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ABSTRACT. In Cohen’s famous calculation of the mod p cohomology of configuration spaces,
the key ingredient was a complete description of the Cartan—Leray spectral sequence for the
configuration space of & = p points. I will discuss this aimed at giving a complete description
of this spectral sequence for arbitrary k. This work not only provides a geometric way to prove
the Arone—Mahowald theorem and Kjaer’s theorem, but also gives the potential to determine the
ring structure of cohomology of unordered configuration spaces.
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2 DEZHOU LI

1. INTRODUCTION

Configuration spaces lie at the intersection of fields as diverse as iterated loop space theory, knot
theory, number theory, and mathematical physics.

Definition 1.1. The configuration space of k ordered points in the topological space X is
Confy(X) = {(z1,22,...,21) € X¥ 1 2; # x; if i # j}
endowed the subspace topology of X*. The unordered configuration space is the quotient
By (X) := Confy(X)/Zy.

For the case of X = R?, By(R?) is the classifying space of the braid group. Since the action ¥,
on Confy(R™) is free, so for each k and n, there is a Cartan—Leray spectral sequence of the form

Byt~ He (zk, H!(Conty(R™); Fp)) — H"(By(R");F,).

In Cohen’s famous calculation | ] of the mod p cohomology of configuration spaces over R,
the key ingredient was a complete description of the Cartan—Leray spectral sequence for the con-
figuration space of k = p points. As such, giving a complete description of this spectral sequence
mod p for arbitrary k is a natural question to ask. Formally,

Problem 1.2. For every k and n, determine the Cartan—Leray spectral sequence for the action of
Y% on Conf,(R™) mod p.

There are several applications of this problem. First, we recall that the transfer maps for the
coordinate projections endow
Ay = @D H*(Bu(R");F,)
E>0
with the structure of a divided power algebra | ].

Application 1.3. Give a complete description of A,, as a divided power algebra.

Next, recall from above that the entries in the top row of the spectral sequence are of the form
H*(Xy; My,), where
My, := H*=D0=D (Conf, (R™); F,).
These vector spaces may be interpreted as certain spaces of Lie algebra power operations | 1,
and a difficult calculation of Arone-Mahowald shows that all such operations vanish for & = p” or
k=2p" forr>1] ].

Application 1.4. Give a geometric proof of the Arone-Mahowald theorem.

Kjaer’s theorem from [ | shows that among the cases where the top row does not vanish, it
is possible to calculate its dimension over [F,,.

Application 1.5. Give a geometric proof of Kjaer’s theorem.

Note that the same technique can be applied to study the general By (R™). Besides, since the cup
product is compatible with the spectral sequence, this creates a potential to study its ring structure,
which is still an open question until these days. Moreover, we can incorporate Hopf ring | ]
and/or operad | ] structure into the Cartan—Leray spectral sequence description, which brings
extra structures on A,,.

For this paper, we have been able to solve the main problem up to the case k < 2p?. We will
phrase our answer in terms of certain atomic spectral sequences Uy, r) and Vi, pn)-
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Definition 1.6. Let m,n and r be integers and 0 < m < n, r > 2. We define Uy, ,, » to be a first
quadrant spectral sequence over F,, such that

m,n—m . m,n—m ~v m+r,n—m—r+1 ~
drenTm L ErenTm e |y prtT ~F,

is an isomorphism and other entries in the spectral sequence are all trivial. Similar, we define
Vim,n) to be a first quadrant spectral sequence over I, such that E"~™ = T, for r > 2 and other
entries in the spectral sequence are all trivial. We call a first quadrant spectral sequence a universal
spectral sequence if it is isomorphic t0 Uy n,r) OF Vi ny- See Figure 1.

Example 1.7. In this language, Cohen’s original calculation, see Proposition 5.5, for the case k = p
and n = 2 can be expressed as an isomorphism between the Cartan—Leray spectral sequence and

Voo @Vone P U(

2t(p—1)—e—p2t(p—1)—e—1p)"
t>1,6=0,1

Roughly speaking, the spectral sequence is isomorphic to the sum of two spectral sequences. One
spectral sequence is induced by the previous cases where k' < k, and another one captures new
behavior.

Theorem 1.8. The spectral sequence for the braid group Bay,e (R?) is isomorphic to

oV

eV (p2—1,2p2—1)

(p2 —2p,2p2 —Zp) © V(p2 —2p+1,2p2 —2p+1) (p2 —2,2p2 —2)

® @ Uj(t1751-,t2752) U

t1>ta+2—e2
t2>15e1,62=0,1

where f(tl,sl,tg,sg) = (a,a+2p® — 1,p) and
a:= p((2t2 +D(p—-1)+ (1 —2e)p— 1) —p+ (2t +e2)(p—1) — ey,

and U’ is a spectral sequence whose Es page coincides with

V(O,O)@V(O,l)@l 1269 1V((p_z)z,(zp_z)z)@V((p—2)1+1,(2p—2)l+1)@V((p—Q)l,(zp—2)l+1)@V((p—2)1+1,(2p—2)l+2)'
=1,2,....p—

Remark 1.9. See Theorem 5.23 for the general statement, which proves the Arone—Mahowald
theorem and Kjaer’s theorem up to 2p2.

Corollary 1.10. Letl=1,2,...,p—1 and e = 0,1, then

F, if =0,1,(2p - 2),(2p — 2)l +2
Fp@F, ifx=@2p-2)+1
* 2y. ~ P p
H*(Byy2 (R?); F,,) = F, ifx=2p>—2p+e,2p> —2+¢
0 otherwise

Corollary 1.11. Through degree 2p?, Ay is a free divided power algebra on generators of bidegree
i) = (20" — 2,2p"), |yi| = (20" —1,2p")

for i = 1,2, where the first degree is the cohomological degree and the second degree is the number
of points in configuration spaces.
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(m,n —m)

(m,n —m)

(m+rn—m-—r+1)

FIGURE 1. Ugp,p,r) on the left and V,, ) on the right.

1.1. Some definitions.

Definition 1.12. Let C be a (co)chain complex with differential d. We call a subcomplex A
independent if dz € A if and only if dz = dy for some y € A.

An immediate result is that the subcomplex A is independent if and only if H,(A) — H,(C) is
injective.
Definition 1.13. Let {E,} be a spectral sequence and Ay a subspace of Fy. We define what it
means for A; to be independent through FE, recursively as follows:
(1) First, we say that As is independent through Es if As is an independent subcomplex of Es.
In this case, we define Az := H,(As), thought of as a subspace of Ej.
(2) Assume that independent through E,._; and A, have been defined. We say that A is
independent through E, if A, is an independent subcomplex of E,..
We say that Ay spans a spectral subsequence if Ay is independent through E,. for every r. In this
case, {A,} forms a spectral sequence with a canonical map of spectral sequences to {E,} that is
injective on every page.

Definition 1.14. Let U be a sum of universal spectral sequences. Let pu; be the distinct partitions
of k for i = 1,2,...,m, which correspond to the summands H*(Xy, M,,) in the spectral sequence
of Bi(R?). We say {1, p2, ..., flm } Spans a spectral subsequence if @, ., H*(Xy, M,,,) spans a
spectral subsequence. We say U provides a model for ji1, tg, . . ., thn if
(1) {p1,p2, .-, m} spans a spectral subsequence, and
(2) There is an injective map of spectral sequences from U to the spectral sequence of By,(R?)
with the image @, ., ,, H*(Xk, M,,) at the Ey page.

2. BACKGROUND ON GROUP (CO)HOMOLOGY

This section, together with the next section, are the fundamental tools to solve the problem.
The big framework is to apply Cartan-Leray spectral sequence to study the braid group. Hence,
we shall review some of the facts about spectral sequences and group cohomology at this section.
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2.1. Basic group (co)homology facts. Let us recall some group (co)homology facts here which
shall be used constantly in this paper. Proofs of the statements can be found at Chapter III of

[Bros2].

Proposition 2.1 (Shapiro’s lemma). If H < G and M is an H-module, then
H.(H,M) = H,(G,Ind$ M)

and
H*(H, M) = H*(G, Coind§, M).
Proposition 2.2 ([ , Prop 3.5.9]). If the index of a subgroup H in G is finite, then Indg M =
Coind$ M.
Proposition 2.3 (| , Prop 3.6.1]). Let G be a group and M a G-module.

(1) There is a natural isomorphism H°(G, M) = M.
(2) For any exact sequence 0 = M' — M — M" — 0 of G-modules and any integer n, there is
a natural map 6 : H*(G, M") — H"TY(G, M") such that the sequence
0— H(G, M') = H°(G, M) — HY(G,M") % HY(G,M') — H*(G, M) - ...
(3) If Q is an injective F,G-module, then H"(G,Q) =0 for n > 0.
Proposition 2.4 (| , Prop 3.9.5]). Let H, K be subgroups of G and M be a G-module.

Denote res$ : H*(G, M) — H*(H, M) as the restriction map and cor§ : H*(H, M) — H*(G, M)
as the corestriction map.

(1) Given (G : H) < oo, cor§ ores$ = [G : H] - id.
(2) Given (G : H) < 0o, res% o corfy = > oger corﬁmgHg,1 oresig]‘;Hg_l o(c(g)*)™L, where c(g) :
(H,M) — (gHg™', M) sends (h,m) to (ghg™*, gm).
Corollary 2.5 (| , Prop 3.10.2]). If |G| is invertible in M, then
H"(G,M)=0

for all m > 0.
Corollary 2.6. If a subgroup H of G is invertible in M and [G : H] < oo, then
H™(G,Ind$§ M) =0
for all m > 0.
Proof. This is by 2.5 and Shapiro’s lemma. ]

2.2. Spectral sequences and naturality. The Cartan-Leray spectral sequence theorem is the
most fundamental theorem used in this paper. Besides, naturality plays a key role for computing
cohomology of By where k > p.

Theorem 2.7 (The cohomological version of | , p- 169)]). Let G be a group, C* be a co-chain
complez equipped with a G-action, and let W, be a free resolution over G, then there is a spectral
sequence of the form

Ey' =~ H3(G, HY(CY)) = H* ' (Homg(W,, C*)),

which is natural for equivariant cochain maps.
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Corollary 2.8 (| , p- 173)). If X is a G-space for a group G and M is a G-module, then there
is a spectral sequence of the form
Eyt = H¥(G,H (X, M)) = H***(EG x¢ X, M)

where the Eg-term here involves the diagonal action of G on H*(X, M) induced by the acton of G
on X and M and H*(X/G, M) needs to interpreted as cohomology groups with local coefficient if
G acts non-trivially on M.

Corollary 2.9 (Cartan—Leray). If X is a free G-space for a group G and M is a G-module, then
there is a spectral sequence of the form

ES' = H3(G,HY (X, M)) = H**Y(X/G, M).

Corollary 2.10 (| , p- 175]). Let X be a G-space. If N is a normal subgroup of G which acts
freely on X, then
H*(EG xg X) =2 H*(G/N xg/y X/N)
with any G /N-module of coefficients.
For our purpose, we can study fibration of the form
Confk — By — BY.
Corollary 2.11. Given X be a G-space and 'Y be a H-space such that H < G. Let f : X =Y be

a continuous H -equivariant map, then the induced map between spectral sequences

F* i HA(HHA(Y)) = B (G, H (X))
commutes with the differentials at every page.
Proof. By assumption, f : X — Y induces a map at the co-chain level f : C*(Y) — C*(X).
This map is a H-homomorphism. By the universal mapping property, there is an induced G-
homomorphism

f*:nd$ C*(Y) = C*(X).

This induces a map between spectral sequences by 2.7 and

H*(G,Ind$§ H*(Y)) = H*(H,H*(Y))
by Shapiro’s lemma. O

Proposition 2.12 (] , p. 169)). If 7 : C — C' is a quasi-isomorphism of two G-chain com-
plezes, then T induces an isomorphism H*(Homg(W,,C)) — H*(Homg(W.,C")), where W, is a
free resolution over G.

In order to study spectral sequence of By, for large k, we ‘break’ it into smaller pieces by studying
spectral sequence of product of By for small k. Hence, we need to study the spectral sequence
regarding to the product and the wreath product. For that, we introduce the Lyndon-Hochschild-
Serre spectral sequence here.

Theorem 2.13 (Lyndon-Hochschild-Serre). For any group extension
l1-H->G—-Q—1
and any G-module M, there is a spectral sequence

ESt = H*(Q,H'(H,M)) = H* Y (G, M).
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We need Lyndon—Hochschild—Serre spectral sequence to study the group extension regarding to
the wreath product of symmetric groups. With the F,-coefficient, [ , Thm 3.3] has proven
that

H*(El l Eman) = H*(ElaH*(EW“FP)@l)'

We can expand this idea by considering a more general coefficient.

Theorem 2.14 (| , Thm 2.1]). Let X be a connected space of finite type with fundamental
group G, and let M be an Fy,-free G-module, then the spectral sequence with coefficients in M®*
(over Fp,) for the fibration

(X)* = (X)* x5, EX), — By,
collapses at the E>-page.

Note that (X)* xx, EY}, is the classifying space of ¥; 1 G.

2.3. Cohomology of symmetric groups. We will run into a lot of scenarios where cohomology
of symmetric groups appear in our Cartan-Leray spectral sequences. Hence, we need a tool to study
them.

Recall a classical theorem by May.

Theorem 2.15 (| , p- 123]). Consider group cohomology H*(X,; M) and let 3 denotes the
mod p Bockstein, then
(1) for M = F,, H(E,;Fp) = Arp,[v] ® Fp[Bv] as an algebra where v is a class of degree
2(p—1)—1; and
(2) for M =39, H*(X,;F29") has the additive basis {(Bv)°B°v'} where v is a class of degree
p—2,e=0,1ands>0.

This tells us cohomology of ¥, over F,. However, for our purpose, we need to study cohomology
of ¥, over [, for an arbitrary positive integer k.

Dyer-Lashof operation provides an extreme helpful way to understand (co)homology of symmetric
groups with coefficient either trivial or sign representation, even though it has boarder applications
including general linear groups. To understand the full potential of Dyer-Lashof operation, readers
can access Bernard’s paper here [ ], where (co)homology of symmetric group is just one of its
applications.

Consider two types of homology operations:

e the untwisted Dyer-Lashof operations
Q% 1 Hn(¥y,Fp) — Hn+2s(p71)(2pgan)
ﬂQS : Hn(szp) — Hn+25(p—1)—1(2pngp)

forn € Z and s € Z.
e the twisted Dyer-Lashof operations

Q5+§ : Hn(EQ7F;7(]n) — Hn+(25+1)(1’-1) (ZPQ’]F;’!]n)
BQ Tz Hy, (2, F27") = Hpg2s41)(p-1)—1(Zpg, Fp™)

forn € Z and s € Z.
They satisfy a list of properties:
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Proposition 2.16 (] , Thm. 6.21]). Let M =), or F;9". The Dyer-Lashof operations consist
of natural transfomations
Q% Hn(zgy M) — Hn+25(p71)(2pg’ M)
ﬂQS : Hn(zga M) — Hn+25(p71)71 (Epgy M)

for every s €e ZUZ + % satisfying the following relations.
(1) The composition of trivial coefficient and sign representation is always trivial, i.e.,
QS/QS—F% — QS’—&-%QS — O
for any s and s'.
(2) Q° =0 if2s <n.
(8) BQ* =0 if 2s < n.
(4) If x € Hy () with n = 2s, then Q°(x) = aP.

By digging into the original definition of Dyer-Lashof operations, not only every element in
H,(¥,2) comes from H,(X,%,), but also we know which summand of H, (X, ¢ X,) specifically
since

HS(EPZZP) = @ HS1(2P7HS2(ZP))'

S1+s2=s

Note that we always have the following surjective ‘corestriction’ map,
H,(E,0%,) = Ho(X,2).
Consider tuples
I =(e1,51,62,82,. €k, Sk)

where ¢; is either 0 or 1, s; is either in Z or in (Z + %) Any such I determines a word in the
Dyer-Lashof operations

QI = ,BSIQSI o 6Ek st.
We say such a sequence I admissible if both of the following conditions hold:

(1) For untwisted operations, s; € Z for all 1 < i < k; for twisted operations, s; € (Z + 3) for
all1 << k.
(2) psi —e; > si—1 forall 1 <i <k.

We call I(I) = k, the length of I, and e([) := 257 — &1 — Zf:2(28i(p —1) —&;), the excess of I.
Theorem 2.17 (| , Thm. 7.13]). Let M = F, or F39", then H.(¥4, M) is isomorphic

to the free commutative algebra on {Q'z} as a F,-vector space, where v € Ho(Xq1, M), Qlz €
Ht(zpz(z),M) for

k
= Z(?sl(p - 1) - 5i)7 Zpl(l) =49,
I

i=1
and QT rangers over all admissible compositions of Dyer-Lashof operations subject to e(I)+&1 > 0.
Remark 2.18. Let us call the free commutative algebra above S, we give a default total ordering

to elements in S. For element s153...5; where 51 < s9 < -+ < 55, we can only have s; = s;11 if
homology degree of s; is odd with sign representation and even with trivial coefficient.
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Example 2.19. Let M =T, or F;9". For x € Ho(X1, M), we have

Ql(z) S H2(p—1) (ZpJFp)?ﬁQl(x) € HQ(p—l)—l(Zpa]Fp)

Q% (2) € Hipon) (25, F3™), BQ% (2) € Hyo(Sy, Fy™)
This is related to 2.15. Hence, v = (8Q*(z))*, Bv = (Q(x))*, and v = (BQ%(QU))*,BU’
Example 2.20. For z € Hy(X1,F,) and | € N, we have
H,(Sip,Fp) = Ho(Sipi1, Fp) 2o 2 Ho (S oty Fp)-
Example 2.21. For x € Hy(X;,F;?") and | € N, we have

H*(lea F;gn) = H. (Elp-‘rlﬂ F;S;gn)a

Hy(Sip1o, F9") = Ho(Zip43, F") = - = Ho(Sppp(p—1), F;7") = 0.
This is because 2% € Hy(Xa, F59") = 0.

Corollary 2.22. For H, (X, F39"

29") with v > 1, the first non-trivial admissible set I of length r
satisfying the conditions on theorem 2.17 has the form

r—1 r—2 r—3
P p p 1
2 707 2 ?07 2 7"'707 70’2)7

I = (Sl,p
and for such I, *x =p" —1 —¢e1.

Proof. For I = (g1, $1,€2,82,- - -,Er, S), this is subject to
DSy — Ep > Sp—1

PSr—1 — Ep_1 = Sp_2

pS2 — €2 2> 81
and

25, >0

28,1 > 2s:(p—1) — e,

T
251> 2si(p—1)—e;
i=2
For the first admissible set I, we start with s, = %, then
p— 1-— Er pP—&r
— <51 < .
2 =T
If e, = 1, then s,_1 does not exist.

If e, =0, then s, = g. Then we continue this process to get

r—1 r—2 r—3
D P P p 1
1= 0 0 ...,0,=.0,-).
(517 2 ) 2 s Uy ) ) ) 727 ’2)
Note that this is related to
BQ T ... QEQF(2) € Hyr—1—c, (Spr, F3I7).
for x € HO(El,IE‘ZQ”).
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Let us take a close look at the co-restriction map we mentioned before, and we shall make it into
a general case.

Lemma 2.23. Let ¥, X, be a subgroup of ¥,- and € = 0 or 1, then we have the surjective
transfer map with coefficient of sign representation

[ HY (R, 080 T — HY TLE(S, FO)
with the image isomorphic to

HO (S HY 715 (Spr )P, (B O7) @ HP 715 (S, (HY 7 (S, F™)) 7).

P
as a direct summand of HP" ~175(%,2 Ypr-1,F39").

Proof. This is by the original definition of Dyer-Lashof operations.
For I(I) = r, subject to the conditions on I, we get that
pr—l

BEQT...QEQ% (w) € Hyr 1 o(Syr, B,

and this is from H, (S, (Hyr1_y (Spr1, F397))2P).
For I(I) < r, the corresponding terms all come from Ho (X, Hpr —1-<((Xpr—1), (F39™*)¥P) by the

total ordering argument after theorem 2.17. ]

Proposition 2.24. For M =F, or F;9" and 1 <1 <p,
H, (Sipr, M) = H (305, M).
Proof. First, we have an injective [F-vector space homomorphism
H.(Zipr, M) — H (05, M) = (Ho (Zpr, M)®)s;,.

By 2.17, both sides have the same basis. This is because for admissible I, it has length ranging
from I(I) = 1 to I(I) = r for both sides. Besides, for element s1s3...s; in this free commutative

algebra given a default total ordering s; < sp < --- < 55, we can only have s; = s; if homology
degree of s; is n for (—1)"™! = 1 with sign representation and (—1)" = 1 with trivial coefficient.
This extra condition coincide with ¥; coinvariant property for H,(¥,, M )@t ]

3. CONFIGURATION SPACES

In the spectral sequence related to H* (X, H*(Confy,F,)), we can simplify each entry by getting
rid of many trivial components, which can be accomplished by looking at partitions of k£ and related
submodules of H*(Confy). However, this is not enough because we lack information about the
entries in the top rows and bottom rows of the spectral sequence. For the top rows, we may fix the
issue by looking at cohomology dimension of By. As for the bottom rows, Dyer-Lashof operation
(from last section) provides a solution.

3.1. Maps out, maps in, and partitions.
Definition 3.1. We call the projection map

Confj, — Confy, x -+ x Confy,,
a “map out” if ky +---+ k; = k.

We can consider its dual notion.
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Definition 3.2. Let ¢ : ][] R™ — R"™ be any orientation preserving embedding, and we call
i=1,2,...,1
the dashed map of the following form

Confy, (R™) x -+ x Confg, (R™)

Confy, (][ R") -

{ Confy,(R"
Confr (¢) onfi (R")
a “map in” if ky+---+k =k.

Note that the any two choices of ¢ are the same, up to homotopy.
Fix an integer k, and consider a (unordered) partition A of k of length r such that

ke + koo ke =k

This corresponds to a subgroup
XN < Vg,

which is defined to be the product of ¥, 3,’s where a is the number of times where k;, appears.
This also corresponds to a ¥ -equivariant map out

f : Confy, — Confy, x Confy, x--- x Confy, =: Conf) .
3.2. H*(Confy(R")) and induced submodules related to partitions of k. Let A be a partition

of k of length r, and consider the following commutative (up to homotopy) diagram

Confy —t Confy,

b

Coan

where 7 is a map in and p is a map out. This shows that the induced map p* is injective.

HE=n®=1)(Conf,) ++— HE*-m)(=1)(Conf})
x Tp*
H*=m)(=1)(Confy)

Note that p* is a Xx-module homomorphism and H(k_r)("_l)(Confk) is a Yg-module. Hence,
by the universal mapping property, this induces a map

p* : Indgr H*=" =D (Confy) — HE==1) (Confy,).

such that the following diagram commutes

H®&=m) (=1 (Conf,) +—— H*-""=1)(Confy)

) e
id P BRI

H(kfr)(nfl)(coan) — Indgl;\ H(kfr)(”*l)(Coan)

Note that p* is also injective, and this is by | , Cor 4.6].
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Definition 3.3. Given a partition A of k of length r, we call
My = imp* = Indgk H*="=1)(Confy),
an induced submodule related to the partition A.

Let A run through all (unordered) partitions of k of length r. By the universal property of the
direct sum, we have a X;-modules homomorphism

@p* GBM)\ — H*=N = (Confy,).

A
Proposition 3.4 (] , Thm 2.10]). There is an isomorphism of Xi-modules
HE=DOD (Confy) = @) M,
;| A |=r
and hence

*(Confy,) @ @ M.

r=1 X\;|\|=r

Definition 3.5. Let k be an integer, and consider all the partitions of k. For a partition of the
form (ki, k2, ..., k) of length 7, it corresponds a Xi-submodule M) of H*(Confj(R?),F,). We call
a partition cohomologically non-trivial if H*(Xg, M) # 0 for = > 0.

With the help of cohomology dimension of By (R™), we will be able to classify all cohomologically
non-trivial partitions for a fixed k. See 3.17.

Proposition 3.6 (] , Prop 3.2.6]).
My, = H(k_l)(”_l)(Confk(R”))
is a free X _1-module as a sub Xj-module.

We wish to understand the first column of the spectral sequence. In other words, we need to
compute HO(Xy, M) for a given partition \.

Remark 3.7. For the case kK = p, it is called the Invariants Theorem in Cohen’s paper. Note
that we can easily expand to the general case. For the proof, | , p- 81] provides a more
reader-friendly version here.

Theorem 3.8 (Invariants Theorem). For any prime p > 3,

F, fa=(1,1,...,1)
HO(EkvM)\) = (MQ)Ez /Lf)‘: (271771)
0 otherwise

3.3. Cohomology dimension of By (R™). We denote by cohdimz(M) the smallest integer with
the property that ‘
H(M,+Z) = 0,Yi > cohdimz(M).

Theorem 3.9 (| , Thm 1.1]). Let M be a compact manifold of dimensionn > 1, with boundary
OM, and let U C M be a closed subset such that UNOM = 0 and M — U connected. We denote by
r the connectivity of the quotient M /(U UOM) if U UOM # (). We assume 0 <71 < oo and k > 2.
Then

cohdimyz(Bxk(M —U)) < (n—1)k—1r

When M is even dimensional orientable, then replace cohdimiy by cohdim.
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t
0
(1) (p-1)
d, d,
0
0

FIGURE 2. Ejs-page of Conf,(R") — B,(R") — BX, where r = (n —1)(p— 1) + 1.

Corollary 3.10. H'(B,(R"),F,) =0 foranyi > (n—1)k—n+2=(n—-1)(k—1) + 1.

Proof. Pick M = S™ and U = {pt} where n is even, then S™ — pt 2 R™ and r = n — 1 in this case,
then we use the universal coefficient theorem to pass from Z to F,. The statement follows since
By (R™) is orientable. O

Note that Arnold | , D- 32] proved the case when n = 2.

3.4. k = p case from Cohen. In this section, we revisit Cohen’s calculation for the case k = p
using the tools we have seen so far. The original calculation can be found at [ , D. 207]. We
arrange this section here because this lays the foundation for later sections.

The main strategy is to apply Cartan-Leray spectral sequence to fiber bundle

Conf,(R") — B,(R") — BL,.
This produces a spectral sequence with
Eg’t ~ H*°(%,, H' (Conf,(R™),F,)) = H*'(B,(R"),F,).

By 3.4 and 2.1, we can determine the non-invariant part of Ey page of the spectral sequence. It
turns out that there are only two cohomologically non-trivial partitions of p, and they are (p) and
(1,1,...,1). They are corresponding to the top row and the bottom row in the spectral sequence.
As for the invariant part, this can be determined by 3.8. See figure 2.

By 3.10, we know that the differentials at page (p — 1)(n — 1) + 1 between these two rows above
must be isomorphisms. Hence, the F., page looks like a chop-off form. See figure 3.

Remark 3.11. As for the terminology in Cohen’s paper, if we combine 3.4 and 2.1, it is called
Vanishing Theorem. Another key statement is called Periodicity Theorem. However, 3.10 is a
‘stronger’ version than the Periodicity Theorem since it can used for the general case. See [ ,
p. 81] for the statements and the proofs. See [ , p. 112] for why Periodicity Theorem fails for
the general case.
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t
0
(n-1)(p-1) 0
0
w1
0 0

FIGURE 3. E-page of Conf,(R") — B,(R") — BY,,.

Theorem 3.12 (Cohen). There is an isomorphism

H* (5, Fp)
v H>=D-1)(3, F,)

H*(Bp(Rn)vle) =1 xp

where

g n s, _ | Ar,(an-1) n is even
I := H*(Conf,(R"),F,) _{ F, s odd

where a,—1 s a non-zero class of degree n — 1 in H*(Conf,(R"),F,) and p is any prime greater
than 3.

Corollary 3.13. Ifn =2 and p > 3, then
F, s=0

H*(By(R?),Fy) =q F, s=1
0 otherwise

where for s =0, F, comes from H°(%,,F,), and for s =1, F, comes from H'(Conf,(R?),F,)>».

3.5. The Arone-Mahoward Theorem. The following statement, originally proved by [ ,
Thm 4.4], is important because most of top rows in our spectral sequence are actually trivial.

Theorem 3.14 (Arone-Mahowald).
H*(Sg, H*=Y (Confy,(R?)) =: H*(Sy, M) 20
unless k is of the form p” or 2p" for r € N.

Remark 3.15. The previous statement also holds over R™, where n is general. Potentially, this
could also be proven using spectral sequence argument and 3.10.

To determine the second page of the spectral sequence, we need to compute H*(Confy,F,). For
that, it is equivalent to find all partitions of k.
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Definition 3.16. Given two partitions A and ) of an integer k. We say X is p-subordinate to A
if ) is obtained from A by replacing pi with (i,4,...,4) for p many i’s. We say A is a top partition
if A\ is not p-subordinate to p for any partition p of the integer k.

Remark 3.17. Note that for the all partitions of k, we can get rid of many cohomologically trivial
partitions (See Definition 3.5) since its cohomology is trivial after applying H* (X, —) by 2.5. Hence,
we should only keep the partitions which only have 1, 2, p, 2p, p?, 2p?, and so on (repeating on
p" and 2p"). This is also by 3.14. Besides, for the partitions with 2 involved, we should only keep
these partitions with 2 appearing 1 time, p times, p + 1 times, 2p times, 2p + 1 times, and so on
(repeating on [ - p or [ - p+ 1)). This is because for I, the number of 2’s in the partition, we have
by 2.21
H* (500 80, M) = H* (S, F,p[1®) = H* (S, F") = 0

if I is not of the form mentioned above.

Hence, we have simplified the Es page of the spectral sequence from all partitions of k into
certain patterns of partitions by 3.17. Next, we will show that there are differentials connecting
partitions of form

(p7‘7p/r7"‘7p7.7"')
for p many p” with partitions of the form

(...

3.6. Maps between spectral sequence. In this section, we shall rely on 2.11 to study the maps
between two spectral sequences induced by a Xj-equivalent map out f : Confy — Conf), where
A is any partition of k of length r. This induces a submodule M, C H*~"(Conf}) such that the
following diagram commutes

H*="(Confy) ——— My C H*~"(Confy)

l

Indy* H*~"(Conf)

Lemma 3.18. The induced map between spectral sequences at Eés’k_r)
£ H* (%%, Indy* H*"(Conty)) — H*(Sy, H*"(Confy)) = H* (S, @ M)
;[\ |=r

is an embedding onto H*(Xy, My).

Proof. This is by the functoriality of the spectral sequence, and the isomorphism at the target is
by 3.4. (Il

Furthermore, Let G = ¥ and K = Xy, then f : Confy, — Conf) is also H-equivalent for the
fixed partition A\ of k, where H < K.
Lemma 3.19. Let M = H*~"(Confy). The induced map between spectral sequences at Eés’k_r)
f*: H*(G,Ind$ M) — H*(G,Ind% M) C H*(G, H*~"(Conf}))

coincides with the corestriction map cor® : H¥(H, M) — H*(K, M).
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Proof. H*(G,Ind$ M) as a summand in H*(G, H*~"(Confy)) is by Lemma 3.18
resolution over G. Then the following diagram is commutative:

. Let F, be a free

Fo ¢ FG@yg M —— F, ¢ FG @ M
4 Tg

Fo@gM ———— Fo Qg M
Applying H*(G, —), we have

H*(G,Ind§ M) —— H*(G,Ind% M)

H*(H,M) ———— H*(K,M)
coryy

where two vertical maps are isomorphism due to Shapiro’s lemma.

|
Similarly, let g : Confy — Confy be a map in, which is H-equivalent. By universal mapping
property again, we have

Hompy (FG, H®="(Conf))
-

H*="(Conf) —————— H*"(Conf))

Lemma 3.20. Let M = H*~"(Confy). The induced map between spectral sequences at E.

(s,k—r)
2
g* : H°(G,Ind$ M) C H*(G, H*"(Confy)) — H*(G,Ind$ M)

coincides with the restriction map res’s : H*(K, M) — H*(H, M).
Proof. Tt is similar to Lemma 3.19.

4. UNIVERSAL SPECTRAL SEQUENCE

In this section, we will first construct a “universal” filtered cochain complex D such that the

spectral sequence for the complex is isomorphic to the Uy, 4, or the V,, ) from Definition 1.6.
By studying the spectral sequence for the filtered complex

Homy (W,, (D)®P)
and the filtered map
D — Homyg, (F., C*(Confy)),

we can show that given a differential in the spectral sequence for Confy, it gives rise to infinite
family of differentials in the spectral sequence for Conf,, where W, is a free resolution over X,
and F, is a free resolution over Y.



THE CARTAN-LERAY SPECTRAL SEQUENCE OF THE BRAID GROUP (REVISION) 17

4.1. Construction. Let
D(m,n,'r) = Fp<xn7 yn+1>
be a filtered (graded) cochain complex over F,, such that d(z) = y and

span(z,y) if0<Il<m
FY(D) = { span(y) iftm+1<i<m+r
0 Hl>m4+r+1

where m < n and r > 1.

Lemma 4.1. The spectral sequence for the filtered complex Dy, y, ) is isomorphic to the universal
spectral sequence U p,ry-

Proof. The filtration on Dy, ) shows that there are only two non-trivial entries at its E>-page,
which are By = F,(z) and Ey*T""" """t = (). Since the total complex D* is acyclic, so
the differential d"~™ must be an isomorphism. ]

Through this section, for convenience, we will denote
D = D(m,nﬂ')-

Let C = C**, a double complex with horizontal differentials d_, and vertical differentials d;.
We will filter the total complex of C' by the columns, and this produces a spectral sequence for the
double complex such that the differentials dy are just dy at Ey and the differentials d; are induced
from d_,. Besides, let o be an element in EJ™"~™(C), the spectral sequence of the double complex
C, such that

d:z,nfm(a) _ B c E;r-n+r,n7mfr+1.

Lemma 4.2 ([ ,
cocycle in Eq, Fo, ...,

163]). Assume a € Eg*"""™ lives to E, such that [a], = «, i.e., a is a
1. LThen, there exists a zig-zag diagram at Ey

&

L —r O

by ——

b2 —_— ...

brfl
such that dy(a) =0, d—(a) = dy4(b1), ..., d=(br—2) = dy(br—1), and B = [d= (br—1)],-

Proposition 4.3. Let a € ET"™(C) and d,.(a) = B3, then there is a map of spectral sequences
E**(D) — E**(C) such that [z] — a and [y] — B.
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Proof. Since x is the generator of Fy[n] and y is the generator of Fy[n+1] in D, and we can produce
a map between two total complexes f : D — C such that

T—>a+b+---+b_1

y > d(br—1)
By the previous lemma, f is a chain map since

(ds —dp)(a+by---+br_q) = dy(br_q).
By filtering C' via the columns, we have
Fl )=
i>l ¢>0
Note that f also preserves filtrations since
a+by 4 tb_y €O g oMMl gy g oA bnmmert L
which is a summand in F°(C), F1(C),..., F™(C). Besides,
d_, (br—l) c gmtrn—m—r+l

which is a summand in F°(C), F1(C),..., F™(C), F™*1(C),..., F™"(C). Hence, this filtered
chain map f induces a map between two spectral sequences.

|
This filtered map from above induces a filtered map between
Homgy, (W., D®?) — Homy, (W, C®P),
where W, is a free resolution of IF,, over 3,,.
Convention 4.4. (1) Given a filtration on P, a free resolution over some group G, such that

F(P):P 5P S . 5P -0,

there is an induced decreasing filtration on Hom(P;,F,):
F*(Hom(P,,F,)) : 0 » Hom(Ps,F,) - Hom(Psy1,Fp) — ...
(2) Given filtrations on two cochain complexes D} and Dj, we have
F*(Dy @ D3) = F°(Dy) @ F*(D3)
and
FY(Di@D;)= Y F*(D;)®F>(D}).
§1+s2=s
Denote:
Hom(Ps,,F,) := F*(Hom(P,,F,)).
Let C = Homgy, (Vi, M*), where V, is a free resolution over ¥, and M* is a cochain complex
with a X,.-action.
Note that

Homs,, (W., C®?) = Homy, (W., (Homs, (Vi, M*))®P)
= Homy, (W, (Homgs, e (V.)®F, (M*)¥7)))
= Homy, 5, (W, ® (V.)®P, (M*)P)

The last isomorphism is a filtration preserving map.
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Lemma 4.5.
S := Homy, (Wi, (Homs,)» (V2)®7, (M™)®F))) 2 Homy, i, (W @ (V.)F, (M*)*F) = T
preserves the filtration.
Proof.
FY(T)= Y F*(Hom(W.,F,)) ®x, F**(Hom, ) ((V.)7, (M*)¥")))
s1ts2=s

= Y Hom(Ws,,Fy) ®x, Homes,yn (Vi) ®) sy, (M) )

S1+s2=s

>~ Homs, (W, Homgs, o (((V2)®") 24, (M)7))

s1+s2=s

> Homs,s, (Was, @ (V2)*)sa, (M)®)

S1+s2=s
= Homgngr((W* ® (‘/*)®p)57 (M*)®p)
= F*(5)

where the third isomorphism is by the tensor-hom adjunction for chain complexes. O

I

1%

4.2. The spectral sequence of Homzp(W*,D®p). We shall compute the spectral sequence of
Homy , (W, D®P) with given filtrations on W, and D.
We acquire the cochain complex D®P by performing tensor product for itself p times. We have

(DEPYH = Indyy s, (Fy ) P! @ (Fyln + 1)

p—1 X2
for I/ =0,1,...,p at degree pn + [ in this complex, and the filtration is induced by the filtration on
D.

Proposition 4.6. Let W, be a free resolution of F), over X, and n be even for Dy, n . The
spectral sequence for the filtered complex Homsy: (W*7 (D(m’mr))@p) 1s isomorphic to

U(pm,pn,r)69 D U(pm+2t<p—1>—a,pn+2t(p—1>—e,p<r—1>+1)'
t>1,6=0,1
Proof. The filtration on Homs, (W, D®?) takes the form:
F*(Homy, (W, D®F)) = Y F* (Hom(W,,F,)) @, F**(D®)

S1+s2=s

> Homg, (Ws.,, F*2(D®?))

$1+82=s

Since D®P is a cochain complex with the first non-trivial degree at np,
> Homg, (Ws,,, F*2(D®))
S1+S2=s
is a sub-complex which is isomorphic to Homy, (W,, D®P) for the degree > np+ s and is trivial for
the degree < np + s. Hence, the associated graded of Homy, (W, D®P) is
Fo /Pt = 5 Homg, (W, F*(D®)/F*>T (D)),

$1+s52=s
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Since Homy, (Ws,, —) is an exact functor, we have

B HE ) = @) Homs, (W 1 (PO D) ).

S1+S2=s
Hence,
= @ w5, m (0 e (D) ).
S1+s2=s

Note that F$(D®P)/F*+t1(D®P) is trivial unless s = pm + Ir for 0 <1 < p. Besides, we have

Indy? s, (Fp[n])®P ! @ (Fypln +1)%0 j = pn +1

HI( ppmtir p®py ) ppmtlr+l popy) —
( ( )/ ( )) 0 otherwise

These reduce the Fs page to
- —r ~ s—pm—Ilr Ep —
(4.7) Byt o et Tnd? s, (Fp[n)) P! @ (Fpln + 1))
with other rows trivial. For [ = 0,
By s (S, (Fy[n))7P) & HP(S, ).

By Theorem 2.15, we see that this is trivial unless s = pm 4+ 2t(p — 1) —e for t > 0 and € = 0, 1.
For [ =1,

EyprmrmTrtl o geermer (s Indg? o (Fp[n])®P T @ Fyln + 1]).

p—1><21

By Shapiro’s lemma and Corollary 2.5, we see that this is trivial unless s = pm + r. For [ =
2,3,...,p — 1, it has the similar argument as the [ = 1 case but it is trivial for every s by the
invariant of the sign representation is trivial. For [ = p,

By o [amepr (5, (B[ + 1))°) & HPT (S, ).

Similarly, we see that this is trivial unless s=pm +pr+p—1+2t(p—1) — e for t > 0.

Hence, the Es-page of the spectral sequence takes the form of Figure 4 after the simplification.
Since D®? is quasi-isomorphic to the zero complex, by Proposition 2.12, the infinity page E2! is
trivial for s > 0 and ¢ > 0. This implies that every differential in Figure 4 (black arrows) is an
isomorphism.

|

As for the case of n being odd, it is similar. See Figure 5 for its Ea-page. Since its E5! is trivial
for s > 0 and t > 0, this implies that the red differential d, in Figure 5 must be a trivial map, and
every black differential is an isomorphism.

Proposition 4.8. Let W, be a free resolution of F), over ¥, and n be odd for Dy, ). The
spectral sequence for the filtered complex Homsy (W*7 (D(m,n,r))®p) 18 1somorphic to

(pm+p—2,pn+p—27(p—1) (r— 1)+1) @ U(mﬂﬂ)— Lpntp—1,p(r— 1)+1)

@ @ U(pm+(2t+1)(pfl)fe,pn+(2t+1)(p71)7€,p(rfl)+1).
t>1,6=0,1
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t a:=pm a+2(p—1)—e a+4(p—1) —c¢
c:=pn—pm
N,
c—r+1
a—+r
dp(r—1)41 dp(r—1)+1
c—plr—1)
b:=pm+pr+p—1—c¢ b+2(p—1)

FIGURE 4. The spectral sequence of Homy, (W,, D®?) if n is even.

“| a=pmtp—1—c a+20p-1) a+4(p—1)

c:=pn—pm

d(pfl)(rfl)qu dp(rfl)Jrl dp(rfl)Jrl dp(r71)+1

c—(p—-1)(r—1)

b:=pm+pr b4+2(p—1)—c b+4(p—1)—c¢

c—p(r—1)

FIGURE 5. The spectral sequence of Homy, (W., D®P) if n is odd.

4.3. Some related results. We shall list some properties of the universal spectral sequences. The
proof of the following statements is similar to Proposition 4.6 and Proposition 4.8.

Lemma 4.9. Let a be an positive integer such that a < p and W is a free resolution over 3,
then the spectral sequence for

HomZa (Wfa (D(m,n,r))®a)
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is isomorphic to
{ U(am,an,r) Zf’n 1S even
U(am+(a71)r,an+a71,r) an is odd
We can also construct a filtered complex for the universal spectral sequence V,, ). Let

S(m,n) = Fp<xn>
be a filtered (graded) cochain complex over F,, and

Fl(S)— S(m’n) ifo<i<m
0 ifl>m+1

where m < n.

Proposition 4.10. The spectral sequence for the filtered complex S(y, ny is isomorphic to the umni-
versal spectral sequence Vi, »). Moreover, the spectral sequence for the filtered complex

Homzp (W*, (S(m,n))®p)

is isomorphic to
\%
@ (pm+2t(p—1)—e,pn+2t(p—1)—6)
£>0,6=0,1
if n is even, and is isomorphic to

@ V(pm+(2t+1)(p—1)—a,pn+(2t+1)(p—1)—a)
£>0,e=0,1

if n is odd.

Lemma 4.11. Let a be an positive integer such that a < p and W is a free resolution over 3,
then the spectral sequence for
HomEa (Wf7 (S(m,n))®a>
is isomorphic to
Viam,an) if m is even
Vim,n) ifn is odd and a =1
0 if n is odd and a > 1

5. SPECTRAL SEQUENCE FOR THE BRAID GROUP

5.1. The framwork. Since Cartan—Leray spectral sequence is essentially graded cochain complex,
the following statement can be useful for maps between Cartan—Leray spectral sequences.

Lemma 5.1. Let C* be a cochain complex with differential 0 and D* be a cochain complex with
differential d. Let f* : C* — D* — C* be an endomorphism of a cochain complex C* such that f"
is an isomorphism in degree n and C™ is of finite dimensional, then the induced map

ker 0" /im 9" ! — kerd™/imd" ' — ker 9" /im 9" *
is an tsomorphism in degree n as well.

Proof. Since f* is a cochain map, it restricts to an endomorphism of ker 0" and an endomorphism
of im@™ 1. Since f™ is injective, these two restrictions are also injective, hence isomorphism by
finite dimensionality. |
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Let k be a positive integer such that k < 2p%. We define

HCNT {IJ’_(2p 2p2)"'72p27p27p27"'7p272p72p7'"72p7p7p7"'7p7 2727"'72 71717"'71)|M'_k}'
—_—— —_——— ——
ba az b1 ai bp=1ip+¢€,i>0,e=0,1 ao
and a subset of INT as
HCNT {/'L_ (2p 2p 7ﬂ2p27p27p277p2>2p72p7>2p7p7p77p7 2 71,1,,1)|,LL|_]€}
—_— N —
by < p as <p by <p ar<p bo=e ay<p

For convenience, we let
k) =P H* (S, M
pkk

By Proposition 3.4, C(k) is the spectral sequence of the braid group By (R?) at Es.
Let A; be a partition of 2°p” for 0 < i < p(r — 1) and € = 0,1 such that Ag is p-subordinate to
(2°p"), Ai is p-subordinate to A\;_1 for 1 <@ < p(r —1) and \p,—1) = (2%,2%,...,2°).
—_————

[

p

Proposition 5.2. Let k be a positive integer such that k < 2p?, then for all * > 0, H*(Xy, My,) = 0
unless k = p" or 2p" for some r > 0. Besides, let 7 >0 and e =0 or 1, then the set of partitions

SQEpr = {(ZEPT), )\0, )\1, ey )\p(r—l)}
spans a spectral subsequence of the spectral sequence for Baepr(R?).
Remark 5.3. The first part of the statement is called the Arone-Mahowald theorem.

Proof. We prove the statement using the induction. The base case has been showed in Cohen’s
calculation for k = p. Without loss of generality, let 2p"~! < k < p" for some r, and we assume
H*(Zp, M) = 0if ¥ < k and k' is not equal to p’ or 2p’ for some j. Besides, we assume
S1,82,...,8pr—1, 8,1 span spectral subsequences, hence there are sum of universal spectral se-
quences U(1),U(2),...,U(p"~1),U(2p" ") such that they provide models for S1, S, ..., Spr—1, Sgpr1
respectively. By Corollary 2.6 and the first assumption above,

Chy= P H (S M,).

peOCNTU(k)

= P & v eUu)

p#(k) 0<i<r—1
HCNT

Let

Fixape f[gNT such that u # (k). By deﬁnition, there is an injective ¢, of spectral sequences

QR U eUu2p)® 5 Q) CrHF e C(2p)®

0<i<r—1 0<i<r—1

Let Confj, — Conf, be a [[yc;c,_; (X)) x (Zg,i)P-equivariant map out, then it induces a map
of spectral sequence

R )@ @) L o).

0<i<r—1
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Let Conf, — Confy, be a [[jc;c,_1(Zpi)® X (Xopi)bi-equivariant map in and let r, be a retraction
of i, then we have

Ck) ™ @ CHH* oo™ T Q) UM e UE)™.
0<i<r—1 0<i<r—1

Summing over all partitions in ﬂgNT \ {(k)} and denote g = (1) o (Bg,) and f = (&f,) o (Bi,).
We have the composition of spectral sequences

fog:C(k) = O(k) = C(k).
Lemma 5.4. fog:C(k) — O(k) — C(k) is an isomorphism at Ey restricting to the summand

@/LGHENT H*(Ekv M)\) Zf 2pT71 <k< pr’
GBMGHS,NT\SPT H*(Zp, My) ifk=p".

For 2p"~t < k < p", at E3* !, we have

H*(Sk, My) 2 0 L 1 (2, My).
Combing with Lemma 5.1 for @HengNT H*(Xk, My), then the commutative diagram of maps be-
tween C(k) and O(k) shows that the differential coming out of E;"*~* must be trivial for ¢ > 2.
Hence, ExF~1 = E;kil = H*(Xy,My). By Corollary 3.10, we have H*(Zg, My) = 0, ie.,
C(k) = @#GHENT H*(Xy,M,). For k = p", the argument is similar, and it shows that the set
of partitions Sy~ spans a spectral subsequence. |

For the rest of the paper, we shall construct these universal models for Soepr.

5.2. Models for the partition (p) and the partition (2p). Applying the language of universal
spectral sequence, we can reformulate Cohen’s calculation for k£ = p.

Proposition 5.5. The Cartan—Leray spectral sequence for the braid group BP(RZ) s isomorphic
to Vio,1) ® U(p) where

U(p) == Vio,0) ® @ Ur(te)
t>1,6=0,1
provides a model for S, = {(p), (1,1,...,1)}, and I(t,e) = (2t(p—1) —e —p,2t(p — 1) —e — 1,p).
——
P

Proof. In the spectral sequence of B, (R?), we have the isomorphic differential d;vp_l H3 (E,Mp) —
H**?(%,;F,) for s > 0. By Example 2.19, H**?(X,;F,) is non-trivial and isomorphic to F,, only
if s=2t(p—1) —e—p for t > 1. By Proposition 4.3, for every ¢t and ¢, there is a map of spectral
sequence from Uy, 5, ) Where m = 2t(p —1) —e —p, n =2t(p — 1) —e — 1 and r = p. Besides, we
have EY° = HO(3,;F,) = V(0,05 EY' = HO(Sg; My) = Vio,1) and other entries are trivial. This
leads to an isomorphism of two spectral sequences from V(g oy © V(o,1) @ ®t>l,s:O,l Ur(t,e) to the
spectral sequence for B,(R?) where I(t,e) = (2t(p—1) —e—p,2t(p—1) —¢ —1,p). O

Remark 5.6. We can construct models for the partitions (1) and (2).

(1) U(1) := V{o,0) provides a model for S; = {(1)}.
(2) U(2) := V{o,1) provides a model for Sy = {(2)}.
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Proposition 5.7. In the spectral sequence for the braid group Ba,(R?),

U(2p) == Vip—2,2p—2) ® Vip—1,2p-1) @ @ Ust,e)
t>1,6=0,1
provides a model for Sap = {(2p), (2,2,...,2)}, where J(t,e) = ((2t—|— Dp—-1)—p—g,2t+1)(p—
————
P

Proof. Proposition 5.2 shows that Sy, spans a spectral subsequence. Hence, to not contradict with
Corollary 3.10, the differential connecting these two partitions must be an isomorphism. Specifically,
we have the isomorphic differential d5?~" : H®(Sgp; May) — H1P(5,;Fp[1]%P) = H5TP(3,; Fs5om)
for s > 0. By Example 2.19, Hs"’p(Zp;IF;g") is non-trivial and isomorphic to F, only if s =
(2t4+1)(p—1) —e —p for t > 1. Besides, H?"2(%,,F59") = HP~ (X, F59") = F, are not being hit
by d;’p_l. Hence, similar to Proposition 5.5, we can build a model for these two partitions. O

5.3. The wreath product of spectral sequences for (Conf,)?. For the construction of a model
for the partition (p?),we should consider a ¥, ¥,-equivariant maps out Conf,2 — (Conf,)?. Let
W, be a free resolution over ¥, and W) be a free resolution over ¥,2, then we will be dealing with
the following pathway for this section:

Homgy, (W., D®?) — Homy 5, (W, ® (W,)®?, C*(Conf,)®P) — Homy, , (W,,C*(Conf,)).

Lemma 5.8. The wreath product of spectral sequences for (Conf,)? is isomorphic to the spectral
sequence for the filtered complex

®
Homs, (W.., (S0.0) @ Son @ @ Dras)™):
t>1,6=0,1

Proof. The spectral sequence for the wreath product is isomorphic to the spectral sequence for the
complex

Homs, s, (Wi ® (W)®P, C*(Confy)®P),
which, by Lemma 4.5, is isomorphic to the spectral sequence for the complex

Homy, (W.,Homs, (W, C*(Conf,))*?).

Then, by Proposition 5.5, it is isomorphic to the spectral sequence for the filtered complex

Homy, (W*, (50,00 ® S(0,1) ® @ DI(t,s)>®p)-

t>1,6=0,1
|
We want to determine how differentials interact with one another among partitions in the wreath
product of spectral sequences. First, we define some short-hand notations. For [ =0,1,...,p, let
(5.9) A= (p,p,...7p,1,1,...,1),
A/l_/ ﬁ#
I P

be a partition of p? such that there are there are p — [ many p’s and Ip many 1’s, and we use the
same symbol to denote the corresponding summand H*(X,2, My,) in the spectral sequence.
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As for the wreath product of spectral sequences, let
(5.10) M= p)®rte,1,..., 1),
—_——
P

and we use the same symbol to denote the corresponding summand H*(Z,13,; Indgz_l 3, (M,)®P~l

(F,)®"). Since the partition )\, is at row (p — I)(p — 1) in the spectral sequence, so we omit S0,1)-
Hence, it suffices to look at the filtered complex

®
(511) T= Homgp (VV*7 (S(O,O) @ @ DI(t,e)) p).
t>1,6=0,1
By the universal property of Hom functor with respect to direct sum, T is isomorphic to
Homy, (W.. (S0.0)*) ® @@ Homs, (We, (D1¢)™) @7,
t>1,6=0,1
where T” is the complement and its summand takes the form:
by ® ®b(s,e) ®b
Homgp <W*7 @ IndEZbelebzx...S(O%) ®Dl(t1,sl) ®D1(t2,52) ®>
a+by+ba+---=p

The corresponding spectral sequence for T” is isomorphic to the tensor product of spectral sequences
of the form from Lemma 4.9 with E, 1 = --- = Es = 0. We use the symbol E**(T") to denote its
corresponding spectral sequence.

Proposition 5.12. In the wreath product of spectral sequences for (Conf,)P, the only non-trival
summands among the X)’s which survive to E are

120D (8, HO(5,:,)°7) € X,
for s >0, =0,1. Specifically,
(1) Let i =2t(p— 1) —p fort > 1, the restriction of the differential to the summand
Hp_2(2p7Hi(Ep§Mp)®p) C X
with the image
HO (21 % By, H'(Zp; M) @ H'WP (23 F,)%P71) C Ap-1
is an isomorphism at the Ey,_1)p—1)+1-
(2) Leti=2t(p—1)—p fort>1, the restriction of the differential to the summand
Hpil(zvai(Ep;Mp)@)p) C X
with the image
HO(Sp, HYP (S, F,)®P) C X,
is an isomorphism at Epp_1)41-
(8) Leti=2t(p—1)—p,j =2n(p—1) fort > 1,n > 1, the restriction of the differential to the
summand
Hp_l_gﬂ(zpa H'(Ep; Mp)®p) C Ao
with the image
HI=2(3y, H'P (3 F,)%F) C X,

is an isomorphism at Epp_1)41-
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t
p(p-1) . \
(p-1)(p-1) PN
(0-2)(p-1) d> \
\ : dp(p—1)+1
2(p-1) B \
(p-1) g > \
0 S N
0 S

FIGURE 6. The spectral sequence for EX;, x5, (B))?.

(4) Leti=2t(p—1)—1—p,j =2n(p—1) fort > 1,n > 1, the restriction of the differential to
the summand
HI=5 (S, H' (Sp; Mp)®?) € X
with the image
HI=e= 00 (5, HY49 (S, F,)%7) C A,

is an isomorphism at Epp_1)41-
(5) The remaining non-trivial summands in A} vanish at E,q1 for1=0,1,2,...,p.

Proof. Note that by Theorem 2.14, we have

H*($,15,; Indy? (M,)®! @ (F,)®) = H*(S,, Indgid s, H* (2 M) P~ @ H* (8, F,)®)).

p—1 X2

Hence, we should study each individual summand under the differential. H2*P=Y=¢(%, HO(%,;F,)®P)
is the only summand surviving to E, is due to Homyg, (W*, (S(O’O))®p) C T and Proposition 4.10.

Statement (1), (2) and (3) are by Proposition 4.8. Statement (4) is by Proposition 4.6, and State-
ment (5) is by the argument for the 7" from above. See Figure 6 for its sketch. O

5.4. The differential coming out of the partition (p?) is injective. We denote a; (a}, respec-
tively) to be the differential d,, (d;,, respectively) between \;’s (\;’s, respectively) at the page £,
fori =0,1,2,...,p — 1. Besides, we denote dr to be the differential coming out of the top row.
Hence, the maps between spectral sequences form a commutative diagram
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0 0 b ——= M —— ... SN N 0
l l% lg \LE cor
0 (p2) = )\0 a0 )\1 a o TG )‘p—l pr— >‘p 0
The map between A, — ); is an isomorphism for ¢ = 0,1,...,p — 1 by Lemma 3.18, whereas the

map between /\; — Ap is a surjective map coinciding with the surjective corestriction map
cor : H* (3,15 Fp) — H* (2,23 F,).

with H = 3,3, and G = X,».
By Theorem 2.14, we have

Xy = H™(Sp 15y MEP) =2 HO (S, H™((,)7; MSP) & €D HY (S, H" 7 ((Sp)7; MEP).
Jj>0
We define the HO(X,, —) part of Ay as HO(X,, H"((£,)?; MPP), and the H>°(X,, —) part of \j
as @, HY (Ep, H" 7 ((3,)P; MPP). Similarly, we define the H(X,, —) part and the H>°(%,, —)
part for A} and | = 1,2,...,p. However, by Corollary 2.6, the H>%(3,, —) part of A, is trivial for
l=1,2,...,p— 1. Hence, the HO(EP, —) part of ] vanishes after the page E, for | = 0,1,...,p
except these summands from part (1) and part (2) of Proposition 5.12.

Lemma 5.13. In the spectral sequence for the braid group Bpe (R?), the differential coming out of
the top row

P21, pspi-l o . p(p—1
d5? Tt ESPT 2 HE(Se; Mye) — BP0
is injective and its image is a summand in the H>0(Zp, —) part of Ao for s > 1.

Proof. We study how the partition Ag vanishes in the spectral sequence for By (R2%). We can rely
on the knowledge of A} in the wreath product of spectral sequences. Proposition 5.12 indicates that
the disappearance of \{j comes with three steps. The first non-trivial differential is at the page E,
such that its E,1 = keraf, := M is the H>%(X,, —) part of A{,. The second non-trivial differentials
is at the page E(,_1)(p—1)+1 such that the summands H?~2(3,, H*(3,; M,)®?) vanish which are in
the H>°(X,, —) part of A\j. The last non-trivial differential is at the page Ej,—1)4+1 such that the
remaining H>°(3,, —) part of A} vanish. We shall look at the three steps.
At the page E,, by the diagram from above, we have

(1) kera; Zkera} for i =0,1,...,p—2;

(2) ima; ®ima} for i =0,1,...p—2;

(3) kera,_1 = ker(cor§ o aj,_,);

( G ’ )

4) ima,_; = im(corf o aj,_4

For (3), we can further show that ker(corf; o a;, ;) = ker(a}, ;) and this is because that ima, , is
a summand in the H%(X,, —) part of A whereas ker(cor(;) is a summand in the H>%(%,, —) part

of \},. Let
L:= P HP2(S,, H*P~D7P(5,; M,)®P).

t>1
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At the page E(,_1)(p—1)+1, we have the following commutative diagram for the maps between two
spectral sequences from Ay to A,_1 where the partitions in the middle die at the page £,

0 M—% s — 50

Lk

0 — M/imdr —— L ——0

The diagram shows that D is surjective, so A,_1 vanishes after the F(,_1),—1)41- Next, at the
page Epp—1)+1, we have the following commutative diagram for the maps between two spectral
sequences from Ag to \p

0 kerd —& Ap/imay, 4 —— 0
J/ J/Corg
0 ker D o Ap/imap,_q —— 0

By Proposition 5.12,
N := @ st(pil)is(zpv HO(EM Fp)(gm)
$>0,6=0,1
is the only non-trivial summand in )\;, surviving to the E.,. Hence, there exists an isomorphic copy
of kerd in \},/ima;_,, call it K, such that

p—1>
/. [ !/ / [
d:kerd= K — \,/ima, = K& N

is an embedding. Besides, since there does not exist an admissible set (1, s1,€9, s2) of length 2
such that es = s9 = 0, we have cor%(N) = 0. Together this shows Corf[ o d’ is surjective, hence, D’
must be surjective as well. These terms in the spectral sequence fall into the vanishing range by
Corollary 3.10, and this is the last chance to vanish for ker D. Hence, D’ must be an isomorphism.
After the page Ej,,—1)41, every \; vanishes for i = 0,1,...,p in the spectral sequence for the braid
group. To not contradict with Corollary 3.10 again, this implies the differential dr at the E, must
be injective. Last, dr does not land in the HO(EP, —) part of Ag is due to imdyp C kerag = M. O

5.5. A model for the partition (p?). The previous lemma indicates that to have a model for the
partition (p?), we need to look at the image of

Homzp (W*, (5(070))@);})

and

P Homs, (W, (Dri)™)

t>1,e=0,1
under cor$ where H = ¥,1%, and G = ¥,2 over F,,. We keep the 7" intact because T are these
HY(X,,—) parts which shall always be mapped to their isomorphic copies in H*(X,2;F,,).

Lemma 5.14. In the spectral sequence for the braid group B, (R?),
U(p®) :== Vio,0) @ @ Us, o ET(T),

(t1,€1,t2,2)
t2>1,60=0,1
t12>0,e1=0,1
provides a model for Sy = {(p*), Ao, A1, .., Ap}, where T is from 5.15 and 5.16, and E**(T") is
from 5.11.
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Proof. Since the spectral sequence for Homs, (W*, (S(OVO))@)p) is isomorphic to

st(p_l)_a(zpa HO(ZP?FP)®p) C H*(Zp 15, Fp).

Under cor$} : H*(Z15,;F,) — H*(Z,2; F,), there does not exist an admissible sequence (1, $1, €2, 52)
such that s; > 1 and €5 = s = 0. That is to say

s(p—1)— o[ H(Z,;F,)2F, ifs=e=0
Corg (HQ (p—1) E(ZP7HO(ZP;FP)®I)>) :{ 0 (Xp2; Fyp) p Otherwise
and this can be modeled by V() again. For

@ Homzp (W*, (D[(t2’52)) ®p) )

ta>1,60=0,1
we divide this into 2 cases. For the first case, fix a to > 1 and let e3 = 1, then 2t5(p — 1) —eo — 1
is even. By Proposition 4.6, the spectral sequence for Homy; (W*, (Dl(tz’l))@j) is isomorphic to

@ Uf(t1,81,75271)’

t1>0,e1=0,1

where I(t1,e1,t2,1) = (p(ZtQ(pf 1) —1—p)+2t1(p—1) —e1, p(2ta(p—1) — 2) + 2t (p— 1) fsl,F)
with
= P if tl =0
Tl plp—1)+1 ift; >1
Under corg, we have that for an admissible sequence (g1, 1,1, $2), it must satisfy

2s9(p—1)—1
—

In this case, to = s9 and t1 = s1 —s2(p—1) + 1, so for fixed 2, we have 1 < ¢; < {9. In other words,
the summand

psg — 12> 51 >

H2 07072 (5, H20mD 7 (8, F,) o)

under corg will be mapped to an isomorphic copy in H*(X,2;F,) for 1 < ¢; < t3. Next, the rest
of components in H*(X,1X,;F,) that are of the trivial images under cor%, i.e., when t; >ty + 1,
indicates that the components in H*(X,13,; (M,)®?) which would be killed by the long differentials,
ie., dip_1)(p—1)+1 and dpp_1)41 in Proposition 5.12, in the wreath product spectral sequence shall
be killed by the differential coming from the partition (p?) in the spectral sequence of B2 by Lemma
5.13. Hence, we can build a model to conclude all these conditions with a fix t; and e5 = 1:

U 0,0,t,1) @ @ Ui((tr,61,42,1)) @ @ Ui((tr,61,42,1))

Ististz,e1=0,1 t1>t2+1,61=0,1
where
T — j(t17517t271) 1f0§t1§t2
(5.15) I(t1,81,t271)—{ (@,a+p?—1,p) ift; >ts+1

with a := p(2t2(p —1) =1 —p) —p+ 2t;1(p — 1) — &1. Note that the reason we separate U 0,0,t2,1)
out is due to the special black differential d,. in Figure 4.
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For the second case, fix a t3 > 1 and let e = 0, then 2to(p—1) —e2 — 1 is odd. It is similar to the
even case. By Proposition 4.8, the spectral sequence for Homy, (W*, (Ul(tg,()))@p) is isomorphic to

@ Ui(t1,61,t2,0)7

t1>0,e1=0,1
where j(tl, €1, tg, O) = (p(?tg(pfl)*p)Jerl(pf1)+p*1f€1,p(2t2(p71)71)+2t1(p71)+pf1f€1, F)
with

r =

(p—€1)(p—1)+1 ift1:O
plp—1)+1 ift; >1
Hence, the new model takes the form:

Uf(o,l,t2,0) D Uf(o,o,t2,o) D @ Uf((tl,sl,tg,o)) &) @ UT((tl,sl,tg,o))’
1stistz,61=0,1 t1>t24+1,61=0,1
where
T _ [ I(t1,e1,12,0) if0<t; <ty
(516) I(t13517t270)7 { (b’b+p2—1’p> lftl Zt2—|—1

with b:=p(2ta(p— 1) —p) —p+ (2¢t1 + 1)(p — 1) — £1. Note that the reason we separate Us(0.1,2,0)
and Uf(o 0,t2,0) Out is due to the first two black differentials d,_1)(,—1)+1 and dp(,—1)41 in Figure
5.

]

5.6. A model for the partition (2p?). The whole k = 2p? argument is similar to the k = p?
case, where we use a 3, ! ¥g)-equivariant maps out Conf,,2 — (Confy,)P instead.
In the spectral sequence of k = 2p?, we care about the partitions (2p?), and for [ = 0,1,...,p,

(5.17) = (2p,2p,...,2p,2,2,...,2).
—_—— ——
p—1 lp
Let

D(2p) := Sp—2,2p—2) ® S(p—1,2p—1) @ @ D16y,

t>1,6=0,1

such that the spectral sequence for D(?P), i.e., U(2p), provides a model for the partition (2p) by
Proposition 5.7. Following the similar argument, it suffices to look at

(5.18) S := Homg (Wi, (D(2p))®P),
which is isomorphic to
Homy;, (W*, (Sp-2.2p-2) @ S(p—1,2p—1))®p) ® (P Homs, (W*’ (DJ“?’E?))M) ®5,
t221,82:0,1

where S’ is the complement and its summand takes the form:

Zp ®ay ®Kaz ®by
Homy, (W*’ @ Inds? ws,, %20, 5 Sipm2,0p-2) @ Spo1,2p-1) @ Dl ey @+ )-
a1+az+bi+--=p

Again, the corresponding spectral sequence for S’ is isomorphic to the tensor product of spectral
sequences of the form from Lemma 4.9 with Ep4q = --- = E, = 0. We use the symbol E**(5”) to
denote its spectral sequence.
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Lemma 5.19. In the spectral sequence for the braid group Boy: (R?), the differential coming out of
the top row

A3 L Bl o {380 ,0; Myye) — ESHPPPD)
is injective and its image is a summand in the H>°(%,, —) part of o for s > 1.
Proof. Tt is similar to Lemma 5.13 where we look at the surjective corestriction map
corl : H* (S, 1 83 F39™) — H* (8,2 F2™),
with H = 3,3, and G = X,. ([l

The previous lemma indicates that to have a model for the partition (2p?), we need to look at

®
Homy, (W*v (S(p—272p—2) & S(p—12p—1)) p)

and

@ Homy, <W*7 (D-’(t’s))m)

t>1,6=0,1
under corfl where H = %,13, and G = ¥,z over F;9". We keep the S’ intact because S’ are these
HY(X,,—) parts which shall always be mapped to its isomorphic copy in H*(X,2, Fo9m).
Lemma 5.20. In the spectral sequence for the braid group Bspe (R?),
U(2p2) = V(

© V(p—2+p(p—1)7p—2+p(2p—1)) © V(p—1+p(p—1)7p—1+p(2p—1))

/
& D Usperipen ®5

to>1,e0=0,1
t1 20,€1=0,1

p(r-2) p(2p-2)) ¥ V((p—l)(p—n,p@p—z)ﬂ)

provides a model for Sape = {(2p?), o, f11, - - -, fp }, where J is from 5.21 and 5.22, and E**(S’) is
from 5.18.

Proof. Since Homy, (W*, (S(p_ggp_g) @ S(p_12p_1))®p) is isomorphic to

Homs,, (Wi, (S(p72,2p72))®p) © Homg, (W, (5(11—1,21171))@)6B

Ep
P Homs, (W, Inds? s (Sp—2.2p-2)) % @ (S(p-1,2p-1)) "),

a+b=p
a,b<p

we need to look at each summand individually. First, Homyg (Wi, (S(p,272p,2))®p ) is isomorphic to
st(p_l)_s(zpa Hp_2<2p§ Fp[1]®p)®p) - H*<Zp 1 p; F;gn)-

Under cor$ : H*(X,1 Yp;F597) — H*(¥,2;F;9"), there does not exist an admissible sequence
(€1, 81,€2,82) such that eo = 1 and so = 1/2. The only term under the corestriction with non-
trivial image is

HO (S, HP (35 Fp[1]%7)%P) C H* (S 1 53 FR™),
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and this can be modeled by V( ) Similarly, for Homs, (Wi, (S(p_172p_1))®p)7 under

p(p—2),p(2p—2)
corfl, there exists a length 2 admissible set (g1, $1,€2,82) such that ey =0 or 1, sy =5/2,e5 =0
and s = 1/2. The terms under the corestriction with non-trivial image are

HP =108y, HPH (S5 Fp[1]77)57) © H* (81 Bps F7").

Hence, this can be modeled by V( ) Since the

p*2+p(p*1),p*2+p(2p*1)) @ V(pfler(p*l),p*Hp(?p*l)
spectral sequence for Homgp(W*,Indgzxzb (Sp—2,2p—2))%* @ (S(p—1,2p—1))®") is isomorphic to the
spectral sequence for the filtered complexes

Homsy, (W, (Sp—2,2p—2))®%) @ Homs, (W7, (S(pfl,prl))®b)'

Since the Ey of the second spectral sequence shall be trivial unless b = 1, i.e., a = p — 1, this

is saying that the spectral sequence can be modeled by V((pq)(pfg) (pfl)(2p72)) ® V(IFI 2p71) =

V((pfl)(pfl),p@p*?)ﬂ) )
For
@ HomEp (W*) (DJ(tQ,EQ))®p))

ta>1,60=0,1
similar to the k = p? case, we divide it into 2 cases. For the first case, fix a to > 1 and let €5 = 1,
then (2t +1)(p — 1) —e2 + p — 1 is odd. Then, by Proposition 4.8, we have

P o
H0m2p<W*v(UJ(tz,1)) p): D Ui
t1207€1:0,1

where

J(t, e, ta,1) = (p((2t2+1)(p—l)—p—l)+2t1(p—l)—l—p—l—shp((2t2+1)(p—l)+p—2)+2t1(p—l)-i—p—l—sl,f)

with
f{ (p—e)p—1)+1 ifty=0

plp—1)+1 ift; >1
Under corg7 we have that for an admissible sequence (g1, 1,1, $2), it must satisfy
2 -1)-1
psg— 1> 51 > %

In this case, ty = % and t; = s1 —sa2(p—1) + %, so for fixed ta, it results 1 < t; < t5. In other

words, the summand
HP D (5, 0D (5 [ °)

under cor(g} will be mapped to an isomorphic copy in H*(3,2; ]Ffﬂ") for 1 <ty < t9. Next, the rest of
components in H*(X,1%,; ]F;gn) that are of the trivial images under cor%':,7 i.e., t1 > to+1, indicates
that the components in H*(X, 1 X,; (Ma,)®P) which would be killed by the long differentials, i.e.,
dip—1)(p—1)+1 and d(,(p—1)41 from Proposition 5.12, in the wreath product of spectral sequences
shall be killed by the differential coming from the partition (2p?) in the spectral sequence of By»
by Lemma 5.19. Hence, we can build a model to conclude all these conditions with fixed 5 and

82:12

Us01.t2.1) ©UF0,0,05,1) @ @ Ui((tr.e1,t21)) @ @ Ud((tr.e1.,t2.1))

1<t1<t2,e1=0,1 t1>t2+1,e1=0,1
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where
- _ j(t1,€1,t2,1) lf0§t1§t2
(5.21) Jlherta,1) = { (a,a+2p* —1,p) ifty >t +1
and a :=p((2ta+1)(p—1)—p—1)—p+ (2t1 +1)(p— 1) — &1. For the second case, fix a to > 1 and
let eo = 0, then (2t2 + 1)(p — 1) + p — 1 is even. By Proposition 4.6, we have

@rY) o
H0m2p<W*v(UJ(t2,0)) p): D  Uicior
t120751:0,1

where

T(tr21,82.0) = (p((2t2+D)(p=1)=p)+20(p— 1) =21, p((2ha+1)(p—1) +p—1) + 20 (p—1)—€1.7)

with

o P if tl =0

Tl plp—1)+1 ift; >1

Under cor%, we have that for an admissible sequence (1, 1,1, s2), it must satisfy
psg > 51 > sa(p—1).

In this case, ty = 2"%—4 and t1 = s1 — s2(p—1) + %, so for fixed to, it results that 1 < 7 <ty + 1.
Hence, the new model takes the form:

U"]\(0,0,tmo) D @ Uj((h,el,tz,o)) 57 @ Uj((tl,el,tg,o))’
1<t <t2+1,e1=0,1 {1 >ta+2.60=0,1
where
7 _ [ J(t1,e1,12,0) fO0<t; <ty+1
(5.22) J(t1751)t250>_{ (b7b+2p271,p) ift12t2+2
and b:=p((2a+V)(p—1)+p—1)—p+2t1(p—1) — 1. .

5.7. Cohomology of the braid group and Kjaer’s theorem. Since we have already con-
structed the models for various partition, we can define the following spectral sequences. Let

D)= P QRQUE)*™ aU@2p)*".
pETINT 20
and its invariant
D)= B QH(Sa (UE))*™) @ HO (2., (U2) ™),
pETIENT 20

where Fo(D(k)) is the invariant of Fo(D(k)) as well. Similar to Lemma 5.4, by summing over all
partitions in HSNT, we have the composition of spectral sequences

fog:C(k)— D(k) — C(k),
which is an isomorphism at Fs.

Theorem 5.23. Let k < 2p?, then ﬂé(k) : D(k) — C(k) is an isomorphism of spectral sequences
at F.
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Proof. Fix a pu € HENT, by decomposing U(p*) and U(2p®) using universal spectral sequences V’s
and U’s and combing terms, we can rewrite D(k) = ®M€ﬁENT V., ® U,. Note that at the E> page,
by subjectivity, we have

Ex(DR)= @ Ea(Vy) & EBaU) Zh B0k = @ R(EV) & R(EUL).
MeﬁgNT MeHCNT

By Lemma 5.1, we have the following commutative diagram at the E, page for r > 2

F(BSH(U,)) — 2 E3{(U,) — L F(ES4(U,)

J{dT Jdr(U“) J{d,‘
Fo(Betrt=riL(U,)) <2 BEtrt-rL(U,) AN fr(Bgtrt=rL(U,,)

If d,.(U,) = 0, then d, = 0. Besides, if d,.(U,) is an isomorphism, then d, is also an isomorphism.
As for V), we have the following commutative diagram

0O ————

I

E(V,) s F(ES(V,))

0 ——0
Since this holds for all 7 > 2, we have f.(E%( u)) = fo(Ey (V). Combing these two arguments
for V,, and U,, we get that E.(C(k)) = @ (EQ(V )). Besides, fo is a composition of an
i

isomorphism and a co-restriction map, so Eso(D(k)), the invariant of E..(D(k)), is isomorphic to

F2(Eso(D(k))). Last, we have @, f2(E2(V,)) = @, f ( (Vi) & fo(Ex(D(k))) = Exc(D(k)).

|
Corollary 5.24. Let | > 1 such that 2lp < p?> and ¢ = 0,1, then
H*(Bp(R?):F,) = { F,@F, ifx=(2p-2)+1
0 otherwise
Corollary 5.25. Letl=1,2,...,p—1 and e = 0,1, then
F, if *=0,1,2p— 2)I,(2p — 2) + 2
F,®F, ifx=02p—2)+1
* 2. v P P
H” (Boy2 (R7); Fp) = F, ifx=2p> —2p+6,2p> —2+¢
0 otherwise

Theorem 5.26. Through degree 2p®, @, H*(Bp(R?);F,) is a free divided power algebra on
generators of bidegree

i = (2p° — 2,2p"). |yil = (2p" — 1, 2p)
for i = 1,2, where the first degree is the cohomological degree and the second degree is the number
of points in configuration spaces.

Theorem 5.27. OverF, andR?, the dimension of H*(X,2, M,z2) and the dimension of H*(Za,2, Mayz2).
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