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• We wish to understand correlation between two (high-dim.) variables x and y
• Classification: Given an image, what’s the label?

• Regression: Given a covariate, what’s the (average) response?

• Multimodal setting: Can we capture relation between image and text?

• Time series: Given today’s stock price, what’ll be tomorrow’s price?

• Dynamical system: Given a current state, what’ll be the next state?

From Correlation to Linear Operators

𝑝 𝐱, 𝐲

Physical operator
𝒯 (linear)
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Eigenvalue Problems & Spectral Decomposition

<latexit sha1_base64="fjaLFqS/KTDuXQ6xMnRMJhDYZv8=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjbZbRDphdh6MXjhH3BWkaapltYmpYkFUfp//DiX/HiQRFPggf/jem2w9x8IPDked43ed/HixmVyrJ+jLX1jc2t7cJOcXdv/+DQPDruyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcb3+Z+94EISSPeUpOYuCEachpQjJSWBmat7IRIjTBiaSsLKrObF6SPWQVeQ4fpl3wEg0V9YJasqjUFXCX2nJTAHM2B+eX4EU5CwhVmSMq+bcXKTZFQFDOSFZ1EkhjhMRqSvqYchUS66XS3DJ5rxYdBJPThCk7VxY4UhVJOQk9X5iPKZS8X//P6iQqu3JTyOFGE49lHQcKgimAeFPSpIFixiSYIC6pnhXiEBMJKx1nUIdjLK6+STq1q16v1+4tS42YeRwGcgjNQBja4BA1wB5qgDTB4Ai/gDbwbz8ar8WF8zkrXjHnPCfgD4/sX8J6gwQ==</latexit>

(T f)(x) = �f(x) 𝑓: eigenfunction 

𝜆: eigenvalue

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="YEaB9idCx/5WASitEl8NBIpCWG4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsKfUETymQ6aYdOJmEeQgn9DTcuFHHrz7jzb5y0WWjrgYHDOfdyz5ww5Uxp1/12ShubW9s75d3K3v7B4VH1+KSrEiMJ7ZCEJ7IfYkU5E7Sjmea0n0qK45DTXji9z/3eE5WKJaKtZykNYjwWLGIEayv5foz1hGCetefRsFpz6+4CaJ14BalBgdaw+uWPEmJiKjThWKmB56Y6yLDUjHA6r/hG0RSTKR7TgaUCx1QF2SLzHF1YZYSiRNonNFqovzcyHCs1i0M7mWdUq14u/ucNjI5ug4yJ1GgqyPJQZDjSCcoLQCMmKdF8ZgkmktmsiEywxETbmiq2BG/1y+uke1X3GvXG43WteVfUUYYzOIdL8OAGmvAALegAgRSe4RXeHOO8OO/Ox3K05BQ7p/AHzucPVOCR5Q==</latexit>

T f

<latexit sha1_base64="cdSAPYc8nBnKBRZoR6kE9mF2Lto=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtmWl3RTcuW7APaIeSSTNtbCYzJBmhDP0CNy4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3sbm1vZPfLeztHxweFY9POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNptcLv3tPpWKxuNWzhPoRHgsWMoK1kVrOsFhCtlOtVOo1iGxU97xy2RAX1VwPQcdGS5TAGs1h8X0wikkaUaEJx0r1HZRoP8NSM8LpvDBIFU0wmeIx7RsqcESVny0PncMLo4xgGEtTQsOl+n0iw5FSsygwnRHWE/XbW4h/ef1UhzU/YyJJNRVktShMOdQxXHwNR0xSovnMEEwkM7dCMsESE22yKZgQvj6F/5NO2XZc221VS42rdRx5cAbOwSVwgAca4AY0QRsQQMEDeALP1p31aL1Yr6vWnLWeOQU/YL19AvTXjRI=</latexit>

1

<latexit sha1_base64="5FfpMenVGVVmWk1PGrweagsAwrE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4Gmb6dld047KCfUg7lEwm04YmmSHJCGXar3DjQhG3fo47/8b0IajogcDhnHPJvcePGVXacT6szNr6xuZWdju3s7u3f5A/PGqrKJGYtHDEItn1kSKMCtLSVDPSjSVB3Gek44+v5n7nnkhFI3GrJzHxOBoKGlKMtJHupn1msgGaDvIFx67Xq0W3BB27XK7VLiqGOKVKqeRA13YWKIAVmoP8ez+IcMKJ0JghpXquE2svRVJTzMgs108UiREeoyHpGSoQJ8pLFwvP4JlRAhhG0jyh4UL9PpEirtSE+ybJkR6p395c/MvrJTqseykVcaKJwMuPwoRBHcH59TCgkmDNJoYgLKnZFeIRkghr01HOlPB1KfyftIu2W7WrN+VC43JVRxacgFNwDlxQAw1wDZqgBTDg4AE8gWdLWo/Wi/W6jGas1cwx+AHr7RN6RZDi</latexit>

|�|

Top-k eigenvalue
 decomposition (EVD)

<latexit sha1_base64="vkixFvu/ufdoAni+dzuH3gJrPNs=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim5cVrAP6AxDJr1t02YyQ5IRytCfcOOvuHGhiFvBnX9j2ulCWw9c7uGce0nuCWLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2wFRwJmAhmaaQzuWQMKAQysY3Uz91gNIxSJxr8cxeCHpC9ZjlGgj+cWyy4noc8BurJjPylkfYldm8hV2u8A18VM2nPjFkl2xZ8DLxJmTEpqj7he/3G5EkxCEppwo1XHsWHspkZpRDpOCmyiICR2RPnQMFSQE5aWzqyb4xChd3IukKaHxTP29kZJQqXEYmMmQ6IFa9Kbif14n0b1LL2UiTjQImj3USzjWEZ5GhLtMAtV8bAihkpm/YjogklBtgiyYEJzFk5dJ86ziVCvVu/NS7XoeRx4doWN0ihx0gWroFtVRA1H0iJ7RK3qznqwX6936yEZz1nznEP2B9fkDrpSejA==</latexit>

h i, ji = �ij

Top-k singular value
 decomposition (SVD)

<latexit sha1_base64="vkixFvu/ufdoAni+dzuH3gJrPNs=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim5cVrAP6AxDJr1t02YyQ5IRytCfcOOvuHGhiFvBnX9j2ulCWw9c7uGce0nuCWLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2wFRwJmAhmaaQzuWQMKAQysY3Uz91gNIxSJxr8cxeCHpC9ZjlGgj+cWyy4noc8BurJjPylkfYldm8hV2u8A18VM2nPjFkl2xZ8DLxJmTEpqj7he/3G5EkxCEppwo1XHsWHspkZpRDpOCmyiICR2RPnQMFSQE5aWzqyb4xChd3IukKaHxTP29kZJQqXEYmMmQ6IFa9Kbif14n0b1LL2UiTjQImj3USzjWEZ5GhLtMAtV8bAihkpm/YjogklBtgiyYEJzFk5dJ86ziVCvVu/NS7XoeRx4doWN0ihx0gWroFtVRA1H0iJ7RK3qznqwX6936yEZz1nznEP2B9fkDrpSejA==</latexit>

h i, ji = �ij
<latexit sha1_base64="O0FzaRieh/aYpwDM7p27bYKzuIg=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim5cVrAP6AxDJr1t02YyQ5IRytCfcOOvuHGhiFvBnX9j2s5CWw9c7uGce0nuCWLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2wFRwJmAhmaaQzuWQMKAQysY3Uz91gNIxSJxr8cxeCHpC9ZjlGgj+cWyy4noc8BuPGA+K8/7ELtyLl9htwtcEz9lw4lfLNkVewa8TJyMlFCGul/8crsRTUIQmnKiVMexY+2lRGpGOUwKbqIgJnRE+tAxVJAQlJfOrprgE6N0cS+SpoTGM/X3RkpCpcZhYCZDogdq0ZuK/3mdRPcuvZSJONEg6PyhXsKxjvA0ItxlEqjmY0MIlcz8FdMBkYRqE2TBhOAsnrxMmmcVp1qp3p2XatdZHHl0hI7RKXLQBaqhW1RHDUTRI3pGr+jNerJerHfrYz6as7KdQ/QH1ucPir6edg==</latexit>

h�i,�ji = �ij

<latexit sha1_base64="kCnCmbl+9YkP+y0gGs0Rm4Bi71E=">AAACKHicbVDLSgMxFM3Ud31VXboJFsFVmRGpbkTRjcsKVgudOtxJ0zY0k4QkI5ahn+PGX3Ejoki3fomZOgtfFwIn59ybm3NixZmxvj/xSjOzc/MLi0vl5ZXVtfXKxua1kakmtEkkl7oVg6GcCdq0zHLaUppCEnN6Ew/Pc/3mjmrDpLiyI0U7CfQF6zEC1lFR5SRMwA4I8OxqHIJSWt6HJk2iTBwH49shDrl7qwuRwKEyLBKhtCyhpriVy1Gl6tf8aeG/IChAFRXViCovYVeSNKHCEg7GtANf2U4G2jLC6bgcpoYqIEPo07aDAty2TjY1Osa7junintTuCIun7PeJDBJjRknsOnNb5reWk/9p7dT2jjoZEyq1VJCvRb2UYytxnhruMk2J5SMHgGjm/orJADQQ67LNQwh+W/4LrvdrQb1Wvzyonp4VcSyibbSD9lCADtEpukAN1EQEPaAn9IrevEfv2Xv3Jl+tJa+Y2UI/yvv4BA65pyY=</latexit>

T ⇡
kX

n=1

�n n ⌦  n

<latexit sha1_base64="4mM6PFWhASWJUKIOZfUFvdvhB4I="></latexit>

T ⇡
kX

n=1

�n�n ⌦  n

For “symmetric” or normal 𝒯: For compact 𝒯:

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T



• The most microscopic scale is governed 
by the principle of quantum mechanics

• With N electrons, 

• Hermitian → eigenvalues / functions are real

• Physical meaning:
       is the 𝑖-th stable configuration of electrons

Q. Can we predict the property of 
a molecule from simulation?
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Motivating Example 1. Molecule Simulation

molecule

H = −∇
2
+ V

ψ

λ1 ≤ λ2 ≤ . . .

ψi

If we can better perform 
EVD of Hamiltonians, 

we can simulate molecules 
more efficiently

Hψ = λψSchrödinger’s equation

Hψ

i

X = R
3N

, ψ ∈ R
X
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Motivating Example 2. Representation Learning

• Success of AI/ML relies on learning 
good representation of complex data
• However, often learned end-to-end,

   lacking interpretation & structure

• SVD can provide a systematic view

• Consider two modalities 

If we can efficiently perform SVD, 
we can learn 

a structured representation!

(x, y) ∼ p(x, y)
x !→

⎡

⎢

⎣

√
σ1φ1(x)

...
√
σLφL(x)

⎤

⎥

⎦

and y !→

⎡

⎢

⎣

√
σ1ψ1(y)

...
√
σLψL(y)

⎤

⎥

⎦

optimal & structured L-dim. representation!

x yf(·) g(·)

f
(x
) g

(
y
)

=
∞∑

i=1

σiφi (x)ψi (y), σ1 ≥ σ2 ≥ . . . ≥ 0

k(x, y) !
p(x, y)

p(x)p(y)
←→ (Kg)(x) ! E[g(y)|x]

kernel operator



Jon Ryu (MIT) 5/24

Spectral Decomposition is a Fundamental Building Block

Efficient top-k EVD/SVD can tackle various problems!

Problem Operator Application

Quantum chemistry Hamiltonian Quantum many-body system

Density functional theory Kohn-Sham operator Electronic structure

Nonlinear dynamical systems Koopman operator Control, molecular dynamics

Principal component analysis Covariance matrix / operator
Representation learning, 
dependence analysis, 
downstream tasks 
(classification, regression), …

Canonical component analysis Conditional expectation operator

Graphical data analysis Graph Laplacian operator

Representation learning Conditional expectation operator

Physics and Engineering Simulation

Statistics and Machine Learning
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Problem: Top-k Operator Spectral Decomposition

<latexit sha1_base64="vkixFvu/ufdoAni+dzuH3gJrPNs=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim5cVrAP6AxDJr1t02YyQ5IRytCfcOOvuHGhiFvBnX9j2ulCWw9c7uGce0nuCWLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2wFRwJmAhmaaQzuWQMKAQysY3Uz91gNIxSJxr8cxeCHpC9ZjlGgj+cWyy4noc8BurJjPylkfYldm8hV2u8A18VM2nPjFkl2xZ8DLxJmTEpqj7he/3G5EkxCEppwo1XHsWHspkZpRDpOCmyiICR2RPnQMFSQE5aWzqyb4xChd3IukKaHxTP29kZJQqXEYmMmQ6IFa9Kbif14n0b1LL2UiTjQImj3USzjWEZ5GhLtMAtV8bAihkpm/YjogklBtgiyYEJzFk5dJ86ziVCvVu/NS7XoeRx4doWN0ihx0gWroFtVRA1H0iJ7RK3qznqwX6936yEZz1nznEP2B9fkDrpSejA==</latexit>

h i, ji = �ij

<latexit sha1_base64="O0FzaRieh/aYpwDM7p27bYKzuIg=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGpLoRim5cVrAP6AxDJr1t02YyQ5IRytCfcOOvuHGhiFvBnX9j2s5CWw9c7uGce0nuCWLOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJIUGjXgk2wFRwJmAhmaaQzuWQMKAQysY3Uz91gNIxSJxr8cxeCHpC9ZjlGgj+cWyy4noc8BuPGA+K8/7ELtyLl9htwtcEz9lw4lfLNkVewa8TJyMlFCGul/8crsRTUIQmnKiVMexY+2lRGpGOUwKbqIgJnRE+tAxVJAQlJfOrprgE6N0cS+SpoTGM/X3RkpCpcZhYCZDogdq0ZuK/3mdRPcuvZSJONEg6PyhXsKxjvA0ItxlEqjmY0MIlcz8FdMBkYRqE2TBhOAsnrxMmmcVp1qp3p2XatdZHHl0hI7RKXLQBaqhW1RHDUTRI3pGr+jNerJerHfrYz6as7KdQ/QH1ucPir6edg==</latexit>

h�i,�ji = �ij

<latexit sha1_base64="ZuhxcrdX14PPkwWbMBtMhkVznuQ=">AAACJXicbVDLSgMxFM34tr6qLt0Ei+CqzIhUFwqiG5cVrAqdOtxJ0zY0L5KMWIb+jBt/xY0Liwiu/BUztQtfBwLnnnsvN+ekmjPrwvA9mJqemZ2bX1gsLS2vrK6V1zeurMoMoQ2iuDI3KVjKmaQNxxynN9pQECmn12n/rOhf31FjmZKXbqBpS0BXsg4j4LyUlI9iAa5HgOeXwxi0Nuo+tplIcnkcDW/7sWVdAYnEse6xRMbKMUGtr6yvSkm5ElbDMfBfEk1IBU1QT8qjuK1IJqh0hIO1zSjUrpWDcYxwOizFmaUaSB+6tOmpBH+slY9dDvGOV9q4o4x/0uGx+n0jB2HtQKR+svBkf/cK8b9eM3Odw1bOpM4cleTrUCfj2ClcRIbbzFDi+MATIIb5v2LSAwPE+WCLEKLflv+Sq71qVKvWLvYrJ6eTOBbQFtpGuyhCB+gEnaM6aiCCHtATekGj4DF4Dl6Dt6/RqWCys4l+IPj4BJYNpoM=</latexit>

T ⇡
kX

n=1

�n�n ⌦  n

Given how can we find (compute / estimate)

under this constraint?

Can be viewed as structured operator learning

<latexit sha1_base64="4ZuYDytZLSkOVarpgmegHcvfib4=">AAACDXicbZC7TsMwFIYdrqXcAowsFgWJqUoqVBgrWBiLRC9SE0WO46RWHSeyHaQq6guw8CosDCDEys7G2+CkGaDllyx9+s85Oj6/nzIqlWV9Gyura+sbm7Wt+vbO7t6+eXDYl0kmMOnhhCVi6CNJGOWkp6hiZJgKgmKfkYE/uSnqgwciJE34vZqmxI1RxGlIMVLa8sxTR9IoRp7tRARW3CqZBYmSsEDLMxtW0yoFl8GuoAEqdT3zywkSnMWEK8yQlCPbSpWbI6EoZmRWdzJJUoQnKCIjjRzFRLp5ec0MnmkngGEi9OMKlu7viRzFUk5jX3fGSI3lYq0w/6uNMhVeuTnlaaYIx/NFYcagSmARDQyoIFixqQaEBdV/hXiMBMJKB1jXIdiLJy9Dv9W028323UWjc13FUQPH4AScAxtcgg64BV3QAxg8gmfwCt6MJ+PFeDc+5q0rRjVzBP7I+PwBz4Waww==</latexit>

�1 � �2 � . . . � 0
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Classical Approaches

Operator
(∞-dim. matrix)

Matrix
(discretized operator)

Discretize
<latexit sha1_base64="edonfVDZx8POOcHEufIwfkTv5Kk=">AAACDXicbVDLSsNAFJ34rPUVdekmWAUXpSQi1WXRjSupYB/QhDCZTNqhk5kwMxFL6A+48VfcuFDErXt3/o2TNovaeuDC4Zx7ufeeIKFEKtv+MZaWV1bX1ksb5c2t7Z1dc2+/LXkqEG4hTrnoBlBiShhuKaIo7iYCwziguBMMr3O/84CFJJzdq1GCvRj2GYkIgkpLvnnsZm4M1SCIssex71RdGnIlqzParTv2zYpdsyewFolTkAoo0PTNbzfkKI0xU4hCKXuOnSgvg0IRRPG47KYSJxANYR/3NGUwxtLLJt+MrROthFbEhS6mrIk6O5HBWMpRHOjO/Eo57+Xif14vVdGllxGWpAozNF0UpdRS3MqjsUIiMFJ0pAlEguhbLTSAAiKlAyzrEJz5lxdJ+6zm1Gv1u/NK46qIowQOwRE4BQ64AA1wA5qgBRB4Ai/gDbwbz8ar8WF8TluXjGLmAPyB8fULVbWcYQ==</latexit>

{x1, . . . ,xN}

or project
<latexit sha1_base64="rmbEs6SLeyCF9PfnLjfwu/PK0EQ=">AAACEXicbZDLSsNAFIYnXmu9RV26CRahQimJSHVZdONGqGAv0IQwmUzboZNJmDkRaugruPFV3LhQxK07d76N0zYLbT0wzM/3n8PM+YOEMwW2/W0sLa+srq0XNoqbW9s7u+befkvFqSS0SWIey06AFeVM0CYw4LSTSIqjgNN2MLya+O17KhWLxR2MEupFuC9YjxEMGvlm2c3cBwrYd8ouCWM4qbhcX6oyozc5dce+WbKr9rSsReHkooTyavjmlxvGJI2oAMKxUl3HTsDLsARGOB0X3VTRBJMh7tOulgJHVHnZdKOxdaxJaPViqY8Aa0p/T2Q4UmoUBbozwjBQ894E/ud1U+hdeBkTSQpUkNlDvZRbEFuTeKyQSUqAj7TARDL9V4sMsMQEdIhFHYIzv/KiaJ1WnVq1dntWql/mcRTQITpCZeSgc1RH16iBmoigR/SMXtGb8WS8GO/Gx6x1ychnDtCfMj5/AIq2nNo=</latexit>

{⇣1(·), . . . , ⇣M (·)}
<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T <latexit sha1_base64="trp4LbmAOkcJr+xjP5F5oObhQwI=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvXjEBJAIhHRLFxq63U371oRs+BdePGiMV/+NN/+NZdmDgpM0mcy8l84bP5bCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEa641PDpVC8hQIl78Sa09CX/MGf3M79hyeujYhUE6cx74d0pEQgGEUrPfZCimMTpM3ZoFxxq24Gskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp1niGTmzypAEkbZPIcnU3xspDY2Zhr6dzBIue3PxP6+bYHDdT4WKE+SKLT4KEkkwIvPzyVBozlBOLaFMC5uVsDHVlKEtqWRL8JZPXiXti6pXq9buLyv1m7yOIpzAKZyDB1dQhztoQAsYKHiGV3hzjPPivDsfi9GCk+8cwx84nz/kH5EU</latexit>

T

Matrix 
EVD/SVD

Discretization-based methods
(e.g., finite element method) PCA / CCA

Galerkin-type projection methods
(e.g., extended DMD) Kernel PCA / CCA
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Classical Approaches

Operator
(∞-dim. matrix)

Matrix
(discretized operator)

Discretize
<latexit sha1_base64="edonfVDZx8POOcHEufIwfkTv5Kk=">AAACDXicbVDLSsNAFJ34rPUVdekmWAUXpSQi1WXRjSupYB/QhDCZTNqhk5kwMxFL6A+48VfcuFDErXt3/o2TNovaeuDC4Zx7ufeeIKFEKtv+MZaWV1bX1ksb5c2t7Z1dc2+/LXkqEG4hTrnoBlBiShhuKaIo7iYCwziguBMMr3O/84CFJJzdq1GCvRj2GYkIgkpLvnnsZm4M1SCIssex71RdGnIlqzParTv2zYpdsyewFolTkAoo0PTNbzfkKI0xU4hCKXuOnSgvg0IRRPG47KYSJxANYR/3NGUwxtLLJt+MrROthFbEhS6mrIk6O5HBWMpRHOjO/Eo57+Xif14vVdGllxGWpAozNF0UpdRS3MqjsUIiMFJ0pAlEguhbLTSAAiKlAyzrEJz5lxdJ+6zm1Gv1u/NK46qIowQOwRE4BQ64AA1wA5qgBRB4Ai/gDbwbz8ar8WF8TluXjGLmAPyB8fULVbWcYQ==</latexit>

{x1, . . . ,xN}

or project
<latexit sha1_base64="rmbEs6SLeyCF9PfnLjfwu/PK0EQ=">AAACEXicbZDLSsNAFIYnXmu9RV26CRahQimJSHVZdONGqGAv0IQwmUzboZNJmDkRaugruPFV3LhQxK07d76N0zYLbT0wzM/3n8PM+YOEMwW2/W0sLa+srq0XNoqbW9s7u+befkvFqSS0SWIey06AFeVM0CYw4LSTSIqjgNN2MLya+O17KhWLxR2MEupFuC9YjxEMGvlm2c3cBwrYd8ouCWM4qbhcX6oyozc5dce+WbKr9rSsReHkooTyavjmlxvGJI2oAMKxUl3HTsDLsARGOB0X3VTRBJMh7tOulgJHVHnZdKOxdaxJaPViqY8Aa0p/T2Q4UmoUBbozwjBQ894E/ud1U+hdeBkTSQpUkNlDvZRbEFuTeKyQSUqAj7TARDL9V4sMsMQEdIhFHYIzv/KiaJ1WnVq1dntWql/mcRTQITpCZeSgc1RH16iBmoigR/SMXtGb8WS8GO/Gx6x1ychnDtCfMj5/AIq2nNo=</latexit>

{⇣1(·), . . . , ⇣M (·)}
<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T <latexit sha1_base64="trp4LbmAOkcJr+xjP5F5oObhQwI=">AAAB8XicbVBNTwIxFHyLX4hfqEcvjcTEE9k1Bj0SvXjEBJAIhHRLFxq63U371oRs+BdePGiMV/+NN/+NZdmDgpM0mcy8l84bP5bCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNlGiGW+xSEa641PDpVC8hQIl78Sa09CX/MGf3M79hyeujYhUE6cx74d0pEQgGEUrPfZCimMTpM3ZoFxxq24Gskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp1niGTmzypAEkbZPIcnU3xspDY2Zhr6dzBIue3PxP6+bYHDdT4WKE+SKLT4KEkkwIvPzyVBozlBOLaFMC5uVsDHVlKEtqWRL8JZPXiXti6pXq9buLyv1m7yOIpzAKZyDB1dQhztoQAsYKHiGV3hzjPPivDsfi9GCk+8cwx84nz/kH5EU</latexit>

T

Matrix 
EVD/SVD

Discretization-based methods
(e.g., finite element method) PCA / CCA

Galerkin-type projection methods
(e.g., extended DMD) Kernel PCA / CCA

Not scalable in dim 𝒳
and/or limited by the choice of fixed basis
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Modern Approach

Operator
(∞-dim. matrix)

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T
Optimization
framework

shared 
param.

x fθ(·)

neural net

<latexit sha1_base64="Yols14pOQ/dffz7i88N9bB1nMEk="></latexit>2

6664

f✓,1(x)
f✓,2(x)

...
f✓,k(x)

3

7775

<latexit sha1_base64="qoFfAVdB7E7td2T3zDmJoZieukQ="></latexit>

f✓?(·) ⇡ top-k eigenfunctions

Given (1) a “sufficiently expressive” neural network 
and (2) a “good” optimization framework, 
this approach can be much more scalable
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A Unified View on {Classical, Modern} Approaches

Operator
(∞-dim. matrix)

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T
Optimization
framework

<latexit sha1_base64="qoFfAVdB7E7td2T3zDmJoZieukQ="></latexit>

f✓?(·) ⇡ top-k eigenfunctions

shared 
param.

x fθ(·)

trainable

<latexit sha1_base64="Yols14pOQ/dffz7i88N9bB1nMEk="></latexit>2

6664

f✓,1(x)
f✓,2(x)

...
f✓,k(x)

3

7775

The discriminative feature: 
the parametric form of the trial function!

<latexit sha1_base64="ey02hOqZHPrO86I7vzFMuHh87T8="></latexit>

fω,k(x) =
N∑

i=1

vk,iω(x→ xi)

Discretization-based approach Projection-based approach Fully parametric approach

<latexit sha1_base64="tjuxxqisYmCBm3cypDbVO1ubU54=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEIECbtBohdB9OJRwRghG8LspNcMmZ1dZno1Ydn/8OKvePGgiCfBg3/j5HHwVdBQVHXT3RUkUhh03U9nanpmdm5+YbGwtLyyulZc37gycao51HksY30dMANSKKijQAnXiQYWBRIaQe906DduQRsRq0scJNCK2I0SoeAMrdQuVsN25mMXkO318rIfMewGYdbPd+kR9RH6mJUVpJpJqgDvYt3bzdvFkltxR6B/iTchJTLBebv47ndinkagkEtmTNNzE2xlTKPgEvKCnxpIGO+xG2haqlgEppWNfsvpjlU6NIy1LYV0pH6fyFhkzCAKbOfwePPbG4r/ec0Uw8NWJlSSIig+XhSmkmJMh0HRjtDAUQ4sYVwLeyvlXaYZRxtnwYbg/X75L7mqVrxapXaxXzo+mcSxQLbINikTjxyQY3JGzkmdcHJPHskzeXEenCfn1Xkbt045k5lN8gPOxxdJnqGX</latexit>

fω,k(x) = (neural network)

given 𝑁 data points {𝐱!, … , 𝐱"} given fixed basis functions {𝜁!, … , 𝜁#}

<latexit sha1_base64="1YwTM27pXD/45PEGkb+//6oijKk="></latexit>

fω,k(x) = a↭kω1:M (x)
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• Researchers in different domains have proposed various (often similar) proposals 
under different names…

Which Optimization Framework Should We Use?

Machine Learning / Deep Learning
SpIN (2019)
NeuralEF (2022)
NeuralEigenmaps (2022)

Computational Statistics
(Streaming PCA/CCA)
Oja’s algorithm (1982)
Krasulina’s algorithm (1969)
Sanger’s algorithm (1989)
Noisy power method (2013)
EigenGame (2020)

Reinforcement Learning
Spectral graph drawing (2003)
Graph drawing objective (2019)
Generalized GDO (2021)
ALLO (2024)

Computational Physics/Chemistry
Orbital minimization methods (1993)
Variational Quantum Monte Carlo (2001)
Natural excited states (2024)

Graph Learning
SpectralNet (2018)

Numerical Linear Algebra
Trace-penalty minimization method (2015)
Symmetric low-rank product method (2015)
Triangularized orthogonalization-free method (2020)

Nonlinear Dynamical Systems
VAMPnet (2018)
DPNet (2024)
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• Researchers in different domains have proposed various (often similar) proposals 
under different names…

Which Optimization Framework Should We Use?

Machine Learning / Deep Learning
SpIN (2019)
NeuralEF (2022)
NeuralEigenmaps (2022)

Computational Statistics
(Streaming PCA/CCA)
Oja’s algorithm (1982)
Krasulina’s algorithm (1969)
Sanger’s algorithm (1989)
Noisy power method (2013)
EigenGame (2020)

Reinforcement Learning
Spectral graph drawing (2003)
Graph drawing objective (2019)
Generalized GDO (2021)
ALLO (2024)

Computational Physics/Chemistry
Orbital minimization methods (1993)
Variational Quantum Monte Carlo (2001)
Natural excited states (2024)

Graph Learning
SpectralNet (2018)

Numerical Linear Algebra
Trace-penalty minimization method (2015)
Symmetric low-rank product method (2015)
Triangularized orthogonalization-free method (2020)

Nonlinear Dynamical Systems
VAMPnet (2018)
DPNet (2024)

Can be categorized based on:
(0) Problem of interest/dimensionality/parametric form;
(1) Variational optimization framework;

a. How to handle orthogonality;
b. Whether to find ordered outputs
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• Most existing frameworks rely on:

• Rayleigh quotient maximization
• Optimal solution = Top-k eigen/singular subspaces (up to rotation)

• Constrained optimization: 
require regularization, 
biased gradient, 
numerically unstable operations

• Learning with order is often done in a complicated manner

Dominant Variational Framework

<latexit sha1_base64="Qb6VBdtKR8mPFxSf8+Sl0w2v+IM="></latexit>

max
{(ui,vi)}k

i=1

kX

i=1

(u|
i Tvi)

r

s.t. u|
i uj = �ij

v|
i vj = �ij

require hyperparameter tuning
bad for large-scale optimization
unstable training

<latexit sha1_base64="HqrX1iWvfBq8Et41lYxeRLjTUo4=">AAACSnicdVA7T8MwGHRKgVJeAUYWiwqJqUoQKowVLIxF6ktqQuS4TmvVcSLbQVRRfh8LExs/goUBhFhw0wylhZNsne7uk/2dHzMqlWW9GqW18vrGZmWrur2zu7dvHhx2ZZQITDo4YpHo+0gSRjnpKKoY6ceCoNBnpOdPbmZ+74EISSPeVtOYuCEacRpQjJSWPBM5IXr0Un2rsR+kQZZBJxAILyj3DuWKCIxYrskgbWcL+f+Tc98za1bdygFXiV2QGijQ8swXZxjhJCRcYYakHNhWrNwUCUUxI1nVSSSJEZ6gERloylFIpJvmVWTwVCtDGERCH65gri5OpCiUchr6Opkvs+zNxL+8QaKCKzelPE4U4Xj+UJAwqCI46xUOqSBYsakmCAuq/wrxGOkmdSGyqkuwl1deJd3zut2oN+4uas3roo4KOAYn4AzY4BI0wS1ogQ7A4Am8gQ/waTwb78aX8T2Ploxi5gj8Qqn8A/h0t6E=</latexit>

max
f

f↭Tf
f↭f

<latexit sha1_base64="31or0SGp9/Bqy3fk5ll7knce9vQ="></latexit>

max
f1,...,fk

k∑

i=1

f↭i Tfi

s.t. f↭i fj = ωij
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• Variational principle: Low-rank approximation (LoRA)

• Optimal solution = Top-k singular subspaces (up to rotation)
• Unconstrained optimization, no regularization, unbiased gradient estimate

• Nesting: Can learn ordered singular-functions w/o explicit orthogonalization
• Idea: Learn rank-𝑖 approximation for all 𝑖 = 1,… , 𝑘 simultaneously

• NeuralSVD = LoRA + nesting + neural nets

• This is a versatile framework in computational simulation as well as ML/AI

Our Proposal: Nested Low-Rank Approximation

<latexit sha1_base64="5ybXgzuARTXlhEKMv/CyJsHE4Hs="></latexit>

min
{(fi,gi)}k

i=1

����T�
kX

i=1

fig
|
i

����
2

F
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<latexit sha1_base64="M/rJ5SPYeIDzzp0kn9+gl0N2I3g="></latexit>

g↭Tf =
∫

g(y)(T f)(y)ω(dy)

→ 1

B

B∑

n=1

g(yn)(T f)(yn)

(1) Learning Subspace via LoRA
<latexit sha1_base64="5ybXgzuARTXlhEKMv/CyJsHE4Hs="></latexit>

min
{(fi,gi)}k

i=1

����T�
kX

i=1

fig
|
i

����
2

F

<latexit sha1_base64="u3KgozkEzJkfKVn7TaNKEdH0muw="></latexit>

min
{fi,gi}k

i=1

→2
k∑

i=1

g↭
i Tfi +

K∑

i=1

k∑

j=1

f↭i fjg
↭
i gj

<latexit sha1_base64="TJ35mLXqn6515dUSPHGEX/0QdEE="></latexit>

f↭i fj =
∫

fi(x)fj(x)µ(dx)

→ 1

B

B∑

n=1

fi(xn)fj(xn)

Can be estimated in 
an unbiased manner 

from samples

Characterizes the top-k singular 
subspaces (Eckart-Young-Mirsky)

<latexit sha1_base64="3rsC47mqMIGki3vHxUd7MoMa2xc="></latexit>

k∑

i=1

fωi (g
ω
i )

↭ = (best rank-k approx. of T) =
k∑

i=1

ωiωiε
↭
i
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• High-level idea: perform rank ℓ-approximation for all ℓ = 1,… , 𝑘 simultaneously

• Let 

• Nesting aims to achieve:

• Orthogonality only implicitly enforced

(2) Learning Order via Nesting

<latexit sha1_base64="6IItOpDYshu/aVR8HsuZHWYwI5k="></latexit>

f1g
↭
1 = ω1ω1ε

↭
1

f1g
↭
1 + f2g

↭
2 = ω1ω1ε

↭
1 + ω2ω2ε

↭
2

...

f1g
↭
1 + . . .+ fkg

↭
k = ω1ω1ε

↭
1 + . . .+ ωkωkε

↭
k

<latexit sha1_base64="p/V7EVeamQ8f1nsAlYYH70yKmu4="></latexit>

→ fig
↭
i = ωiωiε

↭
i ↑i ↓ [k]

<latexit sha1_base64="zoun/fJXkCLxH7bQOaRSqER+5zU="></latexit>

LLoRA(f1:ω,g1:ω) ↭ →2
ω∑

i=1

g↭
i Tfi +

ω∑

i=1

ω∑

j=1

f↭i fjg
↭
i gj

<latexit sha1_base64="BbTq29kn0nO76sYRVE5jL0byPIM="></latexit>

(f1,g1) → arg min
f1,g1

LLoRA(f1,g1)

(f1:2,g1:2) → arg min
f1:2,g1:2

LLoRA(f1:2,g1:2)

...

(f1:k,g1:k) → arg min
f1:k,g1:k

LLoRA(f1:k,g1:k)
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• Joint nesting

• when using a single neural network

(2) Learning Order via Nesting: Implementation

Jointly NestedLoRA

LLoRA(f1,g1)

LLoRA(f1:L,g1:L)

LLoRA(f1:2,g1:2)

·
·
·

·
·
·

·
·
·

Ljnt(f1:L,g1:L)

f1

f2

fL

g1

g2

gL

Sequentially NestedLoRA

LLoRA(f1:L,g1:L)

LLoRA(f1:2,g1:2)

·
·
·

·
·
·

·
·
·

f1

f2

fL

g1

g2

gL

LLoRA(f1,g1)

• Sequential nesting

• when using multiple neural networks
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• Time-independent Schrödinger equation 

• 2D-confined hydrogen 

Application 1. Solving Linear PDEs

Hψ(x) = λψ(x)

V(x) = −
1

‖x‖2
, x ∈ R

2 × {0}

gr
ou

nd
 

tr
ut

h

Eigenfunction: stationary configuration
Eigenvalue: energy

<latexit sha1_base64="+7zHW0wYl58dL9Zq1mMU5yJNHpE="></latexit>

H = �r
2

|{z}
kinetic

+ V(x)| {z }
potential



Jon Ryu (MIT) 17/24

Application 1. Solving Linear PDEs
gr

ou
nd

 
tr

ut
h

Sp
IN

N
eu

ra
lE

F
N
eu
ra
lS
V
D

• Time-independent Schrödinger equation 

• 2D-confined hydrogen 

Hψ(x) = λψ(x)

V(x) = −
1

‖x‖2
, x ∈ R

2 × {0}

<latexit sha1_base64="+7zHW0wYl58dL9Zq1mMU5yJNHpE="></latexit>

H = �r
2

|{z}
kinetic

+ V(x)| {z }
potential
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Application 1. Solving Linear PDEs

• Time-independent Schrödinger equation 

• 2D-confined hydrogen 

Hψ(x) = λψ(x)

V(x) = −
1

‖x‖2
, x ∈ R

2 × {0}

Several Orders of Magnitude Improvement!

<latexit sha1_base64="+7zHW0wYl58dL9Zq1mMU5yJNHpE="></latexit>

H = �r
2

|{z}
kinetic

+ V(x)| {z }
potential



Jon Ryu (MIT) 19/24

Application 1. Solving Linear PDEs

Scalability of Parametric Spectral Decomposition

Even in this simple 2D example, 
the parametric approach 

demonstrates 
favorable scalability!
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Application 2. Analyzing Dynamical Systems
<latexit sha1_base64="blPZyNC3lMmrRE6nT47cSLSBnU0="></latexit>

dXt = �U 0(xt)

�
dt+

r
2

��
dWt

<latexit sha1_base64="sZsYEed6MIyNLpt7qwNyWaSFOQA="></latexit>

(Lf)(x) = �U 0(xt)

�
f 0(x) +

1

��
f 00(x)

Infinitesimal generator

ℒ is symmetric (time-reversal process) 
Eigenfunction: dynamics-invariant distribution / Eigenvalue: decay rate

(Overdamped) Langevin dynamics
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Application 2. Analyzing Dynamical Systems

Existing proposals are difficult to reproduce
& NeuralSVD works robustly without any orthogonalization

<latexit sha1_base64="blPZyNC3lMmrRE6nT47cSLSBnU0="></latexit>

dXt = �U 0(xt)

�
dt+

r
2

��
dWt

<latexit sha1_base64="sZsYEed6MIyNLpt7qwNyWaSFOQA="></latexit>

(Lf)(x) = �U 0(xt)

�
f 0(x) +

1

��
f 00(x)

Infinitesimal generator

(Overdamped) Langevin dynamics
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Application 3. Sketch-Based Image Retrieval 

query retrievals
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Application 3. Sketch-Based Image Retrieval 

x yf(·) g(·)

f
(x
) g

(
y
)

E[f(x)ᵀg(y)]

neural net neural net

Train to maximize correlation

top-L SVD of
p(x, y)

p(x)p(y)

via NeuralSVD

Training phase

Equivalent to SVD of conditional expectation operator
<latexit sha1_base64="FkP5uMqXA6Q3k3XRdV/Y7slFgjg="></latexit>

(Kg)(x) = Ep(y|x)[g(y)]
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Application 3. Sketch-Based Image Retrieval 

argmax
y

f(x)ᵀg(y)

neural net neural net
query

x yf(·) g(·)

f
(x
) g

(
y
)

retrieve y’s maximizing inner product

Test phase

<latexit sha1_base64="MQC1B0I7+ay4fjf6cr3jEFcmT0A="></latexit>

argmax
y

f(x)|g(y)Return



Application 3. Sketch-Based Image Retrieval 

Structured 
representation:
full performance 
w/ only ¼ dim.
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• NeuralSVD provides principled, clean & scalable solutions

• Ongoing / future directions
• Large-scale scientific simulation 

(quantum chemistry, density functional theory, molecular dynamics, …)
• New variational principles
• Beyond two modalities via structured tensor decomposition?

• Theoretical understanding on architectures / scaling law

Takeaways and Future Directions
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Thank You!



Jon Ryu (MIT)

J. Jon Ryu, Xiangxiang Xu, Melichan Erol, Yuheng Bu, Lizhong Zheng, Gregory 
W. Wornell, “Operator SVD with neural networks via nested low-rank 
approximation,” ICML 2024

Minchan Jeong*, J. Jon Ryu*, Se-Young Yun, Gregory W. Wornell, “Efficient 
Parametric SVD of Koopman Operator for Stochastic Dynamical Systems,” 
arXiv:2507.07222, Submitted

J. Jon Ryu, Samuel Zhou, Gregory W. Wornell, “Revisiting Orbital Minimization 
for Neural Operator Decomposition,” Submitted

References

https://arxiv.org/abs/2507.07222
https://arxiv.org/abs/2507.07222
https://arxiv.org/abs/2507.07222

