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Abstract 
 
A CALPHAD based approach for modeling the thermodynamics and kinetics of thermoelectric 

materials 
 

Matthew C. Peters 
 

 Thermodynamic and kinetic modeling of Pb based chalcogenides in the PbX (X=S,Se,Te) 

system have been performed. The thermodynamic and kinetic models are based on the CALPHAD 

method with input from first-principles calculations using density functional theory (DFT) as well 

as experimental data. These models can be used in the design and optimization of these materials 

for thermoelectric purposes. In addition, thermodynamic assessments of the A-Q (A=Bi, Sb; 

Q=Te, Se) systems have been formed and a technique for modeling homologous compounds has 

been addressed. 

 Many thermodynamic assessments of the Pb-X systems use stoichiometric models to 

describe the PbX phase; however, the native defects of the PbX semiconductor create intrinsic 

carriers that play key roles in optimizing the carrier concentration of the thermoelectrics. First-

principles calculations using density functional theory and the dilute limit approximation have 

been performed to determine the dominant defects in the PbSe compound. The dominant defects 

were found to be Pb and Se vacancies for Se-rich and Pb-rich growth conditions, respectively. The 

formation energies of the defects were calculated along with the total number of defects and 

compared to experimental data in the literature, which agree in type, but differ in overall magnitude 

from the first-principles calculations.  

 To get a more accurate thermodynamic description of the intrinsic carriers, CALPHAD 

assessments have been performed using a five-sublattice (5SL) model and a simpler two-sublattice 

(2SL) model. Each model contains parameters used in the optimization that can be linked to 
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physically measurable constants or values that can be derived from first-principles or experiments. 

The two models agree well with each other as well as the experimental and DFT data. The 2SL 

model was used to build a thermodynamic database for the pseudobinaries and pseudoternary 

Pb(S,Se,Te) system. In addition, Na doping in the PbX phase has been calculated via first-

principles and incorporated into the CALPHAD models. 

 A kinetic assessment of the PbS-PbTe has been performed using experimental data derived 

from a diffusion couple. A forward simulation method was used to determine the interdiffusivities 

from the annealed composition profiles. The interdiffusivities were used to build a mobility 

database, which agrees reasonably well with the experimental data. 

 Lastly, an overview of how these models can be used to optimize thermoelectric materials 

has been given. The lattice thermal conductivity can be modeled using the Debye-Callaway model, 

which can be used to determine an optimal particle size for a second phase dispersion. A single 

parabolic band model is used to describe the transport properties dependence on the carrier 

concentration, which can be determined from the previously determined phase diagram. The 

thermodynamic and kinetic databases can then be used with PrecipiCalc to determine appropriate 

annealing times to achieve desired microstructure. Annealed microstructures of the Pb(Te,S) 

system indicate that this material does not go through homogenous nucleation but instead a 

discontinuous precipitation process that deserves further investigation. 
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1. Introduction 
 
 Human history has been sequenced by its interaction and use of materials. From the Stone 

Age followed by the Bronze, Iron, and now what some refer to as the Silicon Age, our 

technological progress has been shaped by the materials society uses. Therefore, the advancement 

of human civilization depends on the focus and development of new materials. In fact, many of 

the Grand Challenges for Engineering outlined by the National Academy of Engineering can be 

addressed with novel materials, such as improving the efficiency of solar cells or increasing the 

access to clean water[1].  

 Unfortunately, the traditional development and optimization of new materials is an 

economic and time intensive endeavor. Often, decades pass between when a new material is 

discovered and its eventual commercial use due in large part to a dependence on trial and error 

testing. To address this issue, the Obama administration launched the Materials Genome Initiative 

(MGI) in order to support the development of tools, databases, and best practices to reduce the 

time to market for new materials[2]. The MGI is a wide ranging, collaborative effort between 

experimentalists, theorists, and data scientists that hopes to lay the groundwork for how the future 

research of materials should be conducted. 

One of the most promising practices for the development of new materials is an approach 

known as Integrated Computational Materials Engineering (ICME), which focuses on the interplay 

between experiments and computational methods to model the process-structure-property-

performance relationship[3, 4]. Computational materials research has progressed enough to the 

point where optimal compositions or processing conditions can be predicted and tested, thereby 

eliminating many unnecessary tests. The models and databases can be further fine-tuned with 

additional experimental testing, which in turn leads to a more narrow and focused experimental 
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conditions to explore. The two practices have a symbiotic relationship and are able to produce far 

more together than they ever could separately. Companies that have embraced ICME practices, 

such as Ford, General Electric, Boeing, and Toyota, have reported returns on investment to be over 

7:1 and a significant reduction in development time of new materials[3]. ICME methodologies can 

range from using machine learning on large datasets to determine promising unexplored 

compositional spaces, to a narrowed focus on the optimal microstructure for a given alloy.  

One of the most fundamental tools for ICME related projects is a well-established 

thermodynamic database, which functions as a “genome”. The knowledge of the thermodynamics 

of a system allows for the creation of phase diagrams, from which, essential information can be 

determined and calculated. Although the thermodynamics dictate the final equilibrium state of the 

system they are also required for modeling the kinetics of an evolving system. There are many 

ways to model the thermodynamics of the system but one of the most accepted techniques is 

through the CALPHAD (CALculation of PHAse Diagrams) method[5]. The CALPHAD method 

is a semi-empirical approach that models the Gibbs free energy of various compounds based on 

available experimental data. Recent efforts have sought to include data from first-principles 

calculations in order to supplement the experimental data that is either unavailable or not 

measurable in the laboratory setting[6]. This practice creates more physically appropriate models, 

which are necessary for phase diagrams as well as more accurate extrapolation into higher ordered 

systems.  

The CALPHAD method has had wide use and acceptance in the metallurgical field; 

however, its use in semiconductors is much more limited and therefore an area that requires further 

advancement. A particularly interesting group of semiconductors that would benefit from an ICME 

motivated optimization are thermoelectric materials. Their unique ability to convert temperature 
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gradients into electricity allow them to be used in waste heat recovery efforts[7]. Nearly 60% of 

our energy use is lost to waste-heat, therefore, thermoelectrics could play a key role in addressing 

our growing energy needs[8]. Thermoelectrics are also able to convert electrical currents into 

temperature differences, thereby offering a solid-state heating and cooling solution. Despite the 

fact that these materials have such interesting properties and have been known since the late 

1800’s, they have only been used in very niche applications, where cost is not a limiting factor. 

Their widespread adoption is limited by their low efficiency, which is usually described by its zT 

value, calculated as: 

 

𝑧𝑇 = 	 (
567
8

  (1.1) 

 
Where 𝑆, 𝜎, 𝑇, and 𝜅 are the Seebeck coefficient, electrical conductivity, temperature, and thermal 

conductivity, respectively. It is thought that a zT value of 3 is necessary in order for thermoelectrics 

to be economically feasible; however, current high performing materials only approach 2.5[9]. 

 Optimizing these materials has proved to be difficult as the individual properties are all 

intrinsically linked such that beneficially changing one will adversely affect another resulting in 

no increase in zT. As an example, the Seebeck coefficient and electrical conductivity are both 

functions of the carrier concentration as depicted in Figure 1.1[10]. Increasing the carrier 

concentration generally increases the electrical conductivity, which simultaneously decreases the 

Seebeck coefficient. Despite this, there are some proven methods for increasing the overall zT. The 

power factor, defined as 𝑆'𝜎, can be optimized through carrier concentration tuning[11]. This is 

exemplified by the carrier concentration and power factor relationship depicted in Figure 1.1, for 

which there exists a maximum in the power factor at a given carrier concentration. The thermal 

conductivity has contributions from the electronic and lattice components. The lattice thermal 



 

 

23 

 

conductivity can be reduced through hierarchical structuring that introduces defects such as grain 

boundaries, precipitates, and point defects that scatter heat-carrying phonons of various wave 

lengths[12]. Careful consideration of the defects results in a decrease of the thermal conductivity 

without adversely affecting the other variables. Lastly, band engineering where thermoelectrics 

are alloyed with other elements in order to beneficially alter their band structure has also increased 

their transport properties[13]. The carrier concentration of a semiconductor is a function of the 

amount of intrinsic and extrinsic defects of the system, which can be determined by the phase 

diagram[14]. In addition, the volume fraction of precipitates and degree to which a material can 

be alloyed are also found from the phase diagram. Therefore, knowledge of a thermoelectric’s 

phase diagram and the thermodynamics play a fundamental role in predicting optimizing these 

novel materials[15] and will be the focus of this work. 

 
Figure 1.1: General relationship between Seebeck Coefficient (S), electrical conductivity (𝜎) and 
power factor (S2𝜎) vs. carrier concentration 

 Chapter 2 of this dissertation focuses on first-principles calculations of the binary PbSe 

system to determine what the dominant defects are as well as provide fundamental inputs for the 

CALPHAD models discussed later. These calculations are a necessary step in order to build our 

models and help to ensure the CALPHAD parameters are physically consistent. Chapter 3 
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introduces and compares two CALPHAD models, a 5-sublattice (5SL) and 2-sublattice (2SL) 

model, used in building the thermodynamic databases and their descriptions of the intrinsic carriers 

of the binaries in the PbX (X=S,Se,Te) system are discussed. Chapter 4 provides a thermodynamic 

description of the pseudobinaries and pseudoternary of the PbX system, as well as the Na solubility 

limits in the individual compounds and extrapolation to higher ordered systems. Chapter 5 

discusses the kinetic modeling using the established thermodynamics of the PbS-PbTe system and 

new kinetic database. Chapter 6 explores how the models built for the PbX system can also be 

applied to other thermoelectric materials in the A-Q (A=Bi,Sb; Q=Se,Te) systems as well as a 

method for modeling homologous compounds that are found in many thermodynamic assessments. 

Lastly, Chapter 7 provides an outline for how these models can be used in the design of a 

thermoelectric material and what future work should be done in order to optimize these 

thermoelectric materials. 
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2. First-principles calculations for understanding defects in the PbSe 
system 

 
2.1 Introduction 

 
Defects are often responsible for many interesting and desirable properties of materials. They 

can provide strengthening mechanisms, alter the diffusion of the system, or affect the solubility 

limits of compounds[16]. In the case of semiconductors, one of the most important roles of defects 

are to produce the charge carriers of the system[17]. Defects can be defined as either intrinsic, 

which are native to the specific compound, or extrinsic, which are introduced as dopants. Defects 

come in many forms from interstitials, antisites, or vacancies and can vary in charge state. The 

number of different possible combinations makes the analysis and determination of the type of 

defect quite difficult. There are experimental methods for determining both the type and charge of 

defects, but they rely on indirect observation and complex analysis techniques[18]. The 

implementation of first-principles calculations allows researchers to have direct control of the 

defects and charge state of the system, which is impossible to obtain experimentally[19]. In 

addition to being a powerful tool of its own, first-principles calculations have also been shown to 

effectively complement CALPHAD model development by providing physically relevant data that 

is not accessible through experiment[6]. 

 The calculation of defects in semiconductors via first-principles calculations has garnered 

much attention. Density functional theory (DFT) has been used to show that unwanted n-type 

conductivity in ZnO originates from impurities in the source material, in lieu of the previously 

thought intrinsic defects[20]. This was done by comparing the formation energy of the intrinsic 

defects, which were generally large, to that of common impurities. Hydrogen interstitials as well 

as hydron substituting on the O site were both shown to be shallow donors and likely the cause of 
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the n-type conductivity. This was an unexpected result as hydrogen often changes charge state 

depending on the growth condition but had consistent donor-like behavior in ZnO. Ensuring 

growth conditions in a hydrogen poor environment would thus reduce the likelihood of 

unintentional n-type doping. First-principles calculations have also been used to predict the carrier 

concentration in Pb-based chalcogenides[21, 22]; however, careful consideration of the functionals 

within DFT are necessary due to the well-known “band-gap problem”. The most common 

functionals used in DFT, local density approximation (LDA) and the generalized gradient 

approximation (GGA), are inaccurate at predicting band-gaps, causing errors in the formation 

energy, to be discussed below [23]. 

 Incorporating first-principles calculations into CALPHAD models is becoming 

increasingly common[24, 25]. CALPHAD assessments depend on phase diagram as well as 

thermochemical data in order to build physically accurate models. Often times, this requires 

knowing the thermodynamics of phases in either unstable structures or compositions, which are 

unable to be determined experimentally. Work arounds include approximating these values, 

although this is no longer necessary with the implementation of first-principles calculations[5]. 

DFT calculations can provide the enthalpies of formation of various compounds and has been used 

to successfully model a number of systems, including Al-Sr[26], Al-Ca[27], and Cu-Si[28] to 

name a few. First-principles calculations can also be used to determine the enthalpy of mixing of 

random solid solutions using special quasi-random structures (SQS) as in the Al-Mg system[29], 

as well as model the magnetic properties and magnetic transitions found in 𝛼-Ce and 𝛾-Ce[30]. 

 In order to accurately model thermoelectric compounds, we first need to gain insight into 

what the dominant carriers of the system are. In addition, the parameters in the CALPHAD models 

can be linked to physical properties such as the formation energy of a defect as well as ionization 
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energies[31]. Thereby, we can ensure that the models developed here are physically reasonable by 

fixing parameters to the DFT determined values or comparing the final optimized parameters to 

those calculated from first-principles. In this work, the carrier concentration of binary PbSe has 

been investigated under the dilute-limit approximation in order to determine the dominant defects, 

carrier concentration, and formation energy as determined by DFT.  

2.2 Dilute-limit Approximation 
 

In order to determine the dominant defects of the system, the formation energy of defects in 

the system must be known. First-principles calculations have been successfully used in similar 

systems and that approach has been used here[21, 22]. The dilute-limit approximation is used to 

determine the formation energy and concentration of the defects in the PbSe system. The formation 

energy of a defect is calculated as[19]  

 
Δ𝐸?

@(∆𝜇, ∆𝜇)) = C𝐸@ − 𝐸EF − ∑ Δ𝑁I
@(𝜇IE + Δ𝜇I) −K

ILM Δ𝑁)
@(𝐸NOP + Δ𝑉$Q + Δ𝜇)) + Δ𝐸RS	 (2.1)	

 
where 𝐸E and 𝐸@ are the total energies of the defect-free and defect containing supercell for defect 

j, respectively. Δ𝑁I
@ is the number of atoms of type i removed (Δ𝑁I

@<0) or added (Δ𝑁I
@>0) from 

the system. 𝜇IE is the chemical potential of atom i in its standard reference state (fcc for Pb and 

hexagonal for Se) and Δ𝜇I is the change in chemical potential of element i relative to its standard 

reference state dependent on the equilibrium conditions, i.e. Pb-rich or Se-rich. Similar to Δ𝑁I
@, 

Δ𝑁)
@ is the number of electrons added or removed from the system, where Δ𝑁)

@  is greater than 

zero for electrons added to the system and less than zero for electrons removed from the system. 

𝐸NOP  is the energy of the valence band, Δ𝑉$Q a potential alignment term, and Δ𝜇)  the Fermi level 

of the system relative to the 𝐸NOP . Lastly, Δ𝐸RS  is an image charge correction term. The parameters 
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𝐸E, 𝐸@, 𝜇IE, Δ𝜇I, and 𝐸NOP  can all be derived from the DFT calculations, Δ𝑉$Q and Δ𝐸RS  are post-

processing correction terms, and Δ𝜇)  can numerically be solved for as described below. 

The chemical potentials of Pb and Se are given by their DFT determined total energies in 

their stable structure at 298 K and 1 atmospheric pressure, known as their stable-element reference 

(SER) state. The chemical potential, 𝜇I, is unchanged when in equilibrium with the SER of atom 

i. Therefore, under Pb-rich conditions, the chemical potential of Pb is equal to 𝜇IE and Δ𝜇I is equal 

to zero. Since there are no other stable phases in equilibrium with PbSe other than the SER of Pb 

and Se, the chemical potential of Se is then fixed by the chemical potential of PbSe, 𝜇$%(), which 

is calculated from the chemical potential of its constituents, 𝜇$%  and 𝜇()[18]: 

 
𝜇$% + 𝜇() = 𝜇$%()   (2.2) 

 
Under Pb-rich conditions the chemical potential of 𝜇()  is reduced from its SER. The same process 

can used to determine the change in chemical potential of a Pb atom in a Se-rich environment in 

equilibrium with hexagonal Se. Since these are the only two solid phases in equilibrium with PbSe, 

no further adjustment of the chemical potentials is necessary. 

To determine the concentration of defects, the formation energies of the defects and thus 

the Fermi level of the system must be known. To fix the Fermi level, the charge neutrality condition 

must be enforced 

 
∑ Δ𝑁)

@𝑛@ + 𝑛& − 𝑝* = 0@ 		(2.3)	

 
where	, 𝑛@ is the number of defects j per formula unit, and 𝑛& and 𝑝* are the concentration of 

electrons and holes respectively. To determine the number density of electrons and holes under the 
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rigid band approximation, the density of states, 𝑔(𝐸), determined via first-principles calculations, 

can be multiplied by the Fermi function and integrated over the appropriate energy levels:  

 
𝑛&(𝑇, ∆𝜇)) = ∫ 𝑔(𝐸) M

M*)
(Z[∆\]	)

^_`
a

𝑑𝐸c
de

  (2.4) 

 
𝑝*(𝑇, ∆𝜇)) = ∫ 𝑔(𝐸) M

M*)
(∆\][Z)

^_`
a

𝑑𝐸E
&c   (2.5) 

 
where 𝐸 and 𝑘% are the energy of the system and Boltzmann constant, respectively.  All energies 

here are relative to the valence band maximum and 𝐸g  is the band gap of the host material. The 

concentration of point defects 𝑛@ is given by a simple Arrhenius equation under the dilute-limit 

approximation[19] 

 

𝑛@(𝑇, ∆𝜇, ∆𝜇)) = 𝑁hIi)
@ 𝑒

&kdl
m

n_7
a

  (2.6) 

 
where 𝑁hIi)

@  is the number of possible sites for defect j in the formula unit and Δ𝐸?
@ is calculated 

using equation 2.1. Equations 2.4, 2.5, and 2.6, are combined with the charge neutrality condition, 

equation 2.3, which yields the Fermi level, ∆𝜇) , for a given temperature. This allows for the 

enthalpy of formation as well as concentration of electrons, holes, and other defects to then be 

determined. 

 
2.3 Correction Schemes 

 
The creation of charged defects in a supercell calculation requires correction terms. To ensure 

charge neutrality conditions are not violated, a background neutralizing charge is introduced, 

which affects the potential of the calculation[32]. The shift in potential means that the energy levels 
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of a defect containing supercell and a defect-free supercell are not directly comparable and thus an 

adjustment, taking the form of a constant offset, is required. By assuming that the electrostatic 

potential far away from the defect should be identical to that of the host cell, the offset can be 

determined. The offset is determined by calculating the average difference in electrostatic potential 

around each atom in the supercells between the defect cell, 𝑉)o,pqrrrrr, and the perfect cell, 𝑉)o,pErrrrr, at a 

distance greater than or equal to one half the distance between periodic image defects, 

 
Δ𝑉$Q =

M
K
∑ s𝑉)o,pqrrrrr − 𝑉)o,pErrrrrt  (2.7) 

 
In this study, the value Δ𝑉$Q for various defects ranges from near zero to approximately 0.15 eV 

in magnitude. The largest offset was found to be -0.13 eV for a negatively charged (-2) vacancy 

on the Pb site, which is shown in Figure 2.1(a) for 𝑉𝑎$%&'  and Figure 2.1(b) for 𝑉𝑎()*'. 

 

 
 
Figure 2.1: The potential alignment term for defects a) 𝑉𝑎$%&' and b) 𝑉𝑎()*'. The potential alignment 
is determined by averaging the difference in electrostatic potential from the defect and defect-free 
supercell for atoms equal to one half of the unit cell away for the defect. 

 
 In addition to the potential alignment term, we must also correct for the defect-defect 

interactions that occur due to the periodic boundary conditions. The corrections are determined 
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through a Makov-Payne expansion, which is given to third order in 𝐿 for a 3-D array of length, 

L[33] 

 

Δ𝐸RS =
v5w
'xy

+ 'zv{
|x}y

+ 𝑂(𝐿&�)		(2.8)	

 
where 𝛼 is the Madelung constant (1.75) of the periodic array of defects, Q the second radial 

moment of the charge density, 𝜂 the dielectric constant, and 𝑞 the charge of the defect. The 

dielectric constant is calculated to be 232 for PbSe, which agrees with the room temperature value 

of 204. This large dielectric constant drastically reduces the image correction term such that it has 

a negligible effect on the formation energies, as has been seen in other studies[22] [21] [34]. 

2.4 Computational Methodology 
 

The total energies of the perfect and defect containing supercell were determined by DFT[35] 

[36] calculations performed with the Vienna Ab-initio Simulation Package[37] (VASP) [38] with 

projector-augmented wave[39] (PAW) potentials utilizing the generalized gradient approximation 

(GGA) exchange-correlation functional of Perdew, Burke, and Ernzerhof[40] (PBE). These 

calculations treat the 6s26p2 and 4s24p4 electrons as valence in the Pb and Se atoms, respectively. 

The NaCl crystal structure for PbSe was taken from the Inorganic Crystal Structure Database[41] 

(ICSD). For the defect calculations, 3 x 3 x 3 supercells were created from the conventional unit 

cell of PbSe and contain 216 total atoms. Structures were allowed to relax with a maximum cutoff 

energy of 350 eV and Monkhorst-Pack 4 x 4 x 4 k-point meshes[42]. These parameters were 

determined to converge the defect formation energies to within 15 meV with respect to cutoff 

energies and Monkhorst-Pack k-point meshes. Lattice parameters and atomic positions were 

allowed to relax until energy convergence reached 0.1 meV and a final static calculation was 
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performed to determine the total energy. The dielectric constant was calculated using density 

functional perturbation theory implemented in VASP and includes ionic contributions[43-45].  

2.5 DFT Calculations 
 

In order to determine the dominant defects in PbSe, both antisite, vacancy, and interstitial 

defects ranging in charge from -2 to +2 are considered. Equations 2.1 and 2.3-2.6 are used to solve 

for the Fermi level, from which defect formation energies and concentration of defects as a 

function of temperature are determined. The temperature dependence comes from the Arrhenius 

expression for the concentration of defects as well as the change in density of states. The range of 

Fermi levels, calculated by the charge neutrality condition as a function of temperature and 

equilibrium conditions, are shown in Figure 2.2.  The Fermi level under Se-rich conditions 

approaches the valence band maximum, causing p-type carriers in the system. Conversely, under 

Pb-rich conditions, the Fermi level lies much closer to the conduction band resulting in n-type 

carriers. This result matches the qualitative results of the carriers found in experimental 

investigations, which determined p and n-type carriers for Se-rich and Pb-rich growth conditions, 

respectively[46]. 
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Figure 2.2: Calculated Fermi level as a function of temperature. Fermi levels are calculated by 
enforcing charge neutrality at a given temperature. 

 
 The formation energies of various defects as functions of the Fermi level are shown in 

Figure 2.3. The temperature-dependent Fermi levels calculated from the charge neutrality 

condition are also shown through the green shaded region. Under Pb-rich conditions, the defect 

𝑉𝑎()*' is the lowest formation energy for all Fermi energies. Similarly, the 𝑉𝑎$%&' defect is lowest in 

Se-rich conditions. These are consistent with the results found in both the PbS and PbTe systems 

in similar studies[22] [21, 47].  In addition, the doubly ionized vacancies are consistent with 

experimental evidence for vacancies playing the dominant role as defects within this system. 

Ohashi ruled out interstitial defects as playing a role and identified vacancies as the dominant 

defects in their selenium partial pressure effects on carrier concentration investigation [48]. This 

result is also in agreement with Chou’s study, whose maximum solubility measurements could 

only be explained if vacancy defects were assumed[49].  

The ionization energy, or transition energy, of the doubly ionized vacancies required for 

the CALPHAD model can also be calculated from these figures. The ionization energy of a defect 

is the Fermi level at which the neutral defect and charged defect are the same[20]. The ionization 

energy of 𝑉𝑎$%&' and 𝑉𝑎()*' are -0.13 eV and 0.49 eV relative to the valence band maximum, 
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respectively. Due to the disagreement of the DFT calculated band gap of 0.487 eV and the 

temperature dependent experimental band gap of 0.275 eV at 300 K[50], these transition energies 

are scaled as a fraction of the DFT derived band gap and converted to an equivalent fraction of the 

experimental band gap to be used in the 5SL model[22] to be discussed later. 

 

 
 

Figure 2.3: Formation energies of various defects as predicted by DFT as a function of the Fermi 
energy relative to the valence band edge (VBM). By enforcing charge neutrality, a range of 
possible Fermi levels can be determined as shown in the shaded region. Doubly-ionized vacancies 
have the lowest formation energy in either condition. 

 
 The DFT predicted carrier concentrations are shown in Figure 2.4 along with experimental 

data from several studies[46, 49, 51, 52]. The calculations are in qualitative agreement with the 

experimental data. However, the DFT calculations under predict the experimental carrier 

concentration in the Pb-rich condition and over predict it in the Se-rich regime. The slope, with 

respect to inverse temperature, agrees well with experiment; nonetheless, the magnitude of carriers 

is in slight disagreement for Pb-rich and even more so in Se-rich conditions. This discrepancy is 

likely due to the difference in equilibrium conditions in the experiment, where PbSe is in 

equilibrium with liquid Pb and Se. Conversely, the calculations only take into account being in 

equilibrium with solid Pb or Se. In addition, the disagreement between the calculated and room 
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temperature band gap could also play a role. Calculations that include spin-orbit coupling (SOC) 

could provide greater accuracy as they more accurately predict the band gap of these materials, 

but are much more computationally expensive[53]. Nonetheless, the agreement between the slope 

of the calculations and experimental data should provide confidence that our enthalpies of 

formation, as given in Table 2.1 for various defects are accurate.  

 

 
 

Figure 2.4: DFT predicted carrier concentrations with experimental data. The calculations agree 
qualitatively; however, disagree on the magnitude. This could be due to the difference in 
equilibrium conditions, as much of the experimental data is in equilibrium with the liquid, or the 
error in the predicted band gap. 

 
Based on these results, the CALPHAD model will consist of doubly ionized vacancies on 

the Pb and Se lattice, along with their associated neutral defects that will serve as optimizing 

parameters for the 5SL model. The formation energies of neutral vacancies has also been 

calculated, which are not affected by the error in band gap measurements as their formation 

energies are independent of the Fermi level according to equation 2.1. The 5SL model uses non-

degenerate semiconductor physics to describe the Gibbs free energy of electrons and holes of the 

ionized system. The neutral defects serve as reference values for the end-members containing 
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unionized defects and the DFT energies are used as a starting point for the optimization, listed in 

Table 2.1.  

 
Table 2.1: Formation values as calculated by DFT in Pb-rich and Se-rich growth conditions. 

PbSe Formation Energies at 300 K as Determined by DFT (eV/defect) 
Defect Pb-Rich Conditions Se-Rich Conditions 
𝑉𝑎()*' 0.59 1.60 
𝑉𝑎()*M 0.82 1.90 
𝑉𝑎()E  1.08 2.25 
𝑉𝑎$%&' 1.33 0.32 
𝑉𝑎$%&M	 2.59 0.55 
𝑉𝑎$%E  2.06 0.90 
𝑉𝑎$%*M 2.59 1.35 

 

 Recent work has outlined the difficulty in accurately calculating the correct carriers in 

narrow bandgap semiconductors using GGA potentials. In the work done by Doak et al[21], which 

also calculated the formation energy of Na defects in various charge states in PbTe and PbS, they 

found that some Na defects had negative formation energies, which would not be physically 

reasonable. They attributed this to a possible unknown ternary compound that existed below the 

convex hull that when taken into account would have increased the formation energy of the 

compounds due to a change in the chemical potential of the individual elements. Later work done 

by Bajaj et al[34] determined that these anomalous negative formation energies were created by 

delocalized electron states caused by unexpected charge defects. The delocalized electrons would 

compensate the unexpected charge state, resulting in a configuration which would be 

representative of the correct charge state. Therefore, only defects with expected charge states, 

determined by simple electron counting, should be used in these calculations. To address this issue, 

the calculations above have been repeated using only expected charge states (i.e. doubly ionized 

vacancies, interstitials, and antisites). The formation energies under this condition remain 
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unchanged for 𝑉𝑎()*' and 𝑉𝑎$%&', which can be attributed to the fact that the defect formation 

energies of the other defects are higher and therefore do not contribute many carriers, thereby not 

affecting the charge neutrality condition. 

 The inaccuracy of band gap calculations from GGA potentials is a well-known problem. 

In order to better calculate the band gap, more accurate potentials can be used. The effect of various 

potentials on PbTe has been studied and determined that only hybrid functions (HSE) that utilize 

spin-orbit coupling (SOC) and GW theory are capable of accurately predicting the carriers in 

PbTe[23]. The calculations here could be improved by using this higher-level theory, but at a much 

greater computational cost. For example, the calculations done in the work done by Goyal[23] 

were done on a 64-atom supercell as opposed to 216-atom supercell used in this study. The smaller 

cell size required to utilize the more complex potentials may introduce errors that cancel out the 

increased accuracy. Lastly, the discrepancy in band gap determined by GGA vs experiment in 

PbTe is much larger than the discrepancy in PbSe and therefore we would expect the error to be 

mitigated in PbSe as well.  

2.1 Conclusions 
 

The intrinsic defects of PbSe have been investigated via first-principles calculations using 

DFT. Vacancy, antisite, and interstitial defects were all taken into account and the doubly ionized 

vacancies on the Pb and Se site under Se-rich and Pb-rich conditions, respectively, were found to 

be the defects of lowest energy. The Fermi level was determined by enforcing charge-neutrality 

and the concentration of the defects was determined. PbSe shows n-type and p-type conductivity 

for Pb-rich and Se-rich growth conditions, matching experiment. The magnitude of carriers differs 

from experiment, but the slope and thus formation energy of the primary defects are in agreement 

with experiment. Methods for improving these calculations using more accurate potentials were 
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discussed; however, the agreement between the first-principles calculation and experiments are 

sufficient here. Knowledge of the primary defects as well as some of the physical properties such 

as defect formation energies, are necessary for building an accurate CALPHAD model to be 

explained in the next chapter. 
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3. CALPHAD Modeling of binary semiconductors 
 

3.1 Introduction 
 
 The thermodynamics of a system lay the groundwork for addressing many materials-based 

problems as it dictates the equilibrium state the system is trying to achieve. The stability of certain 

phases in a given set of conditions is determined by the thermodynamics and often represented as 

a phase diagram. These phase diagrams play a fundamental role in any investigation of materials 

and a plethora of information can be determined from an accurate phase diagram. The 

thermodynamics also play a key role in more complex processes such as determining the driving 

force for nucleation of a second phase or determining the chemical potentials, which are necessary 

for simulating diffusion in materials[5]. It is clear that any study of materials must first start with 

a solid foundation of its thermodynamics. 

 There are many ways to model the thermodynamics of the system, each of which contains 

their own pros and cons. In Chapter 2, first-principles calculations using DFT were discussed as a 

method for predicting both the type and concentration of carriers in the system. Although a very 

powerful tool, first-principles calculations have their own limitations, which were discussed in the 

previous chapter. Mainly, the fact that first-principles are determined from fundamental laws and 

quantities makes them extremely inflexible. Correction schemes and more accurate exchange 

potentials can be used to improve the accuracy of the calculations, but there is limited leeway if 

the calculations are in contradiction to experiment[18]. A much more flexible method for modeling 

the thermodynamics of a system is through the CALPHAD (CALculation of PHAse Diagrams) 

method, which uses models that consist of adjustable parameters[5]. These parameters can then be 

optimized to describe either experimental data or first-principles calculations. These parameters 
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allow CALPHAD models to be much more flexible in describing the thermodynamics of a system 

than first-principles calculations alone. 

 CALPHAD models are generally built from assessments of individual systems and start 

from a bottom-up approach where unaries are used to build binaries, then ternaries and beyond[54]. 

The added flexibility of the CALPHAD method allows for the development of multicomponent 

thermodynamic databases. If appropriate models are selected and the models are fit to accurate 

data, then CALPHAD models can be used to extrapolate into higher ordered systems, which have 

not been assessed. The reliability of the extrapolation relies on the accuracy of the constituent 

subsystems, so careful attention should always be made to the models and experimental data used 

in CALPHAD assessments. 

 The fundamental thermodynamic property of interest in most CALPHAD assessments is 

the Gibbs free energy, which is determined at constant temperature and pressure, consistent with 

many experiments[55]. The Gibbs free energy of a phase, 𝛼, is calculated from a sum of individual 

components 

 
𝐺�w = 𝐺h�?

�
w + 𝐺���h

�
w − 𝑇 𝑆��?

�
w + 𝐺d �

w   (3.1) 

 
The first term represents the “surface of reference” and is the Gibbs free energy of the unreacted 

components, 𝐺���h
�
w  contains any contributions from physical models, such as magnetic or 

electronic contributions, 𝑆��?
�
w  is the configurational entropy due to ideal mixing, and 𝐺d �

w  is an 

excess term for all other contributions.  

 One of the most basic phases to model is one for which composition is constant. In this 

case, the Gibbs free energy is only dependent on pressure and temperature. When pressure is 

constant, the Gibbs free energy can be modeled with a power series in temperature as  
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𝐺�w − ∑ 𝑏I𝐻I(d�I = 𝑎 + 𝑏𝑇 + 𝑐𝑇𝑙𝑛(𝑇) + 𝑑𝑇' + 𝑒𝑇| + 𝑓𝑇&M +⋯  (3.2) 

 
where 𝑏I is the stoichiometric factor of element i in 𝛼, 𝐻I(d�  is the enthalpy of element i in its 

stable element reference (SER) state, and coefficients 𝑎 through 𝑓 are fitting parameters. Basic 

thermodynamic relationships can be used to determine the relationships between the coefficients 

and physically measurable quantities. The enthalpy of formation, entropy, and heat capacity can 

all be determined by: 

 
𝐻�w − ∑ 𝑏I𝐻I(d�I = 𝑎 − 𝑐𝑇 − 𝑑𝑇' − 2𝑒𝑇| + 2𝑓𝑇&M +⋯  (3.3) 

 
𝑆�w = −𝑏 − 𝑐(1 + ln(𝑇)) − 2𝑑𝑇 − 3𝑒𝑇' + 𝑓𝑇&' + ⋯  (3.4) 

 
𝐶�w = −𝑐 − 2𝑑𝑇 − 6𝑒𝑇' − 2𝑓𝑇&' +⋯  (3.5) 

 
Therefore, if the enthalpy of formation or heat capacity is measured experimentally or via first-

principles calculations, the coefficients in the power series can be used to describe the data and the 

Gibbs free energy of the phase is determined. 

 For more complicated phases that exist over a range of compositions the compound energy 

formalism (CEF) is most commonly used[56]. In the CEF, a phase is separated into a number of 

sublattices, often dictated by the crystal structure, and elements, known as components, are 

allowed to populate specific sublattices. A phase containing two equal sublattices with components 

A, B, C, and D where components A and B are on the first sublattice and C and D on the second, 

can be written as (A,B)(C,D). According to the CEF, the Gibbs free energy is calculated as 

 
𝐺h�?
�
w = 𝑦Q�𝑦S�� 𝐺° Q:S + 𝑦Q�𝑦��� 𝐺° Q:� + 𝑦O� 𝑦S�� 𝐺° O:S + 𝑦O� 𝑦��� 𝐺° O:�   (3.6) 
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𝑆��?
�
w = −𝑅[𝑦Q� ln(𝑦Q� ) + 𝑦O� ln(𝑦O� ) + 𝑦S��ln(𝑦S��) + 𝑦���ln(𝑦���)]  (3.7) 

 
𝐺d �
w = 𝑦Q�𝑦O� 𝑦S��𝐿QO:S + 𝑦Q�𝑦O� 𝑦���𝐿QO:� + 𝑦Q�𝑦S��𝑦���𝐿Q:S� + 𝑦O� 𝑦S��𝑦���𝐿O:S� + 𝑦Q�𝑦O� 𝑦S��𝑦���𝐿QO:S�(3.8) 

 
where 𝑦I� and 𝑦I�� are the site fraction of component i on the first and second sublattice, respectively. 

The terms 𝐺° I:@  are commonly referred to as end-members and represent the Gibbs free energy of 

a phase where the first and second sublattices are completely filled with components i and j. These 

end-members are modeled using an equation similar to equation 3.2 as they represent phases of 

fixed composition. Often times, these phases are either unstable or metastable and difficult to 

measure experimentally. There are a number of different approximations to describe aspects of 

these end-members, such as the Kopp-Neumann rule, which can be used to estimate the heat 

capacity; however, first-principles calculations can now be used to fix any unknown values. Lastly, 

the term 𝐿I,n:@ are interaction parameters that describe the mixing of components i and k on the 

first sublattice, with a filled second sublattice of component j. Analogous relationships apply for 

the other interaction parameters. The interaction parameters are often modeled using Redlich-

Kister polynomials, which in a binary system is defined as 

 
𝐿I@ = ∑ s𝑥I − 𝑥@t

�
𝐿I@�n

�LE   (3.9) 

 
where 𝑥I is the mole fraction of component i. The Redlich-Kister polynomial is a very flexible 

power series that has the added benefit of approaching zero near the compositional extremes where 

there is no mixing.  

 It’s clear that careful consideration needs to be done when selecting appropriate models 

and the parameters within the model. The flexibility of these models allows for the same data to 

be modeled in many different ways. Although qualitatively the models may appear to describe the 
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data similarly, they may predict vastly different data when used in other systems or predicted data 

in its own system.  

 This chapter performs CALPHAD assessments of the semiconductor compounds found in 

the Pb-Te, Pb-S, and Pb-Se systems. Although the systems have recently been assessed by Bajaj 

et al.[22], Huang et al.[57], and Liu et al.[58], respectively, the aim of this chapter is to improve 

the accuracy of the PbX (X=Se,S,Te) semiconductor through a five-sublattice model specifically 

developed for binary semiconductors[59].  This model can reproduce both phase stability as well 

as carrier concentrations, which are of the utmost importance for describing electronic materials.  

This model utilizes both experimental and first-principles calculations and shows a large 

improvement over previous models, and are the first time PbS and PbSe have been assessed using 

the CEF. In addition to the 5SL model, a two-sublattice model is also developed for compatibility 

in multicomponent databases. The 2SL parameters can be similarly linked to first-principles data. 

This chapter first reviews the data in the literature, describes the models used, and discusses the 

results of the CALPHAD assessments. 

3.2 Literature Review 
 

3.2.1 PbTe 
 

The thermodynamics and off-stoichiometric nature of PbTe has been studied extensively.  

Due to the extremely narrow homogeneity range of this compound, typical metallographic 

techniques for measuring the solubility cannot be used.  Instead, measurements of the carrier 

concentration through Hall coefficients, coupled with assumptions of the defects, determine the 

solubility limits.  There are a number of such studies done in this way for PbTe.  One of the first 

such studies was conducted by Brebrick and Allgaier[14].  In this study, ingots of PbTe with either 

Pb or Te rich compositions were heat treated at various temperatures and quenched.  Hall constants 
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were then calculated at room temperature to determine the carrier concentration.  A later study by 

Brebrick and Gubner questioned the previous study’s results due to Cu impurities in the Pb-rich 

samples.  The study was repeated; again with Pb-rich and Te-rich ingots and Hall coefficients 

measured 273 K[60].  In the same year, Scanlon also measured the carrier concentrations at lower 

annealing temperatures, from 453 K to 673 K[61]. 

Harman studied the Pb1-xSnxTe, Pb1-xSnxSe, and PbS1-xSex systems through single crystals 

grown via Bridgman technique[62].  At the same time, Hewes et al. were also investigating the 

Pb1-xSnxTe system[63].  Their results largely agreed with previous ones, though there were large 

deviations in carrier concentrations at higher temperature in Te-rich samples.  The discrepancy 

was thought to be due to measuring the Hall coefficient at 77 K instead of 273 K[63]. Despite 

discrepancies in absolute magnitude, all studies agreed that Te-rich samples exhibited p-type 

conduction and Pb-rich samples n-type. 

An explanation for the discrepancy at high temperature for Te-rich samples was first 

proposed by Albers et al.[64], who believed that quenching of these materials above a certain 

temperature was ineffective in maintaining their equilibrium states due to the material’s low 

thermal conductivity.  This was finally proved	 by	 Mühlberg	 and	 Hesse	 using	 TEM	 by	

confirming	 the	 presence	 of	 Te	 precipitates	when	 quenching	 from	 high	 temperature[65].		

They	 determined	 that	 the	 temperature	 at	which	 equilibrium	was	 not	maintained	 due	 to	

inefficient	 quenching	 to	 be	 approximately 798 K.  Thus, any measurements above this 

temperature on Te-rich samples were not included in this study.  Schenk et al. circumvented this 

problem by calculating the carrier concentration in situ at higher temperatures[66].  Their numbers 

are orders of magnitude higher than the ones previously reported and have not been replicated, 

therefore, we have chosen not to include them during the optimization. 
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Carrier concentration experiments are useful in determining the number of defects in a 

material; however, they give no insight into the nature of the defects.  Measurements of the effect 

of partial pressure on the carrier concentration have been used in the past to provide insight into 

the type of defects in a system[67].  First-principle calculations can now provide us with the 

energies of formation of a multitude of different charged and neural defects within the system.  

Recent studies by Doak et al. and Bajaj et al. have determined that the lowest formation energy 

under Te-rich and Pb-rich conditions are doubly charged Pb and Te vacancies, respectively[21].  

These calculations are based on the dilute-limit approximation, where formation energies are 

determined by energy differences in defect containing and defect-free supercells. Care has to be 

taken when dealing with charged defects in first-principle calculations due to the long-range 

electrostatic interactions that arise in periodic boundary conditions. Both studies use similar 

correction terms to address this issue. Their final values for formation energies vary (i.e. the 

formation energy of a doubly-ionized Pb vacancy in Te-rich conditions are 0.35 and 0.53 eV/atom 

for [22] and [21], respectively), but are in qualitative agreement. These calculations could be 

improved with the use of spin-orbit coupling to better describe the experimental band-gap, but are 

computationally expensive on supercells of these sizes. To be consistent between PbTe and PbS, 

this study will use values from Doak et al, as it contains information on both the PbS and PbTe 

system. Therefore, our model uses these defects as the predominant ones.  Similar choices have 

been made for non-CALPHAD models with success[68]. 

3.2.2 PbS 
 

The Pb-S system has been studied very similarly to the Pb-Te system.  Most studies involve 

single crystals annealed at high temperature in either Pb-rich or S-rich environments, followed by 

a quench, and subsequent Hall measurements.  The results by Bloem and Kroger[69], Nensberg 
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and Petrov[70], and Chou et al.[49] are all in close agreement.  However, similar to the PbTe 

system, Albers et al. determined that Bloem and Kroger were not able to maintain the equilibrium 

concentration of PbS above 973 K when quenching[64].  Therefore, we did not include their data, 

along with Nensberg and Petrov, and Chou et al. as they are all in close agreement and therefore 

equally questionable.  No data points below 973 K are provided for either study and therefore, 

cannot be used.   

Strauss calculated the carrier concentration of n-type PbS by quenching Bridgman-grown 

single crystals[71].  Their data is in disagreement with the previously mentioned Nensberg and 

Petrov and Bloem and Kroger data, which was attributed to the latter’s unsuccessful quench and 

incorrect anneal times. Data from Strauss was used in a later study by Harman, who supplemented 

it with p-type data below 973 K[62].  These two experiments are used to optimize the parameters 

for the PbS semiconductor models. 

PbS also has very similar defect chemistry to PbTe.  Again, first-principle calculations have 

shown that doubly charged vacancies in PbS exhibit the lowest formation energies in the 

system[21, 72, 73].  In addition, the doubly charged vacancies have been used previously in other 

models with success[74] and therefore will be used for modeling the defects in PbS.   

3.2.3 PbSe 
 

The studies done for PbSe are analogous to those done for PbTe and PbS. The homogeneity 

region of PbSe is too narrow, making direct measurement difficult, therefore the homogeneity 

must be inferred from carrier concentration data. Brebrick and Gubner were some of the first to 

measure carrier concentrations of single crystal PbSe annealed in either Pb-rich or Se-rich 

conditions, which were determined to be n-type and p-type, respectively[46]. A similar study done 

by Calawa et al.[51] is in good agreement with Brebrick’s data, though the identification of the 
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defect was still unknown. Chou et al. determined that vacancies must be the dominant carriers by 

plotting the observed maximum solid solubility of PbSe against temperature and carrier 

concentration, which showed better agreement with a vacancy mechanism than the antisite 

model[49]. In addition, the lattice parameter decreased for compounds grown in either Pb-rich or 

Se-rich, conditions, which is indicative of a vacancy mechanism. The carrier concentration 

measurements done by Sealy and Crocker later are also in agreement with the previous studies’ 

data[52]. Although insufficient quenching should be considered in the PbSe compounds, the 

carrier concentrations monotonically increase with temperature and therefore does not play a large 

role and no data needs to be excluded. 

 A thermodynamic model that describes the off-stoichiometry was developed by Ngai and 

a resulting phase diagram presented by Lin[75]. It should be noted that an inconsistency in the 

formula used to convert carrier concentration to solubility limits, used in previous studies, results 

in a homogeneity range that is twice as large as expected. A recent CALPHAD assessment done 

by Liu et al treats PbSe as a stoichiometric compound[58]. However, the assessment shows good 

agreement with the experimental data and its parameters for the liquid and stoichiometric PbSe are 

used in this study. 

3.3 CALPHAD Modeling 
 

3.3.1 5-Sublattice Model 
 

The CALPHAD method has been used several times to describe the Pb-Te system, notably 

by Kattner et al. [76] and even more recently by Gierlotka et al. [77], and Bajaj et al. [22].  The 

crystal structure of PbTe, PbS and PbSe are all NaCl B1[50], which is generally modeled using 

two sublattices, one for each atomic site. Gierlotka modeled PbTe using a two sublattice anti-site 

model.  First-principle calculations indicate this to likely not be the most accurate model, as 
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formation energies for antisite defects are larger than vacancies.  This was improved in Bajaj’s 

assessment, which correctly placed vacancies on either sublattice.  The stoichiometric PbTe and 

associate liquid models show excellent agreement between the description and experimental 

information, therefore we chose to use Bajaj’s description of the liquid and stoichiometric PbTe in 

our own optimization.  The full phase diagram of the Pb-Te system is shown in Figure 3.1.  The 

Pb-S system has not been so thoroughly investigated via the CALPHAD method.  A recent 

assessment by Huang et al. is the only CALPHAD study of note, although it models PbS as a 

stoichiometric compound[57].  This phase diagram is shown in Figure 3.2. Similarly, there is a 

recent Pb-Se assessment that treats the PbSe phase as stoichiometric. This is shown in Figure 3.3. 

 
Figure 3.1: Full Pb-Te Phase Diagram taken from Bajaj 's assessment[22] 
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Figure 3.2: Full Pb-S Phase Diagram taken from Huang's assessment[57] 

 

 

Figure 3.3 Full Pb-Se Phase Diagram taken from Liu’s assessment [58] 

The goal of this study is to implement the five-sublattice model for semiconductors 

developed by Chen et al. for PbTe, PbS, and PbSe[59].  The five-sublattice model uses the Wagner-

Schottky defect model and compound energy formalism (CEF) to better describe carrier 

concentration and defect energies.  The model has its roots in the species chemical potential/bond 

energy (SCPBE) model developed by Oates et al.[78].  Chen transformed that model into the CEF 

formalism, which can be easily implemented in programs such as ThermoCalc.  Chen then used 
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this model to successfully model the semiconductor compounds GaAs[79] as well as CdTe[59].  It 

has also been used for the GaN semiconductor[80] and recently for ZnO[81]. 

The five sublattice model for the PbX (X=S,Se,Te) is given as: (Pb,Va,Va-

2)(X,Va,Va+2)(Va)(Va,e-1)(Va,h+1), where the first, second, third, fourth, and fifth sublattices are 

for the Pb, X, interstitial, electrons, and holes respectively.  Mathematically the CEF is given 

below: 

 
𝐺 ¡¢ = ∑ ∑ ∑ ∑ ∑ 𝑦I$%𝑦@£𝑦nR𝑦o)𝑦��𝐺I@no��on@I + RTs∑ 𝑦I$%ln𝑦I$%I + ∑ 𝑦@£ln𝑦@£@ +

∑ 𝑦nR ln𝑦nR +n ∑ 𝑦o)ln𝑦o)o + ∑ 𝑦�� ln𝑦��� t	 (3.10) 

 

Where 𝑦Ih represents the site fraction of i on sublattice s, R is the gas constant, and T is temperature. 

The interstitial sublattice will not be used in this study, but is kept for completeness and for possible 

ternary extrapolations. The introduction of charged species within this model add an additional 

constraint when the Gibbs free energy is minimized.  In addition to the usual requirement that the 

total amount of components is constant and that all site fractions sum to one for individual 

sublattices, all phases must be electrically neutral.  With five sublattices, the number of end-

members in this model becomes 36. Chen et al. describe how to reduce the number of optimized 

end-members, which will be given below. 

 The creation of an electron and hole pair is given by[79]: 

 
𝐺E $%£N¦)[§N¦ + 𝐺E $%£N¦N¦�¨§ = 2 𝐺E $%£N¦N¦N¦ + Eª − RT(lnN¬ + lnN­)  (3.11) 
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Eg is the band gap energy of PbX, GPbXVaVaVa are taken from the stoichiometric descriptions in 

Bajaj and Huang’s assessments, and Nc and Nv are the effective density of states for non-

degenerate semiconductors given by: 

 

N¬,­ = 2 ®'¯°±,²
∗³´µ

¶5
·
|/'

®¹
}

º
·	 (3.12) 

 
where mc,v*, k%, h, and a are the effective masses of the electron and holes, Boltzmann constant, 

and lattice parameters respectively.  The parameters for PbX used in these equations are given in 

Table 1.  Eg is temperature dependent for PbX and increases with temperature, but there is limited 

data on the high temperature dependence.  The band gap plateaus above 500 K, therefore, the band 

gap at 500 K is used here as a constant at higher temperatures[50].   A reference state for the energy 

levels of the charge carriers must be chosen.  Due to the non-degenerate behavior of these semi-

conductors, the middle of the band gap, where the assumed Fermi energy is an appropriate choice 

and one used by convention in previous assessments using this model [59, 78, 79, 81].  Using this 

reference, the Gibbs free energy for the end members containing electrons and holes can be 

determined using equation 3.12[59]: 

 
𝐺E $%£N¦)[§N¦ = 𝐺E $%£N¦N¦N¦ +

¼½
'
− RT lnN¬  (3.13) 

 
𝐺E $%£N¦N¦�¨§ = 𝐺E $%£N¦N¦N¦ +

¼½
'
− RT lnN­  (3.14) 

 
Charged defects are modeled with respect to their neutral end-member defects as well as the 

creation of their respective charge carrier and ionization energies.  Since doubly charged vacancies 
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are the dominant defects in the system, each charged defect end-member creates two charge 

carriers and are calculated as[59]: 

 
𝐺E N¦[5£N¦N¦N¦ = 𝐺E N¦£N¦N¦N¦ − 2 𝐺E $%£N¦N¦�¨§ + 2 𝐺E $%£N¦N¦N¦ + ∆𝐸N¾´[5  (3.15) 

 
𝐺E $%N¦¨5N¦N¦N¦ = 𝐺E $%N¦N¦N¦N¦ − 2 𝐺E $%£N¦)[§N¦ + 2 𝐺E $£N¦N¦N¦ + ∆𝐸N¿¨5  (3.16) 

 
The values ∆𝐸N¾´[5 and ∆𝐸N¿¨5	represent the ionization energies or defect transition energies of 

vacancies on the Pb and X sublattice with respect to the valence and conduction band, respectively.  

The transition energies used are those determined at 0 K by first-principle calculations and are 

assumed to be constant at higher temperature. These energies are calculated by determining the 

chemical potential of an electron at which the formation energy of the neutral defect and charged 

defect are equal to one another[20].  In the PbX system, the transition of importance is between 

that of the neutral vacancy and its charge state of +/-2.  The ionization energies can therefore be 

calculated from the given energies in[21] and the values are summarized in Table 3.1. Due to the 

discrepancy between the experimental and DFT calculated band gaps, these chemical potentials 

have been scaled by the ratio of their respective DFT values.   

 
À],ÁÂ`
de,ÁÂ`

= À],]ÃÄ
de,]ÃÄ

  (3.17) 

 
Therefore, we can determine the experimental chemical potential at which ionization occurs by 

solving for 𝜇),)Å� in Equation 8 above. 

Table 3.1: Physical parameters used in the five-sublattice model for PbX (X=S,Te) semiconductors 

Model Parameter PbTe PbS PbSe 
Eg (ev) 0.360a 0.472a 0.329a 
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me*  0.30 m0b 0.39 m0c 0.27e 

mh* 0.36 m0b 0.38 m0d 0.27e 

a (nm) 0.6462a 0.5936a 0.612a 

∆𝐸N¾´[5 (ev/defect) -0.011 -0.097 -7,000 
∆𝐸N¿¨5 (ev/defect) 0.19 0.18 55.0 

a)[50]b) [82] c) [83]d) [84] e) [85] 

  
 The reciprocal relation, utilized commonly in CALPHAD assessments, is used to calculate 

end-members that contain two defects on the first two sublattices. Due to the large amount of end-

members without physical meaning, no experimental information, and to not introduce a 

miscibility gap, we assume the reciprocal energy is equal to zero[5] and the end-members are 

calculated as: 

 
GE ÇÈÉ¹É¹É¹ = GE Ç¢É¹É¹É¹ + GE  ¡ÈÉ¹É¹É¹ − GE  ¡¢É¹É¹É¹  (3.18) 

 
End-members with three or more defects are set equal to 0.  This is a safe assumption to make, as 

these end-members will have very small contributions to the total Gibbs free energy, due to the 

small amount of site fractions of the constituents on sublattices.  Therefore, the pre-factor in 

Equation 1 of these end-members will be near zero and therefore any reasonable number can be 

used.   

 There are only two remaining end members that require optimization, which represent the 

neutral defects on the first two sublattices.  They are given as: 

 
GE  ¡É¹É¹É¹É¹ = 𝐺$%

?�� + VM + V'TE   (3.19) 

 
GE É¹¢É¹É¹É¹ = 𝐺£(d� + V| + VºTE   (3.20) 
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where the functions 𝐺I(d�E  are the Gibbs free energies in their standard elemental reference state 

given by Dinsdale[86].  The variables V1 to V4 are the optimizing parameters used to fit to the 

experimental data.  

3.2.2 2-Sublattice Model 
 

The 5SL model remains interesting from a scientific perspective as it contains many of the 

physical parameters used in semiconductors physics. The model is based on the grand-canonical 

approach, which is the preferred method for calculating defects in binary and ternary systems[31]. 

However, it has limited capability for developing a multicomponent database as the structure-

based end-members are optimized from system specific information. Therefore, there is 

incompatibility between the end-member GE  ¡É¹É¹É¹É¹ in the PbTe, PbS, and PbSe systems. To 

address this, a two-sublattice (2SL) model will be developed that is compatible in multi-component 

databases.   

The 2SL model is described as (Pb,Va)(X,Va) and due to the vacancies, great care needs 

to go into determining the end-members and interaction parameters[31]. The PbX system can be 

split into two regions by the stoichiometric composition. Along the Pb-rich solidus, the site fraction 

of X vacancies will be orders of magnitude larger than Pb vacancies and as such can be assumed 

to be equivalent to the model (Pb)(X,Va). This reduces the degrees of freedom to one: the site 

fraction of vacancies or X atoms on the X sublattice. To determine the equilibrium concentration 

of X the grand potential must be minimized: 

 
𝒢� = 𝐺� − 𝜇$%𝑦$% − 𝜇£𝑦£   (3.21) 

 
where 𝒢�, 𝜇$%  and 𝜇7)  are the grand potential per mole and chemical potential of Pb and Te atoms 

respectively. According to the CEF, 𝐺� with only one excess term is calculated as 
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𝐺� = 𝑦£ 𝐺$%£° + 𝑦N¦ 𝐺$%N¦° + RTs𝑦£ln(𝑦£) + 𝑦N¦ln(𝑦N¦)t + 𝑦£𝑦N¦𝐿£,N¦  (3.22) 

 
Taking the derivative of equation with respect to 𝑦£  and since 𝜇£  is constant in the two-phase 

region, and setting the result to zero leads to 

 
0 = qÌÍ

q�¿
− 𝜇£   (3.23) 

 
Substituting the derivative of equation 3.22 with respect to 𝑦£  into equation 3.23 leads to  

 
− 𝐺$%N¦° + 𝐺$%£° + 𝐿£,N¦(1 − 2𝑦£) − 𝜇£ = RTln ® �¿

M&�¿
·  (3.24) 

 
Finally, the equilibrium concentration of vacancies can be determined by substituting 1 − 𝑦N¦  for 

𝑦£  and assuming a dilute concentration, where 𝑦N¦ ≪ 1 

 

𝑦N¦¿
)v = exp Ñ− Ì¾´ÒÓ° & Ì¾´¿° *x¿,ÒÓ*À¿

Ôµ
Õ  (3.25) 

 
The numerator of equation 3.25 represents the formation energy of a vacancy per mole, which can 

be determined from first-principle calculations. The key advantage of this is that the formation 

energy is split into a structure specific term 𝐺$%N¦° , which can be used in all PbX systems, and a 

system specific term 𝐿£,N¦ which can be changed to fit the first-principle or experimental data 

unique to the system. The chemical potential of 𝜇£  is fixed in a two-phase region at a given 

temperature. Therefore, once a value for 𝐺$%N¦°  is agreed upon, only the interaction parameter 

must be adjusted. A similar analysis for X-rich conditions determines the equilibrium site fraction 

of Pb vacancies as 
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𝑦N¦¾´
)v = exp Ñ− ÌÒÓ¿° & Ì¾´¿° *x¾´,ÒÓ*À¾´

Ôµ
Õ  (3.26) 

 
The modeling of end-members containing vacancies is a known issue that has been 

frequently discussed[31, 87, 88]. First attempts at modeling end-members containing vacancies 

assigned them values of zero, which can cause them to stabilize at extremely high 

temperatures[88]. To fix this, a positive and generally temperature dependent, value must be used 

for modeling vacancies. Rogal’s review article suggests using a value of 2.3RT as a penalty value. 

This value was chosen as a method for making sure that the concentration of vacancies on a 

sublattice would not exceed 0.1 at which point the crystal would likely collapse. Dinsdale recently 

recommended a value of 30T for convenience, as it is both positive and increasing with 

temperature[88]. Franke analyzed the concentration of vacancies in tungsten and determined that 

the description needed to exceed the value of ln(2 − 1/2)RT for there to be a unique solution for 

the vacancy concentration[87]. His final recommendation is a value of 0.2RT. For this study, the 

Gibbs free energy of Pb or X in their standard elemental reference state and the value of 2.3RT is 

chosen for end-members containing vacancies due to the reasonable assumption that the site 

fraction should not exceed 0.1 and to ensure that PbX does not become stable on the Pb or X end 

of the phase diagram.  

The defect containing end-members for the 2SL model are then given as: 

 
GE  ¡É¹ = 𝐺$%

?�� + 2.3RTE   (3.27) 

 
GE É¹¢ = 𝐺£(d� + 2.3RTE   (3.28) 
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GE É¹É¹ = 4.6RT  (3.29) 

 
and the interaction parameters can be linked to the energy of formation through equation 3.25 and 

3.26  

 
𝐿$%,N¦ = 𝐺N¦¾´

? − 𝐺N¦£° + 𝐺$%£° − 𝜇$%  (3.30) 

 
𝐿£,N¦ = 𝐺N¦¿

? − 𝐺$%N¦° + 𝐺$%£° − 𝜇£  (3.31) 

 
The interaction parameters are given start values based off the first-principle calculations for the 

energies of formation and are allowed to vary to fit the experimental data. In this model, the 

assumption is made that for every Pb vacancy two holes are created. Likewise, every X vacancy 

results in the creation of two electrons. 

3.4 Results and Discussion 
 

The PARROT[89] module in ThermoCalc[90] was used to optimize the parameters V1 to V4 

for PbTe, PbS, and PbSe.  The temperature independent terms V1 and V3 represent the formation 

energy of the neutral vacancies on the X and Pb sites, respectively.  These values for PbTe and 

PbS were provided from the authors of[21]  as they were calculated in their recent study, but are 

not explicitly given in the paper due to their high formation energy compared to the other defects.  

The values for PbSe were determined in the previous chapter. Values for these calculations are 

found in Table 3.2.  Optimizations that converged far from these values were deemed inaccurate 

and not used.  The experimental carrier concentrations previously discussed were then used to fit 

the parameters. 

3.4.1 PbTe 
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The final optimized end-members for PbTe are given in Table 3.2 along with the initial values 

calculated from first-principles at 0 K.  The carrier concentration of holes and electrons in PbTe 

along with the experimental data is given in Figure 3.4 and Figure 3.5, respectively.  For 

comparison, the recent assessment by Bajaj, assuming that each Pb and Te vacancy creates 2 holes 

and electrons, respectively, is also provided.  In each case, the new five-sublattice model has a 

much better fit to the data. 

 
Table 3.2: Final optimization end-members for PbTe and PbS semiconductors.  The first-principle 
calculations are used as starting values for the temperature independent term in the Gibbs free 
energy and are taken from a recent study[21].  All units J/mol. 

End-Member Optimized End-Member First-principle Calculation 
PbTe 

GE  ¡É¹É¹É¹É¹ 𝐺$%
?��E + 143,576 + 62.8𝑇 127,000 

GE É¹µÛÉ¹É¹É¹ 𝐺7)�)Å + 98,408 + 79.2𝑇E  115,000 
PbS 

GE  ¡É¹É¹É¹É¹ 𝐺$%
?��E + 92,724 + 75.2𝑇 96,000 

GE É¹ÝÉ¹É¹É¹ 𝐺(Þ�i� + 112,427+ 82.7𝑇E  83,900 
PbSe 

GE  ¡É¹É¹É¹É¹ 𝐺$%
?��E + 118,661 + 68.7T 105,000 

GE É¹ÝÛÉ¹É¹É¹ 𝐺()ß)Å + 98,482 + 84.3TE  87,000 
 
 
Table 3.3: Final optimized interaction parameters for the PbX system. Using equation 3.30 and 
3.31, the formation energy can be calculated and compared to the DFT value. These parameters 
coupled with equations 3.29 are used for modeling PbX. 

Interaction Parameter Optimized Value 
(J/mol) 

CALPHAD 
Determined 

Formation Energy 
at 300 K (J/mol) 

DFT Predicted 
Formation Energy 
at 300 K (J/mol) 

[21] 
𝐿$%,N¦:7)  38,070+2.4T 44,500 51,100 
𝐿$%:7),N¦ 72,780-10.8T 75,300 82,900 
𝐿$%,N¦:( 38,570+4.4T 40,400 36,600 
𝐿$%:(,N¦  38,944+4.6T 46,100 75,100 
𝐿$%,N¦:()  37,954 42,000 31,000 
𝐿$%:(),N¦ 45,585 51,000 57,000 



 

 

59 

 

 
 The carrier concentration of holes and electrons (p and n) can be converted to solidus points 

via the equation[91, 92]: 

 
𝑋� = 0.5 + (�&�)áâãä

ºåæçè
  (3.32) 

 
where MPbX is the molecular weight of PbX, Z is the ionization of the defect,	in	this	case	2,	ρ	is	

the	density,	and	NA	Avogadro’s	number.		Using	this	formula,	the	data	has	been	converted	to	

solubility	limits	and	the	off-stoichiometric	nature	of	PbTe	is	shown	in	Figure 3.6.	

 
 

Figure 3.4: Carrier concentration of holes under Te-rich conditions and experimental data points 
for PbTe.  Data points above 800 K were not used in this assessment indicated by the vertical black 
line. Bajaj's assessment shown as green line, the 5SL in black and the 2SL model shown in 
magenta. The dashed magenta line shows the same calculation with the liquid phase suspended 
and shows much better agreement with the high temperature data. 
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Figure 3.5:  Carrier concentration of electrons under Pb-rich conditions and experimental data 
points for PbTe.  Bajaj's assessment shown as green line, 5SL in black, and the 2SL model shown 
in magenta. 

 
Figure 3.6: Enlarged region of Pb-Te phase diagram to show solubility of PbTe.  Data points above 
800 K on the Te-rich side were not used in this assessment. Bajaj assessment shown as green line, 
the 5SL in black, and the 2SL model shown in magenta. 

 A second model of PbTe was also used in this assessment that contained Te0 and Te+2 

antisite defects on the Pb sublattice.  This was investigated due to the formation energy of the Te+2 

defect energy (0.90 eV/defect) being only slightly larger in the Te-rich region than the doubly 

charged vacancy on the Te sublattice under Pb-rich conditions (0.85 eV/defect) [21].  However, 
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attempts to fit this model led to unphysical end-members that did not describe the data as well.  

Therefore, we have decided to only include vacancies in this model.  Although the enthalpies of 

formation at 300 K are similar for Te+2 and Va-2 on the Pb-sublattice and Te-sublattice, 

respectively, they are only comparable under opposing growth conditions.  If the Te+2 antisite 

defects are calculated under the same equilibrium as VaTe+2, Pb-rich, than the enthalpy of formation 

rises dramatically from 0.90 eV/defect to 2.79 eV/defect.  On the Te-rich side, the formation 

energy is 0.90 eV/defect, which is much higher than the VaPb-2 at 0.53 eV/defect and therefore 

plays a minor role. The comparison between the two defects is even greater in Bajaj’s calculation 

where the difference is 0.35 and 0.87 eV/defect[22]. The differences in formation energy between 

the VaPb-2 and TePb+2 defect in Te-rich conditions results in over an order of magnitude difference 

between the concentrations of the two defects at 1000 K[21]. This difference is within the 

experimental error of the measurements with which the parameters of the models are fit to and 

therefore cannot be used to reliably determine these values. 

 The five-sublattice model describes the experimental information quite well, but there are 

important assumptions made that could be improved.  Mainly, recent work has shown that PbTe 

has a non-parabolic band structure [11] and at high temperatures could be a degenerate 

semiconductor[21].  This model assumes both parabolicity and non-degeneracy, which allows us 

to describe the density of states using Maxwell-Boltzmann statistics, thereby greatly simplifying 

the calculations.  Other attempts to model PbTe have faced the same problem and have come to 

the conclusion that these assumptions are still reasonable[68].  Although these assumptions hold 

well for intrinsic PbTe these semiconducting materials are useful when doped with a third element, 

which will most certainly raise the carrier concentration and make the semiconductor degenerate.  
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Therefore, future work is needed to develop a semiconductor model that does not require these 

assumptions. 

 The 2SL model is shown in magenta in Figure 3.4-Figure 3.6. At low temperatures, the 

2SL model describes the data quite well and closely resembles the 5SL model. At higher 

temperatures, particularly when the solid is in equilibrium with the liquid, it begins to deviate. This 

is not seen in the PbS system shown below. Attempts to reoptimize the liquid parameters with the 

carrier concentration did not improve the high temperature data, neither did introducing more 

interaction parameters. An interaction parameter that changes at the eutectic temperature would 

improve the description, but there is little physical justification for it. Calculations with the liquid 

phase suspended, shown as the dashed line, on the Te-rich side show better agreement with the 

experimental data at higher temperature. It is clear that the liquid phase plays a large role in 

determining the equilibrium carrier concentration. Despite the discrepancy in the experimental 

data at higher temperature, the interaction parameters agree well with the values determined from 

first-principle calculations at 300 K and agree well below the eutectic point. The description can 

be improved by introducing a 𝑇 ∗ ln(𝑇) term in the interaction parameter on the Te-rich side. The 

updated 2SL and 5SL model are shown in Figure ?? as red and black lines, respectively. The 

agreement between the two models and experimental terms are much better; however, the 

CALPHAD determined formation energy changes from 44.5 kJ/mol to 40.8 kJ/mol compared to 

the DFT determined value of 51.1 kJ/mol. The 𝑇 ∗ ln(𝑇) would indicate an excess contribution to 

the heat capacity and is rarely used in CALPHAD assessments, which might indicate that the better 

agreement might be a result of over fitting as opposed to representing a physical change. 
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Figure 3.7: An updated 2SL model (red) and 5SL model (black) with experimental data. The 
updated 2SL model uses a 𝑇 ∗ ln(𝑇) to better agree with the 5SL model; however, the formation 
energy of the defect converges farther from the DFT value. 

3.4.2 PbS 
 

 The final optimized end-members for PbS are given in Table 3.2 as well.  Similar to PbTe, 

the final end-members do not deviate far from the first-principle calculations. The carrier 

concentration of holes and electrons are given in Figure 3.8 and Figure 3.9, respectively.  A 

satisfactory fit between the model and the experiment is shown.  There are no previous CALPHAD 

assessments that do not treat PbS as a stoichiometric compound; therefore, no other fits are shown.  

Again, the carrier concentration data can be converted to solidus lines and the off-stoichiometric 

nature of PbS is given in Figure 3.10. 

 Similar to PbTe, a second model for PbS was also investigated.  From the first-principle 

calculations, a single ionized vacancy on the S site had a slightly larger formation energy than the 

doubly ionized vacancy[21]. When optimizing with this model, the concentration of VS+1 was 

sufficiently small enough that we removed it from the model without any loss of accuracy.  In 

addition, PbS is also a non-parabolic semiconductor and will also become degenerate when doped 
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with a third element.  Therefore, a new model will be necessary in the future to take these properties 

into account. 

 The 2SL model for PbS shows remarkable agreement with the experimental data and 5SL 

model. In the carrier concentration plots, the two are nearly indistinguishable and only deviate in 

the phase diagram at high temperatures where the concentration is linearly dependent on the carrier 

concentration. The formation energies based on the interaction parameters are also in qualitative 

agreement with the first-principle calculations in that the Pb vacancy is lower in energy than an S 

vacancy. 

 
Figure 3.8: Carrier concentration of holes under S-rich conditions and experimental data points. 
The 5SL model is shown in black and the 2SL model is shown in magenta. 
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Figure 3.9: Carrier concentration of electrons under Pb-rich conditions and experimental data 
points.  The 5SL model is shown in black and the 2SL model is shown in magenta. 

 
Figure 3.10: Enlarged region of Pb-S phase diagram to show solubility of PbS.  The 5SL model is 
shown in black and the 2SL model is shown in magenta. 

3.4.3 PbSe 
 

The inaccuracies of the previously determined DFT calculations can be addressed through 

CALPHAD modeling. However, the assessment of this system would be extremely difficult if not 

for the insight provided by the first-principles calculations discussed before. The formation 

energies of the neutral vacancies are used as starting parameters for V1 and V3 and are allowed to 
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vary, along with a temperature dependent term to describe the experimental data. The final 

optimized parameters are given in Table 3.2 along with the associated first-principles calculation. 

 The optimized CALPHAD parameters agree qualitatively with the DFT calculations in that 

the formation energy of a Se vacancy is smaller than that of a Pb vacancy. In addition, the errors 

of the final parameters do not vary by more than 15% from the DFT predicted values. The carrier 

concentrations under Se-rich and Pb-rich conditions are shown in Figure 3.11 and Figure 3.12, 

respectively. The CALPHAD method matches experiment and DFT by describing hole and 

electron generation in the Se-rich and Pb-rich regime, respectively. The CALPHAD model also 

does an excellent job of describing the carrier concentration through the entire temperature range 

and shows great improvement from the DFT calculations alone evident from the previous chapter. 

The phase diagram of PbSe is plotted in Figure 3.13 along with the converted experimental 

data points. The CALPHAD model does an excellent job of describing this data, particularly at 

lower temperatures. The model begins to deviate slightly at higher temperatures, which is due to 

the exponential growth of carriers and the linear relationship it has with solubility. No CEF model 

with solubility has been assessed; as such we are unable to compare it to past work. As mentioned 

previously, the assessment seen in Lin[75] differs by a factor of two due to an inconsistency when 

converting the carrier concentration to solidus data. An assessment has also been done where the 

solubility limits were used as experimental data in lieu of carrier concentration. This led to a better 

description of the high temperature phase diagram; however, the carrier concentrations at low 

temperatures are poorly described. In addition, the optimized end-member converged farther from 

the starting DFT values when fitting to the solubility limits. For these reasons, coupled with the 

fact that the carrier concentration is the important data for semiconductors, this procedure is not 

recommended here. 
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 The 2SL model is shown as magenta in Figure 3.11, Figure 3.12 and Figure 3.13, and the 

2SL model shows an agreement with experiment very similar to that of the 5SL model. The only 

large deviations occur at higher temperatures in the phase diagram where the discrepancy in carrier 

concentration is magnified. This is because the solubility limit is linearly proportional to the carrier 

concentration. Therefore, small deviations at high temperature where the carrier concentration is 

large will be much larger in the phase diagram. The final optimized parameters are given in Table 

3.3 along with the formation energies determined by the CALPHAD method and DFT. The 

CALPHAD values agree qualitatively with the first-principles calculations in that the formation of 

a Pb vacancy is smaller in magnitude than a Se vacancy. They are also in close quantitative 

agreement, differing by no more than 16% in magnitude. This 2SL model is also fully compatible 

with other binaries, as the end-members have not been fit to the experimental data. Although the 

2SL model is much simpler and does not contain many of the physical parameters that are found 

in the 5SL model its close agreement between the 5SL model, experimental data, and first-

principles calculations indicate that it is physically sound. 

 
Figure 3.11: Carrier concentration of holes under Se-rich conditions and experimental data points. 
The 5SL model is shown in black and the 2SL model is shown in magenta. 
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Figure 3.12: Carrier concentration of electrons under Pb-rich conditions and experimental data 
points. The 5SL model is shown in black and the 2SL model is shown in magenta. 

 
Figure 3.13: Enlarged phase region of PbSe where the carrier concentration has been converted to 
solubility points assuming doubly ionized vacancies. The 2SL model is shown in magenta and 
closely follows the 5SL model shown in black. 

3.5 Experimental error in CALPHAD assessments 
 

Quantifying uncertainty in CALPHAD assessments and phase diagrams is an important step 

but is often overlooked[93, 94]. The 2SL model allows us to determine how uncertainty in the 

experiment affects the end phase diagram as well as the physically relevant properties the model 

calculates; specifically, the formation energy of a defect. The PbSe phase diagram is well 
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established and does not require a temperature dependent interaction parameter to model, therefore 

it lends itself well for this investigation. The low temperature data from Sealy[52] and Calawa[51] 

were used to determine an average carrier concentration and standard deviation at a given 

temperature. The temperature, average log of the carrier concentration (#/cm3), and standard 

deviation were 676 K, 18.1, and 0.21 for Pb-rich PbSe, respectively, and 674 K, 18.4, and 0.080 

for Se-rich PbSe, respectively. A new assessment was conducted where the log of the carrier 

concentration plus or minus one standard deviation was used performed and is shown in Figure 

3.14. The original 2SL assessment is shown in magenta and the assessment shown at plus one and 

minus one standard deviation are shown in dark blue and cyan, respectively. The uncertainty is 

largest on the Pb-rich side, which is reflected in a much wider range of carriers and compositions. 

Most of the experimental data is described within one standard deviation of the chosen 

experimental point. The effect of the uncertainty on the formation energy is shown in Table 3.4. 

Although the spread in formation energies still do not overlap with the DFT predicted values, the 

uncertainty in DFT calculations using GGA has been estimated to be as high as 28,000 J/mol[21], 

which when taken into account agrees with the CALPHAD determined values.       

 
Figure 3.14: Reassessment of the PbSe binary taking into account experimental uncertainty. The 
original 2SL assessment is shown in magenta and assessments taken at one standard deviation 
above and blow are shown in cyan and dark blue, respectively. 
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Table 3.4: CALPHAD determined formation energies when experimental uncertainty is 
considered. 

Defect Equilibrium CALPHAD 
Determined 
Formation Energy at 
300 K (J/mol) 

DFT Predicted 
Formation Energy at 
300 K (J/mol) [21] 

𝑉𝑎()  Pb-Rich 50,000 ± 2,700 57,000  
𝑉𝑎$% Se-Rich 41,100 ± 1,000 31,000 

 
3.6 Conclusion  
 
This study has developed new model descriptions for the binary PbTe, PbS, and PbSe 

semiconductors.  The model is different from previous ones used as it explicitly has sublattices 

dedicated to electrons and holes.  An excellent fit to the carrier and phase boundaries has been 

found for both systems.  The PbTe free energies show a marked improvement from previous 

models and the PbS and PbSe are new and consistent with the experimental and first-principles 

data.  The carrier concentration has been converted into solubility data and new phase diagrams 

have been developed.  First-principles calculations were used to provide starting values for the 

assessment to make the models more physically accurate.  The 5SL model could be improved by 

explicitly incorporating the band structure of the semiconductors, but the parabolic band 

assumption has been proved to be sufficient to describe the data.  In addition, a 2SL model 

compatible in multicomponent databases has also been determined. Using a fixed value of 2.3RT 

for vacancy containing end-members, the model can then be fit to the experimental data. In 

addition, the interaction parameter can be linked to the formation energy for further physical 

significance. The 2SL model shows good agreement with the experimental data, particularly in the 

PbS and PbSe systems and qualitatively agrees with the first-principle calculations. These models 

can be used to optimize the properties of TE devices where phase equilibrium plays a key role in 

increasing their zT values. 
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4. CALPHAD Modeling of the Pseudobinaries and the Pseudoternary 
of the PbX (X=S,Se,Te) System with Na doping 

 
4.1 Introduction 

 
The thermodynamics of the constituent binaries of the PbX (X=S,Se,Te) system have been 

established as outlined in Chapter 3. There are limited ways of increasing the zT of the 

thermoelectrics within the binary systems alone. The intrinsic carriers of the system are too low to 

enhance the power factor and the number and types of defects that can be introduced to scatter 

phonons are ineffective. Fortunately, by alloying or doping with additional elements, the individual 

properties that go into determining the zT can be enhanced. The additional degrees of freedom 

allow for greater control but introduce greater complexity for determining the phase diagram. 

However, the flexibility of the CALPHAD method and CEF model are perfect for describing 

multicomponent systems and therefore lends itself well for this application. 

Recent effort has identified possible methods for isolating and optimizing the properties in the 

PbX system [95] [96] [97] [98]. For example, alloying PbTe with PbS introduces precipitates that 

are able to scatter heat carrying phonons, thereby reducing the thermal conductivity without 

adversely affecting the electrical properties [99] [100]. Likewise, alloying PbTe with PbSe creates 

a solid solution that introduces point defects that scatter short wavelength phonons [101]. In 

addition, PbSe also increases the convergence temperature of the L and Σ bands in PbTe, allowing 

for increased degeneracy and high Seebeck and electrical conductivity [82]. The pseudoternary 

has also been investigated with promising results, as the alloying of Se increases the solubility of 

S in PbTe, which further lowers the thermal conductivity and has higher zT than any of the 

constituent pseudobinaries or binary systems [102] [103] [104] [105]. Another method for 

optimizing thermoelectrics involves tuning of the carrier concentration to optimize the power 
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factor, 𝑆'𝜎, of the material [11]. The carrier concentration can be controlled via the composition, 

growth condition, and annealing temperature [106]. The solubility, creation of second phase 

structures, and carrier concentration can all be determined by the thermodynamics of the system. 

Therefore, a complete description of the thermodynamics should be a first step to optimizing these 

materials. 

In order to be practically useful, these semiconductors need to be doped to produce sufficient 

carriers. One of the most effective doping elements in these systems is Na. It has been used to 

effectively increase the power factor as well as reduce the thermal conductivity in the binary 

systems[82, 107] as well as the PbTe-PbS[99], PbTe-PbSe[13], and PbTe-PbSe-PbS systems[103-

105]. Each Na atom soluble in the matrix contributes one hole to the valence band for 

concentrations above approximately 6 x 1019 holes/cm-3[108], therefore, if the solubility of Na is 

known then precise tuning of the carrier concentration can be determined via the phase diagram. 

In addition, point defects within the matrix caused by the Na atoms contribute to a lower thermal 

conductivity and when Na is doped beyond its solubility, nanoprecipitates form which further 

lower the thermal conductivity[107]. Lastly, it has been determined that the electronic structure is 

not greatly altered by Na defects in lead chalcogenides, which facilitates modeling of the transport 

properties[109]. 

The phase relationship in the Pb(S,Se,Te) system and its constituents have been studied a 

number of times and there is a wealth of both experimental and first-principles data in the literature. 

Similar studies of this system have been performed by Volykhov et al [110] and Liu [111]. This 

study will differ in some key areas. Most importantly, the semiconductors are treated as 

stoichiometric phases in the previous thermodynamic assessments. Experimental and first-

principles calculations indicate that vacancies play a key role in the carriers of the system, which 
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lead to small stoichiometric deviations [22] [112]. In addition, Volykhov uses a four-parameter 

Margules series to model the excess energy terms, fails to model the PbSe-PbTe miscibility gap, 

and does not extend their modeling into the pseudoternary region. Liu’s study uses a subregular 

model of mixing outlined by Ganguly and Saxena [113], which limits its applicability as this model 

is not compatible with the more established CEF framework. In addition, limited experimental 

data on the PbS-PbSe system required fitting the binary interaction parameters from the ternary 

system. This assessment uses non-stoichiometric models [112] for the PbX binaries when 

modeling the pseudobinaries and pseudoternary as well as using the most up to date experimental 

and first-principles data for a completely self-consistent description that can also model the 

intrinsic carriers of the system. 

There is limited information on the solubility of Na in the PbX systems. Yamini et al 

determined the solubility limit of Na in PbTe at three different temperatures along the NaTe 

line[114] and He et al determined the room temperature solubility of Na in each system[107]. In 

order to gain greater insight into the role of Na in these systems, first-principles calculations will 

be performed using the dilute-limit approximation to determine the formation energy of Na defects 

in a given equilibrium condition. This method has been used in the past to calculate and plot phase 

diagrams for the Pb-X-Na ternary systems[21, 34]. The study done by Bajaj et al outlined the 

importance of only including defects that contain only the expected charge state based on valence 

counting when performing defect analysis[34], which explains the anomalous negative defect 

formation energies found in the Pb-S-Na system studied by Doak et al[21]. Defect formation 

energies have been determined following this advice, which have been used to build a physically 

sound CALPHAD model that can describe the Na doped PbX system. The CALPHAD model is 

also able to extrapolate from the Na-doped PbX systems into the pseudoternaries and 
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pseudoquaternary systems, which are computationally prohibitive to access via first-principles 

calculations. 

4.2 Literature Review 
 
4.2.1 PbS-PbTe System 
 

The PbS-PbTe system was first investigated by Darrow through differential thermal 

analysis (DTA) [115]. The study established the presence of an asymmetric miscibility gap below 

1078 K. The miscibility gap boundaries were determined by the changes in lattice parameter. 

Similar studies involving x-ray diffraction (XRD) measurements of the lattice parameter were 

done by Demin [116] and Leute [117], which agree fairly well with the previous study in the solid 

region. The liquidus temperatures differ between the study of Demin and Darrow by as much as 

20 degrees in the PbTe rich regime. For this study, the authors give more weight to Demin’s study 

as their melting point for PbTe has a better agreement with the previously established value of 

1196 K [76] and has more detailed experimental explanations given in their report. 

4.2.2 PbSe-PbTe 
 
 Initial studies of this system were performed by Elagina [118] and focused on the high 

temperature liquidus phase relation. In their paper, a minimum liquidus temperature was 

determined between PbSe and PbTe, Later studies done by Grimes [119] and Steininger [120] 

indicate a monotonically decreasing liquidus from PbSe to PbTe. All studies indicated a complete 

solid solution between PbSe and PbTe. Conversely, Liu’s study investigated the low temperature 

region and found that an asymmetrical miscibility gap existed [111]. A recent experimental study 

by Kim et al [121] confirmed the presence of nanostructures below a temperature of approximately 

623 K. The miscibility gap is also predicted in the first-principles calculations done by Usanmaz 

using a combination of high-throughput ab initio calculations and cluster expansion techniques to 
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model the binodal region [122]. Usanmaz’s miscibility gap underestimates the critical point by 

approximately 100 K. Doak et al also investigated the PbSe-PbTe system using special quasi-

random structures (SQS), which also predicted a miscibility gap in this region [123]. It is important 

to note that Volykhov’s assessment does not model this phase separation. 

4.2.3 PbS-PbSe 
 

The data for PbS and PbSe are quite scattered and at odds with data from the binaries. The 

liquidus and solidus data points in Gromakov [124] and Strauss [125] are much higher than the 

data from Kuznetsova [126]. This is likely due to their use of DTA in determining the liquidus 

points, which is not as accurate as the annealing and quenching done by Kuznetsova. In addition, 

Strauss states in his paper that their samples were likely not at equilibrium due to inconsistencies 

within the liquid and solid compositions but do indicate a very slim liquid and solid region. For 

this reason, the present authors agree with the analysis of Volykhov, which favors the work of 

Kuznetsova. Quenching in these systems is extremely difficult due to their inherently low thermal 

conductivity and the discrepancy between the melting points in the binaries, and these studies 

indicate that further investigation is probably warranted. All studies confirm a continuous solid 

solution between PbS and PbSe. The study by Liu chose to use the pseudoternary region to 

determine the binary interaction parameters, from which a miscibility gap at 373 K was 

determined. This result has not been confirmed experimentally. Instead of fitting from the ternary 

system, we choose to use the first-principles data calculated by Usanmaz, which calculated a 

critical temperature slightly below 200 K with an asymmetrical miscibility gap. Doak’s study using 

SQS also determined a miscibility gap at 275 K as well.  

4.2.3 PbS-PbSe-PbTe 
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The pseudoternary was investigated by Liu at four separate temperatures 573, 773 K, 973, 

and 1073 K [111]. The high temperature measurements of 773 K and above were annealed from 1 

to 60 days and quenched, while the low temperature measurement was performed via chloride flux 

for 150 days. Samples were then analyzed using X-ray power diffraction to determine if phase 

separation had occurred. There are also recent studies which investigated the thermoelectric 

properties of this pseudoternary system [103] [127] [105] [104], although only Yamini’s [102] 

study explicitly measured the maximum solubility of PbS and PbSe in PbTe to be 

(PbTe)0.8(PbS)0.1(PbSe)0.1 at 773 K. The study by Korkosz et al had complete solid solubility up 

to (PbTe)0.76(PbS)0.12(PbSe)0.12 although their samples were not annealed and quenched from a 

higher temperature and thus do not represent thermal equilibrium [105]. 

4.2.3 Na-Pb-X 
 

There are limited experimental studies on the solubility of Na in the PbX compounds. 

Crocker investigated Na defects in PbTe by measuring the carrier concentration in annealed 

samples of Na doped PbTe [108]. Crocker determined a maximum solubility of Na.017Pb.983Te by 

plotting carrier concentration vs Na concentration. Yamini questioned these results as Crocker 

assumed a constant Hall factor of 1, which has been shown to vary with doping concentration[114]. 

In Yamini’s study, Wavelength Dispersive Spectroscopy (WDS) in an Electron Probe Micro-

Analyser (EPMA) was used to determine the Na content in annealed NayPb(1-y)Te at 513 K, 623 

K, and 780 K and determined a solubility of 0.24 at%, 0.70 at%, and 0.65 at% Na, respectively. 

He et al investigated the microstructure of 2% Na doped PbX compounds [107]. By determining 

the average precipitate size and number density from Transmission Electron Microscopy (TEM) 

studies, He was able to estimate the solubility of NayPb1-yX as 0.005, 0.009, and 0.02 for PbTe, 

PbSe, and PbS, respectively. Samples were only doped up to 2 at% Na and were allowed to air 
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cool from 1423 K, so it is difficult to determine to what equilibrium temperature this solubility is 

assigned. 

4.3 Computational Modeling  
 

 4.3.1 CALPHAD Modeling 
 

The pseudoternary system only consists of two phases, the liquid and the PbX phase, which 

exhibits NaCl crystal structure. The binaries have already been assessed and we have taken the 

parameters from the associate liquid model and two-sublattice model for PbX from the binary 

systems [22] [57] [112] [58].  

4.2.1.1 Associate Liquid Model 
 

According to the CEF framework, the Gibbs free energy of an associate solution model is 

calculated as 

 
𝐺�
oIvéIq = ∑ 𝑦I 𝐺IE�

ILM − 𝑅𝑇∑ 𝑦I ln(𝑦I)�
ILM + ∑ ∑ 𝑦I𝑦@𝐿I@�

@LI*M
�&M
ILM   (4.1) 

 
𝐿I@ = ∑ s𝑦I − 𝑦@t

�
𝐿� I@

n
�LE   (4.2) 

 
where yi is the site fraction of associate i (i=Pb, S, Se, Te, PbS, PbSe, PbTe), R is the gas constant, 

𝐺IE  is the Gibbs free energy of associate i, T is temperature, and 𝐿I@ is the interaction parameter 

between associates i and j. Although the associate liquid model does not accurately capture the 

configurational entropy in higher ordered systems[128], a 1:1 stoichiometric ratio reduces to the 

ionic liquid and is sufficient in this example. Due to the lack of information on the ternary liquidus, 

no ternary interaction parameters were introduced. The binary interaction parameters, 𝐿I@ between 

PbTe, PbS, and PbSe were optimized to fit to the experimental data. 
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4.2.1.2 2SL Model for PbX 
 

 The 2SL model is best-suited for multicomponent database development as it retains 

description of the intrinsic carriers of the binary system and contains compatible end-members 

[112]. The phase equilibrium data collected for the pseudobinaries and pseudoternary did not 

investigate carrier concentration, so we must assume that these were collected at the stoichiometric 

composition. The PbX phase can then be modeled as (Pb,Na,Va)(S,Se,Te,Va) 

 
𝐺�$%£ = ∑ ∑ 𝑦I�𝑦@�� 𝐺I:@E

@I + 𝑅𝑇s∑ 𝑦I�ln	(𝑦I�)I + ∑ 𝑦@��ln	(𝑦@��)@ t + 𝐺%I�,d
� + 𝐺i)��,d

� (4.3) 

 
where 𝑦I� is the site fraction of component i on the first sublattice, 𝑦@�� is the site fraction of 

component j on the second sublattice, 𝐺I:@E  is the end-member taken from the binaries and 𝐺d �  

the excess Gibbs free energy. Similar to the associate liquid model, the binary excess Gibbs free 

energy is modeled using the Redlich-Kister polynomials where the components on the second 

sublattice are allowed to mix 

 
𝐺%I�,d
� = ∑ ∑ 𝑦I�′𝑦@��𝐿$%:I,@�

@LI*M
�&M
ILM   (4.4) 

 
𝐿$%:I,@ = ∑ s𝑦I� − 𝑦@��t

�
𝐿� $%:I@

n
�LE (4.5) 

 
The interaction parameters 𝐿� $%:I@ are fit to the experimental data in the binary systems. Likewise, 

the ternary excess model is described as 

 
𝐺i)��,d
� = ∑ ∑ ∑ 𝑦I��𝑦@��𝑦n���

nL@*M
�&M
@LI*M

�&'
ILM 𝐿$%:I@n   (4.6) 

 
𝐿$%:I@n = 𝑣I 𝐿I $%:I@n + 𝑣@ 𝐿@ $%:I@n + 𝑣n 𝐿n $%:I@n   (4.7) 
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𝑣I = 𝑦I�� + (1 − 𝑦I�� − 𝑦@�� − 𝑦n��)/3  (4.8) 

 
𝑣@ = 𝑦@�� + (1 − 𝑦I�� − 𝑦@�� − 𝑦n��)/3  (4.9) 

 
𝑣n = 𝑦n�� + (1 − 𝑦I�� − 𝑦@�� − 𝑦n��)/3  (4.10) 

 
where the ternary interaction parameters 𝐿I $%:I@n  are fit to describe the experimental data. The 

Gibbs free energy functions of the pure elements in their standard elemental reference (SER) state 

and liquid phase are taken from Dinsdale [86].  

 The 2SL model can also be used in order to determine the formation energy of defects in 

dilute concentrations as has been done previously in the binary systems[112]. Na substitutes for 

Pb on the Pb sublattice so the 2SL model can be described as (Pb,Na,Va)(X,Va) in the ternary 

system. When heavily doped with Na, the concentration of Na defects is orders of magnitude 

higher than the intrinsic defects at lower temperatures and therefore the model can be assumed to 

be equivalent to (Pb,Na)X. A similar derivation to the one in Chapter 3 is done here for Na defects. 

In order to determine the equilibrium site fraction of Na on the Pb sublattice, the grand potential 

must be minimized 

 
𝒢� = 𝐺� − 𝜇$%𝑦$% − 𝜇K¦𝑦K¦   (4.11) 

 
where 𝒢�, 𝜇$% , and 𝜇K¦ are the grand potential per mole and chemical potential of Pb and Na 

atoms, respectively. The molar Gibbs free energy, 𝐺�, is calculated according to CEF as   

 
𝐺� = 𝑦K¦ 𝐺K¦£° + 𝑦$% 𝐺$%£° + 𝑅𝑇s𝑦K¦ln(𝑦K¦) + 𝑦$%ln(𝑦$%)t + 𝑦K¦𝑦$%𝐿K¦,$%:£  (4.12) 

 
Taking the derivative of equation 4.11 with respect to 𝑦K¦  leads to 
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0 = qÌÍ

q�ìÓ
− 𝜇K¦ + 𝜇$%	 (4.13) 

 
Substituting the derivative of equation 4.12 with respect to 𝑦K¦  into equation 4.13 leads to  

 
− 𝐺K¦£° + 𝐺$%£° + 𝐿K¦,$%:£(1 − 2𝑦$%) + 𝜇K¦ − 𝜇$% = RTln® �ìÓ

M&�ìÓ
·  (4.14) 

 
Under the dilute limit where 𝑦K¦<< 1 the equilibrium site fraction of Na can be calculated as 

 

𝑦K¦¾´
)v = exp Ñ− ÌìÓ¿° & Ì¾´¿° *xìÓ,¾´:¿&ÀìÓ*À¾´

Ôµ
Õ  (4.15) 

 
Where the numerator can be linked to the formation energy of a Na defect on the Pb sublattice. 

The term 𝐺K¦£°  is the Gibbs free energy of a compound with every Pb atom replaced with a Na 

atom and can be fixed to first-principles calculations. The end-member 𝐺$%£°  is determined from 

the binary assessment and the chemical potentials of Na and Pb are fixed in a three phase equilibria. 

This leaves the interaction parameter 𝐿K¦,$%:£ free to be optimized to experimental data or first-

principles calculations. The fact that this interaction parameter is system specific allows it to be 

compatible in multicomponent databases as well. The interaction parameter will be fit to the 

experimental data in the Pb-Te-Na system and first-principles calculations in the Pb-S-Na and Pb-

Se-Na systems. 

 4.3.2 First-Principles Modeling  
 
 An analogous approach to that found in Chapter 2 is used here with the addition of Na-1 

defects on the Pb site and only the doubly ionized vacancies on either sublattice considered. The 

total energies of the supercells were determined by DFT[35] calculations performed with the 
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Vienna Ab-initio Simulation Package[37] (VASP) [38] with projector-augmented wave[39] 

potentials utilizing the generalized gradient approximation (GGA) exchange-correlation functional 

of Perdew, Burke, and Ernzerhof[40]. The calculations treat the 6s26p2, 3s23p4, 4s24p4, 5s25p4, and 

3s1 as valence electrons for the Pb, S, Se, Te, and Na atoms respectively. The NaCl crystal structure 

for the PbX crystal structure was taken from the Inorganic Crystal Structure Database[41] (ICSD). 

Supercells were constructed using a 3 x 3 x 3 array of the unit cell for 216 total atoms. Structures 

were allowed to relax with a maximum cutoff energy of 350 eV and a Monkhorst-Pack 4 x 4 x 4 

k-point meshes  [42]. Lattice parameters and atomic positions were allowed to relax until energy 

convergence reached 0.1 meV and a final static calculation was performed. 

4.4 Results and Discussion 
 

The optimization of the CALPHAD parameters was done in the PARROT [89] module of 

ThermoCalc [90]. The interaction parameters for the binary and ternary system are listed in Table 

4.1. 

Table 4.1 Thermodynamic parameters for the liquid and PbX phase. All units J/mol. 

Phase Model Parameter 
Liquid (Pb,S,Se,Te,PbS,PbSe,PbS)1 𝐿E $%(,$%7)

oIv = −7,0395 
  𝐿M $%(,$%7)

oIv = −12,686 
  𝐿E $%(,$%()

oIv = −17,214
+ 13.5𝑇 

  𝐿E $%(),$%7)
oIv = 9,099 

PbX (Pb,Na,Va)1(S,Se,Te,Va)1 𝐿E $%:(,7)
$%£ = 38,224 − 20.9𝑇 

  𝐿M $%:(,7)
$%£ = 4,372 

  𝐿E $%:(,()
$%£ = 3,206 

  𝐿M $%:(,()
$%£ = 590 

  𝐿E $%:(),7)
$%£ = 10,251 

  𝐿M $%:(),7)
$%£ = 1,349 

  𝐿E $%:(,(),7)
$%£ = 	−4,525 

  𝐿M $%:(,(),7)
$%£ = 	30,770  
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  𝐿' $%:(,(),7)
$%£ = 	−23,661 

  𝐺K¦:(° = −61,729 + 𝐺K¦O��E

+ 𝐺(í�iE  
  𝐿E K¦,$%:(

$%£ = 	−131,927 
  𝐺K¦:()° = −82,803+ 𝐺K¦O��E

+ 𝐺()ß)ÅE  
  𝐿E K¦,$%:()

$%£ = −78,416 
  𝐺K¦:7)° = −74,873 𝐺K¦O��E

+ 𝐺7)ß)ÅE  
  𝐿E K¦,$%:7)

$%£ = −82,091 + 31𝑇 
4.4.1 PbS-PbTe 

 
The PbS-PbTe phase diagram is shown in Figure 4.1. The asymmetric nature of the 

miscibility gap required a sub-regular solution parameter in the Pb(S,Te) system. The miscibility 

gap describes the experimental data quite well. The spinodal region also agrees very well with 

several studies investigating the spinodal effects on the Pb(S,Te) system. He et al confirmed that 

the composition of PbTe0.7S0.3 annealed at 773 K exhibits spinodal decomposition [100]. 

According to our model, any material at this composition annealed at 810 K or lower should 

spinodally decompose. This is also confirmed in Girard’s study, which annealed two compositions, 

PbTe0.7S0.3 and PbTe0.92S0.08, at 773 K and found spinodal decomposition and nucleation and 

growth, respectively [99]. Androulakis’s study found spinodal decomposition at compositions 

higher than PbTe0.84S0.16 annealed at 773 K, which is outside of the spinodal region in our model 

[129]. The 2.5 at% Sn that was added to aid with the processing could explain this, or more likely, 

the sample decomposed after annealing at a lower temperature once it entered the spinodal regime. 

The spontaneous nature at which spinodal decomposition occurs makes retaining high temperature 

equilibrium states extremely difficult. It is important to note that the spinodal line depicted here is 

only the chemical spinodal. A study performed by Doak et al [123], which explored the coherency 

spinodal, is likely suppressed due to the lattice mismatch in this compound such that the spinodal 
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decomposition microstructure depicted in these studies may not actually be spinodal but instead 

caused by discontinuous precipitation as seen in the (Pb,Sn,Ge)-Te system [130].  This will be 

discussed in greater detail later in Chapter 7. The liquidus data is well explained by two parameters 

between the PbS and PbTe associates. 

 

Figure 4.1 PbS-PbTe phase diagram. Experimental data taken from Darrow[115], Leute [117], and 
Demin [116]. 

 
 4.4.2 PbSe-PbTe 
 

The PbSe-PbTe phase diagram is shown in Figure 4.2. The tie-line determined by Liu [111] 

was used to establish the miscibility gap below 650 K. The asymmetry of the miscibility gap is 

also predicted by first-principle calculations by Usanmaz [122] and confirmed in Kim’s study 

[121] where nanostructures dissolved above 623 K. The established spinodal region can also be 

used to guide material design similar to the PbS-PbTe studies. The larger degree of mutual 

solubility of PbTe and PbSe also provides greater flexibility in introducing point defects as 

discussed earlier. Similar to the PbS-PbSe system, the PbSe-PbTe liquidus data is scattered; 

however, a reasonable fit to the experimental data is seen. Volykhov [110] used the solid 
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interaction parameters to fit to the experimental liquidus data, which failed to produce a miscibility 

gap at lower temperatures and created a minimum in their liquidus curve, which is at odds with 

previous studies as discussed before. This assessment used the interaction between the PbSe and 

PbTe liquid associates to fit the data, which results in a monotonically decreasing liquidus as is 

shown in the data and therefore is likely more physically accurate. 

 
Figure 4.2: PbSe-PbTe phase diagram solid phase equilibria (left) and solid-liquid equilibria 
(right). The two phase data is taken from Liu and the liquidus is taken from Steininger [120], 
Grimes [119], Elagina [118], and Kuznetsova [126]. 

 
 4.4.3 PbS-PbSe 
 

The liquidus of the PbS-PbSe phase diagram is shown in  

Figure 4.3. The interaction parameters predicted by Usanmaz [122] create a miscibility gap 

below 300 K, which is beyond the applicability of the Gibbs free energy functions established in 

the CALHAD framework established by SGTE and therefore not shown here[86]. A solid solution 

of Pb(S,Se) exists until the liquidus, which exhibits a minimum at 1333 K. Similar to PbSe-PbTe, 

the solid interaction parameters are left fixed and only the parameters of the PbS and PbSe liquid 

associates are allowed to vary to describe the data. An extremely thin solid and liquid region is 

also shown with reasonable agreement from the data of Kuznetsova. Agreements largely differ 
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due to the disagreement in melting temperature for PbS, which varies in the literature by as much 

as 90 K. 

 
Figure 4.3: PbS-PbSe liquidus phase diagram with experimental data from Kuznetsova [126], 
Strauss [125], and Gromakov [124]. The data is scattered due to various experimental techniques. 
The data from Kuznetsova was used in determining the liquid interaction parameters. 

 
 4.4.4 PbS-PbSe-PbTe 
 

The pseudoternary phase diagram at various temperatures is shown in Figure 4.4. Liu’s 

study [111] was used to determine the interaction parameters and a 2nd order ternary parameter 

was necessary to fully describe the data in the entire composition range. Nearly all experimental 

data points are correctly described as single or two phase. The presence of PbSe increases the 

mutual solubility of PbS in PbTe as noted by Yamini [102]. This model can be used to better 

understand the results reported by Korkosv [105], which reported a solid solution in 

PbTe0.86Se0.07S0.07. First-principles calculations in that study indicate alloys annealed up to 900 K 

should still exhibit nanostructures. Although not specifically annealed at a certain temperature, the 

phase diagram at 773 K in Figure 4.4 indicates that these compositions are still in the single phase 

region. Meanwhile, the composition PbTe0.76Se0.12S0.12, which did exhibit nanostructures, is within 

the two-phase region. Yamini investigated the Pb(S,Se,Te) system as well and determined the 
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solubility limit at 773 K to be PbTe0.8Se0.1S0.1, which is in very close agreement with our model 

[102]. 

 
Figure 4.4: Pseudoternary phase diagrams of the Pb(S,Se,Te) system at given temperature. Single 
and two phase experimental data from Liu [111]. The solubility limit of PbTe1-2xSexSx was 
determined to be PbTe0.8Se0.1Se0.1 [102]. 

 
 4.3.5 Na-Pb-X 
 

The experimental solubility information from Yamini et al[114] was used to optimize the 

interaction parameter in the Na-Pb-Te system. The defect formation energy of Na on the Pb site 

under PbS-NaS-Na2S and PbSe-NaSe-Na2Se conditions was used to fit the interaction parameter 

for the Na-Pb-S and Na-Pb-Se systems, respectively. The final optimized parameters are listed in 

Table 4.1 and the Na solubility along the NaX tieline is shown in Figure 4.8 for each compound. 

The defect formation energies determined by DFT and the CALPHAD model for the Na-

Pb-S system are given in Table 4.2. By including only the expected charge states of the defects 

there are no negative formation energies for the Na defects as reported before[21]. The CALPHAD 

model is consistent with the first-principles calculations, which indicate that the PbS-NaS-Na2S 

and PbS-NaS-NaS2 equilibrium should have the lowest and similar formation energies. However, 

the formation energies diverge far from these Na-rich equilibria. In these Pb and S-rich conditions, 

the concentration of Na and Va defects are of the same order of magnitude, which violates one of 

the assumptions made when deriving equation 4.15 to calculate the formation energy of the Na 
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defect. This assumption is still valid in the Na-rich regions to which the interaction parameter is 

fit. Therefore, the constructed phase diagram should still be consistent but the calculated formation 

energies in the other regions less accurate. The ternary phase diagram at 780 K is shown in Figure 

4.5(a) and the enlarged region in Figure 4.5(b). The region of greatest solubility of Na lies along 

the NaS tieline and the width increases for Na-poor conditions where the intrinsic vacancies play 

a larger role.  

Table 4.2: Defect formation energies at 300 K calculated by DFT and CALPHAD model for the 
Na-Pb-S system. The CALPHAD interaction parameter was fixed in order to match the DFT value 
in the PbS-NaS-Na2S equilibria. 

Equilibria DFT Determined Formation 
Energy at 300 K (kJ/mol) 

CALPHAD Determined 
Formation Energy at 300 K 

(kJ/mol) 
PbS-Pb-Na2S 10.6 34.5 

PbS-NaS-Na2S 6.07 6.07 
PbS-NaS-NaS2 6.07 6.07 

PbS-S-NaS2 7.23 42.3 
 
 

 
Figure 4.5: a) Na-Pb-S ternary at 780 K b) Enlarged region around PbS  

The defect formation energies determined by DFT and the CALPHAD model for the Na-

Pb-Se system are given in Table 4.3 and similar trends to those found in the Pb-Na-S system are 
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found here. The lowest formation energies are in the Na-rich regions of PbSe-NaSe-NaSe2 and 

PbSe-NaSe-Na2Se, which are also matching. The formation energies diverge farther away from 

these equilibria where the intrinsic carriers become more prominent. The ternary phase diagram at 

780 K is shown in Figure 4.6(a) and the enlarged region in Figure 4.6(b). PbSe shows a greater 

width than PbS and the point of highest Na solubility lies along the NaSe line as well as slightly 

Se-rich. 

Table 4.3: Defect formation energies at 300 K calculated by DFT and CALPAHD model for the 
Na-Pb-Se system. The CALPHAD interaction parameter was fixed in order to match the DFT 
value in the PbS-NaSe-Na2Se equilibria. 

Equilibria DFT Determined Formation 
Energy at 300 K (kJ/mol) 

CALPHAD Determined 
Formation Energy at 300 K 

(kJ/mol) 
PbSe-Pb-Na2Se 22.2 51.3 

PbSe-NaSe-Na2Se 10.3 10.3 
PbSe-NaSe-NaSe2 10.3 10.3 

PbSe-Se-NaSe2 11.5 16.5 
 

 
Figure 4.6: a) Na-Pb-Se ternary at 780 K b) Enlarged region around PbSe  

The solubility data of Na in PbTe is well described as depicted in Figure 4.7 and within the 

experimental error for all data points. The maximum solubility occurs at approximately 660 K and 

a composition of Na0.014Pb0.986Te after which it decreases. In He’s study on Na doped PbX 
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compounds, they assumed a constant Na solubility for their Debeye-Callaway model and noted 

discrepancies for temperatures greater than 550 K, where their model underestimates the lattice 

thermal conductivity. Although the peak does not occur until 660 K, we would expect the excess 

Na to begin to precipitate out of the matrix as the solubility decreases. This increases the amount 

of precipitates, while decreasing the amount of point defects in the matrix, both of which play key 

roles in the scatter of heat carrying phonons [107]. The CALPHAD and first-principles calculated 

formation energies are compared in Table 4.4. The formation energy of the NaTe compound lies 

just above the DFT determined convex hull and is not stable at 0 K; however, experimental studies 

have shown this to be stable at 300 K. We have included equilibria with and without this phase for 

a complete comparison of the DFT and CALPHAD determined energies. Despite the DFT 

calculations not being used in adjusting the interaction parameter, there is a close agreement 

between the two values, which supports our use of the 2SL model. Similar to before, the only 

region where the two models diverge is in the Pb-rich region where vacancies on the Te site are 

more prevalent.  

Table 4.4: Defect formation energies at 300 K calculated by DFT and CALPAHD model for the 
Na-Pb-Te system. The CALPHAD interaction parameter was optimized to experimental data and 
agrees reasonably well with the first-principles calculations.  

Equilibria DFT Determined Formation 
Energy at 300 K (kJ/mol) 

CALPHAD Determined 
Formation Energy at 300 K 

(kJ/mol) 
PbTe-Pb-Na2Te 37.2 55.9 

PbTe-NaTe3-Na2Te 20.8 15.1 
PbTe- NaTe3-Te 26.5 30.0 

PbTe-NaTe-Na2Te 20.2 19.7 
PbTe-NaTe-NaTe3 20.2 19.7 
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Figure 4.7: Na-Pb-Te ternary plots at (a-b) 485 K, (c-d) 623 K, (e-f) 780 K and enlarged regions 
for PbTe. Experimental data used in optimization from Yamini et al[114] are shown as black 
circles and agree well with calculations. 

 
 The solubilities of Na in PbX were found to comparatively vary in PbTe, PbSe, and PbS in 

increasing order [107]. The maximum solubility of Na for each compound along the NaX line is 

given in Figure 4.8 along with the reported solubility of each at room temperature. It is important 
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to note that although the study reported the solubilities as room temperature values, the 

experimental compounds were allowed to air cool from 1423 K. Therefore, the values they report 

likely indicate some higher temperature equilibrium value that was then frozen due to slower 

kinetics at lower temperatures. For this reason, these values were not used in the optimization and 

are given only for comparison. At lower temperatures, our model is consistent with the results 

found previously. Above 620 K, the Na solubility in PbSe overtakes PbS. PbSe experiences a 

decrease in Na at higher temperatures and the Na solubility of PbS becomes higher at 1260 K.    

 
Figure 4.8: Calculated solubility of Na in PbX along NaX tie-line. The concentration of Na at low 
temperatures increases from increases from PbTe to PbSe and PbS, in agreement with 
experimental data[107], which is shown as solid circles at 300 K. 

 One of the benefits of the CALPHAD method is its ability to extrapolate into higher order 

systems. In this study, we have assessed the Pb(S,Se,Te) system as well as the solubility of Na in 

PbX. This allows for extrapolation into how the Na solubility changes when these compounds are 

alloyed together. Often, PbTe is alloyed with PbSe to take advantage of band engineering and point 

defects and PbS for introducing precipitates; however, they both effect the Na solubility and thus 

carriers of the PbTe matrix. Figure 4.9 shows the maximum carrier concentration under the 

assumption that each Na atom in the matrix donates one hole to the valence band for different 
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PbTe based systems. Our model predicts that alloying PbTe with PbS decreases the possible 

carriers of the system. This result is consistent with Girard’s study, which found that the room 

temperature carrier concentration decreased from approximately 2 x 1020 to less than 1 x 1020 

holes/cm3 when PbS was introduced [99]. Conversely, alloying PbTe with PbSe increases the 

possible carriers, which is consistent with a study by Pei, which found a monotonic increase in 

carriers from 1.27 x 1020 to 1.65 x 1020 holes/cm3 when increasing from 0% PbSe to 25% PbSe in 

incremental steps [82]. Simultaneous alloying of PbTe with PbSe and PbS was found to increase 

the carrier concentration of the PbTe matrix [103]. This result is consistent with our model at 

higher temperatures, which might indicate some long-term stability issues with these alloys. 

 
Figure 4.9: Calculated maximum number density of holes in different Pb(S,Se,Te) systems 
assuming that every Na atom in the matrix phase contributes one hole to the valence band. Alloying 
PbTe with PbSe increases the maximum carrier concentration, while alloying with PbS decreases 
it overall.  

4.5 Conclusion 
 
 The Pb(S,Se,Te) system has been thermodynamically assessed. The literature has been 

critically reviewed and preference to the most reliable data has been used when the data is scattered 

such as in the PbS-PbSe liquidus. The liquidus data have been used to determine the interaction 
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parameters from the binary associates and a multicomponent compatible 2SL model has been used 

to describe the PbX phase, which also retains the carrier concentration from the constituent 

binaries. First-principles calculations are used to determine the interaction in the Pb(S,Se) solid as 

a miscibility gap has not been experimentally observed, due to the low temperatures, and 

experimental data has been used in the Pb(S,Te) and Pb(Te,Se) systems. Ternary interaction 

parameters were used to fully describe the Pb(S,Se,Te) ternary solid, and agrees well with the 

published literature data.  

First-principles calculations have been performed using the dilute-limit approximation to 

determine the formation energies of Na on the Pb sublattice. The 2SL CALPHAD model described 

here can also be used to determine formation energies, which can either be compared to the DFT 

determined ones as in the Na-Pb-Te system or used to fix parameters in the model as in the Na-

Pb-(S,Se) systems. The ternary phase diagrams around the PbX compounds have been calculated 

and there is good agreement between the limited experimental information and constructed 

models. The CALPHAD model has been used to determine the effect of alloying PbTe with PbS 

and PbSe and is consistent with previous publications. This thermodynamic database can be used 

in the optimization of lead-based chalcogenides, where solid solution, nanostructuring, and carrier 

concentration play key roles in optimizing the figure of merit. 
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5. Kinetic modeling of the PbS-PbTe system 
 

5.1 Introduction 
 

The work presented here has thus far been limited to the thermodynamics of various systems, 

which only illustrates the final equilibrium state. Often times, thermodynamic equilibrium is 

difficult or even impossible to obtain for reasonable timescales. Therefore, it is necessary to 

understand the process for which systems achieve equilibrium, which is dictated by the system’s 

kinetics. Armed with knowledge of a system’s kinetics, one can determine appropriate times and 

temperatures for homogenization to occur[131], annealing times to achieve a desired 

microstructure[132], or processing routes to avoid carburization at high temperatures for 

steels[133].  

The process to model the kinetics is analogous to the one used in modeling the 

thermodynamics[134]. Once an appropriate model has been chosen for the phases of interest, 

adjustable parameters are then used to fit to data determined from experiment or first-principles 

calculations. Similar to how the Gibbs free energy is the fundamental property to model in terms 

of the thermodynamics, the kinetic property of interest are the mobilities of the elements in the 

phase. Mobilities are chosen over diffusion coefficients as there are less mobilities in a 

multicomponent system and interdiffusion coefficients can always be determined from the 

mobilities if the thermodynamics of the system are known[135].  Direct evaluation of the 

mobilities are difficult and instead, the diffusion coefficients, determined from diffusion couple 

experiments, are used as the experimental fitting data. The end goal is to build multicomponent 

kinetic databases that can be used in conjunction with the thermodynamic database to model 

diffusion-controlled phase transformation processes. If binary and ternary subsystems are properly 

assessed, then extrapolation to higher ordered systems is then possible.  
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The non-equilibrium character of kinetic processes makes the study of these parameters 

much more difficult than their thermodynamic counterpart. Although much work has gone into 

developing methods for high throughput diffusion couples, determination of diffusion coefficients 

is a much more complicated process both experimentally and computationally[136]. Due to these 

limitations, there is very limited data in the literature from which to draw on and there has yet to 

be an established unary database as there exists for thermodynamics. Therefore, this study must 

develop its own experimental information. 

 The previous chapter determined the thermodynamics of the PbX (X=S,Se,Te) system for 

which any of the pseudobinaries may be chosen. The PbS-PbTe system has been chosen as the 

thermodynamics of this system are well established and the miscibility gap at high temperatures 

allows for precipitates to form[129]. These precipitates scatter heat carrying phonons resulting in 

a lower lattice thermal conductivity and higher overall zT [100]. Therefore, determining the 

kinetics of the PbS-PbTe system would allow for greater control of the microstructure and 

improved thermoelectric performance. We have previously established that vacancies are the 

dominant defects in this system and therefore the models that use vacancy mediated diffusion 

processes are appropriate. In addition, the lack of antisite defects allows us to simplify the diffusion 

process as we can assume it only occurs on the S and Te sublattice. 

 This chapter will provide background on the model used for determining the kinetics of the 

PbS-PbTe system, the experimental conditions that were used in determining the diffusion 

coefficients, and the assessment of the mobilities for S and Te in the PbTe/PbS phase.   

5.2 Kinetic Model 
 

The flux of species k, 𝐽n , in the z direction is based on Fick’s first law and was generalized by 

Onsager[137] for a multicomponent system as 
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𝐽n = −∑ 𝐿nI�
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where 𝜇I is the chemical potential of species i and 𝐿nI�  are proportionality factors dependent on the 

mobilities of the individual species. If this is rewritten in terms of concentration gradients instead 

of chemical potentials equation 5.1 becomes 
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The unreduced diffusivities can be defined as 
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and equation 5.2 can be rewritten as 
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According to equation 5.3 the diffusivities depend on the thermodynamic factor, 𝜕𝜇I 𝜕𝑐@a , and a 

kinetic factor 𝐿nI� . The concentration gradients in equation 5.4 are not independent and in the 

volume-fixed frame of reference, equation 5.4 becomes 
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The continuity equation defined as 
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can be combined with equation 5.5 to create a system of partial differential equations to determine 

the change in composition with respect to time. 

 The kinetic property of interest is the mobility of species i, 𝑀I, and can be related to the 

kinetic proportionality factor by 

 
𝐿n@� = ∑ (𝛿In − 𝑐n𝑉I)�

ILM 𝑐I𝑦N¦𝑀I  (5.7) 

 
where 𝛿In is the Kronecker delta function, 𝑐n and 𝑐I are the amounts of k and i per unit volume, 𝑉I 

is the partial molar volume of element i, and 𝑦N¦  is the site fraction of vacancies. From equation 

5.7 and equation 5.3 it is evident that the diffusivities can be determined if the mobilities and 

thermodynamics of the system are known. 

 The method for modeling the mobilities must now be addressed. A similar model to the 

CEF presented earlier would lend itself well for use in multicomponent databases[134, 138]. 

Physically, the mobility of an element depends on the temperature, composition, pressure, 

frequency factor, and activation enthalpy. The mobility of element B, 𝑀ö, at constant pressure, 

temperature, and composition can be defined as 

 

𝑀ö =
P÷
°

�7
𝑒®

[ø÷
ù` ·  (5.8) 

 
Where R is the gas constant, T temperature, and 𝑀ö

°  and 𝑄ö are the frequency factor and activation 

enthalpy, respectively. 

 In order to describe the composition dependence, an equation similar to equations 3.6 and 

3.8 are used for both 𝑀ö
°  and 𝑄ö 

 
Φö = ∑ 𝑥IΦO

I
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where Φö can be either 𝑀ö

°  or 𝑄ö, 𝑥I is the mole fraction of compoenent i, and  Φö
I,@�  are the 

interaction parameters between components i and j of order r. The parameters ΦO
I  and Φö

I,@�  can 

then be adjusted in order to describe the data. For this study, only 𝑄ö will be used to describe the 

data. 

5.3 Determining Interdiffusion Coefficients from Diffusion Couple Experiments 
 

Collaborators at The Ohio State University developed and analyzed diffusion couples of the 

PbS-PbTe system at 973 K and 1083 K for 100 hours and 24 hours, respectively. Although 

technically a ternary system, the analysis can be performed as a binary system as mixing only 

occurs on the S and Te sublattice. The two temperatures were chosen such that one was below the 

critical temperature of the miscibility gap, representative of a two-phase alloy, and one just above 

it where a solid solution should exist. The interdiffusion coefficients were determined via a 

forward-simulation method described below[139]. 

   First, preliminary interdiffusion coefficients are determined using Boltzmann-Matano (B-M) 

analysis. A moving average method is used to smooth the experimental data and the interdiffusion 

coefficients, 𝐷ý, as a function of composition can be determined from 

 

𝐷ý(𝐶�) = ®− M
'i
qÅ
qS
·
Sþ
∫ (𝑥 − 𝑥P)𝑑𝐶
Sþ

Sÿ
  (5.10) 

 
where x is the distance coordinate, t is time, and 𝐶� is a specific composition at 𝑥�. The Matano 

plane 𝑥P is determined by mass balance as 

 
∫ [𝐶(𝑥) − 𝐶x]𝑑𝑥
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&c = ∫ [𝐶� − 𝐶(𝑥)]𝑑𝑥

*c
Å!

  (5.11) 

 



 

 

99 

 

Where 𝐶x and 𝐶� are the composition at the far left and right of the composition profile, 

respectively. The determined interdiffusion coefficients are then fit to a constant, linear, or 

quadratic function. Fick’s law of diffusion is then used to simulate the initial concentration profile 

step by step using a Boltzmann transformation. Fick’s second law of diffusion states 

 
ï�
ïi
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ïÅ
®𝐷ý ï�
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·  (5.12) 

 
Implementing a Boltzmann transformation where 

 
𝜉 ≡ Å

√i
  (5.13) 

Equation 5.12 becomes 
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'
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which greatly reduces the computation time as the concentration is only a function of 𝜉. 

 The initial composition profile is forward simulated in MATLAB using equation 5.14 for 

the annealing time and temperature of the experiment. The simulated composition profile is then 

compared to the final experimental profile and the sum of the square of the differences is 

computed. The diffusion coefficients are adjusted, and the initial composition is simulated again 

using the updated interdiffusion coefficients. This process is repeated until the sum of the square 

of the difference between simulated and experimental profiles is less than or equal to 0.1%. 

 Local equilibrium at the interface is maintained throughout the simulation. In order to 

determine the movement of the interface between two phases 𝛼 and  𝛽, the mass balance equation 

is used 
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Two parameters are used to update the diffusion coefficients, the concentration gradient and phase 

thickness. The concentration gradient is inversely proportional to the diffusion coefficient at that 

location, as such, for a simulated and experimentally determined composition gradient, 𝑘M and 𝑘', 

respectively, the updated diffusion coefficient 𝐷ý� to be used in the next iteration can be calculated 

as 

 
𝐷ý� = 𝐷ý n§

n5
  (5.16) 

 
If an intermediate phase, 𝛾, exists between the two phases 𝛼 and 𝛽, then the length of the 𝛾 phase 

should be proportional to the diffusion coefficient due to the fact that the diffusion length is 

proportional to *𝐷ý𝑡. Therefore, the updated diffusion coefficient can be determined as  

 

𝐷ý� = 𝐷ý Ñx5
+

x§
+Õ
'
  (5.17) 

 
Where 𝐿M

, and 𝐿'
,  are the simulated and experimentally determined length of the 𝛾 phase, 

respectively. The diffusion coefficients are updated and concentration profiles simulated until the 

experimental and simulated profiles differ by less than 0.1%. 

5.4 Results and Discussion 
 

Images of the annealed diffusion couples are shown in Figure 5.1(a) and (b) for the couple 

annealed at 973 K for 100 hours and 1083 K for 24 hours, respectively. The experimentally 

determined composition profiles are given in Figure 5.1(c) and (d). Figure 5.1(c) shows the 

concentration profile for the couple held at 973 K for 100 hours and Figure 5.1(d) shows the 
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concentration profile for the couple held at 1083 K for 24 hours. Pores evident in the image explain 

some of the noise seen in the composition profile, especially for the PbTe side annealed at 1083 

K. These can be smoothed using the moving average method at the cost of introducing errors into 

the diffusion coefficient. The equilibrium composition determined at 973 K, which is below the 

critical temperature, was determined to be 12.5 at% S on the PbTe rich side and 44 at% S on the 

PbS rich side, in close agreement to 15 at% S and 45 at% S from our previously determined 

thermodynamic assessment.  

 
Figure 5.1: Experimental images of diffusion couples annealed at a) 973 K for 100 hours and b) 
1083 K for 24 hours. The composition profiles for the annealed samples are given in c) and d) for 
973 K and 1083 K, respectively. 

 The diffusion coefficients using the forward simulation method outlined in Section 5.3 

were used to extract interdiffusion coefficients as a function of composition at the two 
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temperatures and are given as discrete points in Figure 5.2. The discontinuity 973 K is caused by 

the miscibility gap between PbTe and PbS. The full composition range can be modeled for 1083 

K as it is above the critical temperature. According to equation 5.7 and 5.3, the interdiffusion 

coefficient is determined by the mobility 𝑀I and the thermodynamic factor 𝜕𝜇I 𝜕𝑥(- . The minimum 

in the interdiffusion coefficient corresponds to the minimum of the thermodynamic factor, which 

is calculated from the previously determined thermodynamic assessment. Therefore, an accurate 

description of the kinetics involves incorporating the thermodynamics assessed earlier. A full 

optimization of the phase diagram along with the kinetics was thus performed. 

 
Figure 5.2: The simulated interdiffusion coefficients are shown as red points and the modeled 
interdiffusivities are shown as solid blue line. The interdiffusivities are shown for two 
temperatures, 973 K (bottom) and 1083 K (top). 

 The modeled diffusion coefficients are shown as a solid line in Figure 5.2 and the optimized 

parameters are given in Table 5.1. There is close agreement between the data and model near the 

PbTe and PbS end-members that begin to deviate further away from the pure components. Errors 
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can be magnified when the composition gradient is unclear, which occurs at the interface and 

therefore we would expect greater uncertainty at those locations. The kinetic and thermodynamic 

parameters were used to perform a diffusion couple simulation in the DICTRA software. Initial 

composition profiles were created to represent blocks of PbTe and PbS forced together and 

annealed at the experimental temperature and time. The simulated profiles along with the 

experimental data, shown in green, are given in Figure 5.3. Despite the slight discrepancy between 

the interdiffusion coefficients, the simulated and experimental concentration profiles agree very 

well with each other. Lastly, the miscibility gap and experimental data is shown in Figure 5.4 with 

the original assessment shown in red and the updated assessment including the kinetic information, 

shown in black. The miscibility gap is largely unchanged with the kinetic information; however, a 

temperature dependent term in the sub-regular solution model was added in order to better describe 

the data. The addition of this term is justified as there is more experimental information to fit to 

and the updated interaction parameters are given in Table 5.2 along with the previous values. 

 
Figure 5.3: Simulated diffusion profiles and experimental data shown for a) 973 K at 100 hours 
and b) 1083 K at 24 hours using the updated kinetic and thermodynamic assessments. 
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Figure 5.4: Comparison of the calculated phase diagram for the assessment containing 
thermodynamic information only (red) and the assessment using kinetic and thermodynamic 
information (black).  

Table 5.1: Final optimized kinetic parameters for Pb(S,Te) 

Parameter Optimized Value (J/mol) 
𝑄£$%:7)  -384,100+134.6T 
𝑄£$%:( -286,300+22.5T 
𝑄¢
$%:(,7)E  -504,000+440.7T 

𝑄¢
$%:(,7)M  461,200-430.5T 

 
 
Table 5.2: Updated thermodynamic parameters after performing full assessment of 
thermodynamic and kinetic information in comparison to previous assessment. 

Interaction Parameter Thermodynamic 
Assessment (J/mol) 

Thermodynamic and Kinetic 
Assessment (J/mol) 

𝐿E $%:(,7)
$%£  38,224 − 20.9𝑇 37,228 − 19.7𝑇 
𝐿M $%:(,7)
$%£  4,372 8,062 − 4.1𝑇 

 
 One method for validating the derived diffusion data is to compare the interdiffusion 

coefficients to the impurity diffusion coefficients of the pure compounds, PbTe and PbS. 

According to Darken’s equation, the interdiffusion coefficient is equal to[140] 
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𝐷ý = 𝑥O𝐷Q + 𝑥Q𝐷O  (5.18) 

 
where 𝐷Q and 𝐷O are the intrinsic diffusivities of components A and B. Therefore, at the end-

member compositions, the interdiffusion coefficient should reduce to the intrinsic diffusivity or 

impurity diffusivity in PbTe and PbS. Unfortunately, there are no literature values for the impurity 

diffusivity of Te and Se in PbS and PbTe, respectively. In addition, most of the impurity 

diffusivities in the literature, such as Ag, Sb, or Bi, are not substitutional defects on the X sublattice 

and therefore not a fair comparison. The best literature values are the self-diffusion coefficients of 

Te and S in their respective compounds. The self-diffusion coefficient is highly dependent on the 

growth conditions of the material and can vary by an order of magnitude if grown on either the 

Pb-rich or X-rich side[141, 142]. The self-diffusion coefficients of S[142] and Te[141] from the 

literature and the modeled interdiffusivities at either end-member are given in Table 5.3. The data 

is most aligned for the low temperature 973 K, and the modeled diffusivities are much larger at 

the higher temperature. The higher temperature was chosen to be above the critical point, which 

was previously determined to be a temperature of 1076 K. There is only a 7 K difference between 

the critical point and the 1083 K annealing temperature. Modeling diffusion near the critical point 

is notoriously difficult as classical nucleation theory does not apply[143]. Therefore, we would 

expect this region to be particularly difficult to model and this explains some of the discrepancy 

near the minimum. However, this issue should be mitigated near the end-members where the 

composition is farther from the critical point. It is also important to note that the self-diffusion 

coefficients are extrapolated from a lower temperature and therefore cannot be guaranteed to 

describe the diffusion at higher temperatures. Nevertheless, the activation energy of 380 kJ/mole 

and 290 kJ/mole for PbTe and PbS, respectively, compare reasonably well to those found in other 
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kinetically assessed systems such as the Ni-Nb-Mo, which range from 280 kJ/mole to 315 

kJ/mole[144] or the Al-Cr-Ni found to range between 142 kJ/mole to 287 kJ/mole[138]. 

Table 5.3: Comparison of experimentally determined self-diffusion coefficients and the modeled 
interdiffusion coefficients at either end-member. 

Temperature (K) Self-Diffusion of 
S (m2/s) [142] 

Interdiffusion of 
S (m2/s) 

Self-Diffusion of 
Te (m2/s) [141] 

Interdiffusion of 
Te (m2/s) 

973 2.2 x 10-15 6.5 x 10-15 1.1 x 10-15 2.5 x 10-14 

1083 9.6 x 10-15 2.3 x 10-13 3.8 x 10-15 3.0 x 10-12 

 
5.5 Conclusions 

 
Diffusion couples of the PbTe-PbS system were created and annealed at two temperature 973 

K and 1083 K for 100 and 24 hours, respectively. The composition profiles of the annealed samples 

were used to determine the interdiffusion coefficients using a forward simulation method. The 

equilibrium composition determined from the diffusion couple is in close agreement with our 

previous thermodynamic assessment. The simulated diffusion coefficients were used to model the 

mobilities of the PbX phase. In order to get a satisfactory agreement with the diffusion coefficients, 

a combined assessment of the thermodynamic and kinetic data was necessary. The updated 

thermodynamic and new kinetic parameters have been reported and reasonable agreement with the 

data is shown. The mobility and thermodynamic databases were used to simulate the experimental 

diffusion couples and excellent agreement between the simulated and experimental profiles is 

shown. Discrepancies are seen in the interdiffusivity coefficients of the data annealed at 1083 K, 

which could be explained by the proximity of the critical point at this temperature. Comparison of 

the interdiffusivities and the self-diffusion coefficients show better agreement at the lower 

temperature, which further indicates that the higher temperature data may not be as reliable and 

should require further study. The assessed parameters are consistent with previously determined 

kinetic parameters for other systems.  
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6. Thermodynamic modeling of the semiconductor compounds and 
homologous series in the Bi-Te, Bi-Se, and Sb-Te binary systems 

 
6.1 Introduction 
 

This work has so far focused on the modeling of the PbX (X=S,Se,Te) compounds and 

alloys within the system. The 5SL model and 2SL model have been used to effectively model the 

defects of the semiconductors as well as construct the system phase diagrams. Not all 

thermoelectric compounds follow a simple AB stoichiometric formula; however, the methodology 

used in developing the 2SL model is quite flexible and can be used in numerous applications. One 

of the most promising low to mid temperature range thermoelectric materials is Bi2Te3, which is 

often alloyed with Bi2Se3 and Sb2Te3[145]. The optimized carrier concentration has been shown 

to be on the order of 1019 carriers/cm3 for Bi2Te3[146], which can have intrinsic carriers ranging 

from 1018 to 1019 carriers/cm3[147]. Therefore, the intrinsic carriers, and consequently the 

processing conditions, must be taken into account when developing a fully optimized material. In 

addition to their thermoelectric applications, these materials are also intriguing as topological 

insulators and Sb2Te3 is a phase change material, which can play an important role in random 

access memory devices [148] [149]. 

The three systems also each contain an infinitely adaptive series of homologous 

compounds between the compositions of A and A2Q3 (A=Bi, Sb; Q=Te, Se) [150] [151, 152]. The 

compounds consist of layers of (A2)n(A2Q3)m, where n and m can take any positive integer. This 

has been seen experimentally and verified through first-principles calculations via cluster 

expansion methods [153]. Theoretically, all compositions between 0 and 60 at% Q have a stable 

compound, which is not seen experimentally[154-156]. In all three systems, the compound with 

highest composition Q appears to be A4Q5. Beyond this, a two-phase equilibria exists between 
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A4Q5 and A2Q3, which then becomes in equilibrium with pure Q. The homologous compound that 

is most A-rich is dependent on the system. For Bi-Te and Sb-Te, a compound at A7Q3 is stable, 

whereas in Bi-Se the series begins at A3Q2. The intermediary compounds are often consolidated 

into one or more phase that exhibit large regions of homogeneity[157-159]. In turn, these phases 

were then thermodynamically modeled as solution phases with random mixing. However, 

experiments and first-principles calculations now indicate a very clear ordered compound 

consisting of layers of A2 and A2Q3; thus indicating that solution phases are an inappropriate model 

for describing the system.  

 Homologous compounds are not unique to the A-B systems nor CALPHAD assessments. 

Oxides in the MnO2n-m (M = Pr, Ce, or Tb) where n and m are any positive integer and n > m form 

an infinite series as well. In a recent assessment of the Pr-O system, these phases were treated as 

stoichiometric functions with individual descriptions of the Gibbs free energy. The heat capacity 

was modeled using the Neumann-Kopp rule and the enthalpies of formation were fit to interpolated 

data between the Pr2O3 and Pr6O11. This method is physically accurate; however, the fact that the 

functions are able to vary individually mean that their enthalpies of formation will likely not fall 

on the linear interpolation, therefore a better method should be adopted. 

 In this study, the experimental and first-principles calculations available in the literature 

will be reviewed and critically assessed. The defects in A2Q3, which have been previously modeled 

as line compounds, will be taken into account and their off-stoichiometry calculated and 

parameters linked to the formation energy of the defects to ensure physical accuracy. The 

homologous series in each system will be bounded by line compounds that indicate their stability 

from experiments and a metastable region will be shown between them due to lack of information 

on the infinite compounds’ melting point. To ensure that enthalpies of formation lie on a linear 
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convex hull between A and A2Q3, the homologous compounds will be modeled by a linear 

combination of A and A2Q3 based on the stoichiometric composition. This method forces the 

enthalpies of formation to reproduce what is seen in the first-principles calculations.  

6.2 Literature Review 
 
6.2.1 Bi-Te 
 
 There is limited experimental information on the phase equilibria in the  Bi-Te system as 

compared to both Bi-Se and Sb-Te. The first published phase diagrams were established by Hansen 

and Abrikosov[160, 161]. The phase diagram published by Hansen exhibits one intermetallic 

compound, Bi2Te3, with a large degree of homogeneity, while the phase digram in Abrkosov 

establishes the compounds BiTe, Bi2Te, and Bi7Te3 with varying degrees of homogeneity. This 

study was primarily used for the thermodynamic modeling performed by Chizhevskaya[154]. The 

phase diagram by Okamoto is the first one to show a series of infinite compounds between Bi7Te3 

and Bi2Te3[162]. Brebrick established the nonstoichiometric nature of the Bi2Te3 phase using 

partial pressure measurements and established the congruent melting point of the compound to be 

slightly Bi-rich[147], in agreement with the results of Offergeld[163]. Brebrick also determined 

that Bi-rich samples were dominated by Bi substituting on the Te site and acting as acceptors, and 

Te substituting on Bi acting as donors on the Te-rich side. This was confirmed using first-principles 

calculations in the dilute limit taking into account spin-orbit interactions[164, 165]. In a recent 

experimental and thermodynamic study by Mao, the homogeneity limits of the infinite series was 

found to be between approximately 27 and 55 atomic % Te[157]. In addition, two phases were 

found to be particularity stable in the melt at compositions Bi2Te and Bi4Te3.  

 The activity of Bi-Te melts were studied by Predel[166] and Feutelais[167] and used in 

this study. The enthalpy of mixing was determined by Maekawa[168] and Morgant[169] and both 
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exhibit minimum near the Bi2Te3 composition. The heat capacity for Bi2Te3 was studied by 

Feng[170] and Zurhelle[171] and modeled by Mao[157], who’s values are used in this study as no 

further information has been published.  

 Bos experimentally determined that the separate intermetallic phases in the Bi-Te phase 

diagram actually consisted of an infinitely adaptive series of (Bi2)m(Bi2Te3)n blocks where m and 

n are any positive integer[150]. Therefore, the regions of large homogeneity shown in phase 

diagrams actually consists of distinct line compounds that exist at every composition if annealed 

long enough. This was later confirmed by Govaerts using cluster expansion methods based on 

first-principles calculations that found that these structures all lie on the convex hull between Bi 

and Bi2Te3[153].  

 There are limited thermodynamic assessments on this system. The one performed by 

Chizhevskaya models Bi2Te3 and Bi7Te3 as line compounds and Bi2Te and BiTe as solution phases 

without presenting any thermochemical information on the liquid[154]. The most recent one 

performed by Mao uses a solution phase, b, to represent the homologous compounds and two line 

compounds, Bi2Te and Bi4Te3, they found to be stable in the melt[157]. In addition, Bi2Te3 is 

modeled as a line compound. 

6.2.2 Bi-Se 
 
 The phase equilibria in the Bi-Se system has been extensively studied and similar in nature 

to Bi-Te except for a miscibility gap in the liquid on the Se rich side. The liquidus was investigated 

by Parravano[172], Tomoshige[173], Abrikosov[174], Ohashi[175], Gather[176], Bros[177], and 

Sher[178]. Three intermetallics are generally shown in the phase diagram at Bi2Se3, BiSe, and 

Bi3Se2. The BiSe is generally modeled as a solution phase and Bi3Se2 and Bi2Se3 modeled as line 

compounds. Bi2Se3 melts congruently, while BiSe and Bi3Se2 both melt incongruently. Offergeld 
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determined the congruent melting temperature of Bi2Se3 to slightly Bi-rich, showing similar 

nonstoichiometry as Bi2Te3[163], and Huang measured the carrier concentration of Bi-rich and 

Se-rich Bi2Se3 annealed at 300° C[179]. First-principles and experimental information agree that 

the dominant defects are Se vacancies and Se antisites for Bi-rich and Se-rich growth conditions, 

respectively[164, 180, 181]. 

 The thermochemical information of the system is also well established. The activity of Bi-

Se melts is studied by Predel[182]. The enthalpy of mixing is established by Maekawa[183] and 

Bros[177], both of which show strong ordering at the Bi2Se3 composition. The heat capacity of 

Bi2Se3 determined by Pashinkin [184], Rasulov [185], Blachnik [186], and Gol’tsman [187] are 

all in good agreement. In addition, the recorded enthalpies of formation of Bi2Se3 are also all in 

agreement at around -28 kJ/mol.  

 Similar to Bi-Te, Bi-Se also exhibit homologous compounds of layered stacking 

(Bi2)m(Bi2Se3)n between the compositions of Bi3Se2 and Bi4Se5. Again, this observations is 

confirmed via first-principles by Govaerts [153]. Experimentally, these compounds are observed 

between 40 and 55 at% Se [155]. 

 The thermodynamic assessments by Antipov[188] and Chen[158] are qualitatively quite 

similar. BiSe is a solution phase, while Bi3Se2 and Bi2Se3 are line compounds. Neither study 

contains information on the nonstoichiometric nature of Bi2Se3 nor the heat capacity of the phase, 

both of which are addressed in this study. 

6.2.3 Sb-Te 
 
 There are numerous studies on the phase equilibria of the Sb-Te system. The first phase 

diagrams consist of only one intermetallic compound, Sb2Te3, with a wide range of homogeneity 

[189]. A study done by Abrikosov identified two other solution phases, d and g, between 20 and 
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40 and 45 to 55 atomic percent Te, respectively [190]. The phase diagram with three intermetallics 

is now widely accepted and used in the literature [191] [159]. The g phase forms via a peritectic 

reaction with liquid and Sb2Te3. The d phase has a minimum in its liquidus where it melts 

congruently near a composition of 30 at% Te and has peritectic reactions on either side of the 

minimum. Sb2Te3 forms a eutectic with Te near 92 at% Te. The solid solubility of Te in Sb was 

studied by Abrikosov[190] and Poretskaya[192] and Offergeld[163] as well as the non-

stoichiometry of Sb2Te3, which melts congruently on the Sb-rich side of the stoichiometric 

composition.  The dominant defects in Sb2Te3 have been determined by experiment in agreement 

with first-principles calculations as Sb vacancies and Sb substituting for Te on the Te site for Te-

rich and Sb-rich growth conditions, respectively [164, 193]. 

 There are numerous thermochemical studies done on the Sb-Te system as well. The 

enthalpy of mixing of Sb-Te melts was determined by Feutelais[194] and Maekawa[195] at 

different temperatures and are in agreement. Both indicate a minimum in the enthalpy at a 

compostion near 60 at% Te. The activity of Sb-Te melts was recorded by Onderka[196] and 

Feutelais[194] and show deviations from ideality as well. The heat capacity of Sb2Te3 has several 

studies all in close agreement. The parameters from Guo[159] for the heat capacity of Sb2Te3 are 

adopted in this work as no updated information is available. The experimental enthalpy of 

formation of Sb2Te3 has also been investigated and ranges from -12 to -15 kJ/mole of atoms [197-

199]. 

 Identical to the Bi-Te and Bi-Se systems, Sb-Te also exhibit homologous compounds of 

(Sb2)m(Sb2Te3)n. This has been proven experimentally and confirmed via first-principles 

calculations[151, 164, 200]. The bounds of the homologous series have been observed between 20 

and 55 at% Te. 
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 Ghosh[191] and Guo[159] have both thermodynamically assessed the Sb-Te and are 

qualitatively very similar. Ghosh’s assessment came before an agreed upon unary database, which 

was used in Guo’s updated assessment. Guo modeled the d and g phases as solution phases and the 

Sb2Te3 as a stoichiometric line compound. Guo developed two assessments using an ionic and 

associate model for the liquid, with only slight differences in the two assessments.  

 
Figure 6.1: Phase Diagrams from previous thermodynamic assessments a) Bi-Te [157] b)Bi-Se 
[158] c) Sb-Te [159]. Each assessment uses a solution model to model the infinite series of 
homologous compounds in each binary. 

6.3 Computational Modeling 
 
6.3.1 CALPHAD models for Bi-Te 
 
 The liquid was modeled using a single sublattice substitutional model expressed as 

 
G. = xöÇGöÇ. + xµÛGµÛ. + RT(xöÇ ln xöÇ + xµÛln	 xµÛ) + xöÇxµÛ ∑ LÇ öÇ,µÛ

.0
ÇLE (xöÇ − xµÛ)Ç  (6.1) 

 
where xÈ, GÈ., LÇ öÇ,µÛ

. , R and T are the mole fraction and  Gibbs energy of element j in the liquid 

phase, Redlich-Kister coefficient, gas constant, and temperature, respectively. The parameters 

LÇ öÇ,µÛ
.  are temperature dependent parameters determined as 

 
𝐿I OI,7)
o = 𝐴I + 𝐵I𝑇  (6.2) 

 
where AÇ and BÇ are fitting parameters optimized to describe the data. 
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 The compound Bi2Te3 was modeled using a three sublattice (3SL) model that represents 

each of the three nonequivalent sites. Based on the experimental work and reinforced by first-

principles calculations, the primary defects in Bi2Te3 are anti-sites. Therefore, the model is 

described as (Bi,Te)2(Te,Bi)1(Te)2 where the bolded element is the dominant element on each site. 

According to the Compound Energy Formalism (CEF), the Gibbs free energy of Bi2Te3 is 

calculated as 

 
𝐺OI57)}
� = ∑ ∑ 𝑦I�𝑦@"𝐺I:@:7)@ + 𝑅𝑇s2∑ 𝑦I�𝑙𝑛𝑦I�I + ∑ 𝑦@"𝑙𝑛𝑦@"@ tI + 𝐺d �   (6.3) 

 
where yÇ�, yÇ", GÇ:È:µÛ, and G¼ ° are the site fraction of component i on the first sublattice, the site 

fraction of component j on the second sublattice, the Gibbs free energy of a compound with 

sublattices completely filled with i and j, and the excess Gibbs free energy. The excess Gibbs free 

energy is dictated by the defects on the system and modeled as 

 
𝐺d � = 𝑦I�𝑦@�s𝑦I"𝐿I,@:I + 𝑦@"𝐿I,@:@t + 𝑦I"𝑦@"s𝑦I"𝐿I:I,@ + 𝑦@"𝐿@:I,@t + 𝑦I�𝑦@�𝑦I"𝑦@"𝐿I,@:I,@  (6.4) 

 
Since there are only two dominant defects in this system, only the parameters LÇ,È:Ç and LÇ,:Ç,È are 

necessary to describe the data, which represent the mixing of the antisites on the Bi and Te 

sublattice, respectively. 

 The stoichiometric end-member GöÇ5µÛ}is modeled using a power series in temperature 

 
𝐺OI:7):7)
OI57)} = 𝑎 + 𝑏𝑇 + 𝑐𝑇𝑙𝑛(𝑇) + 𝑑𝑇' + 𝑒𝑇| + 𝑓𝑇&M  (6.5) 

 
where a, b, c, d, e, and f are fitting parameters. The coefficients c, d, e, and f are related to the heat 

capacity of Bi2Te3 and are taken from Mao[157]. Coefficients a and b are optimized in this work. 
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The end-members  GöÇ:öÇ:µÛ, GµÛ:µÛ:µÛ, and GµÛ:öÇ:µÛ are fixed using formation energies determined 

via first-principles calculations of structures with fully occupied elements in their respective sites.  

 This sublattice model can be used to link the fitting parameters to the formation energies 

of defects that can be determined either through experiments or first-principles calculations [112]. 

The measured carrier concentrations are made through equilibrating Bi2Te3 in either Bi-rich or Te-

rich conditions where the dominant defects are Bi antisites and Te antisites, respectively. Due to 

the change in chemical potentials in the different growth conditions, the formation energy of the 

minor defect drastically increases and can be considered negligible, which allows us to 

approximate the 3SL model as (Bi)2(Bi,Te)1(Te)2 and (Bi,Te)2(Te)(Te)2 under Bi-rich and Te-rich 

growth conditions, respectively. To determine the equilibrium concentration of Bi antisites under 

Bi-rich growth conditions we can minimize the grand potential, described as: 

 
𝒢� = 𝐺OI57)}

� − 𝜇OI𝑦OI�� − 𝜇7)𝑦7)��   (6.6) 

 
Where  𝒢°, µöÇ, and µµÛ are the grand potential per mole and chemical potential of Bi and Te 

atoms respectively and GöÇ5µÛ}
°  is determined using a simplified version of equation 6.3: 

 
𝐺OI57)}
� = ∑ 𝑦@"𝐺OI:@:7)@ + 𝑅𝑇s∑ 𝑦@"𝑙𝑛𝑦@"@ t + 𝑦7)�� 𝑦OI�� 𝐿OI:OI,7):7)   (6.7) 

 
The derivative of equation 6.6 with respect to yµÛ is set equal to zero and then becomes 

 

0 =
qÌ_ð5`]}

Í

q�`]
− 𝜇7) + 𝜇OI   (6.8) 

 
Substituting the derivative of equation 6.7 with respect to yµÛ and substituting that into equation 

6.8 then leads to 
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− 𝐺OI:OI:7)° + 𝐺OI:7):i)° + 𝐿OI:OI,7):7)(1 − 2𝑦7)) − 𝜇7) + 𝜇OI = −𝑅𝑇𝑙𝑛 ® �`]

M&�`]
·  (6.9) 

 
Lastly, we substitute1-yöÇ for yµÛ and treat 1-yöÇ as equal to one under the dilute limit where yöÇ ≪

1. Solving for yöÇ: 

 

𝑦OI`]
)v = exp Ñ− Ì_ð:_ð:`]° & Ì_ð:`]:`]° *x_ð:_ð,`]:`]*À`]&À_ð

�7
Õ  (6.10) 

 
The numerator is equivalent to the formation energy of a Bi antisite defect. The Gibbs free energy 

of the end-member GöÇ:öÇ:µÛ°  can be fixed and determined by first-principles calculations while 

the end-member GöÇ:µÛ:µÛ°  is the defect free crystal and determined through experimental 

information. The chemical potentials are constant as the Bi-rich region is in a two-phase 

equilibrium of either Bi2Te3 and Bi4Te5 or Bi2Te3 and the liquid phase. This leaves the interaction 

parameter, LöÇ:öÇ,µÛ:µÛ, free to be optimized in order to describe the experimental data or fit to first-

principles derived calculations. An analogous derivation can be used for the site fraction of Te on 

the Bi sublattice under Te-rich conditions with the end result being: 

 

𝑦OI`]
)v = exp Ñ− Ì`]:`]:`]° & Ì_ð:`]:`]° *x_ð,`]:`]:`]*'À_ð&'À`]

'�7
Õ  (6.11) 

 
 
Here the factor of 2 appears as there are two sites in the Bi sublattice. 

 The intermetallic compounds Bi7Te3 and Bi4Te5 represent different stacking sequences of 

the infinitely adaptive structures of Bi2 and Bi2Te3. Therefore, these compounds have been 

modeled as a mixture of GöÇ5µÛ} and GöÇ and a temperature dependent fitting coefficient. This 
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procedure forces their formation energies to lie on the convex hull between rhombohedral Bi and 

Bi2Te3 as predicted by first-principles calculations. They are given as 

 
𝐺OI87)9 = �

|
𝐺OI57)} + '

|
𝐺OI + 𝐵OI87)9𝑇  (6.12) 

 
𝐺OI:7)} = 𝐺OI57)} + 5𝐺OI + 𝐵OI:7)}𝑇  (6.13) 

 
6.3.2 CALPHAD models for Bi-Se 
 
 Due to the strong enthalpy of mixing in the liquid phase around the composition 60 at%  

Se, an associate model (Bi, Se, Bi2Se3) was used for the liquid. The molar Gibbs energy is 

expressed as: 

 
G. = xöÇGöÇ. + xÝÛGÝÛ. + xöÇ5ÝÛ}GöÇ5ÝÛ}

. + RTsxöÇ ln xöÇ + xÝÛ ln xÝÛ + xöÇ5ÝÛ}ln	 xöÇ5ÝÛ}t + G¼ °  (6.14) 
 
 Similar to Bi2Se3, a three sublattice model for Bi2Se3 was used. However, the dominant 

defects are Se on the Bi site and vacancies on the Se site. Therefore, the model is described as 

(Bi,Se)2(Se,Va)1(Se)2. In order for this model to be compatible with the Bi-Te system, a 𝐺OI:N¦:7)°  

and 𝐺7):N¦:7)°  end-member will need to be defined. These can be set similar to the method 

outlined in section 3.2.2 and will have negligible effect in the Bi-Te binary as the defects are 

insignificant in that system. Similar derivations can be done on this and the site fraction for the 

dominant defects on Bi-rich and Se-rich side, respectively, are: 

 

𝑦N¦;]
)v = exp Ñ− Ì_ð:ÒÓ:;]° & Ì_ð:;]:;]° *x_ð:;],ÒÓ:;]*À;]

�7
Õ  (6.15) 

 

𝑦()_ð
)v = exp Ñ− Ì;]:;]:;]° & Ì_ð:;]:;]° *x_ð,;]:;]:;]*'À_ð&'À;]

'�7
Õ  (6.16) 
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Here the chemical potential of vacancies is set to zero. The end-member GÝÛ:ÝÛ:ÝÛ°  can again be 

fixed to first-principles calculations. The end-member GöÇ:É¹:ÝÛ°  requires special care due to the 

introduction of vacancies. Modeling vacancies has been a difficult task in the CALPHAD 

community and there have been a number of recent publications that attempt to address this issue 

[31, 87] [88]. Previously, these end-members were simply given a value of zero; however, this 

would imply that they become stable at some high temperature and can cause issues with 

extrapolations. Rogal suggests using a function of 2.3RT to serve as a penalty function for creating 

vacancies [31], while other publications use 30T [88]. Franke established that a value greater than 

ln(2 − 1/2)RT was necessary in order for their to be a unique solution to determining the vacancy 

concentration and recommended the value of 0.2RT [87]. For this work, we have adopted the value 

of 2.3RT as suggested by Rogal and used by Peters et al [112] to be consistent with other 

thermoelectric semiconductors.  

 The intermetallics Bi4Se5 and Bi3Se2 are modeled here as stoichiometric mixtures of Bi2Se3 

and Bi. Their Gibbs free energy is expressed as: 

 
𝐺OI8()9 = �

|
𝐺OI5()} + '

|
𝐺OI + 𝐵OI8()9𝑇  (6.17) 

 
𝐺OI}()5 = '

|
𝐺OI}()5 + |

'
𝐺OI + 𝐵OI}()5𝑇  (6.18) 

 
6.3.3 CALPHAD models for Sb-Te 
 
 Past assessments have used both an associate or ionic liquid model in describing the Sb-Te 

melt. This study determined that a substitutional model was sufficient to describe the experimental 

data. In addition, the enthalpy of mixing is not nearly as strong as in the Bi-Se system, further 
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indicating that a more complicated model is unnecessary. Therefore, the liquid was described using 

an equation analogous to equation 6.1. 

 According to Abrikosov et al[190], the rhombohedral phase of Sb exhibits solubility of 

approximately 1 at% Te. Therefore, a substitutional model of (Sb,Te) will be used to describe this 

phase similar to equation 6.1. The end-member GÝ¡Ô¶<° is already definited in the SGTE database 

and the end-member GµÛÔ¶<° can be fixed to first-principles calculations of the formation energy of 

Te in the rhombohedral crystal structure. The interaction parameter, LÝ¡,µÛÔ¶<°E , will be fit to the 

solubility data of Abrikosov. 

 The dominant defects in Sb2Te3 are Sb antisites and Sb vacancies. Therefore the three 

sublattice model is described as (Sb,Va)2(Te,Sb)1(Te)2. The equations used to determine the site 

fraction of defects on their respective sublattices for Sb-rich and Te-rich growth conditions, 

respectively, are: 

 

𝑦(%`]
)v = 𝑒𝑥𝑝 Ñ− Ì;´:;´:`]° & Ì;´:`]:`]° *x;´:;´,`]:`]*À`]&À;´

�7
Õ	 (6.19) 

 

𝑦N¦;´
)v = 𝑒𝑥𝑝 Ñ− ÌÒÓ:`]:`]° & Ì;´:`]:`]° *x;´,ÒÓ:`]:`]*'À;´

'�7
Õ	 (6.20) 

 
The end-member GÝ¡:Ý¡:µÛ°  is determined via first-principles calculations and the end-member 

GÉ¹:µÛ:µÛ°  uses 2.3RT as a penalty function for the creation of vacancies. 

 The Sb-Te system behaves similarly to the Bi-Te in that the homologous compounds are 

bound by Sb7Te3 and Sb4Te5. The intermetallics are described as 

 
𝐺(%87)9 = �

|
𝐺(%57)} + '

|
𝐺(% + 𝐵(%87)9𝑇  (6.21) 
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𝐺(%:7)} = 𝐺(%57)} + 5𝐺(% + 𝐵(%:7)}𝑇  (6.22) 

 
6.3.4 First-principles calculations 
 
 The end-members of A2Q3 containing non-vacancy defects were modeled using the 

enthalpy of formation determined using first-principles calculations. The total energies of the 

stoichiometric and fictitious compounds were determined by DFT [35] performed with the Vienna 

Ab-initio Simulation Package (VASP) [37, 201] with projector-augmented wave [39] (PAW) 

potentials utilizing the generalized gradient approximation (GGA) exchange correlation functional 

of Perdew, Burke, and Ernzerhof[40] (PBE). These calculations treat the s2d10p3, s2p3, s2p4, and 

s2p4 electrons as valence for Bi, Sb, Te, and Se atoms, respectively. Crystal structures were taken 

from the Inorganic Crystal Structure Database (ICSD) [41]. The 15 atom unit cell was used and 

allowed to relax with a maximum cutoff energy of 520 eV and a 13x13x13 gamma k-point 

mesh[42]. Lattice parameters and atomic positions were allowed to relax until energy convergence 

reached 0.1 meV and a final static calculation was performed to determine the total energy. 

6.3.5 Assessment Procedure 
 
 The optimization is performed through the PARROT module of ThermoCalc [90]. The 

Gibbs free energies of the elements in their SER and liquid states are taken from the SGTE 

database [86]. The parameters for the liquid were first determined using enthalpy of mixing 

measurements and the activity of the components in the melt. Initially, the A2Q3 compounds were 

modeled as line compounds. In the case of the Bi2Se3, the coefficients c, d, e, and f from equation 

6.5 were fit to the heat capacity data. The coefficients for Bi2Te3 and Sb2Te3 were taken from 

Mao[157] and Guo[159]. The coefficient a from equation 6.5 was fit to the enthalpy of formation 

and the coefficient b was fit to the melting point. The temperature dependent term in the other 
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intermetallic compounds of the system were then optimized to describe their melting points and 

no other fitting parameters were used to ensure their formation energies stayed on the convex hull. 

After a satisfactory fit was accomplished to all the phase and thermochemical information, the 

compounds A2Q3 were changed to their respective 3SL models and the interaction parameters were 

optimized to describe either the phase boundary that had either been determined experimentally or 

through first-principles calculations. 

6.4 Results and Discussion 
 
6.4.1 Bi-Te 
 
 The final optimized parameters for the Bi-Te system are summarized in Table 6.1. The 

enthalpies of mixing and activity of Bi-Te melts and experimental information are shown in Figure 

6.4 and Figure 6.5, respectively. Despite the minimum near 60 at% Te, agreement with the 

experimental data was achieved without the use of an associate or ionic liquid model. The limited 

experimental information on the phase diagram is shown in Figure 6.2, in good agreement, along 

with an enlarged region of Bi2Te3 in Figure 6.3. The gray shaded region is considered metastable 

and represents the infinite series of homologous compounds between Bi2Te3 and Bi7Te3. The 

experimental information from Mao [157] is shown for completeness and not expected to match 

in the gray region. Compounds that are of particular interest in the gray shaded region can be 

modeled using the equations analogous to 6.12 and 6.13. The temperature dependent term can be 

used to describe its melting point once they have been determined. Modeling the homologous 

series this way is a much more physically accurate description than the solid solution description 

used in previous models. This should lead to more accurate extrapolation into the ternaries at the 

cost of a cleaner looking binary. 
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Figure 6.2: Calculated Bi-Te phase diagram and experimental information[147, 157]. The gray 
shaded regions is considered metastable.  

 
Figure 6.3: Enlarged region of homogeneity for Bi2Te3 and experimental data [147] 

 
Figure 6.4: Enthalpy of mixing for Bi-Te liquid and experimental information [168] [169] 
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Figure 6.5: The activity of Bi and Te at 863 K and 1081 K, respectively. Experimental information 
[166, 167]. 

Table 6.1: Optimized parameters for the Bi-Te system 

Phase Optimized Parameter (J/mol) 
Liquid (Bi,Te) LE öÇ,µÛ

. = −37,165 + 13.36T 
LM öÇ,µÛ
. = 10,379 − 6.93T 

Bi2Te3 (Bi,Te)2(Te,Bi)1(Te)2 GöÇ:µÛ:µÛ
öÇ5µÛ} = −143,157 + 534.35T

− 111.65Tln(T) − .0249T'
+ 2.626 × 10&ME × T|
+ 85,400T&M 

GµÛ:µÛ:µÛ
öÇ5µÛ} = 20,008 + 5 GE µÛ

>Û? 
GöÇ:öÇ:µÛ
öÇ5µÛ} = −12,967+ 3 GE öÇ

Ô¶<° + 2 GE µÛ
>Û? 

GµÛ:öÇ:µÛ
öÇ5µÛ} = −20,925+ GE öÇ

Ô¶<° + 4 GE µÛ
>Û? 

LöÇ,µÛ:µÛ:µÛ
öÇ5µÛ}E = 113,269− 107.6T 
LöÇ:öÇ,µÛ:µÛ
öÇ5µÛ}E = −36,389 

Bi4Te5 (Bi)4(Te)5 GöÇ:µÛ
öÇ8µÛ9 =

5
3G

öÇ5µÛ} +
2
3 GE öÇ

Ô¶<° − 12.01T 
Bi7Te3 (Bi)7(Te)3 GöÇ:µÛ

öÇ:µÛ} = GöÇ5µÛ} + 5 GE öÇ
Ô¶<° − 17.58T 

 
 
6.4.2 Bi-Se 
 
 The final optimized parameters for the Bi-Se system are summarized in Table 6.2. The 

enthalpies of mixing and activity of Bi-Se melts and experimental information are shown in Figure 

6.8 and Figure 6.9, respectively. The sharp enthalpy of mixing at 60 at% Se necessitates an 

associate model with Bi2Se3 associates. A reasonable agreement between the experimental 
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information and model are shown. The calculated and experimental heat capacity of Bi2Se3 is 

shown in Figure 6.10. In previous assessments, this compound was modeled using the Neumann-

Kopp approximation, which uses a stoichiometric combination of the constituents, in this case 

rhombohedral Bi and hexagonal Se, to describe the heat capacity. This approximation is 

unnecessary as the coefficients c through f in equation 6.5 can be fit to experimental data. The 

final phase diagram and experimental information are shown in Figure 6.6. Despite the gray region 

being metastable, there is still reasonable agreement with the experimental phase diagram. This 

implies that the experimental data may not be at actual equilibrium, which is difficult to obtain in 

these systems [154].  

 
Figure 6.6: Calculated Bi-Se phase diagram and experimental information [172] [173] [174] [175] 
[176] [177] [178] . The gray shaded regions is considered metastable. 

 
Figure 6.7: Enlarged region of homogeneity for Bi2Se3 and experimental data [179] 
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Figure 6.8: Enthalpy of mixing for Bi-Se liquid and experimental information [183] [177]. Four 
temperatures are shown at 560 K (green), 828 K (black), 888 K (blue), and 998 K (red). 

 
Figure 6.9: Activity of Se at 860 K and experimental information [182] 

 

 
Figure 6.10: Heat capacity of Bi2Se3 and experimental information [202] [184] [185] [186] [187]. 

 
Table 6.2: Optimized parameters for the Bi-Se system 

Phase Optimized Parameter (J/mol) 
Liquid (Bi,Bi2Se3,Se) GöÇ5ÝÛ}

. = −159,856 + 70.93T+ 2 GE öÇ
.

+ 3 GE ÝÛ
.  
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LE öÇ,öÇ5ÝÛ}
. = 77,519 − 89.11T 
LM öÇ,öÇ5ÝÛ}
. = −10,735 
L' öÇ,öÇ5ÝÛ}
. = −4,674 
LE öÇ5ÝÛ},ÝÛ
. = 115,914− 115.90T 
LM öÇ5ÝÛ},ÝÛ
. = 43,134 − 44.93T 
L' öÇ5ÝÛ},ÝÛ
. = 16,257 

Bi2Se3 (Bi,Se)2(Se,Va)1(Se)2 GöÇ:ÝÛ:ÝÛ
öÇ5ÝÛ} = −175,9893+ 533.34T

− 113.171Tln(T) − .0189T'
+ 84,813T&M 

GÝÛ:ÝÛ:ÝÛ
öÇ5ÝÛ} = 82,293+ 5 GE ÝÛ

>Û? 
GÝÛ:É¹:ÝÛ
öÇ5ÝÛ} = 82,293 + 4 GE ÝÛ

>Û? + 2.3RT 
GöÇ:É¹:ÝÛ
öÇ5ÝÛ} = 2.3RT + 2 GE öÇ

Ô¶<° + 2 GE ÝÛ
>Û? 

LöÇ,ÝÛ:ÝÛ:ÝÛ
öÇ5ÝÛ}E = −9,569 
LöÇ:ÝÛ,É¹:ÝÛ
öÇ5ÝÛ}E = −75,915 

Bi4Se5 (Bi)4(Se)5 GöÇ:ÝÛ
öÇ8ÝÛ9 =

5
3G

öÇ5ÝÛ} +
2
3 GE öÇ

Ô¶<° − 19.39T 
Bi3Se2 (Bi)3(Se)2 GöÇ:ÝÛ

öÇ}ÝÛ5 =
2
3G

öÇ5ÝÛ} +
5
3 GE öÇ

Ô¶<° − 13.55T 

 
6.4.3 Sb-Te 
 
 The final optimized parameters for the Sb-Te system are summarized in Table 6.3. The 

enthalpies of mixing and activity of Sb-Te melts and experimental information are shown in Figure 

6.13 and Figure 6.14. In contrast to previous assessments [191] [159], which used either an 

associate or ionic liquid model, a satisfactory agreement with the experimental data is achieved 

with a simple substitutional model. Although the system exhibits a minimum near 60 at% Te, the 

enthalpy of mixing is not nearly as sharp as Bi-Se and is similar in shape to Bi-Te, which also did 

not necessitate a more complicated model. In order to accurately describe the liquid, a third order 

Redlich-Kister polynomial was necessary; however the number of fitting parameters is reduced 

from 10 in previous assessments[159] to 8 in this work. The phase diagram and experimental 

information are shown in Figure 6.11. Similar to the Bi-Se system, there is reasonable agreement 
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even in the metastable region, again implying that full equilibrium may not have been achieved in 

the experimental studies. 

 

 
Figure 6.11: Calculated Sb-Te phase diagram and experimental information [203] [190] [204] 
[192]  

 
Figure 6.12: Enlarged region of homogeneity for Sb2Te3 and experimental data [192] [164] 

 
Figure 6.13: Enthalpy of mixing for Sb-Te liquid and experimental information [194] [195] 
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Figure 6.14: Activity of Sb at 1023 K (black) and 911 K (red) and experimental information [196] 
[194] 

 
Table 6.3: Optimized parameters for the Sb-Te system 

Phase Optimized Parameter (J/mol) 
Liquid (Sb,Te) LE Ý¡,µÛ

. = −38,309+ 22.61T 
LM Ý¡,µÛ
. = 20,580 − 15.52T 
L' Ý¡,µÛ
. = 17,284 − 16.10T 
L| Ý¡,µÛ
. = −18,182+ 20.33T 

Rhombohedral A7 (Sb,Te) GÝ¡Ô¶<° = GE Ý¡
Ô¶<° 

GµÛÔ¶<° = 4073 + GE µÛ
>Û? 

LE Ý¡,µÛ
Ô¶<°¡ = 2,682 

Sb2Te3 (Sb,Va)2(Te,Sb)1(Te)2 GÝ¡:µÛ:µÛ
Ý¡5µÛ} = −94,087+ 529.11T

− 112.8765Tln(T)
− .02436T'
+ 1.81228× 10&@ × T|
+ 64,655T&M 

GÝ¡:Ý¡:µÛ
Ý¡5µÛ} = 1185 + 3 GE Ý¡

Ô¶<° + 2 GE µÛ
>Û? 

GÉ¹:Ý¡:µÛ
Ý¡5µÛ} = 1185 + GE Ý¡

Ô¶<° + 2 GE µÛ
>Û?

+ 4.6RT 
GÉ¹:µÛ:µÛ
Ý¡5µÛ} = 4.6RT + 3 GE µÛ

>Û? 
LE Ý¡,É¹:µÛ:µÛ
Ý¡5µÛ} = 64,287 
LE Ý¡:Ý¡,µÛ:µÛ
Ý¡5µÛ} = −26,629 

Sb4Te5 (Sb)4(Te)5 GÝ¡:µÛ
Ý¡8µÛ9 =

5
3G

Ý¡5µÛ} +
2
3 GE Ý¡

Ô¶<° − 2.91T 

Sb7Te3 (Sb)7(Te)3 GÝ¡:µÛ
Ý¡:µÛ} = GÝ¡5µÛ} + 5 GE Ý¡

Ô¶<° − 11.56T 
 
6.4.4 Homologous Compounds and Defect Modeling 
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 The enthalpies of formation of the intermetallics are shown in Figure 6.15 along with the 

reported values in the literature. The experimental information and calculated data are in good 

agreement for the compound A2Q3. Only data on the A2Q3 compound have been reported, but as 

stated earlier, the other intermetallics should lie on the convex hull between A and A2Q3. Only 

introducing a temperature dependent fitting term and describing the other compounds as a 

stoichiometric mixture of A and A2Q3 forces their enthalpies of formation on the convex hull as 

depicted by the closed circles in Figure 6.15. 

 
Figure 6.15: Formation energies of the intermetallics in Bi-Te (solid red), Bi-Se (dashed blue), and 
Sb-Te (dotted magenta). Closed circles represent the calculated formation energy and open circles 
are published values for Bi2Te3[153, 198, 205],Bi2Se3[155, 205], and Sb2Te3[197, 199, 206]. 

 
The 3SL model used to describe the A2Q3 compounds enables the determination of 

formation energies at a given temperature and equilibrium. The calculated formation energies and 

dominant defects are shown in Table 6.4. The interaction parameters for Bi2Te3 were fit using the 

solubility data from Brebrick[147], the parameters for Bi2Se3 were fit using the carrier 
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concentration reported by Hunag et al. [179], and the parameters for Sb2Te3 were determined using 

the data from Poretskaya[192]and West[164]. In each case only the dominant defects are modeled. 

This is done as it is very difficult to differentiate the defects when carrier concentrations are 

measured. In addition, first-principles calculations show differences in formation energies that 

result in orders of magnitude differences in the concentration of defects[164], which further 

strengthen this assumption. According to the electronegativity and covalent radius model, we 

would expect the formation energy of A antisite defects in A-rich growth conditions to increase 

from Sb-Te, to Bi-Te, then Bi-Se[146]. According to Table 6.4 this trend is adhered to. Even 

though BiSe is not modeled, the defect formation energy has to be higher than the dominant defect, 

VaSe, which is already greater than BiTe therefore guaranteeing the trend holds. Alternatively, 

increasing this difference will increase the likelihood of a Q vacancy and we would expect the  

formation energy to increase from Bi-Se to Bi-Te, then Sb-Te[146]. The only Q vacancy modeled 

is in the Bi-Se system, as the other Q vacancies were dominated by other defects, so our model is 

in qualitative agreement with this observation again. 

Table 6.4: Calculated defect formation energies in various growth conditions determined by the 
3SL model 

 A-Rich Q-Rich 

Compound Defect Formation 
Energy (kJ/mol) 

Defect Formation 
Energy (kJ/mol) 

Bi2Te3 𝐵𝑖7)&M 23.8 𝑇𝑒OI*M 48.7 

Bi2Se3 𝑉𝑎()'* 25.5 𝑆𝑒OI*M 36.3 

Sb2Te3 𝑆𝑏7)&M 15.9 𝑉𝑎(%&M 37.9 

 
In all three compounds, the congruent melting point near the A2Q3 composition is displaced 

towards the A-rich side as is shown in Table 6.5 along with the experimental data[207].  This 
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ensures that a material formed from a melt of nominal A2Q3 composition will vary from A-rich to 

Q-rich along the solidification direction. This can have dramatic consequences for the carrier 

concentrations which are affected by the native defects.  The challenge of maintaining a controlled 

composition in these materials is further compounded by the relatively high vapor pressures of 

selenium and tellurium[208] that can lead to unintended chalcogen losses.  Producing uniform 

solid compositions from a melt requires maintaining a constant composition in the liquid phase at 

the growth interface.  Methods used to achieve this include zone leveling[209] and the traveling 

heater method[210]. 

The stoichiometry of A2Q3 solids can be manipulated by annealing samples under 

conditions slightly outside the solidus and rich in either the A or Q species [211].  This fixes the 

equilibrium composition at the solidus for a given temperature providing more consistent and 

predictable carrier concentrations.  For example, solid samples can be annealed along with either 

A-rich or Q-rich powder of the compound at a temperature corresponding to the desired solidus 

composition.  Another example would be pressing and sintering powders having an excess of one 

element [212].  In both of these cases, the stoichiometry of the material, and thus the carrier 

concentration, is controlled by the temperature of the anneal.  If the native defect concentrations 

can be made predictable, further manipulation of the carrier concentration can be accomplished 

via extrinsic doping [213].   

Table 6.5: Calculated congruent melting point compositions for compounds A2Q3 compared to 
experiments 

Compound Calculated Composition for 
Congruent Melting Point 
Atomic Percent Q 

Experimentally Determined 
Composition for Congruent 
Atomic Percent Q [207] 

Bi2Te3 59.95 59.935 
Bi2Se3 59.99 59.98 
Sb2Te3 59.83 59.6 
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 Since precise carrier concentration tuning, which is dictated by the annealing temperature, 

is imperative to fully optimize these materials, it is important to understand the changes in the 

solidus with respect to temperature. Fluctuations or imprecision in furnace temperatures could 

cause the equilibrium carrier concentration to drastically vary. Annealing the material at a 

temperature where the slope of the solidus is near a minimum would mitigate this issue as 

temperature changes would not affect the carrier concentration as much. Figure 6.16 through 

Figure 6.18 show the magnitude of the solidus slope with temperature on the a) A-rich and b) Q-

rich side. The drastic changes in slope occur invariant points and should therefore should be 

avoided as processing temepratures. 

 
Figure 6.16: Slope of Bi2Te3 solidus line a) Bi-rich and b) Te-rich regions 
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Figure 6.17: Slope of Bi2Se3 solidus line a) Bi-rich and b) Se-rich regions 

 

 
Figure 6.18: Slope of Sb2Te3 solidus line a) Sb-rich and b) Te-rich regions 

 
6.5 Conclusions 
 
    Thermodynamic assessments of the Bi-Te, Bi-Se, and Sb-Te systems have been 

performed. Each system contains an infinite series of homologous compounds between the 

compounds A and A2Q3. Previous assessments have chosen to model these compounds as a 

solution phase with random mixing. First-principles calculations have shown this to be physically 
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inaccurate. This work assumes a metastable region between the experimentally found homologous 

compounds and models the compounds as stoichiometric mixtures of A and A2Q3. In addition, the 

defects in A2Q3 have been modeled based on experimental and first-principles calculations. The 

formation energy of the defects can be determined by the careful consideration of 3SL end-

members and interaction parameters. The calculated formation energies agree with the 

electronegativity and covalent radius model for comparing the antisite and vacancy formation 

energies of the different systems. 
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7. Future Work for Designing Thermoelectrics 
 
7.1 Introduction 
 
 The models presented thus far have numerous applications for designing thermoelectric 

materials. The thermodynamic phase diagrams allow for determining the equilibrium solubility of 

elements in a given a matrix as well as the equilibrium volume fraction of precipitates. The soluble 

elements can either contribute as point defects for scattering phonons[214], create p or n-type 

charge carriers[108], or alter the band structure of the host material for enhanced transport 

properties[82]. The precipitates primary function is to lower the thermal conductivity by scattering 

phonons of wavelengths between those affected by the smaller point defects and larger grain 

boundaries. However, careful consideration should be made for determining the second phase to 

ensure transport properties are not adversely affected as well, which can be achieved through band 

alignment of the primary and secondary phases[12]. 

 The kinetic descriptions, coupled with the thermodynamics, can be used to determine the 

processing time and temperature necessary to achieve a desired microstructure. Therefore, it is 

important to first determine a target microstructure that optimizes the thermoelectric properties. 

The Debye-Callaway model, which uses microstructural inputs to determine the lattice thermal 

conductivity, will be used to calculate the optimal radius for a given volume fraction of 

precipitates. The transport properties can be modeled through a single parabolic band (SPB) model, 

and lastly, PrecipiCalc can be used to model the nucleation and growth of the second phase 

precipitates.  
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Figure 7.1: System Design chart for a (Pb,Na,Sr)(Te,Se) thermoelectric material used in MAT-
SCI 390 class. 

This optimization process has been used as a 390 project for three quarters and a representative 

system design chart is shown in Figure 7.1 for a (Pb,Na,Sr)(Te,Se) system. The system design 

chart shows the relationship between the initial alloy composition and annealing temperature 

dictating the second phase nanostructure and matrix phase composition. These in turn dictate the 

Seebeck coefficient, electrical conductivity, and thermal conductivity, which are used for 

calculating zT. An overview of the models, adjustable parameters, and tools used in this project 

along with the work flow is shown in the flow chart in Figure 7.2 for the (Pb,Na,Sr)(Te,Se) system.  

For this chapter, a PbTe matrix phase alloyed with PbS to produce precipitates and Na to introduce 

holes into the system will be used. Although there exists better performing thermoelectric systems 

[12, 215], such as the one studied in 390, the Na-doped PbTe-PbS system has extensive literature 
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data as well as experimental data that was outlined in previous chapters which can be used to 

calibrate the models. This outlined methodology can be applied for other systems. 

 
Figure 7.2: Flow chart of adjustable parameters and models used for designing a thermoelectric 
material. This flow chart is representative for a (Pb,Na,Sr)(Te,Se) material but can be generalized 
to other systems. 

7.2 Lattice Thermal Conductivity 
 

The Debye-Callaway model for thermal conductivity is extensively used in the field to study 

the thermal conductivity of Pb-chalcogenide thermoelectrics[100, 107] [12, 214, 216]. The thermal 

conductivity is calculated as[217] 

 

𝜅o =
n_
'z5�

®n_7
ℏ
·
|
∫ 𝜏�(𝑥)

Å8)Ã
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where v is the average phonon-group velocity, 𝜃�  the Debye temperature, 𝜏� the relaxation time, 

and 𝑥 is a function of the phonon frequency 𝜔, ℎ𝜔 𝑘O𝑇- . The relaxation time is determined via 
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Matthiessen's rule where the total relaxation time is determined by the sum of the inverse of 

individual scattering processes: 

 
M
HI
= M

HJ
+ M

Hì
+ M

HKK
+ M

HLÄ
+ M

He´
  (7.2) 

 
where 𝜏M, 𝜏K, 𝜏hh, 𝜏��, and 𝜏g% are the scattering processes from Umklapp processes, normal 

processes, solid solution defects, nanoprecipitates, and grain boundaries, respectively. The normal 

and Umklapp processes are intrinsic to the material. Conversely, the scattering due to solid 

solution, nanoprecipitates, and grain boundaries can be tuned and optimized to lower the thermal 

conductivity. 

 The scattering due to precipitates is split into short and long wavelength scattering regimes 

defined as[218] 

 
𝜏��&M = 𝑣(𝜎h&M + 𝜎o&M)&M𝑉�   (7.3) 

 
𝜎h = 2𝜋𝑅'  (7.4) 
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O
®∆�
�
·
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�
·
º
(7.5) 

 
where R, 𝑉�, ∆𝐷, and 𝐷 are the radius of the nanoprecipitate, number density of the nanoparticle, 

the difference in density between the matrix and nanoparticle, and the matrix density. For a fixed 

volume fraction, the nanoprecipitate radius and number density are inversely related and there 

exists a fixed radius that minimizes the thermal conductivity. A calculation of the lattice thermal 

conductivity of PbTe0.88S0.12 at 300 K for various radii is shown in Figure 7.3. A minimum of the 

thermal conductivity is evident for a radius of average size 2.5 nm. 
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Figure 7.3: Thermal conductivity of PbTe with 0.12 volume fraction PbS at 300 K. According to 
the Debye-Callaway model there is an optimal particle radius, which correlates to a minimum in 
the lattice thermal conductivity. 

 The scattering due to point defects is dictated by strain (Γ() and mass fluctuations (ΓP) 

and is given as[219]  

 

𝜏hh&M =
P8R}

ºzS}
(ΓP + Γ()  (7.6) 

 
where  𝛿 is the radius of the defect atom. The mass fluctuations are calculated as a sum over the 

sublattices i the defects occupy: 
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where 𝑐I is the degeneracy of the sublattice i, 𝑓I

@  are the fractional occupation for component j, 𝑀I
@ 

the atomic mass of component j, 〈𝑀I〉 the average atomic mass of components on the sublattice, 
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and 𝑀∗ is the average atomic mass of the compound. An analogous description for the fluctuations 

due to strain is given as: 

 

Γ( =
∑ �ð®

〈!ð〉
!∗ ·
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  (7.8) 

 
where 𝑟I

@ is the radius of component j, and 𝜀 is a phenomenological parameter of PbTe. The 

fractional occupancies are determined from the equilibrium phase diagram and the rest of the 

parameters are element constants. 

 The scattering due to grain boundaries is frequency independent and simply a function of 

the average grain size. It is determined as[220]  

 
𝜏g%&M =

�
q
  (7.9) 

 
where d is the average grain size. Grain boundaries play a particularly dominant role in scattering 

wavelengths of very small frequency, or large wavelength, that are not accessible by other 

scattering mechanisms. Typical grain boundaries in PbTe based systems in the literature are 

approximately 2 𝜇m in size[12, 216, 221]; however, grain sizes of 0.7 𝜇m were achievable in PbTe 

by decreasing the sintering time and temperature to 613 K and 1 min, although at the expense of 

lowering the relative density of 95.8% from 99.7% seen at more conventional processing 

routes[222]. 

 The scattering time for the various processes as a function of phonon frequency is shown 

in Figure 7.4 at 300 K. The model material consists of .06 volume fraction PbS with a .05 site 

occupancy of S on the PbTe site. As discussed earlier, the grain boundary scattering is effective at 

the low frequency range and the other processes take over at larger frequencies. Precipitate and 
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solid solution scattering are not as effective in this system due to the small density different in 

PbTe and PbS. 

 
Figure 7.4: Relaxation time as a function of phonon frequency for various scattering mechanisms 
discussed at 300 K. 

 The Debye-Callaway model has been used to model the thermal conductivity of a 

Pb.98Te.88S.12-Na.02 as a function of temperature to compare with the literature and is shown in 

Figure 7.5. Due to the lack of processing details, such as annealing temperature or quench rate, it 

is difficult to compare the results. The calculations have assumed that the equilibrium state at 823 

K, a typical annealing temperature for these materials[12], has been retained to determine the 

volume fraction of precipitates and site fraction of alloying elements, and a precipitate radius of 2 

nm was assumed. The results agree fairly well with the data taken from Yin[216] and Girard[99], 

with deviations at higher temperature likely arising from bipolar diffusion[223], which is not 

currently taken into account in the model. Another calculation with a more refined grain structure 

of 0.7 𝜇m is also shown to illustrate the effect of grain refinement, which is possible as mentioned 
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before. Other scattering mechanisms, such as strain contributions, could also further decrease the 

lattice thermal conductivity[214]. 

 
Figure 7.5: Thermal conductivity of Pb.98Te.88S.12-Na.02 compared with the literature[99, 216]. The 
effect of grain refinement to a size of 0.7 𝜇m is also shown as a possible way to lower the thermal 
conductivity. 

7.3 Transport Properties 
 

The Seebeck coefficient and electrical conductivity can be modeled through the single 

parabolic band (SPB) model. Although it is known that PbTe exhibits two valence bands, known 

as the L and Σ bands, that contribute holes, the SPB model has been used extensively for modeling 

this material[103, 215]. For more accurate modelling a single Kane band (SKB) or two Kane band 

model, can be used[11, 82].  

In the SPB model, the Hall carrier concentration is defined as[224] 
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Where 𝑚∗ is equal to the effective mass and 𝐹@ is a Fermi integral using the conventional 

definition[225]: 

 

𝐹@(𝜂) = ∫ ÅmqÅ
M*Û?`	(Å&y)

c
E   (7.11) 

 
where 𝜂 is the reduced chemical potential. Under the assumption that acoustic phonon scattering 

is the dominant scattering mechanism, the Seebeck coefficient is calculated as 

 
𝑆 = n

)
®'a§(y)
ab(y)

− 𝜂·  (7.12) 

 
Generally, the effective mass in the carrier concentration is used as a fitting parameter to fit the 

change in Seebeck coefficient as a function of carrier concentration. A reduced fermi energy is 

determined that correlates to a specific carrier concentration. With a known reduced fermi energy 

an electrical conductivity can be determined by 
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where 𝜏E is an energy independent term of the relaxation time. The electronic component of the 

thermal conductivity can be determined from the Weidemann-Franz relation 

 
𝜅) = 𝐿𝜎𝑇  (7.14) 

 
where L is the Lorenz number calculated as 
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The electronic component of the thermal conductivity can be added to the lattice component 

calculated in Section 7.2 to determine the total thermal conductivity. 

 The reduced Fermi energy, 𝜂, appears in all the transport equations and therefore can be 

used to determine what the optimal carrier concentration is in order to increase thermoelectric 

efficiency. The Seebeck coefficient and electrical conductivity are shown in Figure 7.6(a) for a 

PbTe-2%Na doped material with an effective mass of 0.82𝑚E based off of experimental data at 

300 K[12]. The power factor is given in Figure 7.6(b) where a peak is shown at 2.5 x 1019 

holes/cm3, which is above the solubility limit of Na in PbTe at this temperature, but is achievable 

at higher temperatures as evident in Section 4.3.5. It has been found that carrier concentrations on 

the order of 1 x 1020 holes/cm3 are necessary in order to optimize the transport properties[114], 

which is reflected by a shifting peak in the power factor at higher temperatures. This can be 

modeled through a temperature dependence on the effective mass[11]. This model can therefore 

be used to determine the doping level necessary for peak zT performance as well as determining 

the doping level for a specific operating temperature.   

 
Figure 7.6: a) Seebeck Coefficient (blue) and electrical conductivity (red) at 300 K as a function 
of carrier concentration according to the single parabolic band model and b) power factor as a 
function of carrier concentration. According to the single parabolic band model there is an optimal 
carrier concentration that maximizes power factor.  
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7.4 PrecipiCalc Modeling 
 

In order to get the desired microstructure an annealing time needs to be determined. The 

nucleation and growth process involves many inputs from the thermodynamics and kinetics, which 

have been previously assessed, as well as the interfacial energy, which is difficult to 

experimentally obtain. In addition, more complex nucleation processes such as those formed via 

heterogenous nucleation can further complicate the modeling. The PrecipiCalc modeling software 

is a flexible tool that is able to use such inputs to model the nucleation in complex alloys[226]. 

PrecipiCalc is based on the Kampann-Wagner solution to the Langer-Schwartz algorithm for 

nucleation and growth and has proven successful in modeling nickel-base superalloys[227, 228]. 

The major assumptions involved in PrecipiCalc modeling are that the precipitation is diffusion-

controlled, the precipitates interact through a mean field composition, the particles are spherical, 

and that no hard impingement occurs between the particles[226]. 

 Unfortunately, there are limited studies on the exact nucleation and growth process in 

PbTe-PbS systems. Often times, the electrical or thermal properties are of interest and the 

processing conditions for which the material has gone through is not tightly controlled. This makes 

calibration of the PrecipiCalc software quite difficult for which physical parameters such as 

particle size, number density, and volume fraction are necessary. A recent paper studied the 

microstructural changes of the PbTe-PbS system as a function of PbS composition [216]. The 

material was synthesized by mixing stoichiometric starting amounts of the base element, heating 

it to 1100 °C for several hours and then allowed to in-furnace cool down to room temperature. To 

estimate the cooling profile, a linear thermal profile from 1100 °C to 25 °C over the course of 10 

hours was used. The study found two distinct types of precipitates, one with a size of approximately 

100 nm and number density of 1 x 1020 precipitates/m3 and another much smaller distribution with 
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an average size of 4 nm and number density of 2 x 1022 precipitates/m3 for a material with 

composition PbTe.88S.12. 

 The measurements of the larger precipitate were used to calibrate the PrecipiCalc 

simulation. Due to the limited information, a simple homogenous nucleation process was used 

with a constant surface energy term. The surface energy was allowed to vary until the number 

density of the large precipitates matched that found in experiment and was determined to be 0.005 

J/m2. This value is indicative of a coherent interface[229] as opposed to the experimentally 

determined semi-coherent interface[99]. This is likely due to the fact that a homogenous nucleation 

process was used for the simulation, whereas the actual nucleation process is much more complex 

and has a smaller barrier than homogenous nucleation. Often times, the surface energy can be 

adjusted to compensate to allow for heterogeneity[226]. The simulation results are shown in Figure 

7.7(a) and (b) for the nucleation density and radius, respectively. The PrecipiCalc results also 

predict a two-particle distribution. The larger particle shows good agreement with the experimental 

data as the number density was used for calibration; however, the nanometer sized particle is within 

an order of magnitude for the radius size and one order of magnitude off for the number density. 

The discrepancy could be attributed to many factors including the not well described cooling curve, 

which probably has a much lower cooling rate as the furnace reaches room temperature, and would 

imply less time spent at higher temperatures. In addition, the assumption of a constant surface 

energy is also likely incorrect as the precipitates morphology can change from irregular to 

truncated cuboids depending on composition[229]. 
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Figure 7.7: a) The number density as a function of time for two precipitate distributions and b) the 
average particle radius for the two distributions. Homogenous nucleation was assumed and the 
surface energy was assumed to be constant and fit to the number density data of the larger 
precipitate. Data from Yin et al. is shown as single points [216]. 

7.5 PbTe-PbS Microstructure 
 

Due to the lack of literature data necessary to accurately calibrate the PrecipiCalc simulations, 

a controlled annealing experiment was performed to analyze the microstructural evolution of a 

sample with composition PbTe.90S.10. The sample was melted and held for solution treatment at 

1100 °C for two days, which corresponds to an approximate diffusion distance of 1.4 mm to 

homogenize the sample. The sample was then cooled to 500 °C, which is inside the miscibility gap 

with an expected equilibrium of 0.023 mole fraction PbS. Samples were held there for 2, 3, 5, and 

7 days and then quenched in ice water to freeze the kinetic process. Images were taken using a 

Scanning Electron Microscope (SEM) and Energy Dispersive X-ray Spectroscopy (EDS) was used 

for compositional analysis. 

 All of the samples studied contained four distinct microstructural morphologies that are 

shown in Figure 7.8 from a sample annealed for two days. The morphologies include small 

spherical precipitates with radii on the order of 200 nm, larger spherical precipitates with radii on 

the order of 1 µm, large irregular shaped precipitates the size of several micrometers, and large 
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stripes of various micrometer length, which are shown in Figure 7.8 (a), (b), (c), and (d), 

respectively. The previous study reported a bimodal distribution, but did not mention the 

irregularity of the other shapes [216]. The growth of the individual morphologies was tracked with 

time, but a statistically significant trend for growth was not seen, although there is evidence that 

the microstructural growth process is not one dictated by nucleation and growth. 

 
Figure 7.8: Typical microstructure morphology from PbTe.90S.10 annealed at 500 °C for two days. 
The microstructure consists of a) uniform spheres of size 200 nm, b) larger spheres approximately 
1 µm, c) large irregular shapes, and d) large stripes 

 Many of the previously mentioned microstructural morphologies can be seen in Error! 

Reference source not found. that appear to be contained in grains. The precipitates near the 

boundaries take on the long-striped morphology but then become more spheroidal and smaller near 

the center of the grain. The enlarged regions of the small nanoprecipitates show a very ordered 

arrangement that is not indicative of the random placement one would expect from a homogenous 
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nucleation process. Instead, these microstructural features are more representative of a 

discontinuous precipitation (DP) process. DP appears when nucleation occurs preferentially at the 

grain boundaries, which also happen to be moving [230]. The simultaneous precipitation and 

moving grain boundary can then create a lamellar or rod-like structure. The DP process has been 

modeled using phase field methods as well[231, 232]. These studies have determined the necessity 

of having a high grain boundary mobility and atomic mobility in order to create the DP 

microstructure. Therefore, a firmer understanding of the grain boundary velocity will be necessary 

in order to model these microstructures.  

The lamellar structure has been seen in previous studies of higher PbS concentration, which 

identified the microstructure as spinodal decomposition and shown in Figure 7.10 from Girard et 

al[233]. The case for DP instead of spinodal decomposition is strengthened as there is an 8% 

difference in lattice parameter between the PbTe and PbS phase, which introduces a large amount 

of strain energy. A previous study calculated the effect of the strain energy for determining the 

coherent spinodal line and found that the spinodal line was largely depressed to below 610 K for 

all compositions in the PbTe-PbS system[123]. In addition, the DP process was observed in the 

(Pb,Sn,Ge)Te system for compositions inside the miscibility gap[130]. 
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Figure 7.9: Optical micrograph illustrating possible discontinuous precipitation process in 
PbTe.90S.10. Preferential precipitation on moving grain boundaries cause the stripes, which break 
up in a spheroidization process caused by Rayleigh instabilities.  

 
Figure 7.10: Microstructure of PbTe.70S.30 from Girard et al[233] showing lamellar structure that 
is likely caused by discontinuous precipitation instead of spinodal decomposition. 
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 The spherical particles are likely created through a spheroidization process that occurs 

when the samples are annealed. The lamellar structure forms perpendicular to the moving grain 

boundary that create aligned rods. Upon further annealing, a Rayleigh instability causes 

infinitesimal perturbations that cause the structure to break apart at a characteristic length and 

becomes a spheroid[234]. The resulting microstructure are aligned spheres with consistent spacing, 

that is evident in Figure 7.8 (a) and Error! Reference source not found.. This DP and 

spheroidization process has been seen in dilute Co-Cu alloys[230] as well as in Au nanowires[235]. 

In addition, the Rayleigh instabilities created through discontinuous precipitation has been 

modeled using phase field methods and a similar microstructure to those in the previous studies 

and here are seen giving further evidence that the microstructural evolution is caused by DP and 

spheroidization[236]. 

7.6 Conclusion 

The process for which a thermoelectric material can be designed using these models has been 

described. A Debye-Callaway model can be used to determine the optimal precipitate radius, 

which lowers the thermal conductivity for a fixed volume fraction. The thermodynamic phase 

diagram can be used to determine the composition necessary to achieve a desired volume fraction 

as well as the amount of point defects found in the matrix. A single parabolic band model can be 

used to determine the optimal carrier concentration, which is related to the solubility of Na in PbTe 

dictated by the phase diagram. The thermodynamic and kinetic assessments are used with 

PrecipiCalc to determine the processing conditions for the optimal microstructure. Due to the 

limited literature data, the microstructure of annealed PbTe0.90S0.10 was examined. A 

microstructure that was indicative of discontinuous precipitation was observed, which would 

create added complexity in the evolution modeling of second phase structures.   
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Conclusions 
 
 The thermodynamic descriptions using the CALPHAD method have been developed on 

the Pb(S,Se,Te) system. First-principles calculations were performed to gain insight into the 

dominant defects of the system as well as physically relevant values such as formation energies 

and ionization energies of the defects. These calculations served as inputs into two CALPHAD 

models, a 5SL and 2SL model, to describe the intrinsic carriers of the system. The 2SL model is a 

new description and improves on the previously founded 5SL model by being multicomponent 

compatible while still maintaining physical relevance. 

 The 2SL model was used to model the pseudobinaries and pseudoternary in the Pb(S,Se,Te) 

system and incorporated Na doping in the PbX compounds. These models can be used to determine 

the carrier concentration of Na doped alloys in the PbX system. The PbS-PbTe was chosen to 

perform a kinetic assessment on and diffusion couples were created to determine the interdiffusion 

coefficients of S and Te. The CALPHAD method was used to determine the mobilities and is in 

good agreement with the modeled diffusion coefficients and diffusion profile.  

 The methodology of the 2SL model was used to create a 3SL model for the A-Q (A=Bi, 

Sb; Q=Te, Se) systems. The species of the model depend on the individual dominant defects of the 

system, but the optimized interaction parameters can be used to determine formation energies. Full 

assessments of each of the systems were performed and a method for modeling homologous 

compounds that appear within the system has been proposed. 

 Lastly, the methodology for how the thermodynamic and kinetic models can be used to 

optimize a thermoelectric material have been shown. The Debye-Callaway model can be used to 

determine an optimal precipitate radius and uses the solubility of alloying elements to determine 

the effect of solid solution scattering on the lattice thermal conductivity. A single parabolic band 
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model can be used to determine the optimal carrier concentration for maximum power factor. The 

carrier concentration can then be linked back to the solubility of Na in the individual compounds 

to determine if it is accessible. The thermodynamic and kinetic databases can be used with 

PrecipiCalc to determine the processing conditions that produce a desired microstructure. In order 

for proper calibration of the PrecipiCalc simulations, controlled annealing experiments of Pb(S,Te) 

alloys were conducted. The resulting microstructure indicates that the material evolves through a 

discontinuous precipitation process instead of nucleation and growth and that many examples in 

the literature that were interpreted as spinodally decomposed are likely a result of this 

discontinuous precipitation process. 
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