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Networks are pervasive

traffic network brain networksocial network

networks are mathematically represented by graphs



Data collected in networks are pervasive

from graphs to graph-structured data

activities in brain regionspreferences of individualscongestion in road junctions



Learning with graph-structured data

graph-level classification 
(supervised)

? ?
? ?

?

?

???
?

condition?

no condition?

node-level classification

(semi-supervised) 

graph clustering 

(unsupervised)



Exciting possibilities enabled by graph ML

fake news detection

drug discovery

traffic prediction

Monti et al., “Fake news detection on social media using geometric deep learning,” ICLR Workshop, 2019.

Stokes et al., “A deep learning approach to antibiotic discovery,” Cell, 2020.

Derrow-Pinion et al., “ETA prediction with graph neural networks in Google Maps,” CIKM, 2021.



Classical ML vs Graph ML

Classical ML

node classification

graph classification

link prediction

graph clustering
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G

Graph ML

time series 
forecasting

image 
classification

regular domain 
(real line, 2D grid) 

irregular domain 
(graphs) 
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How to incorporate graphs into learning?

• Traditional machine learning on graphs

graph features/
embeddings

…
• Limitations


- hand-crafted features or optimised embeddings, often focused on graph structure

…

tasks
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- respect notion of “closeness” in the graph, but do not adapt to downstream tasks



How to incorporate graphs into learning?

• Traditional machine learning on graphs

graph features/
embeddings

…
• Limitations


- hand-crafted features or optimised embeddings, often focused on graph structure

+

node 
features

…

tasks

- can incorporate additional node features, but in a mechanical way

traditional ML

- respect notion of “closeness” in the graph, but do not adapt to downstream tasks



How to incorporate graphs into learning?

• Graph machine learning

graph

…

taskslearned embeddings

+

node features
…

• Advantages

- naturally combine graph structure and node features in analysis and learning


new tools: graph signal processing, graph neural networks



How to incorporate graphs into learning?

• Graph machine learning

graph

…

taskslearned embeddings

+

node features
…

• Advantages

- naturally combine graph structure and node features in analysis and learning


new tools: graph signal processing, graph neural networks

graph ML

- embeddings can adapt to downstream tasks and be trained in end-to-end fashion


- offers more flexibility and enables “deeper” architectures and embeddings



Graph signal processing

f : V ! R
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G = {V, E}
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v1 v2
+

RN

v1v2…

! Graph-structured data can be represented by graph signals

takes into account both structure (edges) and data 
(values at nodes)



Graph signal processing

how to generalise classical signal processing tools on 
irregular domains such as graphs?

1D signal 2D signal graph signal



Graph signal processing

classical signal processing


- complex exponentials provide 
“building blocks” of 1D signal   
(different oscillations or frequencies)


- leads to Fourier transform


- enables convolution and filtering



Graph signal processing

classical signal processing


- complex exponentials provide 
“building blocks” of 1D signal   
(different oscillations or frequencies)


- leads to Fourier transform


- enables convolution and filtering

graph signal processing


- Laplacian eigenvectors provide 
“building blocks” of graph signal 
(different oscillation or frequencies)


- leads to graph Fourier transform


- enables convolution and filtering 
on graphs



Graphs and graph Laplacian

v1

v2

v3

v4
v5

v6

v7
v8

weighted and undirected graph:

equivalent to G! 

0

BBBBBBBBBB@

1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 0 3 0
0 0 0 0 0 0 0 1

1

CCCCCCCCCCA

! symmetric


! off-diagonal entries non-positive


! rows sum up to zero

G = {V, E}

W LD

L = D �W
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D = diag(d(v1), · · · , d(vN ))
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Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.
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Lf(i) =
NX

j=1

Wij(f(i)� f(j))

<latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit><latexit sha1_base64="zO2xf/xCtxo26vDvdM0iapzK8QA=">AAACD3icbVDLSsNAFJ34rPUVdelmsCjpwpKIoJtC0Y0LkQr2AW0Mk+mknXbyYGYilJA/cOOvuHGhiFu37vwbJ20W2nrgwuGce7n3HjdiVEjT/NYWFpeWV1YLa8X1jc2tbX1ntynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugy81sPhAsaBndyHBHbR/2AehQjqSRHP7r2DFqGVdgVse8kw6qV3t/AlpPQYWpk1rFnDMtlRy+ZFXMCOE+snJRAjrqjf3V7IY59EkjMkBAdy4yknSAuKWYkLXZjQSKER6hPOooGyCfCTib/pPBQKT3ohVxVIOFE/T2RIF+Ise+qTh/JgZj1MvE/rxNL79xOaBDFkgR4usiLGZQhzMKBPcoJlmysCMKcqlshHiCOsFQRFlUI1uzL86R5UrHMinV7Wqpd5HEUwD44AAawwBmogStQBw2AwSN4Bq/gTXvSXrR37WPauqDlM3vgD7TPH9RQmfw=</latexit>

Zhou and Schölkopf, “A regularization framework for learning from graph data,” ICML Workshop, 2004.

f : V ! R
<latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit><latexit sha1_base64="OGs0U0KO78H84mc7AuzHStGf60k=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiKK6KblxWsQ/oDCWTZtrQTDIkGbUM8wH+h3u3+gvuxJXgB/gZZqazsK0HAodzzuXeHD9iVGnb/rJKS8srq2vl9crG5tb2TnV3r61ELDFpYcGE7PpIEUY5aWmqGelGkqDQZ6Tjj68yv3NPpKKC3+lJRLwQDTkNKEbaSP1qLbhwQ6RHGLGknbqSDkcaSSkeYC77fnKbmpRdt3PAReIUpAYKNPvVH3cgcBwSrjFDSvUcO9JegqSmmJG04saKRAiP0ZD0DOUoJMpL8s+k8MgoAxgIaR7XMFf/TiQoVGoS+iaZXajmvUz8z+vFOjj3EsqjWBOOp4uCmEEtYNYMHFBJsGYTQxCW1NwK8QhJhLXpb2YLeZx2pLJqnPkiFkn7pO7YdefmtNa4LEoqgwNwCI6BA85AA1yDJmgBDJ7AC3gFb9az9W59WJ/TaMkqZvbBDKzvX74XpeY=</latexit>

f(1)

f(2)

f(3)

f(4)
f(5)

f(6)

f(7)

f(8)



Graph Laplacian

a measure of “smoothness”
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Graph Laplacian

•     has a complete set of orthonormal eigenvectors: L L = �⇤�T
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! Eigenvectors associated with smaller eigenvalues have values that vary less rapidly 
along the edges
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• The Laplacian     admits the following eigendecomposition: L�` = �`�`L



Graph Fourier transform

• The Laplacian     admits the following eigendecomposition:

one-dimensional Laplace operator: 

eigenfunctions: ej�x

Classical FT:

f(x) =
1

2�

Z
f̂(⇥)ej�xd⇥

f̂(�) =

Z
(ej�x)⇤f(x)dx
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Graph spectral filtering

• Filters can be designed as functions of graph Laplacian

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.
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Graph spectral filtering

• Filters can be designed as functions of graph Laplacian

! Important properties can be achieved by properly defining        , such 
as localisation of filters

ĝ(L)

! Closely related to kernels and regularisation on graphs

Smola and Kondor, “Kernels and regularization on graphs,” COLT, 2003.
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GFT IGFT
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Convolution on graphs

classical convolution

time domain

(f ⇤ g)(t) =
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frequency domain
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spatial (node) domain

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
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Dumoulin and Visin, “A guide to convolution arithmetic for deep learning,” arXiv, 2018.

convolution 
= filtering



A non-parametric filter

learning a non-parametric filter: 
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ĝ✓(⇤) = diag(✓), ✓ 2 RN
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Bruna et al., “Spectral networks and deep locally connected networks on graphs,” ICLR, 2014.
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Bruna et al., “Spectral networks and deep locally connected networks on graphs,” ICLR, 2014.

- convolution expressed in the graph spectral domain


- no localisation in the spatial (node) domain


- computationally expensive



A parametric filter

parametric filter as polynomial of Laplacian

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
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Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.
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parametric filter as polynomial of Laplacian
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Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.



Powers of graph Laplacian

Defferrard et al., “Convolutional neural networks on graphs with fast localized spectral filtering,” NIPS, 2016.

(source: M. Deferrard)
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<latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit><latexit sha1_base64="21pQONc63n4gnZNSYCl9bllxfRQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvQheKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR7urqq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZqdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynaELzFl5dJs1rx3Ip3f16uXedxFOAYTuAMPLiAGtxCHRrAYADP8ApvjnRenHfnY9664uQzR/AHzucPlO2NUg==</latexit>

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

- Chebyshev approximation enables 
efficient computation via recursive 
multiplication with scaled Laplacian

L̃ =
2

�N�1
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<latexit sha1_base64="1kNYWibuBUtqnTDljzCLm2vgd0w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXopmWmCLoRim4UilSwD+gMJZPJtKGZB0lGKGF+wY2/4saFIm7dufNvTNtZaOuBC4dz7k3uPV7CqJCW9W0UVlbX1jeKm6Wt7Z3dPXP/oCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vhq6ncfCBc0ju7lJCFuiIYRDShGUksDs+JIynyimhm8gE7AEVb1TDlMv+Cjgbqt2lnWhFV4MzDLVs2aAS4TOydlkKM1ML8cP8ZpSCKJGRKib1uJdBXikmJGspKTCpIgPEZD0tc0QiERrppdlMETrfgwiLmuSMKZ+ntCoVCISejpzhDJkVj0puJ/Xj+VwbmraJSkkkR4/lGQMihjOI0H+pQTLNlEE4Q51btCPEI6FqlDLOkQ7MWTl0mnXrOtmn13Wm5c5nEUwRE4BhVggzPQANegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH7rdnEY=</latexit><latexit sha1_base64="1kNYWibuBUtqnTDljzCLm2vgd0w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXopmWmCLoRim4UilSwD+gMJZPJtKGZB0lGKGF+wY2/4saFIm7dufNvTNtZaOuBC4dz7k3uPV7CqJCW9W0UVlbX1jeKm6Wt7Z3dPXP/oCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vhq6ncfCBc0ju7lJCFuiIYRDShGUksDs+JIynyimhm8gE7AEVb1TDlMv+Cjgbqt2lnWhFV4MzDLVs2aAS4TOydlkKM1ML8cP8ZpSCKJGRKib1uJdBXikmJGspKTCpIgPEZD0tc0QiERrppdlMETrfgwiLmuSMKZ+ntCoVCISejpzhDJkVj0puJ/Xj+VwbmraJSkkkR4/lGQMihjOI0H+pQTLNlEE4Q51btCPEI6FqlDLOkQ7MWTl0mnXrOtmn13Wm5c5nEUwRE4BhVggzPQANegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH7rdnEY=</latexit><latexit sha1_base64="1kNYWibuBUtqnTDljzCLm2vgd0w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXopmWmCLoRim4UilSwD+gMJZPJtKGZB0lGKGF+wY2/4saFIm7dufNvTNtZaOuBC4dz7k3uPV7CqJCW9W0UVlbX1jeKm6Wt7Z3dPXP/oCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vhq6ncfCBc0ju7lJCFuiIYRDShGUksDs+JIynyimhm8gE7AEVb1TDlMv+Cjgbqt2lnWhFV4MzDLVs2aAS4TOydlkKM1ML8cP8ZpSCKJGRKib1uJdBXikmJGspKTCpIgPEZD0tc0QiERrppdlMETrfgwiLmuSMKZ+ntCoVCISejpzhDJkVj0puJ/Xj+VwbmraJSkkkR4/lGQMihjOI0H+pQTLNlEE4Q51btCPEI6FqlDLOkQ7MWTl0mnXrOtmn13Wm5c5nEUwRE4BhVggzPQANegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH7rdnEY=</latexit><latexit sha1_base64="1kNYWibuBUtqnTDljzCLm2vgd0w=">AAACEXicbVDLSgMxFM3UV62vUZdugkXopmWmCLoRim4UilSwD+gMJZPJtKGZB0lGKGF+wY2/4saFIm7dufNvTNtZaOuBC4dz7k3uPV7CqJCW9W0UVlbX1jeKm6Wt7Z3dPXP/oCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vhq6ncfCBc0ju7lJCFuiIYRDShGUksDs+JIynyimhm8gE7AEVb1TDlMv+Cjgbqt2lnWhFV4MzDLVs2aAS4TOydlkKM1ML8cP8ZpSCKJGRKib1uJdBXikmJGspKTCpIgPEZD0tc0QiERrppdlMETrfgwiLmuSMKZ+ntCoVCISejpzhDJkVj0puJ/Xj+VwbmraJSkkkR4/lGQMihjOI0H+pQTLNlEE4Q51btCPEI6FqlDLOkQ7MWTl0mnXrOtmn13Wm5c5nEUwRE4BhVggzPQANegBdoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH7rdnEY=</latexit>



A simplified parametric filter

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>
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<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1

normalised Laplacian 

normalised Laplacian
<latexit sha1_base64="Fn50iW8KHpI1cT0b7G06VJ1njiE=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0UYIamGRIoJ5QBLD7GQ2GTI7u8zcFcOyv2Hjr9hYKGKplX/j5FFo4oELh3Pu5d57vEhwDY7zbS0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz59XumNA/lLQwj1g5IT3KfUwJG6thOudMC9gCJDFWQnl/dJcctXxGauGlSSNMynlU6ds7JO2PgeeJOSQ5NUenYn61uSOOASaCCaN10nQjaCVHAqWBpthVrFhE6ID3WNFSSgOl2Mv4sxYdG6WI/VKYk4LH6eyIhgdbDwDOdAYG+nvVG4n9eMwb/rJ1wGcXAJJ0s8mOBIcSjmHCXK0ZBDA0hVHFzK6Z9YmIAE2bWhODOvjxPaoW8W8wXb05ypYtpHBm0jw7QEXLRKSqha1RBVUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWF8/72ug4w==</latexit>

Lnorm = D� 1
2LD� 1

2

<latexit sha1_base64="IB88zzsphQUhy0A9SyyMOo+bwFw=">AAACD3icbVC7SgNBFL3rM8bXqqXNYFBikbAbJNoIQVNYRjAPSGKYncwmQ2YfzMwKYdk/sPFXbCwUsbW182+cJFto4oELh3Pu5d57nJAzqSzr21haXlldW89sZDe3tnd2zb39hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o+uJ33ygQrLAv1PjkHY9PPCZywhWWuqZJ5fV+7jQcQUmsZ3EpSTJVwvN03mxZ+asojUFWiR2SnKQotYzvzr9gEQe9RXhWMq2bYWqG2OhGOE0yXYiSUNMRnhA25r62KOyG0//SdCxVvrIDYQuX6Gp+nsixp6UY8/RnR5WQznvTcT/vHak3ItuzPwwUtQns0VuxJEK0CQc1GeCEsXHmmAimL4VkSHWMSgdYVaHYM+/vEgapaJdLpZvz3KVqzSODBzCEeTBhnOowA3UoA4EHuEZXuHNeDJejHfjY9a6ZKQzB/AHxucPaZSbrA==</latexit>

= D� 1
2 (D �W )D� 1

2

<latexit sha1_base64="j4ZBmJYIm5cDa7CIz0HWvfx2pCc=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4aZkpUl0oFHWhuwr2AW0tmTTThmYyQ3JHLMP8jBt/xY0Liwiu/BXTx0JbDwQO55zLzT1uKLgG2/6yUkvLK6tr6fXMxubW9k52d6+mg0hRVqWBCFTDJZoJLlkVOAjWCBUjvitY3R1cjf36I1OaB/IehiFr+6QnuccpASN1sucX+Bbn8fVDnG95itDYSeJiktQXFDwN1jstYE8Qy0D5SSebswv2BHiRODOSQzNUOtlRqxvQyGcSqCBaNx07hHZMFHAqWJJpRZqFhA5IjzUNlcRnuh1PrkzwkVG62AuUeRLwRP09ERNf66HvmqRPoK/nvbH4n9eMwDtrx1yGETBJp4u8SGAI8Lgy3OWKURBDQwhV3PwV0z4x1YApNmNKcOZPXiS1YsEpFUp3J7ny5ayONDpAh+gYOegUldENqqAqougZvaJ3NLJerDfrw/qcRlPWbGYf/YH1/QNs3aN6</latexit>

= I �D� 1
2WD� 1

2 = I �Wnorm



A simplified parametric filter

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>

= ✓0I � ✓1(D
� 1

2WD� 1
2 )

<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1 <latexit sha1_base64="hGs3rs4Xucgrll9o8su2G1K12mE=">AAACBnicbZDJSgNBEIZ74hbjNupRhMYgeDHMiNtFCHrxGMEskIRQ0+nJNOlZ6K4RQsjJi6/ixYMiXn0Gb76NnWQOmvhDw8dfVVTX7yVSaHScbyu3sLi0vJJfLaytb2xu2ds7NR2nivEqi2WsGh5oLkXEqyhQ8kaiOISe5HWvfzOu1x+40iKO7nGQ8HYIvUj4ggEaq2Pvt0AmAdAr2sKAI3Qcg8cZux276JScieg8uBkUSaZKx/5qdWOWhjxCJkHrpusk2B6CQsEkHxVaqeYJsD70eNNgBCHX7eHkjBE9NE6X+rEyL0I6cX9PDCHUehB6pjMEDPRsbWz+V2um6F+2hyJKUuQRmy7yU0kxpuNMaFcozlAODABTwvyVsgAUMDTJFUwI7uzJ81A7KbnnpbO702L5OosjT/bIATkiLrkgZXJLKqRKGHkkz+SVvFlP1ov1bn1MW3NWNrNL/sj6/AG6HJdj</latexit>

↵ = ✓0 = �✓1
<latexit sha1_base64="xUzsZ0Z5xBUf/YjYHK7xBHT8NCY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVsST1uRGKutBdBfuAJpbJdNIOnUzCzEQoIR/ixl9x40IRNy4E/8Zpm4W2HrhwOOde7r3HixiVyrK+jZnZufmFxdxSfnlldW3d3NisyzAWmNRwyELR9JAkjHJSU1Qx0owEQYHHSMPrXw79xgMRkob8Tg0i4gaoy6lPMVJaapuH8Bw6iEU9BIs3cB9e3ScHji8QTuw0KacpbExJe22zYJWsEeA0sTNSABmqbfPT6YQ4DghXmCEpW7YVKTdBQlHMSJp3YkkihPuoS1qachQQ6Saj51K4q5UO9EOhiys4Un9PJCiQchB4ujNAqicnvaH4n9eKlX/mJpRHsSIcjxf5MYMqhMOkYIcKghUbaIKwoPpWiHtI56B0nnkdgj358jSpl0v2Sen49qhQucjiyIFtsAOKwAanoAKuQRXUAAaP4Bm8gjfjyXgx3o2PceuMkc1sgT8wvn4A2befcg==</latexit>

= ↵(I +D� 1
2WD� 1

2 )

normalised Laplacian 

normalised Laplacian
<latexit sha1_base64="Fn50iW8KHpI1cT0b7G06VJ1njiE=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0UYIamGRIoJ5QBLD7GQ2GTI7u8zcFcOyv2Hjr9hYKGKplX/j5FFo4oELh3Pu5d57vEhwDY7zbS0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhkc0E1yyKnAQrBEpRgJPsLo3uBz59XumNA/lLQwj1g5IT3KfUwJG6thOudMC9gCJDFWQnl/dJcctXxGauGlSSNMynlU6ds7JO2PgeeJOSQ5NUenYn61uSOOASaCCaN10nQjaCVHAqWBpthVrFhE6ID3WNFSSgOl2Mv4sxYdG6WI/VKYk4LH6eyIhgdbDwDOdAYG+nvVG4n9eMwb/rJ1wGcXAJJ0s8mOBIcSjmHCXK0ZBDA0hVHFzK6Z9YmIAE2bWhODOvjxPaoW8W8wXb05ypYtpHBm0jw7QEXLRKSqha1RBVUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWF8/72ug4w==</latexit>

Lnorm = D� 1
2LD� 1

2

<latexit sha1_base64="IB88zzsphQUhy0A9SyyMOo+bwFw=">AAACD3icbVC7SgNBFL3rM8bXqqXNYFBikbAbJNoIQVNYRjAPSGKYncwmQ2YfzMwKYdk/sPFXbCwUsbW182+cJFto4oELh3Pu5d57nJAzqSzr21haXlldW89sZDe3tnd2zb39hgwiQWidBDwQLQdLyplP64opTluhoNhzOG06o+uJ33ygQrLAv1PjkHY9PPCZywhWWuqZJ5fV+7jQcQUmsZ3EpSTJVwvN03mxZ+asojUFWiR2SnKQotYzvzr9gEQe9RXhWMq2bYWqG2OhGOE0yXYiSUNMRnhA25r62KOyG0//SdCxVvrIDYQuX6Gp+nsixp6UY8/RnR5WQznvTcT/vHak3ItuzPwwUtQns0VuxJEK0CQc1GeCEsXHmmAimL4VkSHWMSgdYVaHYM+/vEgapaJdLpZvz3KVqzSODBzCEeTBhnOowA3UoA4EHuEZXuHNeDJejHfjY9a6ZKQzB/AHxucPaZSbrA==</latexit>

= D� 1
2 (D �W )D� 1

2

<latexit sha1_base64="j4ZBmJYIm5cDa7CIz0HWvfx2pCc=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4aZkpUl0oFHWhuwr2AW0tmTTThmYyQ3JHLMP8jBt/xY0Liwiu/BXTx0JbDwQO55zLzT1uKLgG2/6yUkvLK6tr6fXMxubW9k52d6+mg0hRVqWBCFTDJZoJLlkVOAjWCBUjvitY3R1cjf36I1OaB/IehiFr+6QnuccpASN1sucX+Bbn8fVDnG95itDYSeJiktQXFDwN1jstYE8Qy0D5SSebswv2BHiRODOSQzNUOtlRqxvQyGcSqCBaNx07hHZMFHAqWJJpRZqFhA5IjzUNlcRnuh1PrkzwkVG62AuUeRLwRP09ERNf66HvmqRPoK/nvbH4n9eMwDtrx1yGETBJp4u8SGAI8Lgy3OWKURBDQwhV3PwV0z4x1YApNmNKcOZPXiS1YsEpFUp3J7ny5ayONDpAh+gYOegUldENqqAqougZvaJ3NLJerDfrw/qcRlPWbGYf/YH1/QNs3aN6</latexit>

= I �D� 1
2WD� 1

2 = I �Wnorm



A simplified parametric filter

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
<latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit><latexit sha1_base64="XUQ0G9pyTEGdXk3B2Vo6RsbdmBU=">AAACJHicbVDLSgMxFM3Ud31VXboJFqFuyowICiIU3bhwUaEv6NRyJ820oZkHyR2hDP0YN/6KGxc+cOHGbzFtZ6HVA4GTc+69yT1eLIVG2/60cguLS8srq2v59Y3Nre3Czm5DR4livM4iGamWB5pLEfI6CpS8FSsOgSd50xteTfzmPVdaRGENRzHvBNAPhS8YoJG6hXOfuqCR9im9oC4bCOoOANP+uOTemCk9OJqqdzXqTwoy7+bIXGm3ULTL9hT0L3EyUiQZqt3Cm9uLWBLwEJkErduOHWMnBYWCST7Ou4nmMbAh9Hnb0BACrjvpdMkxPTRKj/qRMidEOlV/dqQQaD0KPFMZAA70vDcR//PaCfpnnVSEcYI8ZLOH/ERSjOgkMdoTijOUI0OAKWH+StkAFDA0ueZNCM78yn9J47js2GXn9qRYucziWCX75ICUiENOSYVckyqpE0YeyBN5Ia/Wo/VsvVsfs9KclfXskV+wvr4BgVKhnQ==</latexit>

simplified parametric filter

renormalisation

K = 1
<latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit><latexit sha1_base64="kzroWIBi/ZMsur+Ert9ReNvWIjY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9CJ4qWg/oA1ls920SzebsDsRSuhP8OJBEa/+Im/+G7dtDtr6YODx3gwz84JECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1SOOE+5HdKBEKBhFKz3cXXm9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZqdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89DOhkhS5YvNFYSoJxmT6N+kLzRnKsSWUaWFvJWxINWVo0ynZELzFl5dJ86zquVXv/rxSu87jKMIRHMMpeHABNbiFOjSAwQCe4RXeHOm8OO/Ox7y14OQzh/AHzucPk2mNUQ==</latexit>

= ✓0I � ✓1(D
� 1

2WD� 1
2 )

<latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit><latexit sha1_base64="cWZ+a/XE0bjn9PNMQrbeJYNxEGE=">AAACJ3icbVDLSgMxFM3UV62vqks3wSLURctMEXSjFHWhuwr2AZ2xZNJMG5p5kNwRyjB/48ZfcSOoiC79E9OHoK0HLpyccy+597iR4ApM89PILCwuLa9kV3Nr6xubW/ntnYYKY0lZnYYilC2XKCZ4wOrAQbBWJBnxXcGa7uBi5DfvmVQ8DG5hGDHHJ72Ae5wS0FInf4ZPsQ19BqRj4mtc+nlYuHh5l5RsTxKaWGlSSVPcxLPSYSdfMMvmGHieWFNSQFPUOvkXuxvS2GcBUEGUaltmBE5CJHAqWJqzY8UiQgekx9qaBsRnyknGd6b4QCtd7IVSVwB4rP6eSIiv1NB3dadPoK9mvZH4n9eOwTtxEh5EMbCATj7yYoEhxKPQcJdLRkEMNSFUcr0rpn2icwAdbU6HYM2ePE8albJllq2bo0L1fBpHFu2hfVREFjpGVXSFaqiOKHpAT+gVvRmPxrPxbnxMWjPGdGYX/YHx9Q3wdKOZ</latexit>

(localisation within 1-hop neighbourhood)

Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.

<latexit sha1_base64="3BcjzZ2bWNAIcaHFvk4Nt6NZsL4=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4iTPidgkEvQjmEMEskEmGnk4n6aRnobtGCMN8hhd/xYsHRbzm5t/YWQ6a+KDg8V4VVfXcUHAFpvltLC2vrK6tpzbSm1vbO7uZvf2qCiJJWYUGIpB1lygmuM8qwEGweigZ8VzBau7gduzXnphUPPAfYRiypke6Pu9wSkBLTubU7hGIu4ljQ48ByZVOcAHbKvKcuF8wk1Z8n+Cp5fRxqdV3Mlkzb06AF4k1I1k0Q9nJjOx2QCOP+UAFUaphmSE0YyKBU8GStB0pFhI6IF3W0NQnHlPNePJYgo+10sadQOryAU/U3xMx8ZQaeq7u9Aj01Lw3Fv/zGhF0rpsx98MImE+nizqRwBDgcUq4zSWjIIaaECq5vhXTHpGEgs4yrUOw5l9eJNWzvHWZv3g4zxZvZnGk0CE6QjlkoStURHeojCqIomf0it7Rh/FivBmfxte0dcmYzRygPzBGP5TMn30=</latexit>

ĝ✓(L) =
KX

j=0

✓jL
j

<latexit sha1_base64="uF2fBwowu80vlL6AhFSnbN85Ipg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9CJ4iWgekCxhdtJJhszOLjOzQljyCV48KOLVL/Lm3zhJ9qCJBQ1FVTfdXUEsuDau++3klpZXVtfy64WNza3tneLuXl1HiWJYY5GIVDOgGgWXWDPcCGzGCmkYCGwEw5uJ33hCpXkkH80oRj+kfcl7nFFjpYe7K69TLLlldwqySLyMlCBDtVP8ancjloQoDRNU65bnxsZPqTKcCRwX2onGmLIh7WPLUklD1H46PXVMjqzSJb1I2ZKGTNXfEykNtR6Fge0MqRnoeW8i/ue1EtO79FMu48SgZLNFvUQQE5HJ36TLFTIjRpZQpri9lbABVZQZm07BhuDNv7xI6idl77x8dn9aqlxnceThAA7hGDy4gArcQhVqwKAPz/AKb45wXpx352PWmnOymX34A+fzB5apjVs=</latexit>

K = 1 <latexit sha1_base64="hGs3rs4Xucgrll9o8su2G1K12mE=">AAACBnicbZDJSgNBEIZ74hbjNupRhMYgeDHMiNtFCHrxGMEskIRQ0+nJNOlZ6K4RQsjJi6/ixYMiXn0Gb76NnWQOmvhDw8dfVVTX7yVSaHScbyu3sLi0vJJfLaytb2xu2ds7NR2nivEqi2WsGh5oLkXEqyhQ8kaiOISe5HWvfzOu1x+40iKO7nGQ8HYIvUj4ggEaq2Pvt0AmAdAr2sKAI3Qcg8cZux276JScieg8uBkUSaZKx/5qdWOWhjxCJkHrpusk2B6CQsEkHxVaqeYJsD70eNNgBCHX7eHkjBE9NE6X+rEyL0I6cX9PDCHUehB6pjMEDPRsbWz+V2um6F+2hyJKUuQRmy7yU0kxpuNMaFcozlAODABTwvyVsgAUMDTJFUwI7uzJ81A7KbnnpbO702L5OosjT/bIATkiLrkgZXJLKqRKGHkkz+SVvFlP1ov1bn1MW3NWNrNL/sj6/AG6HJdj</latexit>

↵ = ✓0 = �✓1
<latexit sha1_base64="xUzsZ0Z5xBUf/YjYHK7xBHT8NCY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgVsST1uRGKutBdBfuAJpbJdNIOnUzCzEQoIR/ixl9x40IRNy4E/8Zpm4W2HrhwOOde7r3HixiVyrK+jZnZufmFxdxSfnlldW3d3NisyzAWmNRwyELR9JAkjHJSU1Qx0owEQYHHSMPrXw79xgMRkob8Tg0i4gaoy6lPMVJaapuH8Bw6iEU9BIs3cB9e3ScHji8QTuw0KacpbExJe22zYJWsEeA0sTNSABmqbfPT6YQ4DghXmCEpW7YVKTdBQlHMSJp3YkkihPuoS1qachQQ6Saj51K4q5UO9EOhiys4Un9PJCiQchB4ujNAqicnvaH4n9eKlX/mJpRHsSIcjxf5MYMqhMOkYIcKghUbaIKwoPpWiHtI56B0nnkdgj358jSpl0v2Sen49qhQucjiyIFtsAOKwAanoAKuQRXUAAaP4Bm8gjfjyXgx3o2PceuMkc1sgT8wvn4A2befcg==</latexit>
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A simplified parametric filter

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
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Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.



A simplified parametric filter
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unitary edge weights
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Kipf and Welling, “Semi-supervised classification with graph convolutional networks,” ICLR, 2017.



Convolution on graphs - Remarks

• Convolution is defined via the graph spectral domain..

f ⇤ g = �ĝ(⇤)�T f = ĝ(L)f
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• ..but can be implemented in the spatial (node) domain


- simplified filter:


- interpretation: at each layer nodes exchange information in 1-hop neighbourhood


- more generally: receptive field size determined by degree of polynomial

<latexit sha1_base64="y9xbLZbX2EBFg/cKQVA24VCOnts="></latexit>
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• Convolution is defined via the graph spectral domain..
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• Other possibilities exist (e.g., a direct spatial approach)

• ..but can be implemented in the spatial (node) domain


- simplified filter:


- interpretation: at each layer nodes exchange information in 1-hop neighbourhood


- more generally: receptive field size determined by degree of polynomial
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CNNs on graphs: GCN
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Implementing CNNs on graphs

• Node-level task

- cross-entropy loss function for (semi-supervised) node classification


- training by minimising loss function and making predictions on testing nodes

label groundtruthset of labelled 
(training) nodes

label prediction (final layer 
node representation)

• Factors influencing model behaviour

- what label distribution favours GCN in this task?


- what about perturbation of input graph topology?



(More generally) Graph neural networks
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more recently: graph transformers and LLM-powered models
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Application II: Weather forecasting

Lam et al., “Learning skillful medium-range global weather forecasting,” Science, 2023.



Application III: Contact tracing

Tan et al., “DeepTrace: Learning to optimize contact tracing in epidemic networks with graph neural networks,” IEEE TSIPN, 2025.



Graph machine learning - Summary

• Fast-growing field that extends data analysis to non-Euclidean domain


• Highly interdisciplinary: machine learning, signal processing, harmonic 
analysis, applies statistics, differential geometry


• Promising directions

- going beyond convolutional models (e.g., graph transformers)


- expressive power of graph ML models


- robustness & generalisation & scalability


- interpretability & causal inference


- construction/refinement of initial graphs


- applications (particularly in urban science)



References


