H, w).
Iy "Ly

We want to think of W* and W as refinements of the
Cartier dual A[GQ,Z]—modules W>* and W of Part I of

these notes. We have natural sur jections
(1) W*—> WXep, A — WX,
and natural injections,

(2) W - Homlp(H®AH, n — Wx.
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From diagram (4) of §2 of Chapter 10, we have the exact
sequence of Ap-modules,

0 = (n) = Ay = A+ >0,

which, when tensored with H® ZpH, yields an exact

sequence

0 — (H®ZpH)8 - H®ZpH —’(H®ZpH)®A2AJ‘ - 0

(3) - | - | -

0 - n-W* - WX - W*/n.Wwx — 0.

The AJ-[GQ,Z]—module W*/n-W* = (H@)ZpH)®A2A-L is,

of course, free of rank 4. [ Recall, though, that 7 is
usually not a non-zero-divisor in A, ]

Notation: Given any bilateral Zp—derivation,

D:a — Hlgg, W™,
we denote by
sSD: @ — Hl(Gg, W*)

the "unilateral” Zp—derivation of @ obtained by composing

the bilateral Zp-derivation D:G@ — Hl(GQ, W*), with
the homomorphism on cohomology induced by the
surjection W* > W* of (1).
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§3. (Bilateral) Flach Derivations connected to
Galois representations.

Fix a prime number p > 2 and a square-free positive
integer N. Let B denote the (non-noetherian) Zp—algebra

of polynomials in a countable number of variables, these
variables being denoted by the symbols t) where { runs

through all prime numbers not dividing p-N.

B = Zp [..., tg,....].

Let
p: GQ,Z - GL2(A) = AutA(H)

be a Galois representation satisfying the hypotheses of §1.
We may view A as a B-algebra, via the mapping B — A
of Zp-algebras which sends t) to the "Hecke operator” Ty «

A. In particular, we have a natural B-module structure
on H induced from its A-module structure, and we have a
natural By = ‘B@Zp‘B—module structure on H®ZpH'

We shall make two definitions. The point of the first

definition is to formulate a relatively loose catch-all
notion. The point of the second is to capture the precise
structures we have already constructed.

Definition 1: A (Bilateral) Flach Derivation for p is a
bilateral Zp—derivation

D:B - Hl(Gg, W*) = Hl(Gg, Hoz H)
with the following two properties.

1) For prime numbers r # ! the restriction of the
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cohomology class T : =[D(tg) to the decomposition group at

r, Gg,, is 'finite’, ie., lies in Hfl(Gg, Hoz H).

2) For all ! ¢ I the restriction of the class
Ty=D(ty) € Hl(G@, H®ZpH) to the decomposition group at

1 — 1
Q, I’QSQ‘[Q € H (GQQ' H®Z H)— HOmGF (Zp(l), H®Z H), hes
in the submodule

Hom (Z,(1), (H®7 H)g) <C Hom (Z,(1), He®» H).

Proposition: To give a Bilateral Flach Derivation for p, it
is equivalent to give, for each prime number ¢ different
from p, a class T) in the By = B@ZpiB -module

Hi(G@, W) = Hl(GQ, H®ZpH) such that the classes 1)

(0=p) satisfy properties 1) and 2) of Definition 1, and such
that, we have the further relation

3) 8t21-'rg2 = Stp_zo’rgl
for any pair {4, 25 of prime numbers different from p.

Proof: The connection between the classes 1) described

in our Proposition and Bilateral Flach Derivations is, of
course, as follows: Given a Bilateral Flach Derivation D,
the classes Ty = D(ty) satisfy the Properties of our
Proposition, where 3) follows from the Lemma of §1 of
Chapter 10. Given a system of classes T) as in the
statement of the Proposition, that there is a unique
Bilateral Flach Derivation D such that D(ty)= Ty for all

=p follows from Lemma 1 of §4 of Chapter 10.
O
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Any finite linear combination of Bilateral Flach
Derivations attached to p with coefficents in Ay = A® ZpA

is again a Bilateral Flach Derivation attached to p.

Notation: Denote by BFD(p) the Ay -module of all

Bilateral Flach Derivations attached to p.

Definition 2: Let o« € A be a nonzero-divisor. A
(Bilateral) Flach Deérivation,

D:@ - Hl(Gg, W™
for the representation p will be said to have singular

depth « if the rule assigning to each ¢ not in X the class
SD(ty) € HL(Gg, W*) is a Cohesive Flach System of depth

o for p.

Pedantic Remark: In discussing singular depth it is
convenient to be able to talk, as well, of the degenerate
case of "Bilateral Flach Derivations of singular
depth 07, these being Bilateral Flach Derivations such
that for all prime numbers r (ie., including r=1) the
restriction of the cohomology class SD(tp) to the

decomposition group at r lies in Hfi(GQr, W ).

The proof of the Theorem of §5 in Chapter 8 actually
constructs (given a w-marking fy) a Bilateral Flach

Derivation of singular depth o =w-n (in the sense just
axiomatized) attached to the representations p dealt with
in that §. To be more explicit at the expense of being
redundant, Let @ denote the Zp-algebra of geometric self-

correspondences of X as defined in §6 of Chapter 7. We
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view @ as B-algebra by sending t) € B to ['y €@, for all

prime numbers {=p.

Theorem: Let N be a square-free positive integer. Let X
=Xp(N), and let fyx be a modular unit generator on X of

degree w € Z. Let m be an admissible maximal ideal and
A its associated Gorenstein ring as discussed in Chapter 8,
Let n be a congruence element of A. Let

p: G@,Z - GLQ(A)

be the associated Galois representation. The construction
given by formula (9) of §5 of Chapter 8 projects to a
Bilateral Flach Derivation of singular depth w-n attached
to the Galois representation p, which factors through the
B-algebra @,

D:B —»Q — Hl(Gg, W>)
O

§4. Are the Bilateral Flach Derivations that we
have constructed "canonical" ?

Fixing X = X(N) and an admissible maximal ideal m, the

construction of the Theorem above gives us a rule, call it
P=PN.m: which assigns to any modular unit generator fy

of degree w a Bilateral Flach Derivation attached to the
Galois representation p associated to m. The mapping p is
a homomorphism of the group of modular unit generators
of level N (equivalently: of "admissible markings" on X) to
the underlying additive group of the Aj-module of

Bilateral Flach Derivations for p,
PN,m : GM(X) — BFD(p),
and recall that the singular depth of p(fy) is equal to w-n.
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It follows from the last phrase above that the kernel of p
is contained in the kernel of the degree mapping,

degree: QM(X) — Z.

Question: Is the kernel of p equal to the kernel of the
degree mapping?

An affirmative answer to this question would be
equivalent to the statement that the Bilateral Flach
Derivations constructed here are "essentially” independent
of the modular unit generator fyx: they are dependent

only upon the degree w of fyx. If the answer to this

question is "yes", one would be tempted, given p and a
suitable "degree” w €7, to look for a more direct definition
of, or perhaps a characterization of, the Bilateral Flach
Derivation of depth w+n we have constructed for p?

§5. The bilateral derivation of A associated to a
Bilateral Flach Derivation.

Remaining in the context of §1, let
D:B - Hl(Gg, W*)

be a Bilateral Flach Derivation attached to the
representation p. Letting I denote the kernel of B— A, we

have, from Chapter 10, that the restriction D of D to 1/12
is an A-homomorphism,

(4) D: 1712 - Hl(Gq, Hoz Hs.

We now make the hypothesis that no subquotient
A®ZpA—modu1e of H®ZpH has nontrivial GQ—invariant

elements, and therefore we have an associated exact
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sequence of cohomology,
(5) 0— Hl(Gg, (Hez e = Hl(Gg Hey H)—»Hl(GQ,w*/n W),

and also, by the Lemma of §7 of Chapter 7, we have the
isomorphism

Hl(Gq, Hez His = Hl(Gq, (Hoz H)g),

so we may view (4) as giving us an A® ZpA'

homomorphism

(6) D: 1712 - Hl(Gq, (Hez Hg).

From (5) and (6) we see that D induces a bilateral Zp*

derivation from A to the A+-module Hi(G@,Z,W*/ﬁow*);
this bilateral Zp—derivation we will call

(7) D+: A - HUGq s, W*/n- W) = HI(X-5,W>/n-W™),

where the "X" that appears in (7) is Spec Z, following the
conventions of Part | of these notes. '

Proposition: The image of D+ lies in the submodule
HL(X, W*/a-W*) < HL(X-s,W*/n7.-W>).
Proof: This uses Lemmas 1 and 2 of §6 of Chapter 8.

[But recall that proofs for these have not yet been
written down]

Specifically,.......

I EEEREEREREEERERSESR

201




Corollary: The bilateral derivation D+ induces an A+
homomorphism h which fits mtb the commutatlve
diagram

o 30

vy

7:;‘ iy /7 - Hl(X_Z;W*/ﬁ.W*)

(8) l l

Qpy7. =  HHZ-Z,W*/n-W¥)

where the A-homomorphism h is the one associated to

the derivation © : A — Hl(X,W*‘/n'-W") coming from
the Cohesive Flach System {—d(Ty), and where the

vertical arrows are given by the natural mappings.
o
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