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ABSTRACT

Nonequilibrium Many-Body Physics with Photons in Circuit-QED Lattices

Andy Cheong Yiu Li

Lattice models of fermions, bosons, and spins have long served to elucidate the essential
physics of quantum phase transitions in a variety of systems. Generalizing such models to
incorporate driving and dissipation has opened new vistas to investigate nonequilibrium
phenomena and dissipative phase transitions in interacting many-body systems. Circuit-
QED lattices serve as an ideal platform to study the nonequilibrium many-body physics
of microwave photons interacting with (artificial) atoms. In this thesis, I present three
major research achievements. First, I introduce a perturbative approach including a
resummation technique suitable for describing nonequilibrium states of interacting photons
in circuit-QED devices. Second, I describe scanning defect microscopy which we developed
in collaboration with Andrew Houck’s group at Princeton. This technique allows a novel
scanning-probe imaging of photon states in a circuit-QED lattice. Third, I present a
theoretical analysis of the first observation of a dissipative phase transition in a circuit-QED

chain.



Acknowledgements

This thesis would not be possible without the support and assistance of many people.
I would like to first thank my advisor Jens Koch. He gave me the freedom to explore this
wonderful world of quantum physics and provided the crucial guidance to keep me on
track. He tolerated all of my crazy ideas and assisted me to dig out the useful parts from
those ideas with his great patience. It is my honor to have him to be my advisor.

I would like to thank Francesco Petruccione, who helped me through the study of the
abstract world of nonequilibrium physics. I am always amazed by his exceptional intuition
and understanding of this complicated field. I would like to also express my gratitude to
Andrew Houck, who assisted me to explore a much wider horizon. Most remarkably, he
took the greatest risk in allowing me to step into his lab, while fully acknowledged what
could go wrong with a theorist in a lab full of equipment.

Thank you also to Devin Underwood and Mattias Fitzpatrick, who taught me how
to do experiments. (Unfortunately, I was a really bad student. Their efforts were never
successful even with the best lectures and demonstrations.) With the assistance from
Mattias, I could proudly announce the biggest achievement during my graduate study —
my successful “operation” of a dilution fridge.

I want to thank Joshua Dempster, Guanyu Zhu, and Peter Groszkowski, who shared

the office space with me. Their enthusiasm is the fuel for me to go forward during my



years in Northwestern. Together with all of my friends in TECH, they made my office
(and the hallway outside) a really enjoyable place.

Most importantly, I thank my family for their encouragement and love. It would be
impossible to go through this long journey without the endless support from my parents
and other family members. I must thank Clare who has accompanied and supported me

during these years. She taught me how to be a better scientist and a better man as well.



Table of Contents

ABSTRACT]

[Acknowledgements|

[List of Tables

[List of Figures|

[Chapter 1. Introduction|

[Chapter 2.  Circuit QED)|

[2.1.  Circuit quantization|

2.2, LC osallator]
BT T o I

[2.4. Superconducting qubits|

[2.5.  Circuit-QED lattices|

2.6, Decoherencel

[Chapter 3. Lindblad master equation|

[3.1.  Markovian dynamics|

[3.2.  Eigenvalues and eigenstates of the Liouville superoperator|

[3.3. Nonequilibrium steady state]

[3.4.  Driven-damped harmonic oscillator]

10

13

16
16
17
19
23
26

30

31
32
36
39

42



B5.

Driven-damped two-level system|

[3.6.

Numerical methods and approximations|

[Chapter 4. Nonequilibrium perturbation theory and resummation|

[4.1.  Density-matrix perturbation theory]

[4.2.  Amplitude-matrix perturbation theory|

[4.3.  Comparing PT with exact results|

[4.4.  General Resummation Framework for steady state|
[4.5.  Application to the open Jaynes-Cummings latticel

[Chapter 5. Imaging photon lattice states by scanning defect microscopy]

[5.1.  Resonator lattice and dielectric probe|
[5.2.  Modeling the impact of dielectric probe|
[>.3. Normal-mode imaging: modell

[5.4.  Normal-mode images|

[Chapter 6. Dissipative phase transition in a circuit-QED chain|

[6.1.  Dissipative phase transitions|

[6.2. Device: resonator chain coupled to transmon qubits|
[6.3. Low-power transmission|

[6.4. Driven-damped Dicke model|

[6.5.  Open circuit-QED chain|

[6.6.  Experimental observation|

[Chapter 7. Conclusions and outlookl

T T Condisond

46

49

23
o4
61
63
72

80

101
103
104
108

111

114
115
118
120
122
129

135

140

140



(2.2, Further studies

References

[Appendix A. Appendices|

[A.1. Review of the Moore-Penrose pseudoinverse|

[A.2. Derivation of perturbative corrections|

[A.3.  Derivation ot steady-state corrections|

[A.4. Series expansion of amplitude matrices|

A5 Doal ol o

[A.6.  Computational cost for perturbative calculations with resummation|

[A.7.  Model underlying the ADR estimation|

142

145

160
161
164
166
167
169
171

172



List of Tables

(5.1 Quantitative comparison between theoretical predictions and |

| experimental results for normal-mode weights as obtained from |

| scanning probe microscopy.| 113

6.1 Comparison between quantum phase transitions and dissipative phase |

[ transitions. 116




List of Figures

10

(2.1 Circuit diagram of a LC oscillator.| 18
[2.2 Circuit diagram of a transmission-line resonator.| 19
[2.3 Circuit diagram of a Cooper-pair box.| 23
[2.4 Eigenenergies of the Cooper-pair box.| 24
[2.5 The SQUID loop makes the Josephson energy tunable.| 27
[2.6 Coupled transmission-line resonators.| 28
(3.1 Schematic of a Markovian open quantum system.| 34
(3.2 Figenvalue spectrum of a driven-damped TLS.| 48
4.1 Open quantum lattices of different dimensionalities and geometries.| 54
(4.2 Schematic of the examples.| 64
[4.3 Results for four spins coupled in a ring.| 66
4.4 Results for single qubit coupled to a resonator ring.| 70
[4.5 Diagrams for perturbative corrections.| 73
4.6 Diagrams for perturbative treatment and resummation of a |
| Jaynes-Cummings lattice.| 87
[4.7 Evaluation of the -superoperator.| 88




11

4.8 Comparison between perturbative results and exact solution.| 92
[4.9 Comparison between perturbative results with resummation and |
I without for the 3-site chainl 94
{4.10 Perturbative results and spectral functions for periodic Jaynes- |
| Cummings chains and global-coupling model.| 95
[4.11 Dependence of the anomalous resonance C on site number N and drive |
| strength €.| 98
[4.12 Eftective four-level model explaining the anomalous resonance. 98
(.1 Schematic diagram of scanning defect microscopy.| 102
(.2 Fxperimental device consisting of 49 coupled transmission line |
I resonators) 103
(5.3 Schematic diagram of the resonator perturbed by the probe.| 105
(5.4 Frequency shift Aw vs. the lateral probe position.| 107
[5.5 Normal-mode weights for three selected modes, ¢ = 35, 36 and 49.] 112
6.1 Experimental device consisting of 72 coupled transmission line |
| resonators each coupled to a transmon qubit.| 119
6.2 Low-power transmission.| 121
6.3 Schematic of the open Jaynes-Cummings chain.| 122
6.4 Number of stable mean-field solutions as a function of drive strength ¢ |
| and drive frequency ow.| 128
6.5 Optically bistability shown at w,/27 = 7.48 GHz| 130




12

6.6 Schematic of the open circuit-QED chain.| 131
6.7 Quasi-classical time evolution.| 133
6.8 Mean-field transmission as a function of the drive strength.| 135
(6.9 Transmission exhibiting an abrupt transition to a suppressed |
| transmission regime and a region of hysteresis.| 137
[6.10 Asymptotic decay rate in the bistable region.| 138




13

CHAPTER 1

Introduction

Lattice models describe particles or spins residing on a set of sites, arranged in a regular
fashion. Different types of interactions between particles or spins are possible and can
be included in the formulation of the model. For this reason, lattice models can cover a
large arena of physical systems and phenomena. Prominent examples are the fermionic
Hubbard model [1H3], the Bose-Hubbard model [4], 5], and the Heisenberg model [6] [7].

Open quantum lattices extend the lattice-model concept. They include the effects of an
environment and external driving fields coupled to the lattice. Such open lattices generally
describe nonequilibrium phenomena and are of great interest in many subfields of physics —
ranging from condensed matter [8-10] and AMO physics [TTHI7] to applications in quantum
information [I8-23]. Recently, many studies studying open quantum lattices have advanced
our understanding of many-body systems under nonequilibrium conditions [14, 17, 24] 25].
Examples of phenomena predicted to emerge include nonequilibrium critical behavior
[8, 1Tl 24H38], topological phases [15], 16, B9] and quantum chaos [I7, [40]. Open quantum
lattices, especially with engineered coupling to baths, also play an increasingly vital role in
the development of quantum information technology such as quantum computing hardware
[18-20, 23] and quantum networks [22].

The study of open quantum lattices, however, tends to be challenging. Analytical
and numerical techniques for open lattices are still less developed than their counterparts

for closed lattices. While for a large class of open quantum lattices the Lindblad master
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equation provides an appropriate theoretical framework [41} [42], numerical methods for
solving this master equation directly, such as exact diagonalization [43] [44], time evolution,
or averaging of quantum trajectories [45], are computationally demanding and become
quickly infeasible as lattice size or number of excitations increases. More sophisticated
numerical techniques have been suggested and are further being developed, including
matrix-product [40] [47], self-consistent projection operator [4§] and variational [49] [50]
methods . These methods can handle larger lattices to some degree, but come with their
own specific drawbacks.

Photonic systems represent a particular interesting open-system complement to the
well-established paradigm of ultracold-atom physics. Since photons do not possess a
chemical potentia]ﬂ, realistic photonic lattices typically include coherent driving and
photon loss [52]. Such systems will thus be a particular useful tool to better understand,
gain intuition, and ultimately devise tractable effective models for open quantum lattices
of interest. Experiments with interacting photon lattices will shed light on both dynamical
and steady-state phenomena by employing well-defined artificial lattice structures and
systematically controlling parameters including drive strength, photon frequency, and
strength of the mediated photon-photon interaction [53], [54]. Recent experiments with
circuit-QED lattices [25, [55] have demonstrated the promising potential of exploring new
phenomena in nonequilibrium many-body physics.

The structure of the present thesis is as follows. In chapter [2, T will review the
basic building blocks of circuit-QED lattices. In chapter [3 T will discuss the effects of

coupling between a circuit-QED system and an environment, and review the Lindblad

However, see Ref. [51] for a proposal to engineer a chemical potential.
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master equation suitable for describing the open quantum systems relevant to circuit-QED
experiments. In chapters [4 to[6] I present the main results from my research. In chapter [4]
I introduce a general perturbative approach including a resummation scheme suitable
for open quantum lattices. Chapter [5|is devoted to scanning defect microscopy which
allows imaging of photon states in a circuit-QED lattice. In chapter [6] I analyze the first
observation of a dissipative phase transition in a circuit-QED chain using a quasi-classical

mean-field approach.
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CHAPTER 2
Circuit QED

Circuit quantum electrodynamics (circuit QED) is the field of studying systems built
out of superconducting circuits with atom-light interaction. Many of its theoretical
concepts are borrowed from cavity QED which studies atom-light interaction using atoms
or ions inside optical cavities. Here, instead of using physical atoms, specifically designed
superconducting circuits are employed to mimic atomic behavior. These artificial atoms
allow the observation of many familiar phenomena in the context of circuit QED, e.g.
vacuum Rabi oscillations [56] 57] and vacuum Rabi spiting [58]. Taking advantage of the
highly sophisticated and advanced fabrication process for integrated circuits, artificial
atoms can be made in parameter regimes which cannot be easily achieved with cavity
QED. This opens up new possibilities, for example, to study ultra-strong coupling [59).

In this chapter, I will briefly review a few common circuit elements and their corre-
sponding theoretical models. The purpose here is to provide necessary background for
the remaining parts of the thesis. Interested readers may find a more comprehensive
introduction to circuit QED in the thesis of D. Schuster [60] and the book chapter by S.

M. Girvin [61].

2.1. Circuit quantization

To investigate quantum aspects of a superconducting circuit, we follow the conventional

quantization strategy. We first have to determine the classical Lagrangian £(¢;, gb]) in
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terms of generalized coordinates ¢; and their time derivatives gbj For a circuit, it is
convenient to choose the generalized coordinates to be fluxes ¢; at each node j, see fig. 2.1
for a simple example. The flux ¢; = ft’; dt'V;(t') is defined to be the time integral of the
voltage V; (relative to ground) at the node j. Voltages and fluxes play a role analogous to
velocities and displacements in a mechanical system. Details on node variables and the
general recipe for determining the Lagrangian of a circuit can be found in ref. [62].

Once the classical Lagrangian £ is obtained, one acquires the conjugate momenta

oL

&G = b Next, the classical Hamiltonian is determined by the Legendre transforma-
J

tion, H(¢j,q;) = Zj gi.)jqj — L. Ultimately, quantization is implemented by employing
the generalized coordinate and momentum operators ¢; and q; obeying the canonical
commutation relation, [¢;,qr] = ;.. (I will distinguish operators from c-numbers by
using sans-serif lettering.) In the following, I will briefly discuss the quantization of two
types of circuit-QED oscillators — the LC oscillator and the modes of a transmission-line

resonator.

2.2. LC oscillator

One of the simplest circuit elements is the LC oscillator shown in fig. [2.1] It has only

one node and its classical Lagrangian is given by

_€2_i 2
(2.1) L=5¢ = ¢

This is the Lagrangian of a simple harmonic oscillator with the kinetic energy %qﬁQ and

potential energy iqﬁ? Here, the capacitance C' and inverse inductance L~! play the role
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C
— L

—_—

Figure 2.1. Circuit diagram of a LC oscillator. A capacitor with ca-
pacitance C'is connected to an inductor with inductance L. The circuit is
grounded at one end. For this simple circuit, there is only one degree of
freedom — the node flux ¢ at the other end.

of the “mass” and “spring constant”. The conjugate momentum is given by

oL

2.2 = — =C¢,
(2.2) =99 ¢
which is the charge on the capacitor.

Using a Legendre transformation, we obtain the classical Hamiltonian,

I T S ST
(2.3) 7—[—20(] +2L¢),

and then quantize by replacing ¢ and ¢ by the flux operator ¢ and the charge operator q.
As usual, we employ bosonic annihilation and creation operators

(b +1iZyq) and al = ! (b —iZyq),

(2.4) a= N/

1
V22
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Figure 2.2. Circuit diagram of a transmission-line resonator. A
transmission-line resonator (length Ly, capacitance per unit length ¢, and
inductance per unit length ¢) can be discretized into a chain of coupled LC
oscillators, each with capacitance cdr and inductance £ dr. The coordinate
r represents the position along the resonator and dr is an infinitesimal
length along this coordinate. The transmission-line resonator is coupled to
the degree of freedom ¢, (¢g) of the circuit to the left (right) through a
capacitor with a capacitance C, (Cg.)

where a and a' satisfy the canonical commutation relation [a,a'] = 1, and Z, = \/L/C.
This gives us the standard Hamiltonian of a simple harmonic oscillator,

(2.5) H=uw (a*a + %) :

with the oscillator frequency w = 1/v/LC.

2.3. Transmission-line resonator

[ next review the topic of transmission-line resonators, mainly following the discussion in
ref. [63]. A transmission-line resonator with capacitance ¢ per unit length and inductance ¢
per unit length can be modeled as the continuum limit of coupled LC oscillators, see fig.
Here, T consider a general case in which the transmission-line resonator is capacitively
coupled at the two ends to circuits L and R with coupling capacitances C and Cg,

respectively.
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2.3.1. Lagrangian
The full system Lagrangian is given by

(2.6)

/ . N2 Cg /- 2 cdr Y 2
L=L] +£R+—<¢1 ¢L> +—<¢N—¢R> Z¢ —MTZ(%—%—O?

where £ and L, are the Lagrangians of the circuits L and R. We divide the full system

Lagrangian into four parts,
(2.7) L =L+ Lr+ Lint + La,

where £ = L} + % qb 2 and Lr = L + <& qﬁ?{ describe the circuits on the left and right
of the resonator, including an additional capacitive correction due to the coupling. The
coupling between the transmission-line resonator and the circuits L and R is described
by the term Ly = —Crordr — Crdnodr. The last and most important term is the
transmission-line-resonator Lagrangian Ly,

N

2£dr Z (65 — d5-1)".

Cr ; d
(28) o=+ P +2Z¢2

In the continuum limit, i.e. N — oo, dr — 0, Ndr = Ly, and ¢;(t) — ¢(r,t), the sums

turn into integrals,

c, . Cp - Lo 1 [l d¢ (r,1)\”
(2.9) Ly :7L¢2 (O,t)+7R¢2 (Lo’t)+§/0 dro? (r,t)—ﬂ/o dr( ¢8(: t)) )

To facilitate the quantization, we next express this Lagrangian in terms of the eigenmodes

of the resonator.
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2.3.2. Eigenmodes

We determine the eigenmodes by employing the Euler-Lagrange equation which here yields

the wave equation

0%¢ (r,1) 0%¢ (r,1)

2.1 —— - =lc——

(2.10) Or? o
with the boundary conditions

99 (r,1) 0%¢ (r,t) 99 (r,1) 0%¢ (r,t)

2.11 =00, ——= d - =(Cp————= :
(2.11) r o lr=0 L o2 lr=0 or lr=Lg Cr otz =L,
The eigenmodes must have the usual form,

(2.12) b (r,t) = pu(r)e”nt

where ¢, (r) is the mode function and w, the corresponding mode frequency. Plugging

this into egs. (2.10) and (2.11)), one obtains the second-order differential equation

(2.13) Lipu(r)

e —écwzwu(r),

subject to the homogeneous boundary conditions

dSOM(T) - 2 d(pu(r
(2.14) | = (Crw,pu(0) and &

~—

Here, the orthonormality condition is given by

(2.15) Creu(0)¢,(0) + Creu(Lo)pu(Lo) + ¢ /O Ao, () eu(r) = B
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Equations (2.13)) to (2.15)) fully define the mode functions ¢, (r) and mode frequencies

wy. In particular, one can show that the mode frequencies w,, are the roots of the equation

_ wu//c(CL+Cr)
(2.16) tan <w#\/ELO) SR T AL

In the weak-coupling limit, i.e. % < 1 and STIZ < 1, the mode frequencies are approxi-

mately given by w, = \/%TﬂLo = pwq, where p=1,2,3,---. (Here, u = 1 corresponds to the
fundamental mode.)

We can now define new degrees of freedom (,,(¢) using the mode functions ¢,,(r),
(217) ¢<7’, t) = ZC}L (t) (IDM<T)7
m
Using eqgs. (2.13) to (2.15)) and (2.17)), the resonator Lagrangian can be rewritten as
1 -2 2 -2
(2.18) Lo=5) <€u - w,@) :

m

Similarly, the coupling term can be expressed as

(2.19) Lini = =Cror Y Gupu(0) = Cron Y Cupu(Lo)-

2.3.3. Quantization

The resonator Lagrangian Ly simply describes decoupled harmonic oscillators. Each

harmonic oscillator can be quantized in the exactly same way as for the LC oscillator, see
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Cg
i C,
G X*

—

Figure 2.3. Circuit diagram of a Cooper-pair box. A Josephson junc-
tion with Josephson energy F; and capacitance C'; is grounded at one end.
At the other end, it is coupled to a gate voltage V, through a capacitor with
capacitance C,. This circuit has one degree of freedom ¢.

section The Hamiltonian of the transmission-line resonator is thus given by

1
(2.20) Hy = Zu:w# (aLa# + 5) :

where a,, is the annihilation operator of the eigenmode ;1 with mode frequency w,.

2.4. Superconducting qubits

The photons in resonators are non-interacting. To introduce nonlinearity, which is
necessary for interesting many-body physics, one can couple the resonators to artificial
atoms/qubits. There are several qubit designs used in circuit QED, including charge qubits
[64], [65], flux qubits [66] [67], phase qubits [68], transmon qubits [69, [70] and fluxonium
qubits [71], [72]. In this section, I will briefly discuss the charge qubit (Cooper-pair-box),

and then the transmon qubit which is one of the most commonly used qubit designs today.

2.4.1. Cooper-pair-box Hamiltonian

The circuit diagram of a Cooper-pair box is shown in fig. It is similar to that of

the LC oscillator (fig. except that the inductor is replaced by a Josephson junction
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Ej/Ec=10 E;/Ec =100

20 \/\/
60

15_/\__/\

-1.0 —05 0.0 05 1.0 -10 —05 0.0 0.5 1.0 -10 —05 0.0 0.5 10
qg/2e qgl2e qgl2e

Figure 2.4. Eigenenergies of the Cooper-pair box. The lowest four
eigenenergies Ej of the Cooper-pair box are shown. The eigenenergies
become less sensitive to the offset charge ¢, with increasing E;/E¢. (The
eigenenergies are offset by the ground state energy at ¢, = 0 for each

E;/Ec.)

with capacitance C; and Josephson energy £, and there is an additional gate voltage V,
capacitively coupled to the circuit. As shown in ref. [69], its Hamiltonian can be written as

_ 9 4\ 2e
(2.21) H=4E (26 26) E; cos ( - q>) .

Here, B¢ = % is the charging energy, C' = C; + C is the effective capacitance and ¢ (q)
is the flux (charge) operator as in the LC oscillator case. The offset charge ¢, = C,V, + Q;
is controlled by the gate voltage V;, where (), represents the environment-induced offset

charge. Note that the Hamiltonian is often written in terms of the phase operator ¢ = Qf

and it conjugate operator n = —- (number operator) in the literature.

2.4.2. Transmon qubit

The transmon Hamiltonian is identical to that of the Cooper-pair box [69]. The key
difference between the transmon qubit and Cooper-pair box is the ratio F;/Ec. The

transmon qubit operates in the large E;/E¢ limilﬂ. In this regime, the eigenenergies

IThis corresponds to shunting the Josephson junction by a capacitor with a large capacitance, which leads
to small Eq.
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become insensitive to the offset charge g, with increasing E;/Ec as shown in fig. [2.4]
Hence, the transmon qubit is protected from charge noise and thus has dramatically

improved dephasing times compared to the Cooper-pair box.

2.4.3. Qubit approximation
In the large E;/E¢ limit, the eigenenergies Fy, (k= 0,1,2,---) are approximately [69]

1\ E
(2.22) .Ekm\/sECEJ<k+-§>——Tg(6kﬁ+ﬁk+ﬁn-Ew

Hence, the energy difference wyo between the ground and first excited states is approximately

given by

(223) W10 = E1 — EO =~ \/ SECEJ — Ec.

For the first and second excited states, the energy difference is

(224) Wo1 = E2 — El 4/ SECEJ — 2EC

The difference between wy; and wyg displays the nonlinearity of the transmon qubit.
This nonlinearity protects the second excited state (and higher transmon levels) from
being occupied. Hence, the transmon qubit can be described by the effective two-level

Hamiltonian,

)
(2.25) Her = 5 0%,
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where () = wyg is the energy difference between the first two levels. As a result, the

transmon circuit can be used as a superconducting qubit.

2.4.4. Tuning the transmon frequency

It is desirable that qubit frequencies are tunable. For the transmon qubit, the insensitivity
to offset charge makes it impractical to tune the qubit frequency by adjusting the gate
voltage V. The usual way to make a transmon qubit tunable is to replace the Josephson
junction by a SQUID loop (fig. . One can show that the SQUID loop is equivalent
to a single junction with an effective Josephson energy E7 that depends on the external

magnetic flux ¢ey through the SQUID loop [69],

(2.26) Ej = (En + Ejs)cos Mext 1 + d? tan? TPext .
o, ON
Here, &y = 2% is the magnetic flux quantum and d = % the relative asymmetry of

Josephson energies between the two junctions. Hence, the qubit frequency of the transmon
qubit can be controlled by an external magnetic flux through the SQUID loop, and the

accessible frequency range is determined by the asymmetry d.

2.5. Circuit-QED lattices

A circuit-QED lattice forms by Couplingﬂ circuit elements, including LC oscillators,
transmission-line resonators and superconducting qubits, and arranging them into a

particular lattice geometry. These lattices are one of the most direct ways to access

2The coupling is capacitive for the cases to be discussed later on in this thesis. Other types of coupling
have also been proposed, e.g. coupling through Josephson junctions [34] to allow nonlinear coupling
between circuit elements.
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E 5 Ejs 7

X, X =

¢ext
I

Figure 2.5. The SQUID loop makes the Josephson energy tunable.
The SQUID loop is equivalent to a single Josephson junction. The effective
Josephson energy E7 is tunable by the external magnetic flux ¢ey. The
tunable range depends on the asymmetry between Ej; and E .

many-body physics using circuit-QED systems. In this section, I will review two simple

lattice models — a resonator array and the Jaynes-Cummings lattice.

2.5.1. Resonator array

A resonator array consists of coupled LC oscillators or transmission-line resonators. An
experimental realization of 49 coupled transmission-line resonators is shown in fig. 2.6
The resonators are capacitively coupled at each end to the nearest-neighbor resonators.
Generalizing the result in section [2.3] the general form of the Hamiltonian for a resonator

array is

N
(2'27) H= Z Zwuj;j aLj;j it Z Z t#jl/k§jk (alj;jal’mk + a#j;J'azT/k;k) )

J=1 (g:k) KV

f ) is the photon annihilation (creation) operator of resonator mode 1, at

where a,,;; (a,,;

site 7, and N is the total number of site. The second term in this equation represents
photon hopping between the nearest-neighbor sties (j, k). The hopping rate t, ,,.x is

determined by the coupling capacitance and the mode functions ¢, and ¢,,. (Note that



28

Figure 2.6. Coupled transmission-line resonators. This resonator array
is the experimental device to be discussed in chapter (a) Forty nine
resonators are fabricated to form a Kagome lattice. (b) Resonators are
coupled by three-way capacitors. One section of each resonator meanders to
save space on the chip. (This figure is identical to fig. )

the rotating wave approximation has been applied to drop the counter-rotating terms

i T
ﬂj;jaVk;k

a and a,;;jau,:k-)

The multi-mode Hamiltonian can be simplified if the resonators at different sites are
nearly identical. In this case, the photon hopping between different modes, e.g. between
the fundamental mode and first harmonic, is suppressed by a large frequency difference.
Those hopping terms, i.e. aLj;jal,k;k + h.c. for p; # v, can thus be dropped by using the

rotating wave approximation. Now, if only one of the modes is excited by an external

drive, we can use the effective single-mode Hamiltonian,

N
(228) H= ij a}aj + Z t]’k (a}ak + ajaz) .
J=1 (k)
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Moreover, if resonators are identical, one obtains the standard tight-binding Hamiltonian

for bosons,

N
(2.29) H=w Z a}aj + tz <a;ak + aja,t> .
Jj=1 (4.k)

2.5.2. Jaynes-Cummings lattice

To induce photon-photon interaction to a resonator array, one can capacitively couple a
superconducting qubit (e.g. a transmon qubit) to each resonator. The on-site Hamiltonian
corresponds to the Jaynes-Cummings model [73],

Q -
(2.30) h; = wa;aj + B Tty (ajcr;“ + a;r-(fj > ;

where 07 (07 ) is the pseudo-spin raising (lowering) operator and g is the coupling strength
between the qubit and resonatorﬂ. Together with photon hopping between nearest-neighbor

sites, the full Hamiltonian for the Jaynes-Cummings lattice is given by

(2.31) H=>"h;+t (alax+aa) .
j )

The Jaynes-Cummings lattice model is of great interest in the study of many-body physics.
For instance, the superfluid-Mott-insulator phase transition [4] is encountered in the study

of the Jaynes-Cummings lattice under thermal equilibrium conditions [74] [75].

31f the coupling strength g is large, i.e. the circuit is in the ultra-strong coupling regime, or the qubit
is far detuned from the resonator, i.e. gﬁ

counter-rotating term, a;o; + a} 0‘;'_.

is not a small parameter, one also has to consider the
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2.6. Decoherence

The previous discussion applies to the case that the system is isolated from the environ-
ment. For a realistic device, the system is always intentionally and unintentionally coupled
to the environment. First of all, a superconducting circuit can only be controlled/driven
by coupling to other devices. This inevitably allows excitations to leak out of the circuit
(decay). These control channels can also introduce noise to the circuit, e.g. a tunable
transmon qubit is subject to the noise of the external magnetic flux, which leads to
dephasing. Last but not least, there may be intrinsic decay/dephasing channels which
depend on the particular design and fabrication process. Interested readers may find a
more detailed discussion of possible decay and dephasing mechanisms in D. Schuster’s
thesis [60, ch. 4] and L. Bishop’s thesis [70] sec. 3.6.1].

The knowledge of the microscopic decoherence mechanism is usually unnecessary if the
circuit is only weakly coupled to the environment. In most cases relevant to circuit-QED
experiments, it is sufficient to assume three effective decoherence channels: photon decay,
qubit relaxation and qubit pure dephasing. Photon decay and qubit relaxation occur
spontaneously when an excitation leaks from the circuit into the environment. Qubit
pure dephasing describes the situation in which a qubit loses its quantum coherence in
the absence of qubit relaxation. In the next chapter, I will discuss the Lindblad master

equation which takes these decoherence channels into account.
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CHAPTER 3

Lindblad master equation

An appropriate strategy to handle the coupling between a system and an environment
plays an important role in the study of open quantum systems. One may directly consider
the full Hamiltonian H describing both the system § and environment &£, which can be

written as

(3.1) H = Hs + Hg + Hse.

Here, Hs, He and Hge are the system, environment and system-environment interaction
Hamiltonians. Except in relatively simple cases, e.g. the spin-boson model [77], the
direct study of the full Hamiltonian H is unpractical for two reasons: (i) the microscopic
understanding of the environment is rather limited for most physical systems, and (ii)
even if a physical model for the environment is available, it is usually extremely hard to
solve the full Hamiltonian due to the huge number of environmental degrees of freedom.
A pragmatic strategy is to trace out the environmental degrees of freedom. Under certain
conditions, this allows us to focus on the system time evolution governed by the Lindblad
master equation [41, ch. 3]. In this chapter, I will review the master-equation formalism,

the properties of master equation and some simple applications.
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3.1. Markovian dynamics

3.1.1. Density matrix

We begin this section with a quick review of the density matrix p, which is a convenient
means to describe the state of an open system. A density matrix is a hermitian operator

which has the general expression

(3.2) p =D _pily) (W],

Here, {|1;)}, is a set of orthonormal quantum states. We can interpret p as the statistical
mixture of the quantum states [¢;) with individual probabilities p;. (A pure state |1)) is
represented by p = [¢) (¢|.) This probabilistic interpretation requires the probabilities
p; to be non-negative and their sum to be one. As a result, the density matrix p is
positive-semidefinite. Along the lines of the probabilistic interpretation, the expectation

value of any operator A is given by

(3:3) (A) =D _pi (05| Al) = Tr [Ag].

3.1.2. Lindblad master equation

For a closed system described by the Hamiltonian H, the time evolution of the density

matrix p(t) is governed by the von Neumann equation,

3.4 P — im0,
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which can be deduced from the definition (3.2) and the Schroedinger equation. As
previously explained, the direct treatment based on the full Hamiltonian H is often

unpractical. Instead, we consider the reduced density matrix pg defined by

(3.5) ps(t) = Trep(t),

where the partial trace Tre traces out the environmental degrees of freedom. Its generic

time evolution is governed by

(3.6) dpcft(t) = —iTre [H, p(t)].

This equation is suboptimal due to the explicit dependence on the full density matrix p(t)
instead of simply the system density matrix pg(t). Several approximation schemes with
different underlying empirical models of the environment have been considered [41], sec.
3.3].

One widely adopted approximation scheme applicable to weak system-environment
coupling is briefly outlined here |41} sec. 3.3.1]. The scheme begins with the assumption
that the system S and environment £ are weakly coupled and initially disentangled.
This allows a perturbative treatment of the system-environment interaction using Born
approximation and gives a time evolution equation which is nonlocal in time. We then
employ a crucial assumption (Markov approximation) — the correlation times of excitations
in the environment is small compared to the characteristic time scales of the system. As a
result, the system approximately undergoes Markovian dynamics, i.e. the time evolution
is completely determined by the system state at the current time. Another way to express

this is to say that there is no “memory effect”, see fig. for the schematic of a Markovian
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Figure 3.1. Schematic of a Markovian open quantum system. The
system S is weakly coupled to the environment £. This coupling in general
leads to leakage (black dashed arrow) of excitations/information from the
system to the environment. The change of the environment is eliminated
(one-way green arrow) in the environmental correlation time scale. Hence.
the environment has no “memory” of the system state in the past. This
lack of “memory effect” renders the system Markovian.

open quantum system. One then obtains the Lindblad master equation in the general form

(3.7) () — i g ps(6)] + 32 D A os(1),

with the dissipator D [A;] ps = AjpSAj. - %A}Ajps - %psA}Aj, jump operators A;, corre-
sponding rates ;, and Lamb-shifted system Hamiltonian HY. For convenience, we rewrite

the master equation in short form using the Liouville superoperator (or Liouvillian) L

(3.8) dpcft(t) = Lps(t).

The term “superoperator” designates an object mapping an ordinary Hilbert-space operator
such as pg to another Hilbert-space operator. (In my notation, I distinguish superoperators,
operators, and real/complex numbers by using double-stroke, sans-serif, and regular

lettering, respectively.)
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The Lindblad master equation has a simple physical interpretation. If the system is
not coupled to the environment, the system undergoes unitary time evolution governed
by the von Neumann equation, ddif = —i[Hs, pg]. With the system-environment coupling
on, this unitary time evolution is slightly modified leading to the Lamb-shifted system
Hamiltonian H’s. The unitary time evolution is not the full story yet. The environment in
general induces non-unitary effects such as dissipation and dephasing. The deviation from
the unitary von-Neumann equation results in the second term with each jump operator A;
representing a particular non-unitary effect. We will discuss more concrete examples of

jump operators in sections and [3.5] From now on, we drop the subscript S and the

prime symbol of the system Hamiltonian (unless otherwise stated).

3.1.3. Quantum dynamics semigroup

The derivation of the Lindblad master equation discussed above is based on a microscopic
model of the environment. One may consider a different approach based merely on the
properties of the system dynamics without considering any microscopic model. The system
time evolution can be represented by a map U; which propagates the system state from ¢,
to to+t, i.e. p(to +1t) = Up(to) for any propagation time ¢ > 0. The map U, is a member

of the quantum dynamics semigroup [42, sec. 1.2.4] if it satisfies the following conditions.

(i) U, is trace-preserving meaning that Tr [U;X] = Tr [X] for an arbitrary Hilbert-space
operator X. This is necessary for the time evolution to be physical since the trace of
a density matrix is always one.

(ii) U, is a completely positive map. A positive map requires that a positive-semidefinite

operator always maps to a positive-semidefinite operator, which is consistent with
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that fact that a density matrix must be positive semidefinite. Complete positivity is
a stronger condition imposing on the outer product of the map and an identity. Its
precise definition can be found in ref. [42] sec. 1.2.2].

(iii) U¢p(to) is continuous for all £ > 0.

(iv) UUy = Uppy for all ¢,¢' > 0. This essentially means that the time evolution at time ¢

depends only on the system state at time ¢. Hence, this is called the Markov property.

These criteria are rather general requirement for the time evolution of a physical system.
More importantly, if the time evolution satisfies these criteria, the Lindblad master equation
is the most general form governing the system dynamicﬂ This further motivates the

usage of the Lindblad master equation.

3.2. Eigenvalues and eigenstates of the Liouville superoperator

The time evolution of an open system is completely determined by the Liouville
superoperator L as shown in eq. (3.8)). In other words, L is the generator of the quantum
dynamical semigroup, i.e. U; = e'*. Here, we will explore the master equation through the

eigenvalues and eigenstates of the Liouville superoperator L,
(3.9) Lu, = Auuy,.

While it is tempting to think of eq. (3.9) as a superoperator-analogue of the stationary
Schrodinger equation, it is important to note that the Liouville superoperator L is in general

non-Hermitian, i.e. LT is not equal to L. Hence, its eigenvalues may be complex-valued

IThis is proven for the case of finite-dimensional Hilbert space, see refs. [78, [79] for two independent
proofs. For unbounded Hilbert space, all known examples are also in the general form (3.7) even though
the formal proof is not known.
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and we have to distinguish right eigenstates u,, from left eigenstates u,,, given by
(3.10) i

As long as we keep this in mind, however, it is useful to mimic bra-ket notation and allow
ourselves the freedom to write operators and their adjoints also in the alternative form
0|

(3.11) u, < |u,) and GL < (U,

We can then denote the Hilbert-Schmidt inner product [80] between operators as (x|y) =
Tr[x'y]. Linear algebra dictates that the right and left eigenstates of L are bi-orthogonal

and, by appropriate normalization, can be chosen to be bi-orthonormal,
(3.12) (Uy| uy) = 6,

The eigenspectrum of a valid Liouville superoperator L has the following two properties.
First of all, the real part of any eigenvalue A\, must be non-positive. This is necessary for
the density matrix p(¢) to remain positive-semidefinite in the long time limit. Moreover,
there is a right eigenstate up with trace one, i.e. Tr[ug] = (1|up) = 1, associated with the
eigenvalue \g. This is the immediate consequence of the trace of the density matrix being
a conserved quantity. One can also show that the corresponding left eigenstate is the
identity operator, (Ug| = 1, and the corresponding eigenvalue A\ always equals zero. We
will further discuss in the next section that this eigenstate uy turns out to be the steady

state if there exists a unique steady state.
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It is useful to represent an operator or superoperator using the eigenstates of L. We
first assume that the eigenstates of L form a complete SetE] or equivalently the Liouville

superoperator L can be diagonalized. Hence, we can represent an arbitrary operator X as

(3.13) X) = Z luy,) (U, X) = Z(X)u u) s

m

and an arbitrary superoperator A as

(3.14) A= lu) (Gl Alu) (G =Y (A)u lu,) (6.

I’L?V

In particular, the Liouville superoperator L is represented by a diagonal matrix,

(3.15) L= Z/\u|uu)('ju|~

Except for the matter of left vs. right eigenvectors, these expressions are familiar from the
usual decomposition of states and operators in Hilbert space. Analogous to solving the
Schrodinger equation using the eigenvalues and eigenstates of the Hamiltonian, the formal

solution of the Lindblad master equation is given by

(3.16) [p0) = D luy) (W] po) = [p() =D e [u,) (] po)-

o o

where |p,) is the initial state at ¢ = 0. This immediately provides us with insight into the
physical meaning of the eigenvalues of L. The imaginary part of an eigenvalue governs the
oscillatory behavior of the time evolution. It thus plays a role similar to the eigenenergy of

a closed system. The real part governs the amplitude of its corresponding eigenstate. (The

>The Liouville superoperator L is non-Hermitian, so that completeness of the set of eigenstates is not
guaranteed, though heuristically very common for L.
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amplitude must either decrease or remain the same since Re A, < 0 for all eigenvalues A,
of L.) Hence, it is closely related to the dissipation of the system.

For completeness, we now briefly discuss the case in which the eigenstates of L do not
form a complete set, i.e. the Liouville superoperator L is not diagonalizable. There, L
can still be decomposed through a similarity transformation into a specific block diagonal

matrix, namely the Jordan normal form J [81] sec. 5.3],
(3.17) L=S"'JS.

This similarity transformation specifies a bi-orthonormal basis — the columns of S~1 and
rows of S play a role analogous to the eigenstates |u,) and (U,|, respectively. (Many of them
are indeed identical, e.g. those eigenstates associated with non-degenerate eigenvalues.)
Arbitrary operators and superoperators can thus be represented in a way similar to
eqs. and . The formal solution of the Lindblad master equation is slightly
modified since the chosen basis is not entirely formed by the eigenstates of L. As we are
not going to utilize this basis in this thesis, we will leave the discussion here without go

into any detail.

3.3. Nonequilibrium steady state

The (nonequilibrium) steady state is recently of great interest for the study of many
topics in condensed-matter physics and quantum information. A few examples include
dissipative phase transitions [25], 28], 29, [34, 82] and dissipation engineering for state

preparation [83].



40

A system coupled to an environment evolves toward its steady state p, in the long-time
limit, i.e.

(3.18) lim p(t) = p,.

t—o00

For example, the steady state of an undriven system coupled to a thermal bath is the
thermal equilibrium state. In general, the steady state of an open system can differ from
the equilibrium state due to, for example, external drive, coupling to multiple baths,
etc. Note that the presence of an external drive, in general, results in a time-dependent
Liouville superoperator L(t). The definition of the steady state is thus not directly
applicable. However, for many models relevant to circuit-QED experiments, one can
reduce the time-dependent models into time-independent Liouville superoperators by a
transformation to a rotating frame. Examples with single-frequency cosine-periodic drive
will be discussed in sections [3.4] and 3.5

A steady state p, is unique if and only if the system long-time limit is independent of
the initial state. (In other words, all information of the initial state is washed out in the
long-time limit.) Assuming that a unique steady state p, exists, we deduce from the time
evolution equation that p, is indeed the eigenstate ug associated with the eigenvalue
Ao = 0. This means that p, is characterized by the time invariance property;,

des

(3.19) -

=Lp, = Lug = 0.
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One can also deduce from eq. (3.16) that a unique steady state exists if and only if all

except one eigenvalues of L have negative real part, i.e.
(3.20) Up is the unique steady state if and only if Re [A,] < 0 for all u # 0.

Note that the eigenvalues A, give the timescales of transient dynamics. In particular,
Aapr is the eigenvalue of L with its real part closest to zero. The negative real part of
AADR, namely the asymptotic decay rate or ADR = —Re Aapr [29], determines the longest
time scale for the system to relax to the unique steady state. The ADR plays a crucial role
in the study of dissipative phase transitions, which will be further discussed in chapter [6]

The reader may have the impression that a unique steady state is rare since its existence
poses a global constraint [eq. ([3.20)] on the full spectrum of L. However, Davies [84] has
shown that a moderate condition satisfied by many driven-dissipative systems is sufficient
for the existence of a unique steady state. Roughly speaking, a unique steady state is
guaranteed for a finite-dimensional system if the jump operators A; and Hamiltonian H
“connect” the full Hilbert spaceﬁ. One example satisfying this condition is a driven N-level
system, H = €S,, with the only jump operator being the lowering operator S_. Note
that the aforementioned theorem does not apply to any infinite-dimensional process. This
might seem to make the theorem rather limited in studying circuit-QED models since a
resonator is already associated with an infinite-dimensional Hilbert space. However, in
almost all cases, the resonator Hilbert space can be safely truncated to finite number of

excitations and thus the time evolution is once again a finite-dimensional process. (There

3«Connect” here means that any state |¢) is linked to the full Hilbert space by H and A;. In other
words, there is no proper subspace K of the Hilbert space H such that for any state ) in IC, A; |) and
(H-1% > A;Aj) |t)) remains in K. A more precise condition is given by Davies [84, Thm. 13].
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are other known sufficient conditions for the existence of a unique steady state, e.g. Spohn

[85] has shown a condition regarding the number of jump operators A;.)

3.4. Driven-damped harmonic oscillator

In this section, we review a simple example of the Lindblad master equation, describing
a driven-damped harmonic oscillator. This is a good model of the single-mode microwave
resonator (sections and driven by an AC tone. We will find the analytic solution
by employing the third-quantization method [86H88]. This analytic solution facilitates the
analysis of more complicated circuit-QED lattices, for example the perturbative study of
Jaynes-Cummings lattices (section [4.5).

A harmonic oscillator of frequency w is modeled by the oscillator Hamiltonian,
(3.21) H, = wa'a.

We consider the simplest possible external drive, which is a sinusoidal continuous-wave

drive with frequency wy and amplitude e. This gives the time-dependent drive Hamiltonian
(3.22) Ha(t) = 2ecos (wat) (a' +a) .

The fact that the oscillator is damped results in loss of excitations. For superconducting
circuits, the excitations are microwave photons and hence we call this decoherence channel
photon decay in this context. Photon decay is modeled by the dissipator D [a], where

the annihilation operator a serves as the jump operator and ~ is the photon decay rate.
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We then write the Lindblad master equation (3.7)) as
(3.23) —~ =Lt)p(t) = —i[Ho + Ha(t), p(t)] + 7D [a] p(t).

This Liouville superoperator is time-dependent. To arrive at a time-independent one,

we consider a transformation into the frame co-rotating with the drive, i.e.

H(t) — H/(t) = ealatH(t)eiwaat — 4 (i afat) |
(3.24) o(t) — p/(t) = eiwarlatp(f)e—iwaalat

D [a] - D [eiwdafatae—iwdaTat =D [a] .

One can show that the Lindblad master equation is covariant under this transformation,

1.e.

(3.25) = L'()p'(t) = =i [H'(t), o'(1)] + D [a] p'(2),

with the Hamiltonian in the rotating frame,
3.26 H'(t) = dwa'a + € (aT +a) + € (ale?™! 4 ae~2wat) |
(

and the detuning dw = w — wy. Assuming that the drive amplitude € is much smaller
than the drive frequency wy, i.e. € < wy ~ w, it is justified to drop the time-dependent
term in H' using the rotating wave approximation. From now on, we will work with the
time-independent Liouville superoperator in the rotating frame and drop the prime symbol,

1.e.

(3.27) dZ—Sf) =Lp(t) = —i [bwa'a+e(al +a),p(t)] +vD[a] p(t).
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This Liouville superoperator is bilinear, i.e. each term involves at most two annihilation
and/or creation operators. In this case, the exact solution to the stationary Lindblad
equation (3.9) can be obtained by using the third-quantization method for the boson
operator space [87]. We introduce the superoperators b, b*, | * which mimic boson
annihilation and creation operators, by
(3.28) bp=ap and bfp=afp—pal,

(3.29) p=pal and tp = pa—ap.

While b* and b are not proper adjoints, the use of the unconventional “}” symbol is

motivated by the resulted commutation relations of the ordinary form,
(3.30) b,b =1, =1,

and all other commutators vanish. Thanks to this commutator algebra, L takes on the

compact form [87],
(3.31) L=0b'b+6"* —ie(b"— ).

Here, b (b*) and  ( *) may be viewed as “normal-mode” superoperators associated with
complex-valued “mode frequencies” 6 = —i dw — /2. To make the Liouville superoperator

even simpler, we apply a coherent displacement

(3.32) a—DlaD=a+a and a' — D'alD =a' 4 o,
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where D = exp(aa’ — a*a) is the displacement operator and « the displacement amplitude.

In the superoperator language, this corresponds to the following transformation,

(3.33) b—b+a and bt — bt

(3.34) — 4o and F— F
By choosing « = i€/f, L takes on the simple diagonal form
(3.35) L =60b*b +0* * .

From this, it is straightforward to read off eigenvalues and eigenstates of L, analogous
to the way we find eigenvalues and eigenstates of a harmonic-oscillator Hamiltonian. The
right and left “vacuum states” obey b |ry,) = |rge) = 0 and (¥y,| b* = (¥oo| * = 0. (The
double indices in the subscript correspond to the two normal modes b and .) The right
“vacuum state” is therefore the projector |ry,) = |0)(0| onto the (displaced) zero-photon
state. As discussed in section [3.2] the left “vacuum state” always coincides with the
identity operator, (fo| = 1. Once the coherent displacement is reversed, we thus obtain
|a) (a| for the steady state of the Liouville superoperator L. The “excited” eigenstates of
L are obtained by acting with the creation superoperators on the “vacuum states.” This

means

1

(336) (Fanl = s ol (D))"

= (bi>m( j[)n|roo) and

min!

mn)
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where m and n are non-negative integers. The corresponding eigenvalues are given by
(3.37) A = MO + nb™.

3.5. Driven-damped two-level system

Another important example is the driven-damped two-level system (TLS), which is a
good model of many circuit-QED qubits, say the transmon qubit reviewed in section [2.4]
We will first introduce the Bloch equations and then outline the exact solution. This
solution provides an easily accessible path to further our conceptual understanding of
relaxation and dephasing. It also forms a basis for studying more complicated systems.

A TLS with energy €2, driven by a sinusoidal tone, is modeled by the Hamiltonian,

Q
(3.38) H(t) = 562 + 2€ cos (wqt) o°.

Qubit relaxation and dephasing are modeled by two jump operators 0~ and o7, respectively.
Similar to the harmonic oscillator case, we get a time-independent Liouville superoperator
by transforming into a frame co-rotating with the drive and applying the rotating wave
approximation. This gives the Lindblad master equation

(3.39) —2 =Lp(t) = —i [%QG + €0, p(t)} +ID[o7]p(t) + %D (0] p(t),

where 62 = () — wy is the detuning between the TLS and the drive frequencies, I' is the
TLS relaxation rate and ~y, is the pure dephasing rate.
An elegant way to solve the master equation is to decompose the density matrix in

terms of the identity matrix 1 and Pauli matrices 6 = (0%, 0%, 0%) in the Bloch vector
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form,

(1+(0) (1) - 0),

N | —

(3.40) p(t) =

where (0) (t) = ((0%)(t), (o¥)(t), (0%)(t)) is the expectation value of ¢ at time ¢. Hence,

the master equation ((3.39) can be expressed as

1 0 0 0 0 1
pay A @O |0 sfew e 0 e
W o ) 0 00 —L—q =2 || (M
(0%) (1 T 0 2 1 |\ (o))

Note that the 4 x 4 matrix on the right-hand side is a matrix representation of L.
Diagonalizing it yields the eigenspectrum of L. Here, we take a slightly different approach

by rewriting eq. (3.41)) to obtain the famous Bloch equations [89, Ch. 3],

(0°) (1) Lm0 0\ [ (o) 0
ga2 Slonw |=| o —tow 2 || oo | -] o |
() (1) 0 % T () (1) r

or in more compact form:
(3.43) —— =A(G) —b.

From the Bloch equations, one can identify the relaxation time 7} = I'"!, dephasing time
Ty = (5 4+ 74)~" and pure dephasing time T3 = 7(;1. The well-known inequality, T, < 277,

is also apparent.
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Figure 3.2. Eigenvalue spectrum of a driven-damped TLS. The di-
agram shows the eigenvalue spectrum for system parameters chosen as
% = 0.2 and varying drive strength from & = 0 (red circles) to & = 0.25
(purple squares). The fourth eigenvalue (black diamond) corresponds to the
steady state and is always zero. As illustrated by the blue trajectories, the
flow of the eigenvalues is non-trivial and the eigenvalue(s) closest to zero

switches from the complex pair to the purely real eigenvalue as € increases.
We can determine the steady state from the Bloch equations by demanding % =0.
This turns the Bloch equations into the system of linear equations, A((;)S = 5, and we

obtain the solution

1 2€ 62 el 5924—%2

3.44 =—|1- o’ — (o o
B4 0= I eI 20 s Iy aa” s 4 I 4 20

z

Other than the steady state, the remaining eigenspectrum of L coincides with the eigen-
spectrum of the matrix A. However, the eigenvalues and eigenstates of A usually depend

on the system parameters 0€2, € and I" in a rather non-trivial way, see fig. [3.2] The general
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analytic expressions of them are complicated except for a few special cases, e.g. for 62 = 0

or e =0.

3.6. Numerical methods and approximations

As we have seen in the last section, the exact solution of the Lindblad master equation
can be non-trivial even for a simple TLS. For many models relevant to circuit QED, we
indeed have to rely on numerics and approximations to investigate their behavior. In this

section, we will briefly review some of the numerical methods and approximations.

3.6.1. Numerical methods

The most straightforward numerical approach to solving the master equation is exact
numerical diagonalization of L. Once a linear basis is introduced, the Liouville superoper-
ator L can be represented by a N? x N? matrix, where N is the dimension of the system
Hilbert space. [For example, a matrix representation of L for the driven-damped TLS
was shown in eq. ] For relatively simple systems where N is small, e.g. coupled
TLSs [90, O] or Jaynes-Cummings lattices [30, 02, 03] with small numbers of sites, exact
numerical diagonalization is possible.

Exact diagonalization, however, quickly becomes impractical when we deal with larger
systems. For instance, for an open system with 16 interacting TLS, L is represented by
a matrix of size 232 by 232, This already approaches the state-of-the-art limit of exact
diagonalization [94], 05]. The Hilbert space dimension N grows exponentially with system
size, and the even more dramatic N2 growth of the number of operator basis states severely

limits the applicability of the exact diagonalization method. Exact diagonalization is
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insufficient for the study of the collective behavior of open lattices, say dissipative phase
transitions [25] 28] 29 [34]. It is also impractical for investigating nonlinear systems with
more complex lattice structure, e.g. Jaynes-Cummings Kagome lattices realizable in the
circuit QED architecture [52) 53]. To go beyond this limitation, alternative theoretical
and numerical approaches are being developed.

One well-established numerical alternative to (partial) diagonalization of L are quantum
trajectory methods [96, [97]. This approach converts the time evolution of the density
matrix to the time evolution of quantum states with stochastic jumps (trajectories). The
steady-state expectation values are then determined by the long-time limit of an ensemble
of trajectories [45]. Quantum trajectories approach involves only quantum states but
not density matrices, hence the number of basis states grows with the Hilbert space
dimension N, not with N2. This enables the simulation of larger systems compared to
exact diagonalization. However, quantum trajectory simulation remains limited due to the
exponential growth of N with system size. Another sophisticated numerical alternative
consists of matrix product methods [46, 47, 08]. Matrix product methods have been
successful in simulating large one-dimensional open systems [91, 09]. Applying these
methods to systems of higher dimension may be possible [100] but remains difficult.
Recently, variational methods [49] 50] have been introduced and show promising potential
in determining the steady state of higher-dimensional systems. However, a consensus

regarding the quantity to be varied has not yet been reached.
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3.6.2. Approximations

Apart from these numerical methods, several approaches based on different analytical
approximations have been developed. Some of these approaches utilize the concept
of perturbation theory. Specialized perturbative approaches have been applied to open
quantum systems in specific contexts, which include full counting statistics [I0T], 102], finite-
time evolution [103, [104] and critical behavior [32, [33]. Another perturbative approach is
the generalized Schrieffer-Wolff formalism [T05HI08] for systems with separable fast and
slow degrees of freedom. However, the above approaches are intended to be applied to
specific types of open quantum systems. They cannot be easily used for open lattices, e.g.
driven-dissipative JC lattices. Hence, I have developed a general perturbative formalism
describing corrections to eigenvalues and eigenstates of the Liouville superoperator L
[109, 110] as discussed in chapter [4]

Approaches based on mean-field theory [IT1I] are also widely utilized. The mean-
field ansatz results in a set of equations which is relatively easy to solve. This allows
investigation of several nonlinear open systems in which other methods are impractical
[25], 28, 130, [34], ©90], 112, 113]. It has been shown that the mean-field ansatz is justified for
specific nonequilibrium systems coupled to a thermal bath [TI11], 114]. However, a general
justification for the mean-field ansatz in open quantum systems remains absent to the best
of my knowledge. Other than the lack of general justification, understanding the mean-field
result can sometimes be difficult. For example it is widely observed that the mean-field
steady-state solution can exhibit bistability [25], 28], 30, 112], TI5-117]. Interpreting the

observed mean-field bistability is a non-trivial task, and the interpretation indeed varies
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from case to case [25] 28] 48, TT7HIT9]. The mean-field bistability for a circuit-QED chain

will be further discussed in section [6.4.2]
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CHAPTER 4

Nonequilibrium perturbation theory and resummation

The dynamics and steady state of an Markovian open quantum system are determined
by the eigenvalues and eigenstates of of the Liouville superoperator L as discussed in
chapter [3] However, solving for the eigenvalues and eigenstates of L is theoretically
challenging. Here, we present a perturbation theory (PT) in the framework of the
Lindblad master equation that systematically determines the corrections to eigenstates
and eigenvalues of L. Our treatment is not limited to a certain system or system type.
Rather, it is applicable to a wide range of perturbations and different open quantum
systems. PT similar to the one presented here was previously studied [120] 121], but
results were limited to the steady state and the issue of non-positivity of density matrices
due to truncation was not addressed by the authors.

The density-matrix PT we develop yields results both for the steady state as well as
for all other eigenstates of L. Further, we propose and derive a new PT based on the
amplitude matrix. This amplitude-matrix PT guarantees a properly positive steady-state
density matrix. Both kinds of PT can be applied to large open systems with lattice
structure. Understanding the properties of such open systems is of immense interest and

would otherwise be challenging due to the system sizeﬂ. The study of such systems is an

IThere are a few numerical methods, e.g. matrix product methods and variational methods, suitable for
large open lattices. However, each of them has its own limitation as discussed in section
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Figure 4.1. Open quantum lattices of different dimensionalities and
geometries. The examples show Jaynes-Cummings lattices in which pho-
tons can hop between neighboring resonators (dark boxes) and experience
an interaction mediated by the coupling to two-level systems (represented
as spins). Lattice types of interest include (a) one-dimensional Jaynes-
Cummings chains, (b) two-dimensional arrays such as the depicted square
lattice, and (c¢) more artificial arrangements of theoretical interest, such as
the global-coupling scenario where each site is connected to all other sites.

important motivation for developing the PT presented here. (The two PTs have been
reported in [109].)

We then take a crucial step beyond finite-order PT by demonstrating a partial resumma-
tion of the perturbation series for the steady-state solution of the Lindblad master equation.
We employ this method to study an open Jaynes-Cummings lattice [fig. and establish
that the resummation affords a significant improvement of the approximation accuracy.
We illustrate the method’s versatility in handling both finite-size and infinite lattices as
well as different geometries and dimensionalities in a natural way. (The resummation

scheme has been reported in [110].)

4.1. Density-matrix perturbation theory

We propose a non-degenerate density-matrix PT based on the eigenvalues and eigen-

states of the Liouville superoperator L. The right and left eigenstates |u,) and (u,| of L
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associated with the eigenvalue )\, € C are defined by egs. (3.9) and (3.10):

(4.1) Liug) = Auluy) s (O] L= (G A

Here, to mimic bra-ket notation, we write operators and their adjoints according to

eq. (3.11):

(4.2) ver|v) and vl (v].

Suitably normalized, the left and right eigenstates obey the bi-orthonormality relation
(4.3) (Upluy) = 6y,

where (x|y) = Tr[x'y] is the Hilbert-Schmidt inner product. As discussed in sections
and the eigenvalues ), and the associated right eigenstates |u,) contain all information
of the steady state (labeled by = 0) and the dynamics of the system.

In analogy to closed-system PT, the density-matrix PT is based on the series expansion
of A\, and |u,) with respect to a small parameter « set by the perturbation. The starting
point is, thus, the separation of L into two parts: an unperturbed superoperator Ly and a

perturbation a L4, i.e.
(44) L= Lo—i-OéLl.

Like the original Liouville superoperator, Ly must still be a proper generator of the quantum
dynamical semigroup. (The requirements for being a proper generator are discussed in

section [3.1]) In addition, we are interested in determining the corrections to part of the
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unperturbed spectrum {)\,(10), (L“J,SO)], ]u,(f]))}. As appropriate for non-degenerate PT, we will
assume that this part of the spectrum is solvable and non-degenerate.

We next employ a general series expansion of eigenvalues and eigenstates in «,

15 S TR ST}
=0 =0

Here, the index j counts orders of perturbation theory and )\Lj) and |uff)) are hence the
j-th-order corrections to the eigenvalue and the right eigenstate. We determine recursion
relations for A/(f) and |u,(f)) by first plugging egs. and into eq. and then
examining the result order by order in a. For the j-th order in o, we obtain the general

recursive expression
(5) (Lo = A0 ) = L1 o) + A1)

with |A) = 20 AL uid ™).

So far, our treatment directly mirrors the well-known derivation of stationary PT for
a closed system. Specifically, consider replacing Ly, Ly, |u,) and A, by the unperturbed
Hamiltonian H,, the perturbation V', the eigenvectors |¢,) and eigenenergies E, of
H = Hy + aV. Then, eq. takes exactly the form of the usual recursion equation in

closed-system PT, namely

(4.7) (Ho - ED) [60) = ~V[u=") + [50)
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with [67)) = I ™). To obtain the recursive relation for the eigenenergy

correction E;(Lj ), we multiply eq. 1) with <¢L°) | from the left. This yields

7j—1
(49 B = (Y 170) = 3 B (4] v ).
k=1

Analogously, for the open-system case, we take the inner product of eq. (4.6) with the left
eigenstate (ﬁ£0)|. This yields the recursion relation for )\,(f),

-1
(49 A = L) = A @
1

.

B
Il

Note that eq. is usually simplified further by demanding (w,ﬁo) W,(j )> =0forj #0
(and adjusting the overall normalization of states after all corrections are determined).
We will instead keep the corresponding term (l‘j,(?) ]u,(];k)) in eq. for reasons that will
become clear momentarily.

We next turn to the computation of the eigenstate corrections. The Hamiltonian of
any closed system is hermitian. Hence, Hy provides a complete orthonormal eigenbasis
{v)}. As a result, [) in eq. can be decomposed in this eigenbasis. Solving
eq. (4.7) is then straightforward. By contrast, L is not hermitian and may not even be
diagonalizable. As a result, the decomposition of |uf,,j)) in terms of |u£0)) may fai. To
solve the recursive expression for the correction |uff)), we therefore adopt the strategy
of applying an appropriate generalized inverse to the singula superoperator (Lo — )\,(LO)).

Several options exist for such a generalized inverse [101], 102], 107, 120]; here, we choose

2For the study of non-Hermitian Hamiltonians, the phenomenon of incomplete eigenbasis is widely known
as self-orthogonality or exceptional point [122, Sec. 9.1].

3The superoperator (Lo — )\LO)) is singular since (Lo — )\,(LO))|ULO)) =0.
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the Moore-Penrose pseudoinverse which is well-defined for non-invertible matrices A and

which we denote by AL, (A brief review of the Moore-Penrose pseudoinverse is provided

in appendix ) Applying the pseudoinverse to eq. (4.6)), we obtain

(410 o) = (L= A0 [ u ™) + A1),

m

Details of the derivation of eq. are given below in appendix . We emphasize that
this pseudoinverse does not guarantee that (ﬁg)) ]u,(f)) = 0, explaining our previous remark
on not demanding this term vanishing.

The steady-state density matrix |p,) = |ug) defined by L|p,) = 0 [eq. (3.19)] is of
particular interest. As a special case of egs. and , we can simplify the corrections

)\éj) and |pgj)) to

(4.11) A9 =,
(4.12) pY) = —Lg 'L [V V),

see appendix for details.
Corrections to Ao and p, were previously derived without using the Moore-Penrose

pseudoinverse [120]. The result for the density-matrix corrections in ref. 120 differs from

ours [eq. ] merely by a shift,
(4.13) 0) = [Y) + ¢ [0(") ,

where ¢; is a constant. This shift can be interpreted as follows. Note that eq. (4.6)) does

not have a unique solution since (Ly — )\ELO)) is non-invertible. Indeed, for any given solution
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]pgj )) of eq. its shifted counterpart from eq. is also a solution. The choice
of a particular generalized inverse effectively selects a specific set of shift parameters
¢;. The difference between the result in ref. 120 and ours merely reflects the different
choices of generalized inverses. Since shifts of the form of eq. only affect the overall
normalization of |p,), our result for the steady state corrections is equivalent to that given

in ref. [120. We properly normalize our result by

pgj))} :

with N[A] = A/Tr [A] effecting normalization for any non-traceless operator A.

(4.14) p) = N[5, 0!

As a special case, if L is diagonalizable and its eigenstates form a complete set, it is
more convenient to define the inversion of Ly to be restricted to the space orthogonal to

the unperturbed steady state, i.e.,

(4.15) Ly = > O ua) (.
u>0
We can then use this generalized inverse Ly to modify eq. (4.12)),

(4.16) p) = —Ly 'Ly |pY 7).

Here, one can readily show that the corrections |pgj )) defined recursively by eq. 1' are

tracelesﬁ Hence, the normalization is trivial and eq. (4.14)) is simplified to
o).

4Note the property that Tr[1Ly 'A] = ZH>O()\,(LO))_1(ﬁ0|uu)(ﬁM|A) = 0 for any operator A.

(4.17) ps) =272 o’
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Just as in closed-system PT, finite-order PT truncates the series in eq. (4.14]). Let us

N[ij‘iﬂ 04j|(3§:j))] We next

check whether |p) indeed represents a proper density matrix, i.e., whether it is normalized,

denote the approximate result up to M-th order as |p)

hermitian and positive-semidefinite (section [3.1.1]). By virtue of N, the finite-order result
|pM) is explicitly normalized. Hermiticity can be verified by noting that Ly and L; map
hermitian operators to hermitian operators. However, omission of higher-order terms in
the truncation can render |p*) non-positive. In the examples presented later on, this
issue indeed occurs for certain parameter choices. Beyond mere conceptual concerns,
non-positivity also prevents direct calculation of quantities such as state fidelity and
von-Neumann entropy. This marks a key difference between closed-system PT and density-
matrix PT. In closed-system PT, the approximate result is always a proper quantum state.
By contrast, for density-matrix PT the approximate result may, strictly speaking, not be
a proper density matrix.

Similar issues with non-positivity of approximate density matrices are also encountered
in quantum tomography, there caused by measurement errors. In this case, a maximum-
likelihood method is typically used to reconstruct a physical density matrix from the
non-positive approximation [123| [124]. However, this method is impractical to apply to
the large density matrices we are interested in. We next discuss an alternative strategy

which reinstates positivity for large density matrices obtained within PT.

SHere, we work with the general case involving the Moore-Penrose pseudoinverse and thus normalization
is necessary.
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4.2. Amplitude-matrix perturbation theory

We propose an amplitude-matrix PT to perturbatively construct an approximate
steady-state density matrix which is manifestly positive. For this, recall that any hermitian
and positive-semidefinite matrix p <> |p) can be decomposed in the form [125, p. 407]:
p = ¢ Following ref. 126, we will refer to ¢ as the amplitude matrix. The decomposition
p = (' is not unique: there are many choices for ¢ leading to the same matrix p. To
eliminate these extra degrees of freedom, we choose ( to be lower triangular with real,
non-negative diagonal elements. Existence and uniqueness of ¢ are then guaranteed by
the Cholesky decomposition. (In the case that p possesses a zero eigenvalue, the Cholesky
decomposition is not unique but this issue can be bypassed by known strategies [127), [12§].)

We start from the power series expansion of the steady-state amplitude matrix in a:
(s = Z;O:O ol ng ). Here, all matrices Céj ) are again of lower triangular shape. Plugging this

expansion into p, = CSCZ and collecting terms of the same order in «, we obtain

T
(4.18) (O <C§O>> —pl0),
j—1
) ) . T
(4.19) Z{D =p® — N ¢k (Cérk)) .

e
Il

1

Here, the superoperator Z is defined via ZA = CgO)AT +A (Cgo))T. The zero-order amplitude
matrix cg(’) is directly obtained from eq. by Cholesky decomposition and ng ) is
determined recursively from the system of linear equations in eq. . We determine
pgj ) in eq. by density-matrix PT; in this sense, the amplitude-matrix PT is based

on the density-matrix PT.



62

Once we truncate the amplitude matrix to M-th order, Cé\/[ = ijvio ol C(j) we can

S )

compute the steady-state density matrix pé‘fAM by
T
(4.20) P =N [ ()]

Now, pé\f[AM is manifestly a proper density matrix: it is normalized, hermitian and positive-
semidefinite by construction. Looking ahead, expectation values for observables obtained
from amplitude-matrix PT, however, are not necessarily more accurate than those obtained
from density-matrix PT. Even if the steady state p approximated by density-matrix PT
is slightly non-positive, its accuracy is the same as that from amplitude-matrix PT. (Both
are accurate up to order M.) The examples in the following section illustrate that the
respective accuracies of density-matrix versus amplitude-matrix PT generally depend on
the specific perturbation and system parameters.

Amplitude-matrix PT is more involved if one or more eigenvalues of p§0> vanish, e.g.
when pgo) represents a pure state. In that case, the superoperator Z in eq. is
non-invertible (see appendix and thus a unique solution for eq. does not exist.
Depending on the specific case, there may be infinitely many solutions or no solution.
In the case of infinitely many solutions, we add a small identity-matrix component to

ol ie., pi” — pl”

+ ¢l with 0 < ¢ < 1. The identity matrix then acts as a correction
matrix which stabilizes the procedure of solving the linear equation [eq. ] to provide
a unique ng ). We utilize this correction matrix strategy in the second example discussed
below. Whenever eq. has no solution, other forms of series expansions need to be

applied. We will not further consider that case here. The correction-matrix method and

the validity of the series expansion are further discussed in appendix [A.4]
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4.3. Comparing PT with exact results

To illustrate the use and assess the accuracy of density-matrix and amplitude-matrix
PT, we study two example systems, see fig. 4.2 These two examples are not claimed to
be particularly original. Our selection is guided by the intention to discuss two systems
that are non-trivial, yet sufficiently small to still allow for a numerically exact treatment
of the master equation. This way, we can compare steady-state expectation values from
second-order PT with those obtained from exact diagonalization of L. We note again that
the steady-state result obtained from finite-order density-matrix PT can be non-positive.
This is indeed the case for some choices of parameters in the two following examples. Thus,
we also apply the amplitude-matrix PT and compare results from the two perturbative

treatments.

4.3.1. Four driven and damped spins coupled in a ring

We consider four spins coupled in a ring as shown in fig. (a). The spins are coupled by
flip-flop interaction with spin-spin coupling strength t. We assume all spins are driven
equally with strength € and drive frequency wy. Within the rotating wave approximation,

the Hamiltonian describing this system is given by

(4.21) H=>Y [0Qo} o, +e(o) +0,)] +tY (070, +he).

+

— are the raising or lowering operators for the spin at site n, and 02 = Q — wy,

Here, o
is the detuning between the spin frequency €2 and the drive frequency wy. Note that in
eq. (4.21)), the time dependence of the drive has already been eliminated by working in a

frame co-rotating with the drive. All four spins are coupled to a zero-temperature bath,
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Figure 4.2. Schematic of the examples. (a) The first system consists of
a ring of four coupled spins with nearest-neighbor flip-flop interaction of
strength ¢ (dashed red lines). The spins are jointly driven with a coherent
tone of strength € and frequency w, (blue arrow). Each spin is further sub-
jected to local dissipation with spin relaxation rate I' (green curly arrows).
(b) The second system is composed of a three-resonator ring (black rectan-
gles). One resonator is coupled to a single qubit with Jaynes-Cummings
interaction strength g (blue dotted line). The resonators are coupled to
each other through photon hopping with rate x (red dashed lines). One of
the resonators is driven coherently (blue arrow). Resonators and qubit are
subject to local dissipation with photon decay rate v and qubit relaxation
rate I' (green curly arrows).

leading to pure spin relaxation with relaxation rate I'. Thus, the Liouville superoperator

L is given by
(4.22) Lp = —i[H,p] + T D [o,]p,

where D [0,,] p = 0,,p0,7 — 200, p — 1po;t o, is the usual dissipator for spin relaxation.
As the perturbation, we choose the spin-spin coupling and, thus, separate L into two

parts, L = Lo+ tL; where

Lop = Z{—i [6Q0} 0, +e(of +0,),p] + T'D [0,] p}



65

describes the “atomic limit” in which the spin-spin coupling is absent, and the perturbation

(4.23) tLip= tz —i[(0) 0,1 +0,00,1) 0]

captures the spin-spin coupling. Orders of perturbation theory are counted with respect
to t. Even though the system possesses a high degree of symmetry, the steady states of
the unperturbed and perturbed systems are unique. Hence, the zero-eigenvalues of Ly and
L are non-degenerate and non-degenerate PT for the steady state is applicable.

We can thus implement second-order PT to compute the steady-state expectation
values for several operators such as 0] and the excitation number o7 0. These two
expectation values fully capture the reduced density matrix of a single spin (which is the
same for all spins due to symmetry). In fig. , we compare results from density-matrix
PT and amplitude-matrix PT to the exact and the unperturbed results.

We first consider the case shown in fig. [4.3(a) and (b), where the coupling strength ¢
represents the smallest energy scale. Consistent with findings in ref. 129, we observe two
symmetric resonance peaks in | (o7 )| for the unperturbed result (separate spins). When
the coupling is present, the two peaks are shifted in position and become asymmetric,
in agreement with the results from ref. [30. For <01+(71’>, we observe a similar shift and
asymmetry in the resonance peak due to the spin-spin coupling. Second-order PT nicely
captures the above features. Note that the amplitude-matrix-PT result is actually slightly
less accurate than the density-matrix-P'T result in this particular case.

To illustrate the expected limitations of PT, we next increase the coupling strength so
much that it matches the drive strength. Results for this parameter choice are shown in

fig. [4.3|(c) and (d). Qualitatively, the behavior predicted by the exact calculation is still
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Figure 4.3. Results for four spins coupled in a ring. Shown are: the
unperturbed result with respect to Ly (blue dotted line), the exact result
from diagonalizing L (black solid line), the second-order density-matrix-PT
result (red dashed line) and the second-order amplitude-matrix-PT result
(green thin line). (a) and (b): [{07 )| and {07 07) are plotted as a function
of % for & = 0.8 and % = 0.4. The exact result is well approximated by the
second-order PT result. The amplitude-matrix PT is slightly less accurate in
this case, as is best visible for (07 07). (c) and (d): The same quantities are
plotted, here for increased 1% = 0.8 to illustrate the expected limitation of
PT. Although deviations are significant, the qualitative behavior exhibited
by the exact result is captured by second-order PT.

captured by the perturbative results. However, quantitatively, the results from PT show

significant deviations from the exact result. (Large deviations like this are expected since

the “perturbation” parameter ¢ now matches both ¢ and I" and PT breaks down.)
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It is an interesting question whether a dimensionless parameter o can be identified
that governs the convergence of this PT. To investigate this question, we recall that in
simple cases of closed-system PT, a may be inferred from the expression for second-order
corrections. « is then given by the ratio of the perturbation strength ¢ and the difference
between the relevant unperturbed eigenenergies; for instance, for the ground state we have:

t

(4.24) a=————"
B = B

(closed system).

where E(()O) and E{O) are the unperturbed ground state and first excited state energies,
respectively. For open systems, the unperturbed eigenvalues of the Hamiltonian are
replaced by those of the superoperator L. For the steady state, the relevant eigenvalue
difference is that between the steady-state eigenvalue zero and that of the closest non-zero

eigenvalues,

t t
(4.25) a= = .

min,, .o ‘)\ELO) — /\0‘ min,, o )\LO)

Even for a simple system like a driven-damped spin, the spectrum of complex eigenvalues
)\,(?) depends on the system parameters 6€2, ¢ and ~ in a rather non-trivial way, see fig.
The tuning of system parameters can even change which eigenvalue )\ELO) is closest to zero,
resulting, for example, in a discontinuous switch from a purely real Aapr (ADR eigenvalue)
to a complex pair of Aapr. Hence, it is in general difficult to write the small parameter «

in a simple form showing the dependence on the various system parameters.
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4.3.2. Qubit coupled to a driven and damped resonator ring

As our second example, we choose a system composed of a single qubit coupled to a
three-resonator ring, see fig. (b) The resonators are coupled among each other by
photon hopping with rate k. The first resonator is driven with strength e and drive
frequency wy. The qubit is coupled to the second resonator with a coupling strength g.
Within the rotating wave approximation and in the frame co-rotating with the drive, the

system Hamiltonian H is given by
3
H= Zéw ala, +¢ <31 + a{) +000T0 +yg (a26+ + a%cr‘)
n=1
(4.26) + kK <3J{32 +abag +ala, + h.c.) :

Here, a, (al) is the annihilation (creation) operator for photons in the resonator at site
n and dw = w — wy is the detuning between the bare resonator frequency w and the
drive frequency wy. The qubit is assumed to be in resonance with the bare resonator
frequency. Qubit and resonators are each coupled to zero-temperature baths, inducing
qubit relaxation and photon decay with rates I' and +, respectively. The superoperator L

is thus given by

(4.27) Lo =—i[H,p] + 72 Dla,]p+TID [0 ] p.

The qubit-resonator coupling mediates two effects: an indirect coherent drive on the
qubit, and correlations between the resonator ring and the qubit. We wish to treat the
correlation effects perturbatively. To do so, we separate the two effects by means of a

coherent displacement as follows. Note that in the absence of qubit-resonator coupling,
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the drive places the eigenmodes pu = 1,2, 3 of the resonator ring in coherent states with

amplitudes <bu>(0) = [, where

2
(4.28) By = S (6Q + 2k cos 22 — j22) s

\/g 3 2

and b, = \% >, anexp(i%3Fun) is the annihilation operator for photons in mode p. We

thus displace b, according to
(4.29) b; = b, — B,
and rewrite the Liouville superoperator as

Lp = —i[Ho + gHy, p] +’yZD [b,] p+TD [0 ] p.

w
Here, Hy is the unperturbed Hamiltonian
(4.30) Ho =Y (0w + 2k cos 22) (b,)" b, + 6Q 0t 0™ + (enot + €507)
1%

in which the displaced eigenmodes b}, and the qubit are decoupled. One finds that the
effective drive on the qubit is given by €. = f Z By exp(— 4”“) The perturbation gH;

describes the remaining coupling between the displaced eigenmodes and the qubit,

(4.31) ng—fZ(_l ++hc)
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Figure 4.4. Results for single qubit coupled to a resonator ring. The
color scheme of fig. [4.3]is used. We plot |{a1)|, (n1) and |[(07)| as a function of
579 for £ =10, £ = 0.5 and 2 = 2= = 0.05. The resonance at 02 = 0 is well
captured by second-order PT. The amplitude-matrix PT and density-matrix
PT yield with nearly identical accuracies.

The perturbative treatment then simply involves separating the Liouville superoperator,

i.e. L= Lo+ gLy, into the unperturbed superoperator

(4.32) Lop = —i [Ho, p] + 72 D[b,]p+ID[o]p.

0

and a perturbation which captures the remaining coupling,

(4.33) gLip = —i[gHi, p].

The order of perturbation theory here is counted with respect to g.

We then apply second-order PT to determine the corrections to the steady state of L.
The unperturbed steady state ]p§°>> is a product state composed of a density matrix for the
resonator ring and one for the qubit. The resonator ring is in a pure state (all displaced
eigenmodes in the vacuum state). As a consequence, |p§0)> has multiple eigenvalues zero.
Therefore, when implementing amplitude-matrix PT, we employ the correction matrix

method mentioned above (with parameter ¢ = 1077).
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Density-matrix PT and Amplitude-matrix PT determine the steady-state density
matrix according to eqs. and , respectively. We will focus on expectation
values at site 1, specifically |(a;)| and (n;) = (ala;), as a function of the drive frequency,
expressed in terms of the detuning dw. In the unperturbed, i.e., decoupled case (g = 0),
we expect two resonances at dw = —2k and dw = k corresponding to the eigenmodes of
the resonator ring. Once the qubit is coupled to the resonator ring, we expect a resonance
at dw = 0 originating from the qubit’s response to the drive. We monitor this response by
calculating the expectation value [(07)|.

As shown in fig. [4.4] we confirm that the resonance at dw = 0, a key consequence
of the coupling, is successfully captured by second-order PT. Specifically, we consider
the case where drive and coupling strengths € and g are small compared to the hopping
rate k, but large compared to the relaxation and decay rates I' and . Note that the
perturbation parameter g is not the smallest energy scale in this case; nonetheless, PT
holds. The expectation values |(a;)], (n1) and |[(oc7)| are shown in fig. [4.4(a), (b) and (c)
respectively. The results from second-order PT are in good agreement with the exact
result. Amplitude-matrix PT and density-matrix PT here give results with nearly identical
accuracies. The saturation effect visible in fig. [4.4(c) shows that the qubit is in the
nonlinear regime. These results also illustrate that the correction matrix method required

for the amplitude-matrix PT reliably yields results consistent with the exact solution.
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4.4. General Resummation Framework for steady state

In the following, we will focus on the steady-state physics and take a vital step to
go beyond finite-order PT by demonstrating a general resummation schemdﬂ. I will first
present a resummation formalism for the Lindblad perturbation theory in this section.
The concrete application of the formalism to an open Jaynes-Cummings lattice follows in
section 4.5

Consider the general case of an open quantum system with Hamiltonian H and Liouville
superoperator L. We shall assume that L is amenable to a perturbative treatment and
can be decomposed into a sum L = Ly + L [eq. with the order-counting parameter
« taken to be 1], consisting of the unperturbed Liouville superoperator Ly, and the
perturbation L;. As discussed in section 4.1 we expect in particular that the exact
spectrum {)\E,,O), \uﬁo)), (ﬁ&0)|} of Ly can be obtained.

The spectra of L and L differ, but corrections may be calculated by the density-matrix
PT [egs. and ] if Ly is “sufficiently small.” Here, our interest primarily regards
the steady state p,. We apply density-matrix PT assuming the steady state is unique
and eigenstates span the full operator space. Two remarks may be useful for clarification.
First, we emphasize that non-degeneracy refers to the spectrum of Ly, not to that of the
Hamiltonian H; we make no assumptions about the spectrum of H. Second, we note that
non-uniqueness of the steady state and non-analyticities are crucial at the phase boundary
of a dissipative phase transition. Perturbative series expansions will generally not hold

directly at such a boundary, but may still be applicable in its vicinity.

6Steady-state behavior can be directly related to experimental observables such as microwave transmission
in circuit-QED lattices [53H55] T29]. Steady-state quantities are also of paramount importance for the
detection of dissipative phase transitions to be discussed in section
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Figure 4.5. Diagrams for perturbative corrections. (a) The order-j
correction to the steady state [eq. ] is depicted as a chain of j lines,
each representing one factor U. The chain connects j+ 1 dots symbolizing L¢-
eigenstates. The leftmost state is the unperturbed steady state |p¥ )) = |u(()0)),
the rightmost one the unperturbed eigenstate |u,(2)). One fully labeled
diagram gives rise to one specific correction term. The full correction is
obtained by summation over all final and intermediate states p,..., ;.
(b) The resummation superoperator f is the sum of all (reducible and
irreducible) -superoperators. Each -diagram starts and ends with the
same unperturbed eigenstate. (c¢) Resummation combines evaluation of

and T-superoperators. Terms of rank j are comprised of the fully off-diagonal
chain specified by T, and final application of the resummation superoperator.

Turning now to the concrete series expansion [p,) = >, |p§j )) of the steady state, the

j-th order contribution pgj ) is obtained from the recursion relation ﬂ:

(4.34) [p) = —Lg "LafpdY).

As discussed in section the steady-state expectation values obtained from density-matrix PT showed
good agreement in the two examples even if the truncated density matrix was slightly non-positive. It is
thus sufficient to base the resummation scheme on density-matrix PT.
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As explained in section 4.1} inversion of Ly will always be understood as restricted to the

space orthogonal to the unperturbed steady state, i.e., Ly ! = Zwo()\ﬁo))*”uu)(ﬁ“k With

this, we obtain the formal expression

(4.35) [p§) = (=L5 L) o) = W[p(®),

where pgo) is the unperturbed steady state of Ly, and we have introduced the shorthand

U= —Lj'L;. The matrix elements of the U-superoperator are
(4.36) (U = (8[U[uf?) = = (@ |La]u®) /A0

for 4 > 0 and (U)q, = 0. Using this shorthand, we write the j-th order contribution to

the steady state in the form of the chain expression

(4.37) P = > ) (U, (W), (U)o

K1, 2,0 5 g

and represent it diagrammatically as shown in fig. [4.5(a). As a diagrammatic rule, we
choose dots to represent unperturbed eigenstates, |u,(2.))7 and interconnecting lines to
represent factors of U. Reading from the left to right, the leftmost state is the unperturbed
steady state |p”)) = |u(()0)), and the rightmost one the final state |ug;)) which appears
explicitly in the expression . All intermediate states and the final state, p; through

it; are subject to summation, but cannot coincide with the initial unperturbed steady

state due to (U)g, = 0.
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4.4.1. Resummation scheme

To facilitate our resummation scheme for the steady-state series [eq. (4.17])]

(4.38) p) =Y W[pl”),
=0

we decompose the U-superoperator into two parts
(4.39) U= +T,.

To make the definition parallel to expressions to come, we have explicitly recorded the
exponent j = 1 on the left-hand side. We now specify the terms on the right-hand side in
such a way that resummation takes a particularly simple form. We define the first-order

-superoperator as the diagonal part of U, i.e. ( 1), = d,,(U'),,. Accordingly, ; and
Lo share the same set of right eigenstates, i.e., 1|u,(f])) = Zl;u]u,(?)), with corresponding
eigenvalues X, = (U'),,,. We will see that this simplicity of ; will be important for
the resummation of the series, eq. . The term T; in eq. is the off-diagonal
remainder of the U-superoperator.

A simplification of the previous expressions occurs when making the natural assumption
that the perturbation L, is itself off-diagonal with respect to the unperturbed eigenstates
of Lg. (Whenever L; does not satisfy this assumption, a simple re-definition of Ly and L;
can be used to make L; off-diagonal.) Now, if L; is off-diagonal, so is U = —LalLl and we

immediately obtain

(440) 1 = 0 and T1 =U.
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This may initially make the decomposition of U seem pointless, but we will see momentarily
that this simplification does not carry over to higher orders 7 > 1, thus justifying our
approach.

We next consider the second-order term U2\pgo)), which warrants a decomposition of

U? = T,U into
(441) T1U = 2 + TQ.

Analogous to our strategy above, we define the second-order -superoperator, as the

diagonal part of the left-hand side,

(442)  ( 2), = 0w (TV),, = b Y @U@ Uu) = 6., Y (U),, (U),, .

T

Note that the off-diagonal character of U automatically leads to exclusion of the term with
7 = v. As before, Ty represents the remaining off-diagonal part in eq. . We represent
» by the loop diagram shown in fig. [.5(b). Since » is diagonal, its initial and final state
]u&o)) must be identical. However, the intermediate state ]u(TO)) involved in the expression
(4.42) must differ from |uL0)).
For resummation of terms to infinite order, we need to formulate our decomposition

strategy for arbitrary order j. It is natural to extend the definitions for diagonal and

off-diagonal superoperators, egs. (4.41) and (4.42)), by setting

(4.43) TiU= ;+T; () =0w(TmU),,



7

The recurrence relation is solved by
(4.44) T =[[--- [[VIu]---UJu]  (j times),

where [A] denotes the off-diagonal part of A with respect to the unperturbed basis {|uf’’)}.
We must note, however, that the definition does not yet determine a unique
separation scheme beyond second order. Consider, for instance, the case of the third-order
term involving U?. While we know the decomposition of U? = T;U from eq. , we still
have the freedom to perform the substitution for either U*> = U(U?) or U? = (U?)U. Both
forms are mathematically equivalent, but only the systematic usage of one replacement
rule produces expressions for which resummation becomes simple. We will consistently

employ the form
(4.45) U =U""u,

where E signals that U’~! is to be replaced by an expression composed of , T,
and U-superoperators. Multiple replacements, in some cases making use of the identity
U = T, may be necessary to reach the final decomposed form only involving and
T-superoperators.

For illustration, we consider the decompositions of U3, U*, and U®. For the third-order

case, we first make use of eq. (4.45)) and then eq. (4.43)) to obtain

(4.46) U =UU=T\UU=ToU+ ,U.
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The last term on the right-hand side cannot be simplified further (except for substituting
U = T;), the first term is further decomposed by using eq. (4.43)), leading to the final

expression
(4.47) U =TU+ oTi= 3+ T+ oTu

Recall from eq. (4.40) that ; = 0, which reduces the number of terms here and in the

following significantly. For the fourth order, we merely sketch the decomposition,
(4.48) U= U= sTiU+ U+ 4+Ta= 4+ 5+ 3Tit oTo+ Ty
We give the fifth-order result without showing substeps,

(4.49) Us = 5+ 2 3+ 3 2+( 4+ §)T1+ sTa+ oT3+Ts.

Inspection of eqs. (4.47) to (4.49)) indicates a systematic structure underlying the

expressions, namely
A J
(4.50) W=> 4T
k=0
Each term in this sum has one factor of T; of order 0 < k < j and a prefactor
consisting of all possible combinations of -superoperators of total order j — k. A formal

proof of this is given in appendix Using the decomposition (4.50) and regrouping

terms according to each occurrence of T;, we can now rewrite the perturbation series for
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the steady state in the form

oo ] 00
(4.51) ) =D ) skTlel”) =) T;l0).
=0 k=0 =0
Here, the superoperator f = f( 1, 5,---) = > 7/ , implements the resummation of

terms that we have been aiming for. It is given by
(4.52) f=1+ o4 34+ 4+ 3+ 5+ 23+ 3 2°°-,

i.e., the sum of all possible products of -superoperators (here explicitly shown up to
fifth order). Diagrammatically, we represent f in the form shown in fig. (b) Due to
the definitions of ; and T; as diagonal and off-diagonal superoperators, ; corresponds
to a loop diagram with initial and final state being identical, all (j — 1) intermediate
states being different from the initial/final state, and consecutive intermediate states being
different from each other.

The role of ; resembles that of an irreducible self-energy contribution of order j in
closed-system PT. The concrete physical interpretation of ; has to wait until we apply
the formalism to a physical system, for example the Jaynes-Cummings lattice model in

section Moreover, if we define = >>°  ; as the sum of all irreducible “self-energy”

j=1
contributions, we can rewrite f =37 /= (1~ )7, and obtain
L (0
(4.53) p)) =Y 17— liles’)
j=0
for our resummed series expansion of the steady state. Due to the (1 — )~! prefactor,

each term |pLj]) =(1- )_1Tj|p§0)) in this sum includes perturbative corrections up to
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infinite order. We therefore call the term \pLj]) the rank-j term of the resummed series.
We note that, formally, eq. is an exact expression for the steady state. Practical
calculations will typically involve a truncation in both the maximum summation index j
as well as the maximum order of irreducible self-energy contributions taken into account.

We represent individual terms |pLj]) in the resummed series by the type of diagram
shown in fig. [A.5c). The final-state dot is marked with a circle to indicate the inclusion
of the self-energy correction. The diagrammatic rules are similar to the case without
resummation, fig. 4.5(a), except that the off-diagonal nature of T, in addition requires
that all intermediate states be different from the final state. This is simple to infer from

writing T, in the form of eq. (4.44]). Each diagram then translates to an expression with

the following structure:

150 =% X WD (1) U W Ul U,

Hj U1y Vi— 17545

4.5. Application to the open Jaynes-Cummings lattice

Lindblad perturbation theory and resummation as discussed in the previous section
are applicable to a large class of open quantum systems. Here, we present its concrete use
in studying the open Jaynes-Cummings lattice as a specific example of an open driven
quantum lattice. The example is of particular interest due to its role as a minimal model
for experiments with circuit-QED lattices |25, [52].

We shall consider a uniform Jaynes-Cummings lattice, in which resonator frequencies,
qubit frequencies, and related quantities have uniform values across the lattice. (Disorder

levels, especially in qubit frequencies, may need to be considered carefully for detailed
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modeling of concrete circuit-QED experiments, but this consideration is beyond the scope

of the discussion here.) The Hamiltonian is given by (see section [2.5.2))

(4.55)

H=>[dwala, + 6Q0; 0, + g (a:07 +aloy) +€(ar+al)] + > rrv(alar +aral),

with ¢ the resonator-qubit coupling strength and e the uniform drive strength. The
lattice structure is encoded in the hopping matrix (ky) with uniform hopping rate
between nearest-neighbor sites. In the usual way, we have already eliminated the original
time dependence of the drive by switching to a frame rotating with the drive frequency.
Consequently, the photon and qubit terms involve frequency detunings, dw and 4§2, relative
to the drive. Finally, we consider the damping induced by photon decay (rate 7) and qubit
relaxation (rate I'). If both processes occur due to coupling to separate zero-temperature
baths, then the appropriate jump operators are the photon annihilation operator a, and
the pseudo-spin lowering operator o, (see sections and . Overall, we thus obtain

the Lindblad master equation
(4.56) p=—i[H.pl+> 7Dlalp+> TD[o]p.

4.5.1. Preparatory steps

We find the modes of the photonic lattice structure by diagonalizing the N x N hopping
matrix (Kp), N being the number of lattice sitesﬂ For periodic lattices, diagonalization

is achieved in the usual way by switching from real space to momentum space via the

8For an infinite system, N > 1 is the auxiliary lattice size involved in applying Born-von Karmann
periodic boundary conditions.
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transformation a, = 3, axe’®/ V/N. Here, photons inside the mode with quasi-momentum
k are annihilated by ay, and k runs over all reciprocal lattice vectors from the first Brillouin
zone. Note that k = 0 corresponds to the uniform mode with identical amplitudes on all
sites, which is the mode being excited by a global coherent drive.

Depending on the values of model parameters, it is beneficial to perform a displacement
transformation which eliminates the coherent drive on the photon mode and converts it
into an effective qubit drive instead. This is particularly helpful when the uniform photon
mode is approximately in a coherent state with a large number of photons. The coherent
displacement then serves as a tool incorporating this insight directly into the unperturbed
Liouville superoperator and mitigates the need for large photon number cutoffs. (In a
regime of low photon occupation, however, the displacement transformation can be skipped
and the perturbative treatment carried out directly.) The displacement is applied to the
k = 0 mode, i.e., by = 3¢ — o, with o = —v/Ne/(dwi—o — i7/2).

After this displacement, the resonator drive is converted into an effective qubit drive

of strength €.p = gar/ V/N. The resulting Hamiltonian has the form

(4.57) H =3 HE+ Y H > HE
k r k,r

where the three terms correspond to the photon, qubit, and photon-qubit coupling contri-
butions. The resonator part now lacks the drive term, Hf = &ukbf(bk. (We define by, = ak

for k # 0 to unify notation.) The qubit Hamiltonian including the effective drive reads

(4.58) HY = 0Q 0} 0 + (€07 + €407 ),
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and the interaction Hamiltonian is given by

(4.59) Hl:; :\/LN (bko.:—eikr " b;r(o_;e—ik.r> .

Finally, the dissipator term simply transforms as v D[a;] =~v>_, D [bx].

In the absence of the interaction HX*

rq» Tesonator modes and qubits decouple, and the

associated master equation is exactly solvable. This presents us with an ideal starting point
for a perturbative treatment of H}f; , which physically is a very sensible treatment of the
dispersive regime. The unperturbed Liouville superoperator is then Lo = Y, LK+ > Ly

with separate photon contribution, L¥ ¢ = —i [H¥, e] + 7D [bi] e, and qubit contribution,

Lie=—i[H}, e] +TDo,]e.

4.5.2. Exact solution for the unperturbed lattice problem

We can diagonalize the photonic part Y, L¥ analytically by using the third-quantization
method discussed in section . This method employs the superoperators by, bli{, s li{,
which mimic boson annihilation and creation operators and are defined by eq. (3.28)):
(4.60) bxp=bxp and bf{p = pr — pr,

(4.61) kP = pr and ip = pby — byp.

Recall that while bf and b, are not proper adjoints, the use of the unconventional “t”

symbol is motivated by the fact that it leads to commutation relations of the ordinary
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form,
(4.62) (b, bi/] = i/] = Oki/,

and all other commutators vanish. Thanks to this commutator algebra, LX takes on the

compact form [87],
(4.63) Lk = g biby + 65 | .

Here, by (b)) and  ( }) may be viewed as “normal-mode” superoperators with complex-
valued “mode frequencies” 6 = —idwy — v/2.

As explained in section [3.4} it is straightforward to read off eigenvalues and eigenstates

of Lk

T

analogous to the way one finds eigenvalues and eigenstates of a non-interacting
boson Hamiltonian. For a given k-mode, the right and left “vacuum states” obey by|rk)) =
K|rk)) = 0 and (¥% |bl = (¥%| | = 0. The right “vacuum state” is therefore the projector
r&,) = |0x)(0x| onto the pure state without any photons in mode k. One can show that
the left “vacuum states” must always coincide with the identity operator, (Ff,| = 1.
The “excited” eigenstates of L¥ are obtained by acting with the creation superoperators

on the “vacuum states.” For given k, this means

(4.64) i) = ——— (b)) (1) 1%)

min!

and

(4.65) (Fe| =

mnl = e (Fio| (o)™ ()" -



85

The corresponding eigenvalues are \X = méy + nf; (m,n =0,1,...). When forming the
appropriate product states and summing eigenvalues over k, we thus obtain the entire
spectrum of the photonic part , L.

Moreover, the qubit Liouvillian ) L}, can be diagonalized exactly since it decomposes
into a direct product of 4 X 4 matrices. For each L7, we denote the eigenvalues, and
right /left eigenstates by £}, |q},) and (g}, respectively (u = 0,...,3). Except for special
parameters, analytical expressions for these quantities are too lengthy to provide much
insight, and will hence not be recorded here.

Altogether, right and left eigenstates of the full-lattice Liouvillian Ly thus take the

form

0 r
(4.66) WS = I, R lak).
k r

with corresponding eigenvalues

(4.67) Mowi = O M 35
k r

The multi-indices m, 77, and ji collect the sets of all “quantum numbers” my, ny and p,.
With this, we are ready for the perturbative treatment of the Liouvillian L; capturing the

Jaynes-Cummings interaction HX!.

4.5.3. Perturbative treatment and resummation

The perturbation superoperator decomposes into a sum Ly = >, L, in which each term

describes the interaction between an individual resonator mode k and a qubit at position
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r g + ikr I —zkr
4.68 L¥" 0 = —i—— |byo ™" + bl o ,o].

It is therefore convenient to write the U-superoperator (see section [4.4) as an analogous
sum, i.e., U= >, U with U = —Lg!'L¥. Each U is off-diagonal with respect to
the unperturbed basis, so that U¥* = [UX*] = TX* holds.

The rank-1 term in the resummation [eq. (4.53))] is given by

Ukr

(4.69) oll) = Z Uk o) Z Z — ’Pkrs> (ﬁﬁrs

?)

Here, the cluster | pﬂig) = |15, 45) Qs rk) Qi |q5') involves photon mode k and qubit

at position r in state §= (m,n, ). In a similar manner, we see that the rank-2 term

|p Z [[[[Ukr Uk’ r’

k.k/,rr’

(4.70) Z Z 1— ‘pkrs k't /*/)(ﬁgs K1/ 5

k,k/,r,r’' [557]

)

Ukr Uk’ r’

<[]
pk/ -4 pk/ g

o)

incorporates the resummation of a cluster | pfﬂsﬂ’k,r, +) composed of two photon modes and
two qubits in states § and §’. (The bracket notation in the corresponding summation
signals that the allowed choices of these states is dictated by the off-diagonal requirement
in Ty = [[UX"TUX™].) In the definition of | pkrs s, several cases must be distinguished
according to whether k = k’ and/or r = r’. For the case where both pairs are distinct, we

have

!
|pkrsk/ 's ’) = |r:(rm l?jzn’ququ ® |r00 ® |q0

Kk #k k/ r'/#r,r!
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Figure 4.6. Diagrams for perturbative treatment and resummation
of a Jaynes-Cummings lattice. In each panel, the top part shows the
general diagram labeled by constituents deviating from the steady-state
configuration. Bottom parts are JC-lattice specific diagrams, with the upper
branch denoting photon modes and the lower one qubit degrees of freedom.
(a) Rank-1 corrections. There are two classes of terms with either a photon
mode or a cluster of a photon mode k and a qubit at site r deviating
from the unperturbed steady-state configuration. Each interaction vertex
g must switch the photon mode configuration, but may leave that of the
qubit unchanged. Terminating symbols on the right signal application of
the resummation superoperator (1 — )~!. (b) Two examples of rank-2
corrections, which differ in the number of involved photon modes and qubits,
and number of constituents deviating from the steady-state configuration.

Analogous definitions hold in the other three cases.

By inspection of egs. (4.69)) and (4.70]) we expect that, in general, the rank-j correction

consists of a sum over all possible terms in which clusters of j photon modes and j
qubits deviate from the unperturbed density matrix. Thanks to resummation, interaction
within each cluster includes terms up to infinite order. We note that this cluster structure
directly implies a hierarchy of correlations with increasing rank j. Specifically, every
n-point correlation function with p photon and ¢ qubit operators, (bl(jl) e bli)aﬁll o),y
does not trivially separate into a product of correlators if the rank j of the correction
satisfies j > max{p, q}. We also emphasize that clusters automatically include long-range
correlations between distant qubits.

The essential tasks of determining the perturbative corrections and resummation consist

of evaluating matrix elements of the form given in egs. (4.69) and (4.70)), and computing
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Figure 4.7. Evaluation of the -superoperator. is needed for resum-
mation and composed of irreducible diagrams starting end terminating in
the same state. The two diagrams show the leading-order contributions, .

the effect of the resummation superoperator to a given order. We illustrate the procedure
for the example of rank-1 corrections. Plugging in the definition of U¥* and recalling that

Ly is diagonal with respect to the unperturbed basis states, we obtain

Ukr Lllcr

(AT1) (k] Ur|ebat) = — (7 | L[ rhat ) /s = (P T HET, Hoat]) /s

where Az = AE + ;. Once the commutator is opened, it is useful to note that
the simple properties of the L,-eigenstates lead to vanishing overlaps Tr(r! bk rk ) =
Tr(rkf ,ljmbﬁ ) = 0, so that any application of U must switch to a different resonator-
mode eigenstate. The same does not hold for traces of the qubit degrees of freedom, i.e.,
the overlaps Tr(qkTJ q u) etc. may indeed be non-zero. As a result, we obtain the two
types of terms for the rank-1 correction which are diagrammatically depicted in fig. [4.6[a).
The evaluation of rank-2 corrections follows the same basic scheme. Unsurprisingly, it is
more tedious and we only show two examples of corresponding diagrams in fig. [4.6{b).
The effect of the resummation superoperator is to redistribute weights among cluster

contributions. Since is diagonal with respect to unperturbed Liouvillian eigenstates,

we can cast its contribution to a particular form |ug))) = |uéo))(ﬁéo)| |ug))) and evaluate
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the occurring matrix element as follows. We choose an appropriate truncation for the
series = 9+ 3+ --- of irreducible resummation operators ( ;)sz» = g5/ (T;j_1U)s5".
Figure [4.7 shows the resulting two diagrams for 5. Physically, these diagrams and their
resummation capture the fact that the coupling between resonator modes and qubits alters
the frequencies and lifetimes of Liouvillian eigenstates. Specifically, the resummation
accounts for virtual processes in which excitations are repeatedly created, exchanged
between qubits and resonator modes, and annihilated. The first diagram in fig. [4.7} for
instance, describes the creation of a qubit excitation, its swapping into a resonator mode
and back into a qubit, and final annihilation. (The analogous reverse process where a
missing excitation is swapped back and forth is included in this diagram as well.) The
second diagram differs from the former by the altered qubit state in the virtual intermediate
state. These second-order diagrams involve at most one excitation at a time; higher-order
virtual processes allow more excitations. We emphasize that the physical interpretation is
based on eigenstates of the Liouvillian, rather than states in Hilbert space.

The above calculation of perturbative corrections and resummation may be simplified
if we are merely interested in steady-state expectation values (rather than in the density
matrix itself). As an example, consider computing an expectation value of a local qubit
operator o up to corrections of rank j, (o%) ~ Z?/:o Tr(a‘rlpgj/}). To effect the desired
simplification, we recall that all eigenstates of LX and L7, other than the steady state must
be tracelessﬂ, i.e., Tr(qy,) = 0 for pu # 0 and Tr(r,,) = 0 for non-zero m or n. Therefore, any
perturbative contribution ~ Tr(aﬁu(mo)ﬁﬁ) in which p. # 0 for some r’ # r will immediately

vanish since the partial trace over the qubit at position r’ is zero. Similarly, any term

9To quickly confirm the tracelessness, refer to the orthonormality condition (4.3) and note that the left
eigenstate corresponding to the steady state is the identity, (ﬁ[o]| =1.
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with (my, nk) # (0,0) for some photon mode k will vanish. As a result, none of the rank-1
corrections [fig. [4.6(a)] contribute to local qubit expectation values. Only those diagrams
that terminate in a state labeled (r) will yield a nonzero contribution to (¢%). Analogous

diagrammatic rules apply for photon-mode operators.

4.5.4. Perturbative results for the near-resonant regime

We now illustrate the validity and improvement achieved by (partial) resummation of
the Lindblad perturbation series. For this purpose, we compare perturbative results for
finite-size Jaynes-Cummings chains [fig. 4.1|(a)] to exact results computed via quantum
trajectories methods. Perturbative resummation further allows us to treat periodic chains
(or, open chains if desired) of sizes beyond the computational capabilities of exact quantum-
trajectory solutions. Finally, we can carry out perturbative resummation even for an
infinite system with chain or global-coupling geometry [figs. 4.1{(b) and (c)]. This versatility
enables us to predict finite-size effects, the approach to the thermodynamic limit, as well
as differences according to distinct lattice geometries. (We discuss the quite moderate
computational costs of the perturbative treatment in appendix [A.6])

In our treatment, we capture photon mediated qubit-qubit interactions by second-
order Lindblad perturbation theory with resummation based on single-loop terms o (i.e.,
corrections of rank 2 in the above terminology). The most natural regime for treating the
Jaynes-Cummings coupling perturbatively in this way is the dispersive regime where the
detuning A = miny |2 — wy| between qubit and photon-mode frequencies is large compared

to their mutual coupling strength g [I30]. We have confirmed by exact numerics that the
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perturbation theory is indeed reliable in this regime and, over a wide range of parameters,
we identify g?/TA as the relevant small parameter governing the series expansion.

In the following, we choose to present results from exploring a different parameter
regime more directly based on the open-system nature of Jaynes-Cummings lattices.
Specifically, we consider the case where photon hopping dominates over both photon decay
and Jaynes-Cummings coupling, and where the latter two are permitted to be of the same
order, i.e. kK > g ~ 7. The strong hopping  shifts the majority of the photon mode
frequencies away from the bare resonator frequency which is chosen degenerate with the
qubit frequency, €2 = w. This regime is not fully dispersive, so that nonlinearities are more
pronounced, and the significance of resummation becomes easily visible. Moreover, the
condition g ~ v results in weakly perturbed coherent states for the photon modes over the
full range of weak to strong drive strengths, without any particular limitation.

We begin with the comparison between perturbative and exact results for the steady
state of few-site Jaynes-Cummings chains with periodic boundary conditions. In our
calculations, we have considered several qubit and resonator expectation values. Among
those, we find that [(o~)| = 1/(07)2 + (0¥)2/2 is a convenient choice for clearly resolving
resonances. Representing the reduced steady-state density matrix for one of the qubits by
means of the Bloch sphere picture, this quantity is directly proportional to the distance of
the Bloch vector from the z axis, see fig. (a). Computing exact steady-state solutions for
Jaynes-Cummings chains even as small as 4 sites, is a non-trivial task which we accomplish
by averaging of quantum trajectories. For instance, exact results presented in fig. {.§| for

N = 4 were determined from stochastic time evolution of a quantum state vector of size
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Figure 4.8. Comparison between perturbative results and exact so-
lution. (a) Within the Bloch-sphere picture, the steady-state expectation
value [(07)| is directly proportional to the distance of the Bloch vector
(representing pd"Pit) from the z axis. (b) shows |(07)| as a function of
detuning {2 between drive and bare qubit frequency, in units of the qubit
relaxation rate I'. Qubits are held in resonance with the bare resonator
frequency, €2 = w. Exact and perturbative results for chain sizes N = 2 and
4 are in good agreement. (See text for explanation of deviations close to
02 =0 in the N =4 case.) (c) Curves here depict the absolute deviations
between exact and perturbative results for calculations with (solid lines)
and without resummation (dashed lines). Perturbation theory is not suffi-
cient to describe the region close to §€2 = 0 for N = 4 (see text). Outside
this region, resummation consistently improves agreement with the exact
solution. [Parameters: ¢g/I" = 3, ¢/I' = 20, x/I' = 10, and /T = 4]

10*. Sufficient averaging of a single data point required a runtime of several days on one
core.

The comparison between exact and rank-2 perturbative data (including resummation
at the level of ) in fig. [4.8(b) shows very good agreement, and indicates that the
resummation procedure closely matches the exact solution. Plots in this figure show the
steady-state value of [(07)| as a function of the detuning 62 = Q — w, between the drive
and the bare qubit frequency. Multiple resonances are visible over the chosen frequency
range (the nature of which we will further discuss below). The only notable quantitative

deviations occur for N = 4 in the vicinity of the bare qubit frequency where §€2 = 0. This
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deviation has a simple explanation: a look ahead at fig. [4.10(b) shows that the 4-site chain
has a photon mode with large spectral weight directly on resonance with the bare qubit
frequency, so that there we must expect the perturbative treatment in g to break down.
With the exception of this finding, we conclude that resummation of the perturbative
series in the chosen parameter regime works very well. The improvement gained over the
pure second-order approximation is illustrated in fig. 4.8(c). In this panel, curves show
the difference between approximate and exact results, A(07) = (07 )approx — (0 )exact,
for the case including resummation (solid lines) and lacking resummation (dashed lines).
Excluding the pathological region for N = 4 around 62 = 0, we observe that resummation
consistently improves the results, reducing the deviation from the exact solution. The
improvement is especially significant in the resonance region between §2/I" ~ —17 and
—23. Here, the drive populates the uniform mode (centered at §§2/T" = —20) and renders
photon-mediated qubit-qubit interaction important, making resummation of corrections
up to infinite order particularly fruitful.

The improvement gained by including resummation is even more striking for the 3-site
chain. In fig. [4.9] the comparison between exact and perturbative result (no resummation)
shows three regions with significant deviations. The deviations for 0Q2/T" &~ —24 and —14
arise from spurious resonance peaks which we can trace back to the poles of the inverse
Ly ! of the unperturbed Liouville superoperator [eq. ] Resummation nicely cures
these spurious peaks, effectively by shifting away poles of the relevant superoperators.
This indicates that including resummation has an effect beyond simply truncating the
perturbative series at higher orders. The deviation for 6Q2/T" ~ 1 is associated with the

resonance dip being incorrectly shifted. Resummation improves the prediction of not
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Figure 4.9. Comparison between perturbative results with resum-
mation (solid line) and without (dashed line) for the 3-site chain.
The result without resummation shows three regions with significant devi-
ations from the exact solution (dots) for §Q2/I" = —24, —14 and 1. These
deviations (spurious and wrongly shifted resonances) are cured by including
corrections obtained by resummation. [All system parameters are identical

to those in fig. [4.8]]

just the resonance position but also its shape. These resonances contain information on
many-body effects due to the coupling between the resonators and qubits. Hence, curing

both incorrectly shifted and spurious resonances by including resummation is vital and

crucial for verification of experimental data.

We next turn to the discussion of the resonances visible in fig. and shown for
additional site numbers N in fig. 4.10[(a). For small chain lengths up to N = 5 sites, we
observe three resonances labeled A, B, and C in the range of drive frequencies spanning the
photon-chain eigenmodes and qubit frequencies. [The uniform photon mode has the lowest
frequency, 6Q2/T" = —20, and the bare qubit frequency is at 6€2/T" = 0, see vertical lines

in fig. [4.10(b)]. We find that the detailed positions and strengths of resonances depend

on the number of sites, revealing systematic finite-size effects for chains of short lengths.
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Figure 4.10. Perturbative results and spectral functions for periodic
Jaynes-Cummings chains and global-coupling model. (a) shows the
qubit expectation value |(o~)| for periodic chains with different site num-
bers N. We observe three resonance dips (labeled A-C). A and B are
located roughly at the driven photon mode and qubit frequencies, respec-
tively. (b) Spectral functions resonator modes differ for small site numbers.
Presence and position of resonances near the qubit frequency explain the
N-dependence of strength and shift of the B resonance. (c¢,d) show analogous
plots for infinite lattices with periodic chain or global-coupling geometry.
Resonances A and B are visible, but resonance C is (nearly) absent. [All
system parameters are identical to those in fig. [4.8]]

Both the nature and N dependence of resonances can be explained, or at least motivated,
by the following considerations.

The resonance marked A directly coincides with the frequency of the uniform photon
mode. Equivalent interpretations of the resonance can be given based on the original Hamil-

tonian eq. (4.55)) with a coherent tone driving this particular mode with strength €, or for the
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Hamiltonian following the displacement transformation egs. and . Employing
the language of the latter description, we note that the strength e.q = —ge/(dwy—o — i7/2)
of the effective qubit drive reaches its local maximum at the uniform-mode frequency
(02/T" = —20). This peak in the off-resonant Rabi drive, modified by weak coupling to
photon modes, is responsible for resonance A. Its dependence on the site number N is
relatively weak and mainly affects the shoulders of the resonance. This is further confirmed
by our results for the infinite-system case with periodic-chain and global-coupling geometry
fig. [£.10)(c)]. Both show the same resonance A, but differ in the resonance shoulders.
For resonance B, the N dependence of resonance position and strength is much more
pronounced. The general region where B occurs is close to 6€2 = 0, i.e., where bare qubit
frequency and drive frequency match. Upon displacement, the drive transforms into an
effective Rabi drive on each qubit [eq. ] Hence, the presence of a resonance is
natural, and variations in its strength and precise position must be governed by the Jaynes-
Cummings interaction playing the role of the perturbation in our treatment [eq. ]
The importance of this interaction is influenced by the position of photon-mode resonances
wy relative to the bare qubit frequency. In fig. [£.10[b) and (d), we depict width and position
of photon modes in terms of the spectral function s(w) =", W, which is the
sum over individual Lorentzians for each photon mode, normalized such that [ dw s(w) = 1.
Inspection of resonance-B positions [fig. [4.10[a),(c)] and peaks in the spectral function
[fig. 4.10|(b),(d)] shows that peaks in s(w) with significant weight in the region 2 £ g, shift
B resonances towards the closest photon mode (such as for N = 3,5). Further, it is clear
that strongly increased weight of the spectral function directly at the qubit frequency (such

as for N = 4 and for the global-coupling geometry) endangers the validity of perturbation
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theory in the Jaynes-Cummings coupling. Above, we recognized this as the reason for the
observed deviations between perturbation theory and exact solution close to d€2 = 0 in the
N =4 case. A look at the spectral function for the global-coupling geometry shows that
the same issue occurs here. Accordingly, we show the perturbative result in fig. (c)
only with dashes in that region.

We note that steady-state expectation values for infinite lattices are not always easily
accessible by other methods. Thanks to the possibility of carrying out leading-order
resummation analytically in the infinite-system case, our treatment gives direct access to
the thermodynamic limit of different lattice geometries. Here, we have chosen two extreme
cases: the infinite periodic chain with a minimum number of links between sites, and the
global-coupling model with a maximum number of links. Figure (c) depicts results for
both lattice structures. We expect that the region close to 62 = 0 is unproblematic for
the infinite chain case, but potentially pathological for the global-coupling model which
accumulates maximum spectral weight at the bare qubit frequency [fig. (d)] Away
from the 02 = 0 range, the two geometries yield similar behavior of |(07)| versus drive
detuning 0€). As before, characteristic differences occur primarily in the shoulders of
resonance A. Interestingly, the resonance C is absent for both infinite lattices, and we
discuss the rather anomalous behavior of this finite-size resonance next.

The anomalous properties of resonance C are illustrated in fig. 4.1} The position
of this resonance close to 0€2/T" ~ 8 does not simply coincide with a resonance between
photon modes and bare qubits. Panel (a) shows the decrease of the resonance strength
for increasing chain length N. Moreover, both resonance position and strength depend

sensitively on the drive power ~ € as shown in fig. for the dimer case, N = 2. We
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Figure 4.11. Dependence of the anomalous resonance C on site num-
ber N and drive strength €. (a) The anomalous dip becomes less promi-
nent with increasing N (even) and nearly vanishes for the infinite chain.
(The same trend applies to odd site numbers.) (b) For the dimer case, N = 2,
the position of the anomalous resonance shifts monotonically with increasing
drive strength €. The same trend is observed for longer chains. [Parameters
are chosen the same as in fig. [4.8]]

lg)

Figure 4.12. Effective four-level model explaining the anomalous
resonance. The transitions |g) <> |¢) and |r) <> |¢) strongly hybridize two
pairs of states. The anomalous resonance results from transitions between
the two hybridized doublets. Since the energy separation between hybridized
doublets depends on drive strength €, so does the position of the anomalous
resonance.

investigate this anomaly for the N = 2 case, where a semi-quantitative reduced model can

shed light on the origin and nature of this resonance.
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For N = 2 we can confirm analytically that the anomalous resonance C is closely related
to an eigenstate |¢) of the displaced Hamiltonian H' [eq. (4.57)] without the effective drive.
This eigenstate comprises two excitations distributed between the uniform mode and the
qubits. Truncation to first order in ¢g/x (a small quantity for the chosen parameter set)

yields

(172 ) %~z 10} (114 + 410) = =2 20} 1) + 52 100) 1)

with eigenenergy 2Q+ 2k — g% /2k. Here, |ng) is the n-photon state of the uniform mode and
|11) etc. denote states of the qubits on the two sites. The effective drive Hamiltonian with
strength e.g connects the ground state |g) = |0g) [4) to the state |1)) via two intermediate
states |r) and |g), see fig. [1.12] These intermediate states belong to the one-excitation
manifold and primarily consist either of a photon in the uniform mode or of a qubit

excitation, respectively. Truncated again to first order in g/, |r) and |q) are given by

(1.73) ) % 110) 1) + 32 [00) (1) + 1)
(4.74) ) ~—7= 00} (114) + 111) = 5 10} 1)

Our description of the anomalous resonance in the following is based on the effective
four-level model spanned by the states |g), |r), |¢), and |¢), see fig. [1.12]

Within this model, the effective drive Hamiltonian connects the ground state |g) to the
two-excitation state |¢) via |r) and |g). Since the effective drive creates (or annihilates)
qubit excitations only, there is stronger hybridization of |g) with |¢) (strength ~ €.¢) than

with |r) (strength ~ €.t g/k). An analogous argument applies to explain hybridization of
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|r) with |¢) (again, strength ~ e.5). We thus obtain the picture of two pairs of hybridized
states, |g) <> |¢) and |r) <> |¢), with only small drive matrix elements connecting the
pairs.

Due to the energy differences between states within each pair, hybridization is only
partial. The two emerging hybridized states relevant to the anomalous resonance have
significant overlap with the ground state |g) in one case, and the two-excitation state [¢)
in the other case. The resonance C can be approximately viewed as a resonance between
these two hybridized states. Note that the degree of hybridization critically depends on
the effective drive strength e.g, which is in turn proportional to the drive strength €. As a
consequence, the energy separation between the two relevant hybridized states depends on
drive strength as observed in fig. [4.11|(b).

The generalization of the effective four-level model to periodic chains with larger
number of sites NV is difficult due to the proliferation of degeneracies among eigenstates
of H in the absence of a drive. Based on our perturbative calculations, we find a clear
trend of diminishing resonance strength with increasing number of sites [fig. 4.11{(a)]. The
anomalous resonance C hence provides an interesting example of an interaction-induced
feature which is limited to a small number of sites N, which should be accessible in

experiments with small Jaynes-Cummings chains.
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CHAPTER 5

Imaging photon lattice states by scanning defect microscopy

Resonator lattices (section are a vital building block for quantum information
technology based on circuit-QED architecture. It forms the bare bones of the Jaynes-
Cummings lattice (section , which is a fascinating platform for quantum simulation.
It also mediates qubit-qubit interaction by resonator photons, namely the “quantum bus”
[131), 132], for quantum computation. The fabrication and measurement of resonator
lattices hence play an important role.

Resonator lattices with very low disorder in bare resonator frequencies and hopping
rates between sties can be fabricated reliably [52]. However, measuring and probing lattice
states remain a experimental challenge. In general, large two-dimensional resonator lattices
can only be directly probed on predetermined lattice sites at the edge. Measurements at
the lattice edge can only provide limited and indirect information about the bulk part of
the lattice.

In collaboration with Andrew Houck’s lab, scanning defect microscopy has been intro-
duced for circuit-QED lattices to overcome these limitations. Scanning defect microscopy
allows the measurement of the photon occupations in the bulk part of a lattice. The
microscopy makes use of small piece of dielectric material (the probe) mounted on a
cryogenic three-axis positioning stage similar to those used in the scanning tunneling
microscopy, see fig. for a schematic. This is used to put the probe above a target

resonator in a well-controlled way. The proximity of the dielectric probe shifts the local
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Figure 5.1. Schematic diagram of scanning defect microscopy. A
dielectric probe is scanned across a lattice of transmission line resonators.
The probe shifts the frequency of a target resonator and creates a local
lattice defect. The transmission through the lattice systematically depends
on the defect size and can be used to image the photon occupancies across
the lattice.

resonator frequency. (I will discuss a crude model for this frequency shift in section [5.2])
The shift creates a local defect in the lattice with a size (magnitude of the frequency shift)
controllable by tuning the vertical distance between the probe and the resonator. By ana-
lyzing the change of the transmission spectrum for different defect sizes, local information
specific to the selected bulk resonator can be revealed as discussed in section Scanning
the probes through different lattice sites allows one to map the normal-mode photon
occupations for the full resonator lattice. Experimental data of such a normal-mode image
is shown in section (We have reported these theoretical and experimental results in

ref. [551)
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Figure 5.2. Experimental device consisting of 49 coupled transmis-
sion line resonators. (a) The resonators are fabricated to form a Kagome
lattice. The lattice can be driven by a coherent microwave tone through the
port marked by the yellow triangle. Any one of the three output ports (red
triangles) can be used to detect the transmission signal. (b) Resonators are
coupled by three-way capacitors. One section of each resonator meanders to
save space on the chip. (This figure is identical to fig. [2.6])

5.1. Resonator lattice and dielectric probe

The experimental setup consists of 49 transmission line resonators fabricated on a
32 x 32mm? chip [fig. [5.2(a)]. Three-way capacitors (“nodes”) couples the resonators
(lines with a meandering section) [fig. [5.2(b)]. At the edge of the lattice, four resonators
are capacitively coupled to the input or output ports. One input port [yellow triangle
in fig. a)] is used to feed a coherent drive tone with tunable drive frequency wy into
the lattice. Three different output ports [red triangles in fig. [5.2(a)] are used to measure
transmission signal. Note that the resonator array forms a Kagome lattice (the dual of

the honeycomb lattice).
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The dielectric probe consists of a 2.2 x 2.2mm? piece of sapphire. It is mounted to a
cryogenic three-axis positioning stage. This allows the probe to move across the lattice and
to be brought close to a target resonator. The presence of the dielectric locally perturbs
the bare frequency of the target resonator. This can be interpreted as creating a local
defect at the target site. The defect size (magnitude of the frequency shift) is tuned by
varying the height of the probe above the surface of the resonator.

To measure the local information on each site of the lattice, the probe is first centered
above the resonator. The distance between the probe and target resonator is reduced until
contact is made between the probe and the chip. The probe is then retracted stepwise
and transmission measurements are performed at each step. The retract-measure cycle
repeats until the probe is approximately 300 pum above the chip. (When the probe is more
than 200 um above the chip, the frequency shift is small and asymptotically approaches
zero.) The three-axis positioning stage allows the probe to move from one site to another.
However, the probe cannot access the whole chip within a single scan due to the limited

range of the positioners. Several cooldowns were performed to scan the full lattice.

5.2. Modeling the impact of dielectric probe

The proximity of the dielectric probe increases the capacitance of the transmission line
resonator through mutual capacitance. A crude model with position-dependent capacitance
is employed to qualitatively study the effect due to the probe on the resonator frequency.
An accurate quantitative prediction, however, has to rely on finite-element simulations for

electromagnetic field using the HFSS packageﬂ.

IResult of the HFSS simulations can be found in our publication [55].
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Figure 5.3. Schematic diagram of the resonator perturbed by the
probe. The capacitance of the transmission line resonator with length
L increases due to the proximity of the dielectric probe through mutual
capacitance. This increase is modeled by a higher capacitance c¢; > ¢y per
unit length in the middle part of the resonator. The lateral movement of
the probe is incorporated into the model by adjusting the section lengths
Ll; L2 and L3 (Wlth Ll + LQ + L3 = L)

The model is formulated in a way similar to the case of the standard transmission line
resonator discussed in section a transmission line with length L, uniform capacitance
¢ and inductance ¢ per unit length, and capacitive coupling to the left and right with
capacitances C, and Cpg, respectively. The presence of the probe breaks the uniformity
of the capacitance and results in a position-dependent capacitance ¢(r) per unit length.
The capacitance ¢(r) depends on the relative position between the probe and resonator,
the probe geometry and the resonator geometry in a highly non-trivial way. However, a
crude model with the resonator divided into three distinct sections (fig. [5.3)) is sufficient
to provide us with a qualitative understanding. The middle section of the resonator is
modeled to have a larger capacitance ¢; > ¢g per unit length compared to the other two
sections. The increased capacitance is intended to mimic the effect due to the probe. The
capacitance c; per unit length attains its maximum if the probe touches the resonator and

c1 tends to ¢y when the probe moves vertically away from the resonator.
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We express the capacitance per unit length as

cp >co ifrée|[Ly, L+ Lo,
(5.1) co(r) =

Co otherwise.

Here, [L1, L1 + Ls] is the region of the middle section with higher capacitance. Slightly

modifying egs. (2.13) and (2.14) in section , the eigenmodes ¢, (r) and eigenfrequencies

w,, of the transmission line resonator are determined by the second-order differential

equation

(5.2)

and the boundary conditions

(

—950| = (Cudpu(r =0),
(5:3) 0| = Crwipu(r = 1),
¢, (r) and dsodLr(r) are continuous at r = Ly and r = L; + Ls.

\
We introduce the coordinates ri, ro and r3 as shown in fig. [5.3l The solution of the
differential equations has this form:

(

©,(r1) = Ay sin (w,r1 /vg) + By cos (w,r1/v0) ,

(5.4) ©,u(re) = Agsin (wyr2/v1) + Bs cos (w,r2/v1),

\QO#(T’g) = Aszsin (w,r3/vo) + Bs cos (w,rs/vp)
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Figure 5.4. Frequency shift Aw vs. the lateral probe position. The
frequency shift Aw due to the dielectric probe is simulated according to
eq. (5.4)) using a set of parameters motivated by the experimental setup.
The lateral probe position is modeled by shifting the middle section of the
transmission line resonator with higher capacitance. The frequency shift
Aw follows the field distribution of the A/2 mode, exhibiting maxima close
to the resonator ends where the field is strongest, and a minimum at the
resonator midpoint.

where vy = (fco)~Y/? and v; = (fc;)~Y/? are the phase velocities in the corresponding
sections, and A; and B; (j = 1,2, 3) are constants determined by the boundary conditions
and normalization. Substituting eq. into the boundary conditions results in a
homogeneous system of linear equations, which determines the eigenfrequencies w,,.

We focus on the A/2-mode frequency wy, which is close to the drive frequency wy. If

the probe moves vertically away from the resonator, wy approaches the unshifted frequency
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w. The frequency shift Aw is given by the difference between wy and w, i.e. Aw = wy — w,
which is a function of the probe position. The simulation result using a set of parameters
motivated by the experimental setup is shown in fig. [5.4] The frequency shift Aw is always
negative, meaning that the proximity of the probe decreases the mode frequency (which
is the direct consequence of the increased capacitance ¢; per unit length). The shift also
follows the field distribution of the A/2 mode. The strongest shifts occur when the probe is
near the edge, where the field has the highest amplitude. On the other hand, the weakest
shift is realized at the resonator midpoint where the field amplitude is zero. These features

qualitatively match with the experimental observation (fig. 2 of ref. [55)).

5.3. Normal-mode imaging: model

To explain the underpinning for imaging of normal modes with scanning defect mi-
croscopy, we consider the heterodyne transmission through a driven-damped resonator
lattice as described by the Lindblad master equation or input-output theory formalism
[133, sec. 7.2]. The lattice is coherently driven through one input port, attached to a
particular edge site n;, of the lattice. The transmission amplitude is measured through an
output port, and is directly proportional to the coherent-state amplitude |(agy)| at the
corresponding edge site nq,:. The equation relating the coherent-state amplitude «,, = (a,)

at any lattice site n to the drive amplitude € is [93]

(5.5) <w —Wg — z%) oy + K Z Ay = —€Opps

(n,m)
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where w and w,; denote the bare resonator and drive frequency, x the photon hopping
strength between neighboring resonators, and  the uniform photon decay rate. (The bare
resonator frequency corresponds to the unshifted A/2-mode frequency of the resonator.)
The above equation has a matrix representation by introducing the set of basis vectors
{In)}n=12.. n with each vector corresponding to a particular site and N the total number
of sites. For mere convenience, we use vector notation where |a) collects the coherent-state
amplitudes on each lattice site, (n|a) = a,, and |€) encodes the drive on each site — here
acting only on the input port, (n|e) = €d,,, . Note that although the vector notation looks
the same as the bra-ket notation introduced in eq. , they are not related to each
other. We will use this vector notation (instead of the bra-ket notation) throughout this

chapter. Using the vector notation, eq. (5.5)) is represented by
Y _
(5.6) [(w—wd—z§)1+ﬁK] o) = e),

where 1 is the identity matrix and the real-symmetric matrix K is the adjacency matrix
of the lattice. Transmission resonances naturally occur at the normal-mode frequencies w,
of the lattice, obtained from the usual normal-mode eigenvalue equation (wl+ k K) |u) =
w, |pt). As a result, the coherent-state amplitude at the output site takes the simple form

1

p— wa) i3

(klnin) €.

(5.7) Qout = = > (Mows|11) o

I
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Accordingly, each normal mode with nonzero mode amplitude at both input and output
port will produce a transmission peak when the drive frequency coincides with the normal-
mode frequency. (This assumes frequency spacing between modes to be larger than ~,
which is appropriate for the lattice investigated here.)

Once a certain normal mode f is on resonance, its normal-mode weight W, = |(n|u)|?
on each lattice site n can be extracted by the dielectric probe. The proximity of the
probe to lattice site n introduces a small shift of the bare cavity frequency Aw, as shown
in section . This lattice defect induces a frequency shift Aw,, in the normal-mode
frequency. The connection between the small normal-mode frequency shifts and the mode
weights is established by simple perturbation theory. We write the new normal-mode
matrix including the defect as H,, = w1l + Aw,D,, + k K, where D,, = |n) (n| selects the
site of the defect. Applying perturbation theory with respect to the defect Aw,D,,, we

immediately obtain the leading-order frequency shift for normal mode p caused by a defect

on site n:
(5.8) Awppn = Awy, (11| Dy |1) = Awy Wi,

The magnitude of the defect is easily tuned by varying the height of the probe above the
surface of the resonator. The weight of the (undisturbed) normal mode p on site n is thus

obtained as the ratio of mode frequency shift and defect size in the limit of small shifts,

Aw dw
59 %7 "= pln pln
(5.9) K Aw,, - dwn |,
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5.4. Normal-mode images

The weights W, of normal mode p at site n can be determined using scanning defect
microscopy. To map the mode weights W, for the whole lattice, the mode frequency
shifts Aw,,,, induced by the probe are measured at all sites. As described in section
measurement at a single site consists of centering the probe above the target resonator,
followed by a series of transmission measurements for various probe heights z above the chip.
To obtain the frequency shift Aw,,, of normal mode p due to the probe above site n, the
resonance frequency is traced by fitting Lorentzians to the relevant part of the transmission
spectra. Moreover, the probe heights z is converted into the corresponding defect size
Aw, using the prediction from HFSS simulations. (The simulations are challenging since
one have to simulate the case with small defect size. This means that simulating a large
spatial region is necessary such that the probe is far away from the resonator. This
poses a computational challenge to the finite-element simulations and limits the range
of probe heights which can be simulated.) Hence, one can experimentally determines
mode frequency shift Aw,,, as a function of defect size Aw,. This gives the normal-mode
weights W, according to eq. .

Three well-separated modes are selected, namely the modes p = 35 and 36, and the
highest-frequency mode mode p = 49. The normal-mode weights of the selected modes
and the theory predictionsﬂ are shown in fig. . Overall, the mode images show good
qualitative agreement with the theoretical predictions (fig. top panels). To good
approximation, the mode images show the mirror symmetry predicted by theory along the

vertical and horizontal axes crossing through the center site. Deviations of the measured

2The theory calculation of mode weights accounts for a small amount of systematic disorder in frequencies
among the different categories of resonators (bulk resonators vs. edge resonators).



112

H
2
=L )

A

N
‘D\

H

H

Y 2 N

‘@8
! “k
g% =

H
|
A

L

‘,7
{7,

A

G

H

Xew

2 8y {9 3
2

AN S1YBIam apoLu

0 6 7 3
Hao £ Y s Yy H Ho ¢ a] Ho ¢ 0
0.08 0.08
th 0.08
experirr?gr?{\ I .I I'Il ,I * ..‘I
0.04 e 0.04+ o0
W |t " ot o o O P L O L
S P R ST T : K " e 3 ! sael 353}
o ;Ioo oes  8%08a400% 0le aste Tiu a0,0000 ' . oons osee : s e
10 20 30 40 10 20 30 40 10 20 30 40

lattice-site number n

Figure 5.5. Normal-mode weights for three selected modes, u =
35, 36 and 49. For each lattice site n, the mode weight W, = |(n|u)|?
is depicted an overlay of two color-coded disks. Inner disks represent the
theory prediction for the weights, the outer disks the weights determined
experimentally by scanning defect microscopy. The bottom panels show
deviations in normal-mode weights as lines connecting experimental data
(black dots) and theory prediction (blue dots). Comparison shows good
agreement with noticeable deviations in only a few sites in each case.

mode weights from the theory predictions are quantitatively displayed in the bottom
panels of fig. 5.5l Even though some lattice sites show larger deviation compared to other,
the sites with larger deviation are mostly different for each selected mode. This suggests
that larger deviations are not specific to particular lattice sites. While one cannot rule out
lattice disorder as the source of the deviations, the lattice disorder may be expected to
be small [52]. It is more likely that the deviations are primarily due to the difficulty of
precise calibration of defect sizes induced by the probe, a procedure which relies on HF'SS

simulations within a restricted range of probe heights as mentioned before.
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Table 5.1. Quantitative comparison between theoretical predictions and
experimental results for normal-mode weights as obtained from scanning
probe microscopy.

Mode Fidelity Normalized rms

I Fu n-Tms,,
35 0.990 12%
36 0.989 10%
49 0.993 9%

To make an overall quantitative comparison between theory predictions and experi-
mental results, we consider the fidelity,
(5.10) Fu=Y (WP W),
n
and the normalized root-mean-square deviation (n-rms),

(3 2, AWE)Y?

max, (W) — mmn(Wﬁ%)

(5.11) n-rms,, =

Table [5.1] shows the fidelities and n-rms values achieved in the experiment. The fideli-
ties are close to 1 for all three modes, confirming good overall agreement. The n-rms
values indicate that the averaged deviations are of the order of 10%. While not a high-
precision measurement, scanning defect microscopy thus provides us a with a detailed and

quantitative image of normal-mode weights of the resonator lattice.
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CHAPTER 6

Dissipative phase transition in a circuit-QED chain

As discussed in section [3.6] the analytical and numerical techniques for investigating
open quantum lattices are relatively less developed compared to their closed-system
counterparts. Hence, the theoretical study of open quantum lattices tends to be challenging.
This makes the development of nonequilibrium quantum simulators for open lattice models
particularly intriguing.

Interacting photonic systems based on superconducting circuits represent a useful
toolbox to study open quantum lattices. Collaborating with Andrew Houck’s lab, we
have developed one of the first circuit-QED lattices — a circuit-QED chain with 72 sites
suitable for investigating nonequilibrium many-body physics. I have analyzed the result by
employing appropriate models and theoretical methods. We have reported the observation
of a dissipative phase transition in ref. [25].

In this chapter, I will first briefly review the general features of dissipative phase
transitions. This is followed by a simple discussion of the experimental device realizing the
circuit-QED chain. Two different models will then be employed to theoretically investigate
the qualitative behavior of the device. The experimental observation and evidence of a

dissipative phase transition will be explained subsequently.
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6.1. Dissipative phase transitions

A phase transition occurs when a system exhibits a non-analytic change upon tuning
a system parameter. Quantum phase transitions are one example — a quantum phase
transition takes place when the ground state |1)y) undergoes a sudden change. The
criterion for such a transition is easily specified when considering the eigenenergies F,,
of the Hamiltonian H: a quantum phase transition takes place when the energy gap
AFE = F; — Ey between the ground and first excited states closesﬂ. (In other words,
the first excited state [1);) becomes degenerate with the ground state |¢y) at the phase
boundary.) This renders the energy gap AE a useful quantity characterizing quantum
phase transitions.

Markovian open quantum systems, governed by the Lindblad master equation ,
can also exhibit phase transitions — a dissipative phase transition is characterized by the
non-analytic change of the nonequilibrium steady state |ps).E| Analogous to the ground state
|1)g) being the lowest-energy eigenstate of H, the steady state |p,) = |ug) is a eigenstate of
the Liouville superoperator L associated with the smallest eigenvalue Ay = 0 in magnitude.
(See section for a discussion of the nonequilibrium steady state.) Hence, to specify a
dissipative phase transition, the relevant quantities are the complex eigenvalues A, of L.
(As explained in section , the real parts of A\, encode the relaxation timescales, while
the imaginary parts encode the oscillatory timescales.) Let us recall the discussion of the
asymptotic decay rate (ADR) from section that Aapg is the eigenvalue with its real

part closest to zero. One can then define the indicator of dissipative phase transitions to

'Roughly speaking, the ground and first excited states switch their roles when going across the phase
boundary.

2Other than dissipative phase transition, dynamical phase transitions are another type of phase transitions
dealing with the dynamical instead of the steady-state behavior.
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Table 6.1. Comparison between quantum phase transitions and dissipative
phase transitions. (This table is a modified version of Table I in ref. 29.)

Quantum phase transitions Dissipative phase transitions

System (super)operator Hamiltonian H Liouville superoperator L
Relevant quantities Eigenenergies E, of H Eigenvalues A\, of L
Relevant state Ground state|Ey): Steady state p,:

(H— Ey) |Eop) =0 Llp,) =0
Phase transition Energy gap AF vanishes ADR vanishes
AE = E1 - E() ADR = —Re /\ADR

be the eigenvalue gap Re(Ag — Aapr) = —Re Aapr = ADR. This means that a dissipative
phase transition is characterized by the vanishing of the ADR. As explained in section [3.3]
the inverse of the ADR corresponds to the longest timescale for the system to relax to the
unique steady state |p,). The vanishing of the ADR, or 1/ADR — o0, makes it possible
that the system never relaxes to |p,). In other words, the steady state |p,) loses uniqueness
when a dissipative phase transition occurs. The comparison between quantum phase
transitions and dissipative phase transitions is summarized in section [6.1]

As discussed in section [3.3], a unique steady state is guaranteed if the jump operators
and Hamiltonian “connect” the full Hilbert space and the Hilbert space is finite-dimensional.
In most of the models relevant to circuit-QED devices, the Hilbert space is fully connected
by photon decay and/or qubit relaxation. Dissipative phase transitions are possible only
when the condition of finite dimensionality of Hilbert space is violated. This means that
on the phase boundary, the number of excitations in the system is unboundedﬂ. This
condition is also referred to as “thermodynamic limit”, which can be achieved in two
different ways:

3Note that the number of excitations being unbound is necessary but not sufficient for a dissipative phase
transition to take place.
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(i) The system may consist of just a few degrees of freedom such as a driven-damped
harmonic oscillator discussed in section [3.4 In that case, the excitation number is
unbounded if the resonator is driven on resonance in the limit of zero dissipation
(v — 0). This means that the excitations in principle grow in number indeﬁnitelyﬁ
with the coherent drive being the source. In general, a system may approach the
thermodynamic limit if its characteristic decay rate goes to zero. Note that even
though a driven-damped harmonic oscillator can achieve the thermodynamic limit,
one cannot observe a dissipative phase transition due to the absence of nonlinearity.
One simple way to incorporate nonlinearity is by considering the open Jaynes-
Cummings model consisting of a qubit coupled to a driven-damped harmonic oscillator.
There, a dissipative phase transition is predicted by H. J. Carmichael [134], and the
thermodynamic limit is reached when % — oo with v the photon decay rate and g
the coupling rate between the resonator and qubit.

(ii) The system consists of an infinite number of degrees of freedom, e.g. a lattice with
an infinite number of sites. (This is what is usually referred to as the thermodynamic
limit in condensed-matter physics.) In this case, even with a small number of
excitations per degree of freedom, it is possible for the total number of excitations
to be unbounded. This is the case of dissipative phase transitions predicted for the
driven-damped spin chains/lattices [28] 112} [135].

In the next section, I will discuss the experimental device — a circuit-QED chain with
72 sites and small but finite dissipation rates. Strictly speaking, although a corresponding
theoretical model in the thermodynamics limit may serve as a good approximation of

4In practice, one has to be careful whether the harmonic oscillator remains a valid model if the system is
highly occupied.
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the device, the device is not in the thermodynamics limit. This means that the ADR
never exactly vanishes and there is always a unique steady state. Instead, at and near
the proposed phase boundary for a corresponding infinite chain, the ADR is much smaller
than all other system rates[136]. In other words, the inverse of the ADR is much longer
than all characteristic timescales of the system. One thus expects a rapid crossover instead

of a phase transition.

6.2. Device: resonator chain coupled to transmon qubits

The device is a chain with 72 sites [fig. [6.1{a)]. Each site consists of a transmission line
resonator with frequency w/2m ~ 7.6 GHz. The terminating resonator at one end of the
chain is coupled to an input port where a coherent drive tone can be fed into the chain. At
the other end of the chain, the terminating resonator is coupled to an output port where
the transmission signal is measured. Each resonator is capacitively coupled to a transmon
qubit [fig. |6.1(b)] with coupling strength g, which is measured to be g/2m ~ 460 + 50 MHz
when the qubit is on resonance with the resonatorﬂ. Between sites, the resonators are
capacitively coupled to its nearest neighbors [fig. [6.1{(c)], resulting in a photon hopping
rate of x/2m ~ 80 + 10 MHz.

An asymmetric SQUID-loop design (section is used for the transmon qubits. The
qubit frequencies are hence tunable in a finite frequency range via an applied magnetic
flux. Since it is not feasible in this device to individually control the magnetic flux passing
through each SQUID loop, a global magnetic flux is used to simultaneously tune all qubit

frequencies. To ensure that the features observed in the experiment are not the artifacts of

5The coupling strength ¢ depends on the qubit frequency Q. The dependence is approximately given by

9(€) = 9(0)v/€2/ 0.



119

200 pm

A
secondary
input/output

secondary
input/output

4
secondary
input/output

Figure 6.1. Experimental device consisting of 72 coupled transmis-
sion line resonators each coupled to a transmon qubit. (a) Transmis-
sion line resonators, each with a bare resonator frequency of w/2m = 7.6 GHz,
are capacitively coupled to form a linear chain on a 2.5cm x 2.5 cm chip. On
average, each resonator has a photon decay rate of v/27 ~ 1.6 + 0.5 MHz.
The two resonators at the ends of the chain are coupled to either the input
or output port (arrows on the top and bottom). (b) A transmon qubit is
capacitively coupled to each resonator. The coupled resonator-transmon
system forms the unit cell of the chain. (¢) Each resonator is capacitively
coupled to its neighbors to yield a photon hopping rate /27 = 80+ 10 MHz.

a particular instance of disorder in qubit frequencies, each qubit is intentionally fabricated
with a randomized SQUID loop area such that the qubit frequencies are also randomized.

After the conclusion of the experiment, it was discovered that approximately 20% of the
qubits were single-junction qubits instead of double-junction qubits consisting of a SQUID

loop. (To distinguish these two types of qubits, I call them full qubits and single-junction
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qubits, respectively.) The single-junction qubit frequency {lg; is independent of the applied

magnetic flux.

6.3. Low-power transmission

At low drive power, the number density of excitations in the chain is so low that
interaction between excitations is negligible. This means that transmon qubits can be
approximated by oscillators. In other words, the circuit is equivalent to a resonator array
at low power. The low-power transmission can thus be determined by using an equation
similar to eq. .

The experimental result and theoretical prediction are shown in figs. [6.2(a) and (b).
The resonance peaks correspond to resonator modes dispersively shifted by the qubits.
The amounts of the dispersive shift depend on the qubit frequencies, which change under
varying applied magnetic field. This results in the dependence of the resonance peak
frequencies on the applied magnetic field as shown in the figures.

The full qubit and the single-junction qubit frequencies are not known with high
certainty due to the challenges in fabrication, see the gray shaded region in fig. [6.2(c).
Moreover, the spatial distribution of the single-junction qubits within the chain is not
known. Hence, in order to simulate the transmission, we must make assumptions regarding
the qubit frequencies and the spatial distribution of the single-junction qubits. The
theoretical and experimental results qualitatively agree when assuming that the full qubit
frequencies €, /27 are between 12.7 GHz and 13.9 GHz, the single-junction qubit frequency

Qgy/2m is at 9.5 GHz, and all single-junction qubits are located near the input portﬂ

6This spatial configuration is motivated by the expectation that the single-junction qubits are due to
imperfections during the fabrication process. The single-junction qubits are thus likely to be spatially
correlated.
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Figure 6.2. Low-power transmission. Transmission as a function of
applied magnetic field as (a) measured experimentally, and (b) predicted
theoretically. The resonance peaks are dispersively shifted by the qubits.
Since the qubit frequencies change under varying applied magnetic field,
the frequencies of the resonance peaks also change accordingly. The theory
and experiment qualitatively agree using the following set of parameters:
w/2m = 7.6 GHz, Q,/2n € [12.7,13.9] GHz, Qg;/2m = 9.5 GHz, g/27 =
410 MHz and t/27 = 90 MHz. (c) The blue rectangles indicate the frequency
range of the photon modes, with the dark blue rectangle indicating the range
of frequencies shown in (a) and (b). The gray shaded region reflects the
predicted uncertainty range of the qubit frequencies. The curves represent
the qubit frequencies used in the theoretical prediction.
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Figure 6.3. Schematic of the open Jaynes-Cummings chain. The
chain consists of NV sites. On each site, a resonator is coupled to a two-level
system with Jaynes-Cummings interaction strength g. The resonators are
coupled to their nearest neighbors through photon hopping with rate k.
Excitations can leave the chain through photon decay and qubit relaxation
with rates v and I', respectively. At one end of the chain, the resonator is
coherently driven with frequency wy and strength e.

6.4. Driven-damped Dicke model

In this section, in order to study the many-body phenomena due to the qubit-resonator
coupling, I consider a toy model — the single-mode Dicke model [I37] with drive and
dissipation. This toy mode]ﬂ is one of the simplest models which allows us to explore the
qubit-resonator coupling. Later on in this section, a mean-field treatment will be employed
to investigate the steady state of this toy model.

We first approximate the transmon qubits by two-level systems (section . This

leads to an open Jaynes-Cummings chain, see fig. [6.3] Its Hamiltonian H is given by

(6.1)
N 500, N-1
H= Z [&u a;r-aj + chrj +9g (a}cr; + acrj)} + Z K <a}aj+1 + aja;ﬁrl) +e (ai + a1> ,
j=1 j=1

7Using the toy model, we neglect some details, e.g. the non-uniform qubit frequencies, presence of multiple
resonator modes, etc.
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with site number N = 72 and drive strength e. As usual, the time dependence has
been eliminated by working in a frame co-rotating with the drive, and dw = w — wy
(0€2; = Q; — wy) is the detuning between the resonator (qubit) frequency and the drive
frequency. In our model, we also include dissipation due to photon decay and qubit
relaxation with uniform rates v and I' across all sitesﬂ Using the corresponding jump

operators a; and o}, the Lindblad master equation is given by

(6.2) 3 =Le=-ilHel+7> Dlajo+ T D[oj]p.

We determine the eigenmodes of the resonator lattice by diagonalizing the N x N

hopping matrix. This is achieved by the transformation,

N
(6.3) aj = Z Winay,
pn=1

where W, is the y-mode amplitude at at site j, and a, (a},) is the annihilation (creation)
operator of the eigenmode p associated with the eigenfrequency w,. Switching to this

eigenmode representation, the Lindblad master equation is rewritten as

dp _
(6.4) i Hp+’yZD aup+FZD
where
N N ey N
(65 H=) [0w,ala,+e(Wya,+he)]+) 705+ g > (Wia,07 +he).
p=1 J=1 Jok=1

8The resonators connected to the input /output port usually have a larger decay rate due to photon leakage.
As long as the differences in decay rates are small compared to other relevant physical parameters, in
particular g and t, this will not qualitatively change the system behavior.
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Here, dw,, is the detuning between the eigenfrequency w, and drive frequency wy.
Solving for the steady state of the open Jaynes-Cummings chain is extremely challenging
due to the large system sizdﬂ. This motivates us to employ the toy mode — the driven-

damped Dicke model,

dp , -
(6.6) 5 = R+ Dfa]p,
N N
e € . 002 g . -
(6.7) H=dwala+ ——= (3" +3) + > —o;+—=> (3lo; +a0]).
VN =2 VIV

Note that this Dicke model is different from the open-system Dicke model [26]. For the
open-system Dicke model, the system is not driven and its many-body physics is explored
by varying the qubit-resonator coupling strength g.

For convenience, we employ the collective spin notations,

1 N N
(6.8) §* = 5 Z o; and S = Z o; .

j=1 Jj=1
The Lindblad master equation is then rewritten as

d _ ~
(6.9) S =Lp=—ilH.pl+7Dlalp.

9 Just keeping two photons per resonator, the dimension of the Hilbert space is 372 x 272 ~ 10°6.

10To arrive at the toy model from the open Jaynes-Cummings chain, it formally involves four assumptions.
First, one eigenmode of the resonator lattice dominates over all other eigenmodes. Second, the qubit
frequencies are uniform, i.e. §€; = €2 for all j. Third, the coupling between the resonator modes and
two-level systems has a uniform strength i.e. W;, ~ 1/v/N. (The factor 1/v/N comes from the fact
that the mode amplitudes W}, approximately scale with 1/ VN for a resonator chain.) Fourth, the only
dissipation channel is photon decay, i.e. I' = 0.
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where

(6.10) H = 5waa+\/—N( )+5QSZ+\/LN(TS‘+5S+).

Note that the total angular momentum S is a conserved quantum number under time
evolution. We now make the final assumption for the toy model: the system is restricted
to the subspace with maximum total angular momentum, i.e. S = N/2. This is justified if
all of the qubits are initialized in the ground state. In that case, the system is initially in
the S = N/2 subspace and will never leave the subspace under the time evolution governed
by eq. (6.9).

It is convenient to employ the Holstein-Primakoff transformation [138], S* = bfb — S
and S™ = v/N — bfbb, where b and b! are the annihilation and creation operators of a

bosonic mode. This leads to

(6.11) —-=—i[H,p]+ I D[a]p

(6.12) H:5w5T5+i(5T+5)+5Q(bfb—ﬂ> %(ab“/ ~bib+ D).

=

After this transformation, the model describes two bosonic modes a and b which are

coupled nonlinearly.

6.4.1. Mean-field approximation

The mean-field approximation is introduced by the following two coherent displacements,

(6.13) i=vVNa+c and b=+VNg+d.
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The two displacement amplitudes v/ Na and v/ N3 are the mean fields with the mean-field
parameters « and 3. As part of the mean-field approximation, the displacement amplitudes
are assumed to dominate over the small fluctuations represented by the mode operators c
and d.

We now consider a series expansion with 1/ VN representing the order-counting pa-
rameter. The Liouville superoperator can be decomposed as

1

VN

The leading-order term Ly is given by

(615) L(]p = — Z\/N |:H0 - ’L% (OJCT — Oé*C) ,p] s

9 (2ka — 18> — a*3?)
2k

(6.16)  Ho = (&ua + gVEB + %) ¢+ 608 + df 4+ hee.,

with £ =1 — |B|%. This Ly describes a lossless system with drive on resonance, meaning
that the number of excitations remains bounded in the long-time limit if and only if
the drive strength vanishes. Together with eqgs. and , this implies that the
mean-field parameters o and § must satisfy the following set of nonlinear equations,

9 (2ka — 18> — a*3?)

= 0.
2k

(6.17) (5(.0 - z%) o+ gVEkB + % —0 and 008 +

We find that eq. (6.17)) can have a single or multiple solutions, depending on the parameters,

i.e. 0w, 7, etc. We denote these solution(s) by {aq, f1}, {ag, B2}, etc.

HOne needs larger drive power to feed the same number of excitations per site into a longer chain. Hence,
we consider € is on the order of N.
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For each solution {a;, B;}, the corresponding mean-field steady state pg/;[jF is determined

by the next-order term L;,;, namely L;.; pls\ij = 0. Here, L,;; is given by
(6.18) Lijo =—i[Hi;, o] +7D[c]e,

where

(6.19)

\/k_j

2 * 03

B 187 + ot 53

+ J (2/@ — |Bj]2) cfd — ﬁ?CTdT — | o8 + b5 Bl + ajf; (dT)2 —h.c.|,
2./k; Ak;

Hij =dwclc+ [59 — = (ajB; + a; ) (1 + %)] d'd

and k; =1 — |B;]%. Although L, is in a form similar to a Liouville superoperator, it does

not necessarily fulfill the spectral properties required by a proper Liouville superoperator.

In particular, the system may run away from the mean-field steady state p} given an
infinitesimal perturbation, meaning that the corresponding mean-field solution {«;, 8;} is
unstable. In the parameter regime relevant to the experiment, we find numerically that

there are at most two stable mean-field solutions.

6.4.2. Mean-field bistability

The mean-field solutions are numerically determined from the set of nonlinear equations
. In part of the parameter space, there are two stable mean-field solutions, see fig. 6.4
To understand this mean-field bistability, we recall the decomposition of the Liouville
superoperator in eq. . The mean-field steady states p}s\:[jF (j = 1,2) are the exact

solution of Lp = 0 only in the limit of N — oo, i.e. (v/NLg + Ly;)pk, = 0. Now, for any
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Figure 6.4. Number of stable mean-field solutions as a function of
drive strength € and drive frequency dw. The white region marks the
bistable region with two stable mean-field solutions. (A set of parameters
motivated by the experiment setup is used, namely w/27 = 7.5 GHz, Q /21 =
13.3 GHz, g/2m = 450 MHz and ~/27 = 1.6 MHz.)

finite site number N, one has to consider the corrections from higher-order terms, i.e.

doyy _ 1 MF 1
(6.20) BT \/—NLz;sz;j - O(ﬁ)-

This suggests that both mean-field steady states correspond to metastable states. The

decay rates of the two metastable states are determined by the higher-order terms, which

: 1
are of leading order ik
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The mean-field bistability can thus be understood as a dynamical effect [I1§]. For a
driven-damped spin chain [28], the switching between mean-field steady states has been
predicted using a quantum trajectories simulation. There, the switching timescale 7
is long compared to other system timescales. Moreover, for a driven-damped quantum
Duffing oscillator, M. I. Dykman and V. N. Smelyanskiy [139] have throughly analyzed
the switching between mean-field solutions.

A closely related phenomenon is hysteresis. To observe hysteresis, one tunes a system
parameter such that the system moves in the parameter space from a region without
bistability to the bistable region. The tuning is in real time with the timescale Tiupe.
Depending on the tuning path, the system will end up in one of the metastable states
as long as the tuning timescale 7y, is much less than the switching timescale 7,. This
path dependence of the final state is usually referred to as hysteresis. The correspondence
between the mean-field bistability and hysteresis has been discussed by W. Casteels, et al.
[140] for a Bose-Hubbard dimer.

The mean-field transmission at a fixed drive frequency is shown in fig. 6.5 At
intermediate drive power, there are two mean-field solutions corresponding to the mean-
field bistability. We recognize that this bistability falls into the class of optical bistability

[T41), Sec. 1.1].

6.5. Open circuit-QED chain

In this section, we include multiple modes and higher transmon levels into account.
The model under consideration is similar to the open Jaynes-Cummings chain (fig. [6.3])

except that the transmon qubits are now approximated by weakly nonlinear resonators
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Figure 6.5. Optically bistability shown at wg/27 = 7.48 GHz. In the
bistable region, the low-transmission solution is continued to lower drive
power; and the high-transmission solution is continued to higher drive power.
(All system parameters are identical to those in fig. )

instead of two-level systems. For transmon qubits, as long as excitations are restricted to
levels inside the cosine potential well, the nonlinearity can be qualitatively modeled by a
Bose-Hubbard interaction. We thus consider an open circuit-QED chain (fig. . In the
frame co-rotating with the drive, the chain is govern by the Lindblad master equation

N

(6.21) %=Lp—i[H,p]+WZD[aj}p+FZD[bj]p,

J=1
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Figure 6.6. Schematic of the open circuit-QED chain. The chain is
identical to the open Jaynes-Cummings chain except the two-level systems
are replaced by weakly nonlinear resonators. The nonlinearity is modeled
by a Bose-Hubbard interaction.

where
N
(6.22) H =" |owala; + 69 bib; + Ublbib;b; + g (alb; -+ ajb! )|
j=1
N-1
+ K (ajajﬂ + ajaj“) +e€ (ai + al) .
j=1

Here, transmon qubits are represented by the nonlinear bosonic modes b;, with Bose-
Hubbard interaction strength U ~ — E /2, where E¢ is the charging energy. In the present
device, E¢ is measured to be 350 + 40 MHz. (Once again, we ignore disorder effects in

our model.)
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6.5.1. Quasi-classical mean-field treatment

One can readily show that the equations governing the time evolution of expectation values

(a;) (t) and (b;) (t) are given by

(623) Zd$j> = (50.) — Z%) (aj> +g <bJ> + K (<aj,1> + (aj+1>) + 65j1,
(6.24) @'dfib;> _ <5Qj _ zg) (by) + 9 (ay) +2U (blb,b, ).

To incorporate the boundary condition, we take (ag) = (ayy1) = 0. These equations are
not closed due to the presence of the term 2U (bj b,;b;). Analogous to eq. 1) we employ

the mean-field approximation by the coherent displacement,
(625) a; = Q5 + C; and bj = 6]‘ + dj,

where the mean fields «; and §; are assumed to dominate over the fluctuations c; and d;.

The time evolution equations for the mean fields follow from eqgs. (6.23)) and (6.24]),

da; :
(6.26) Zd_t] = <5w - z%) aj+ gb; + k(aj_1 + aji1) + €dj1,
.dg; I
(627) Zd—tj = ((5QJ - Zg) ﬁj + go; +2U |ﬁj‘2 5]"
For the steady state, the mean fields are stationary, i.e. % = dd—ij = 0. This results

in a large system of coupled nonlinear equations, in which root-finding algorithms are
inefficient [37]. Here, we solve for the steady state of the mean-field equations [eqgs. (6.26))

and (/6.27))] by time evolution and extracting the long-time limit.
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Figure 6.7. Quasi-classical time evolution. The time evolution of the
mean field oy is determined at (a) low drive power, and (b) high drive power.
At low drive power, ay approaches its long-time limit at 27yt ~ 10. At
high drive power, ay is chaotic and exhibits an oscillatory behavior without
any dominant period. Note that time averaging ay yields a value close to
zero, which leads to suppressed transmission at high drive power.

6.5.2. Quasi-classical chaotic state

For high drive power, the quasi-classical dynamics becomes chaotic, see fig. [6.7] This is
one of the key differences between the current model and the driven-damped Dicke model
discussed previously: the driven-damped Dicke model does not exhibit chaotic dynamics

even at high power. This difference suggests that the higher transmon levels may play an
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important role for the system to exhibit chaotic dynamicﬂ. Moreover, once the system is
in the chaotic state, the mean-field solution shows that higher transmon levels (n ~ 5) are
occupiedﬁ. Due to the negative interaction strength U, the transition frequency between
levels n and n + 1 becomes nearly resonant with the drive frequency wy. This allows
for significant interaction between the photons and the higher transmon levels. Note
that similar (quasi-classical) chaotic dynamics has been predicted for a driven-dissipative
Bose-Hubbard chain [37].

In the chaotic state, the mean fields a; and 3; are not stationary in the long-time limit
as shown in fig. [6.7(b). In this case, we take additional time averaging over a time interval

that excludes any initial transient behavior.

6.5.3. Bistability

When varying the drive strength e, the mean-field solution of the circuit-QED chain also
exhibits bistabilityiﬂ see fig. . By increasing the drive strength beyond a critical value,
an additional solution associated with the high-power chaotic state appears. When the
system is in this high-power state, the transmission is strongly suppressed. This is exactly
opposite to the optical bistability (fig. shown for the driven-damped Dicke model,
in which the higher-power state is associated with higher transmission. A look ahead at

fig. shows that the suppressed transmission agrees with the experimental result.

I2A similar system is simulated using a much larger interaction strength U (hard-core boson limit) to
mimic the two-level approximation. No chaotic dynamics is seen in that case.

13Nonetheless7 the occupied levels remain within the cosine potential well.

H4The interpretation of the mean-field bistability is discussed in section
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Figure 6.8. Mean-field transmission as a function of the drive
strength. When the drive strength increases beyond a certain thresh-
old, an additional solution appears as a result of the mean-field bistability.
This additional solution is associated with strongly suppressed transmission.

6.6. Experimental observation

In the following, I will present the experimental result from Andrew Houck’s lab. This
includes the transmission and the estimated ADR in the bistable region. The result shows

a rapid crossover between two metastable states.

6.6.1. Transmission

To observe physics beyond the low-power linear regime, the transmission is measured while
the drive power varies over more than five orders of magnitude, see fig. [6.9(a). When the
drive power reaches a certain threshold, a sudden change in transmission is observed. The

transmission resonance peaks split, and abruptly give way to a region of strongly suppressed
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transmission. In this high-power region, all resonance peaks disappear. These features —
the dramatic suppression of transmission and the disappearance of all resonance peaks —
are also qualitatively consistent with the theoretical prediction [fig. [6.9/(b)] discussed in
section 6.5, This sharp change in transmission beyond a certain drive power threshold
indicates a dissipative phase transition.

The transition between the low- and high-power phases is thoroughly explored by
measuring the transmission at a single drive frequency while sweeping the drive power
either from low to high [fig. [6.9|(c)] or from high to low [fig.[6.9|(d)]. This reveals a significant

region exhibiting hysteresis as shown in fig. (e).

6.6.2. Switching and ADR estimation

As explained in section the relevant quantity to identify a dissipative phase transition
is the ADR. An approximation for the ADR can be extracted by single-shot measurements
of the dynamics in the bistable/hysteresis region as follows. Single-shot time traces of the
homodyne signal are recorded with constant drive frequency and power. The measurements
show that the system undergoes switching between two metastable states on timescales
large compared to system-intrinsic timescales [fig. [6.10[(a)]. Along a single-shot trajectory,
the system state is labeled as either p; (D) or p, (@) and the characteristic switching
times can be extracted. The statistics acquired from many single-shot trajectories allow
us to obtain average rates y;_,9, 72,1 for the switching between the two metastable states
p; and p,, respectively.

The extracted switching rates let us estimate the asymptotic decay rate by adopting a

simplified rate-equation model [142] describing the probabilities p; and p, for the system
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Figure 6.9. Transmission exhibiting an abrupt transition to a sup-
pressed transmission regime and a region of hysteresis. (a) Dis-
persively shifted transmission peaks show nonlinear splitting at increased
power and give rise to a region of strongly suppressed transmission without
resonance peaks. Here, the data is acquired using constant power, frequency
sweeps. (b) Corresponding quasi-classical mean-field prediction showing
features qualitatively consistent with the experiment. (¢) Zoom into one
lobe, showing the sharp transition to a state of suppressed transmission as
the drive power is swept from low to high power at constant frequency. (d)
Same region as in (c), but now sweeping power in the opposite direction
(high to low) over the same time period as (c¢). The transition now occurs
along a down-shifted curve. (e) Subtraction of the data shown in (c¢) and
(d) uncovers the large region of hysteresis.

to be in metastable state p; or p, (see appendix for details):

d [ D1 —Y1is2 V2ol D1
(6.28) - = o
D2 T1—2  —2—1 b2

Diagonalization of this system yields the eigenstates p, = (V2101 +715202)/ (Y152 +7251)
and papg = Y2101 — V1-2Py With corresponding eigenvalues zero and Aapr = — (7152 +
Y2-1). The ADR can thus be approximated by the sum of the two switching rates, i.e.

ADR = v152 +72551.
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Figure 6.10. Asymptotic decay rate in the bistable region. (a) Single-
shot time trace of the homodyne phase in the hysteretic region. Data show
stochastic switching between two distinct metastable states (D) and 2) on
timescales vastly exceeding those intrinsic to the system. (b) The ADR
obtained from the sum of the characteristic switching times, 71,2 + 72,1, as
a function of drive frequency and power. (¢) The ADR for a drive frequency
of 7.5059 GHz is plotted as a function of power. The photon decay rate
and qubit relaxation rate I' are included for reference.
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6.6.3. Observation of dissipative phase transition

The ADR shown in fig. [6.10b) and (c) reaches a minimum value as low as ~ 10 Hz, which
corresponds to the metastable-state lifetimes on the order of 0.1s. This is remarkable
given that the timescales set by the photon decay and the qubit relaxation are on the
order of us. This vast timescale discrepancy of five orders of magnitudes shows strong
evidence for the onset of a dissipative phase transition. As explained in section it is
only in the thermodynamic limit that the ADR vanishes and the crossover between the

two metastable states turns into a discontinuous dissipative phase transition.
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CHAPTER 7

Conclusions and outlook

I have studied nonequilibrium many-body physics with circuit-QED lattices from
multiple aspects, ranging from developing a resummation scheme suitable for these lattices
to analyzing the many-body physics observed in an experimental realization. These work
have demonstrated the promising potential of using circuit-QED lattices to advance our
understanding of nonequilibrium many-body physics. In the following, I will summarize

the important results presented and propose some directions to extend the current work.

7.1. Conclusions

In chapter [4] I demonstrated a perturbation theory with resummation scheme suitable
for nonequilibrium quantum systems. I first developed a non-degenerate perturbation
theory based on the quantum master equation. I then extended this theory to include
resummation of an infinite subset of perturbative corrections. I have formulated the
scheme at a general level, emphasizing that is not limited to a particular open quantum
system, but benefits a variety of questions arising in Markovian quantum systems amenable
to perturbative treatment. For the examples I have investigated, I find that the series
resummation can significantly improve the accuracy of the perturbative treatment.

[ have applied perturbation theory including resummation to the open Jaynes-Cummings
lattice, and introduced a diagrammatic representation systematically organizing the con-

tributing terms. There is a good agreement with exact results obtained by extensive
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quantum trajectory simulations. The perturbative treatment is capable of predicting
steady-state observables for finite and infinite Jaynes-Cummings lattices with different
lattice geometries, thus including settings not be easily accessible by other methods. The
capability of obtaining reliable results beyond exactly solvable limits of open quantum
lattices is particularly promising as a method for validating experimental data obtained
with driven and damped circuit-QED lattices.

In chapter 5] we discussed Scanning Defect Microscopy as a new tool probing resonator
lattices. The idea of this technique is to use a movable dielectric probe that can reveal
local photon occupations via frequency shifting. For a resonator array, I have developed
a theoretical model to predict the change in transmission spectrum as a function of
the probe’s position. This theoretical model motivates our collaborative development of
scanning defect microscopy with Andrew Houck’s group. This technique will provide key
insight into local properties of these lattices with interaction, and serve as an important
tool for the study of nonequilibrium phase transitions in the future.

In chapter [6] I presented the theoretical analysis of a one-dimensional circuit-QED
chain built in Andrew Houck’s lab. Using a suitable model together with the quasi-classical
mean-field treatment, I predicted the chain to exhibit critical behavior with increasing
drive power and undergo chaotic dynamics at high power. This theoretical prediction is
consistent with the experimental measurement, and reveals novel many-body phenomena
which are not known in previous studies of circuit-QED lattices. These theoretical and
experimental results show a rapid crossover between two metastable states, which is a strong

evidence for the onset of a dissipative phase transition. This work also demonstrates the
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potential for circuit-QED lattices as a controllable platform gaining a deeper understanding

of nonequilibrium many-body physics.

7.2. Further studies

7.2.1. Further studies based on resummation

The resummation scheme demonstrated in chapter [4]is useful in future studies of nonequi-
librium many-body physics. For instance, the driven-damped Dicke model (section is
an ideal candidate to apply the resummation scheme. I have predicted a critical behavior
when increasing the drive power beyond a certain threshold (section . As usual,
the critical behavior cannot be captured by standard perturbative treatment. It is an
interesting question whether the proposed resummation scheme sheds light on the critical
behavior. In particular, it would be extremely useful if one could identify a correspondence
between certain resummation diagrams and the critical behavior.

Another important and related project will be to apply the resummation scheme to
systems with known mean-field solutions. One popular type of mean-field treatment for
lattice models is to decouple interaction terms between lattice sites. This type of mean-field
treatment preserves the on-site “quantumness” while largely reducing the computational
cost. It is expected that the mean-field treatment becomes exact when the coordination
number Ng goes to inﬁnityﬂ For a specific system, it would be particularly helpful if
re-summing all leading order corrections of 1/N¢ was possible. This resummation, for
example, will further our understanding on whether mean-field features are preserved in

lattices with finite N¢.

For open quantum systems, the general proof of this statement is not known to the best of my knowledge.
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7.2.2. Scanning defect microscopy for interacting photons

For scanning defect microscopy, an important next step is to extend the technique to circuits
involving interacting photons. This requires theory prediction of how the transmission
signal will be affected by the dielectric probe in the interacting case. As in the non-
interacting case, we may be able to follow a strategy to investigate perturbatively how a
small shift in resonator frequency modifies the resonance frequencies.

I anticipate two major challenges. First of all, a perturbative study usually requires a
comprehensive understanding of the unperturbed system. This, however, is exactly what
we want to explore by using the scanning defect microscopy. Thus theoretical predictions
for the “unperturbed” circuit behavior are already rather limited. Moreover, for the
resonator array, there is a fortunate one-to-one correspondence between array eigenmodes
and transmission resonance peaks. Such a simple relation is not available to the best of
my knowledge for systems with interacting photons. It is thus much harder to relate the
change in transmission to the expectation values or state properties of the unperturbed
system.

Given these challenges, one approach is to first study simple systems in the hope that
the result will provide insight into more complicated circuits. One ideal candidate is the
open Jaynes-Cummings model. This model allows relatively easy access to its steady state
through numerics. Experimentalists also have excellent control over the circuit realizing
this model, meaning that theoretical predictions can be tested rather easily. Moreover,
this model is the unit cell of the driven-damped Jaynes-Cummings lattice. Hence, findings

for this simple model may be applicable (with appropriate modification) to the lattice.
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7.2.3. Further studies of the one-dimensional circuit-QED chain

The one-dimensional circuit-QED chain discussed in chapter [6] exhibits a dissipative phase
transition. This inspires further theoretical studies. For instance, it is important to better
understand the quantum nature (including the switching mechanism) of the system since
the mean-field result can be exactly reproduced by a classical model. Moreover, the
high-power state demonstrates chaotic behavior in the mean-field prediction. The origin
of this behavior is not yet well understood. Furthermore, an extension to other realistic
parameter regimes may reveal phenomena that are not seen in the current setup. For
example, in the weak-hopping limit (single-site limit), the system does not exhibit chaotic
dynamics even for high drive power. Investigating the effect of the hopping rate x is thus
fascinating. One interesting equation is whether there is a critical hopping rate to observe

the chaotic behavior.
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A.1. Review of the Moore-Penrose pseudoinverse

Here, a brief review of the definition and basic properties of the Moore-Penrose (MP)
pseudoinverse are provided. The review closely follows refs. 143 [144. The notion of the
MP pseudoinverse was introduced by E. H. Moore in 1920 [145] and then independently by
R. Penrose in 1955 [146] to deal with matrices that have no inverse in the ordinary sense.

Before stating its formal definition, we motivate the MP pseudoinverse by the following
simple consideration. The inverse A~! of a matrix A is well-defined if and only if A is a
non-singular square matrix. Even when a matrix is singular, however, we sometimes need
to find a generalized inverse which resembles the normal inverse. (One such example, in
fact, occurs in ordinary perturbation theory.) If A is a Hermitian square matrix, then

there is a natural way for defining a pseudoinverse. First, factorize A in the form
(A1) A=UDUT,

where U is unitary and D is a diagonal matrix which consists of the eigenvalues of A. By
inspection of D, a matrix D’ is defined by taking the reciprocal of each non-zero diagonal
element of D while leaving the zero elements unchanged. A generalized inverse A’ can

thus be defined as
(A.2) A =UDUT.

If the square matrix A is not Hermitian, such as the superoperator Ly, the procedure

becomes more involved. Let us assume that A is diagonalizable such that

(A.3) A=YDY
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where Y is non-unitary and the diagonal matrix D holds the complex eigenvalues of A. It

is tempting to define the generalized inverse A’ in the same way as in eq. (A.2)), i.e.,
(A.4) A =YDY™

However, this attempt to define a generalized inverse produces a major inconvenience.
Recall that if A is invertible, we have AA™! =1 = A~'A and, hence, both AA~! and a~'A
are Hermitian. Unfortunately, neither A’A nor AA" are Hermitian when using eq. .

To establish a generalized inverse that does fulfill the mentioned Hermiticity property,
recall that the singular value decomposition (SVD) provides an alternative to eq. by

relating a non-Hermitian matrix A to a diagonal matrix D in the following way:
(A.5) A=UDVT,

where U and V' are unitary matrices. [Note: the diagonal matrices in egs. (A.3) and (A.5)
are generally not the same.] Similar to the treatment of Hermitian singular matrices, the

generalized inverse or pseudoinverse, A1, for a non-Hermitian matrix A is defined as
(A.6) ATt =VDUT

Here, D! is again obtained by taking the inverse of the non-zero diagonal elements of D.

There are three advantages in using A" [eq. (A.6)] instead of A’ [eq. (A.4))]. First,
A71A and AA“! are now Hermitian projectors. Second, the SVD and thus also the
pseudoinverse A~! can be computed efficiently. Third, we can easily generalize the

pseudoinverse A~ to cases where A cannot be diagonalized or is not a square matrix
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since the SVD is defined for any complex-valued matrix. The pseudoinverse defined in
eq. (A.6) is called the MP pseudoinverse.
Finally, we prove one property of the MP pseudoinverse which we use in the Methods

section of the main text. Our claim is that
(A.7) AAT = Py,

where P, is the orthogonal projector onto the range of A. By using the definition of A*

in eq. (A.6]), we obtain
(A.8) AATIA = A

This implies (AA"1)2 = AA™! ie. AA! is a projector. Likewise, we infer from eq. (A.6))

that
(A.9) AAT = (AAH)T

which means AA~! is Hermitian. Since a projector is Hermitian if and only if it is an
orthogonal projector, AA~! is an orthogonal projector. Let us denote the range of A by
Ran (A). Then, eq. (A.8) immediately yields Ran (A) = Ran (AA“'A). Using the fact

that composite maps decrease the range according to Ran (AB) C Ran (A), we infer that
(A.10) Ran (A) C Ran (AA™") C Ran (A)

The above relation holds if and only if Ran (A) = Ran (AA™!). Thus we have proven that

AA~L is an orthogonal projector with the same range as A, i.e. AA~! = P,.
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A.2. Derivation of perturbative corrections

We wish to prove that the expression of uff) in eq. 1} rewritten as
. —1
(A.11) u?) = (Lo = AD) " 1fi)

is indeed a solution to eq. (4.6)), i.e., it satisfies

(A.12) (Lo — )\Lo)) |U£Lj)) = [fiu)
where the operators | f;,) are defined as |f;,) = —L; uff_l)> + |A5Lj)). Solving eq. (A.12)) for

|uff)) is a standard linear algebra problem. The necessity for working with a pseudoinverse
lies in the fact that (Lo — )\,(LO)) is singular and non-Hermitian. This prevents us from using
the ordinary inverse to solve for |u£j)). Here, we employ the Moore-Penrose pseudoinverse
denoted by ~!. (A brief review of the pseudoinverse is given in appendix ) While
this choice is not unique, it is convenient since the Moore-Penrose pseudoinverse can be
computed efficiently via singular value decomposition.

After plugging \uff)) from eq. 1) into eq. 1) it is clear that the proof amounts

to verifying that

(A.13) (Lo = A2) (Lo = A T 1 f5) = 1fs) -

Employing the defining properties of the Moore-Penrose pseudoinverse, one finds that the

claim of eq. (A.13) can be written in the equivalent form

(A.14) Pl [fin) = [fiu)-
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where P is the orthogonal projector onto the range of (Lo — )\,(AO)). Since every

Lo—A
projector acts as the identity on vectors from its range, eq. holds if | f;,) belongs
to the range R, of PLO_ NOE Furthermore, since PLO_ AL is an orthogonal projector, the
range R, and the null space N, of PLO_ A are orthogonal subspaces. This implies that
|fj.) belongs to R, if and only if | f;,) is orthogonal to N,. To see that |f;,) L I, note
that (ﬁ&o)]fju) = 0 as a direct consequence of eq. (4.6). To prove that |f;,) L 91, we now
simply make use of the fact that 91, is spanned by the left eigenstate (ﬁL0)| > (GLO))T, ie.,
M, = span{ (i} |}.

We verify the last statement as follows. Since (ﬁ£0)| is the left eigenstate of Ly with
eigenvalue )\LO), it is clear that (L“J,(?)KLO - )\ELO))A) = 0 for any operator A. Thus, (GLO)\ is
orthogonal to the range of (Lo — )\,(LO)). Since (Lo — )\,(LO)) and P~ AD share the same range,

(GLO)| is also orthogonal to the range R, of P Thus, (ﬁ,(f)| is an element of the null

Lo—AW

space 1, of PLO* O Assuming that )\/(lo) is a non-degenerate eigenvalue of Ly, we thus

find that 91, is spanned by (Ell(?) |, as stated.
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A.3. Derivation of steady-state corrections

For the steady state |p,) defined by L|p,) = 0, i.e. |p,) = |ug), the recursion relations
and can be simplified significantly. To see this, recall that L and L, are
proper generators of the quantum dynamical semigroup (section . In order to be trace
preserving (a necessary condition for a proper generator), the identity operator 1 must
be the left eigenstate of L and Ly with eigenvalue zero, i.e. (Ug| = (ﬁéo)| = 1. It follows

that 1 is also the left eigenstate of L; with eigenvalue zero since Ly = L — Ly and thus

Tr[1L,A] = 0 for any operator A. It is straightforward to show from Tr[1L;A] = 0 and

egs. (4.9) and (4.10) that Vj € N,

(A.15) AY = o,

(A.16) o) = —Ly 'Ly [l V).
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A.4. Series expansion of amplitude matrices

The series expansion of (g is valid if all Céj ) can be determined according to
7—1
(A.17) z{! () — ps Z ¢t (k) C(] k)
k=1

which is eq. . Here Z was defined via ZA = (OAT + A (¢9)F and ¢V is determined
through Cholesky decomposition: p C (C ) Equation (A is a system of linear
equations and thus has a unique solution if and only if Z is invertible.

Whether Z is invertible depends on the form of ¢

Hermitian and positive-semidefinite pgo). If one of the eigenvalues of pgg) is zero, there

which in turn depends on the

s 7

is a corresponding eigenvector |¢) such that ol |) = 0. Consider the decomposition:

pgo) = hh where h is a Hermitian matrix. The existence of this decomposition can be

simply proven by writing pgo) in its eigen-decomposition form. Since [¢)) is the eigenvector
of pgo) with eigenvalue zero, |¢) is also the eigenvector of h with eigenvalue zero, i.e.
h|¢) = 0. Moreover, due to the fact that ¢{% (¢ = ol = hh, {9 and h are unitarily
right equivalent [ST) p. 348], i.e. ' = hS where S is a unitary matrix. Thus, [t) is also
the left eigenvector of ¢{” with eigenvalue zero, i.e. ({{)]1)) = Sth|)) = 0. Now, there
must be a right eigenvector of Cgo), denoted by |¢), that corresponds to the same eigenvalue
(which is zero), i.e. % |¢) = 0. We can show by directly substitution that Z(T |¢) (¢|) = 0
where T is the matrix corresponding to Gaussian elimination which transforms (|¢) (¢|)

to a lower triangular matrix. Therefore, Z is not invertible if pgo) contains at least one

eigenvalue zero.
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If Z is not invertible, eq. (A.17) either has infinitely many solutions or no solution.
The former case, in which there are infinitely many solutions, can be bypassed if we shift
the eigenvalues of pgo) away from zero. To do so, we consider a shift by an identity-matrix

component 1 according to

©) 4 1.

S

(A.18) p® o

S

We choose the auxiliary parameter c as close to zero as possible while maintaining numerical
stability. In this way, we obtain a procedure to obtain a unique solution to eq. .
This method is similar to the correction matrix method [127, [128] for the Cholesky
decomposition of matrices with eigenvalue(s) zero. There, a small diagonal correction
matrix is also added to the original matrix to avoid the eigenvalue(s) zero.

If we encounter the case in which there is no solution, we cannot determine ¢\, In
fact, a two-level system coupled to finite temperature bath with D [0"] term treated as
the perturbation belongs to this case. The failure to determine ng) indicates that the
series expansion of (g is invalid. This originates from the fact that if pgo) contains any zero
eigenvalues, the leading order term of some elements of (s may be of the order of a'/? (or
a’/? etc.) instead of a”. For real functions, an analogy would be the case y(a) = 22(«)
where y can be written as a power series in «. If the leading order term of y is of the
order of a, x is a series that only contains half-integer orders of a and thus is not a proper
Taylor series. Different expansion types would be needed in this case which we do not

discuss further here.
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A.5. Detail of resummation

This appendix provides the proof that powers of the U-superoperator can be written
as [eq. ({.50)],
' J
(A.19) W=>" ;T
k=0

where the prefactor ;_; consists of all possible combinations of -superoperators of

total order j — k. The definitions of the involved T-superoperator and -superoperator

legs. (4.40]) and (4.43)] are

(A.20) =0, T=U,

(A.21) TU= ;+T; (), =0w(T4U),,.

We further define =Ty = 1.

We prove (A.19) by mathematical induction. The U! case clearly satisfies (A.19)),

(A.22) U'=T= 11+1T;= To+ oTu.
Assume that (A.19)) holds up to power j — 1, i.e.

J—1
(A23> Uji1 = Z ijflfk.

k=0
Then, the decomposition rule (4.45]) yields

j—1

(A.24) W=w'u=> T, 14U

k=0
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The product T;_;_;U is separated according to eq. (A.21), ie. Tjo1_yU = ;5 + T, so

we obtain

j—1 j—1
(A25> Uj - Z k j—k + Z ij,k.
k=0 k=0

The first sum, Zf;g k j—k, consists of all products of -superoperators with combined

order j, i.e. Z{;g k j—k = j. As aresult, it follows that

Jj—1 J
(A.26) W= ;To+ Z KTk = Z kT ik
k=0

k=0

which concludes the proof.
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A.6. Computational cost for perturbative calculations with resummation

The computational cost in calculating perturbative results for the open Jaynes-
Cummings lattice primarily stems from summation over matrix elements of the Ukr-
superoperator. For each summation, the number of terms is given by N, which corresponds

to either the number of qubits or photon modes. The number of necessary summations for

rank-j corrections is given by 27, see eqs. (4.69) and (4.70]). As a result, the overall cost

scales algebraically with the number of sites, namely ~ N%. Results for infinite lattices
hinge upon the possibility to carry out summations analytically for specific cases, such as
for leading-rank corrections of infinite Jaynes-Cummings lattices with periodic-chain or

global-coupling geometry.
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A.7. Model underlying the ADR estimation

First, consider stochastic switching between two pure states |1) and |2). The simplest
description is based on a two-level Hamiltonian H = Fy; |2) (2| where Fy; is the energy

difference between the two states, and the Lindblad master equation

(A.27) p = —i[H, p] + 72D [12) (1]} p + 722D [[1) (2[] o,

with D[A] denoting the usual Lindblad damping superoperator for jump operator A. The
resulting 4 x 4 Liouvillian L is block-diagonal, where one of the two blocks fully captures
the dynamics of density matrices of the form p(t) = p1(¢)|1)(1| + p2(t)]2) (2|, where the
probabilities p; » obey the rate equation (6.28). This model can be extended and made
more realistic by considering subsets of pure states that make up the two metastable states

p1 and py, which are likely to be mixed states rather than pure states.
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