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Last Time at Combinatory Analysis 2018

P(n,4) =0 (mod 3) exactly 23/36 - AKA 63.89% of the time.

Theorem 1 (Eichhorn, K.)

P(n,4) =0 (mod 3) if and only if
n=36k+0,1,2,3,7,9,10,12, 13, 15,17, 19, 21, 22, 24, 25, 27, 29, 31, 32, 33, 34, 35.

Combinatorial witnesses for the congruences - AKA cranks.
Because Theorem 1 is an “if and only if" statement, we have something special...

Theorem 2 (Eichhorn, K.)

The first part minus the fourth part is a supercrank witnessing the congruences in
Theorem 1.

A supercrank is a statistic on partitions that witnesses each and every instance of
divisibility modulo a given prime.
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Theorem 3 (Eichhorn, K.)

For every m > 0, whenever m|P(n,2), both the first part and the second part act as a
supercrank for P(n,2) modulo every m.
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Theorem 3 (Eichhorn, K.)

For every m > 0, whenever m|P(n,2), both the first part and the second part act as a
supercrank for P(n,2) modulo every m.

— Of course this is the case for two parts. Proof: Combinatorial argument.
Here's a previous result:

Theorem 4 (Breuer, Eichhorn, Kronholm)

Let 6j — 1 be prime. Then \1 — A3 is a supercrank for P(n,3) modulo 6j — 1.
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An Update:

Theorem 3 (Eichhorn, K.)

For every m > 0, whenever m|P(n,2), both the first part and the second part act as a
supercrank for P(n,2) modulo every m.

— Of course this is the case for two parts. Proof: Combinatorial argument.
Here's a previous result:

Theorem 4 (Breuer, Eichhorn, Kronholm)

Let 6j — 1 be prime. Then \1 — A3 is a supercrank for P(n,3) modulo 6j — 1.

— Almost an omnicrank.., Proof: Polyhedral Geometry.
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The 5 (Eichhorn, K.)

Table: For this table, P(n,d) =0 (mod m) if and only if n = mlcm(d)k + t1, to, . . ., ts, and the
statistic 6(\) = >, 0j\i is a supercrank witnessing these congruences when taken modulo m.
d| m] n=mlem(d)k +t | supercrank §()\)
3| 2 12k +0,1,2,5,7,10,11 A2
3| 3 18k +0,1,2,6,12, 16, 17 o
3| 4 24k +0,1,2,7,10,12,14,17,22, 23 AL — A3
3| 6 36k +0,1,2,12,17, 19, 24,34, 35 A1+ 33
3| 9 54k +0,1,2,18,36,52,53 A1+ 4A3, A — 2)3
4| 2 24k +0,1,2,3,6,9,13, 16, 19, 20,21, 22, 23 A
4| 3 |36k40,1,2,3,7,9,10,12,13,15,17,19, 21, 22, 24,25, 27, 29, 31, 32, 33, 34, 35 N =
4 4 48k +0,1,2,3,20,21,22,24,25,26,43, 44, 45,46, 47 A+ A3 — )\
4| 7 84k +0,1,2,3,22,37, 39, 41,43, 45,60, 79, 80, 81, 82, 83 A — A3 — 2\

Proof: We compute exact polynomial formulas from the generating functions.
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An Update: Conjecture

Conjecture 6 (Eichhorn, K.)

Other than Theorem 3, Theorem 4, and Theorem 5, there are no other d and m for
which there are supercranks for P(n,d) modulo m.
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An Update: Conjecture

Conjecture 6 (Eichhorn, K.)

Other than Theorem 3, Theorem 4, and Theorem 5, there are no other d and m for
which there are supercranks for P(n,d) modulo m.

Another thought:

When are supercranks possible?
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The Interval Theorem

Theorem 8 (The Interval Theorem, K., (2007))

For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)

for0 < v < m(,;,+1, where lcm(m) is the least common multiple of the integers from 1 to m.
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The Interval Theorem

Theorem 8 (The Interval Theorem, K., (2007))
For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)
(m+1

for 0 < v < 3=, where lcm(m) is the least common multiple of the integers from 1 to m.
Don't worry about f(M).You can ask me about later if you like.It's not a big deal.

A\,

Example of p(n,15) (mod 13): 119 consecutive congruences

p(4684680k — 1,15) =0 (mod 13)
p(4684680k — 2,15) =0 (mod 13)

p(4684680k — 117,15) =0 (mod 13)
p(4684680k — 118,15) =0 (mod 13)
p(4684680k — 119,15) =0 (mod 13)
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The Interval Theorem

Example of p(n,14) (mod 13): 104 consecutive arithmetic progressions

p(4684680k — 1,14) =0 (mod 13)
p(4684680k — 2,14) =0 (mod 13)
p(4684680k — 3,14) =0 (mod 13)
p(4684680k — 4,14) =0 (mod 13)
p(4684680k — 110, 14) =0 (mod 13)
p(4684680k — 102,14) =0 (mod 13)
p(4684680k — 103,14) =0 (mod 13)
p(4684680k — 104,14) =0 (mod 13)
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The Interval Theorem

Example of p(n,13) (mod 13): 90 consecutive arithmetic progressions

p(4684680k — 1,13) =0 (mod 13
p(4684680k — 2,13) =0 (
p(4684680k — 3,13) =0 (mod 13
p(4684680k — 4,13) =0 (

p(4684680k — 87,13) =0 )
p(4684680k — 88,13) =0 (mod 13)
p(4684680k — 89,13) =0 )
p(4684680k — 90,13) =0 )
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The Interval Theorem

Example of p(n,12) (mod 13): 77 consecutive arithmetic progressions

p(360360k — 1,12) =0 (mod 13)

p(360360k — 2,12) =0 (mod 13)
p(360360k — 3,12) =0 (mod 13)
p(360360k — 4,12) =0 (mod 13)

p(360360k — 74,12
p(360360k — 75,12
p(360360k — 76,12
p(360360k — 77,12

~— ~— ~— ~—
[II
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The Interval Theorem

Example of p(n,11) (mod 13): 65 consecutive arithmetic progressions

p(360360k — 1,11) =0 (mod 13)
p(360360k —2,11) =0 (mod 13)
p(360360k — 3,11) =0 (mod 13)
p(360360k — 4,11) =0 (mod 13)
p(360360k — 62,11) =0 (mod 13)
p(360360k — 63,11) =0 (mod 13)
p(360360k — 64,11) =0 (mod 13)
p(360360k — 65,11) =0 (mod 13)
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The Interval Theorem

Example of p(n,10) (mod 13): 54 consecutive arithmetic progressions

p(32760k — 1,10) =0 (mod 13)
p(32760k —2,10) =0 (mod 13)
p(32760k — 3,10) =0 (mod 13)
p(32760k — 4,10) =0 (mod 13)
p(32760k — 51, 10) =0 (mod 13)
p(32760k — 52,10) =0 (mod 13)
p(32760k — 53,10) =0 (mod 13)
p(32760k —54,10) =0 (mod 13)
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The Interval Theorem

Example of p(n,9) (mod 13): 44 consecutive arithmetic progressions

p(32760k —1,9) =0 (mod 13)
p(32760k — 2,9) =0 ( )
p(32760k — 3,9) =0 (mod 13)
p(32760k — 4,9) =0 ( )

p(32760k — 41,9) =0 ( )
p(32760k — 42,9) =0 (mod 13)
p(32760k — 43,9) =0 ( )
p(32760k — 44,9) =0 ( )
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The Interval Theorem

Example of p(n,8) (mod 13): 35 consecutive arithmetic progressions

p(10920k — 1,8) =0 (mod 13)
p(10920k — 2,8) =0 ( )
p(10920k — 3,8) =0 (mod 13)
p(10920k — 4,8) =0 ( )

p(10920k — 32,8) =0 ( )
p(10920k — 33,8) =0 (mod 13)
p(10920k — 34,8) =0 ( )
p(10920k — 35,8) =0 ( )
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The Interval Theorem

Example of p(n,7) (mod 13): 27 consecutive arithmetic progressions

p(5460k —1,7) =0 (mod 13

p(5460k — 2,7) =0

p(5460k —3,7) =0 (mod 13
( ) =0

p(5460k — 4,7) =0 (mod 13
p(5460k —24,7) =0 (mod 13)
p(5460k — 25,7) =0 (mod 13)
p(5460k — 26,7) =0 (mod 13)
p(5460k —27,7) =0 (mod 13)
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The Interval Theorem

Example of p(n,6) (mod 13): 20 consecutive arithmetic progressions

p(780k —1,6) =0 (mod 13)
p(780k —2,6) =0 (mod 13)
p(780k —3,6) =0 (mod 13)
p(780k — 4,6) =0 (mod 13)
p(780k — 17,6) =0 (mod 13)
p(780k — 18,6) =0 (mod 13)
p(780k — 19,6) =0 (mod 13)
p(780k —20,6) =0 (mod 13)
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The Interval Theorem

Example of p(n,5) (mod 13): 14 consecutive arithmetic progressions

p(780k —1,5) =0 (mod 13)
p(780k —2,5) =0 (mod 13)
p(780k — 3,5) =0 (mod 13)
p(780k — 4,5) =0 (mod 13)
p(780k — 11,5) =0 (mod 13)
p(780k — 12,5) =0 (mod 13)
p(780k — 13,5) =0 (mod 13)
p(780k — 14,5) =0 (mod 13)
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The Interval Theorem

Example of p(n,4) (mod 13): 9 consecutive arithmetic progressions

p(156k —1,4) =0 (mod 13)
p(156k —2,4) =0 (mod 13)
p(156k —3,4) =0 (mod 13)
p(156k —4,4) =0 (mod 13)
p(156k —5,4) =0 (mod 13)
p(156k — 6,4) =0 (mod 13)
p(156k —7,4) =0 (mod 13)
p(156k — 8,4) =0 (mod 13)
p(156k —9,4) =0 (mod 13)
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The Interval Theorem

Example of p(n,3) (mod 13): 5 consecutive arithmetic progressions

p(78k —1,3) =0 (mod 13)
p(78k —2,3) =0 (mod 13)
p(78k —3,3) =0 (mod 13)
p(78k —4,3) =0 (mod 13)
p(78k —5,3) =0 (mod 13)
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The Interval Theorem

Example of p(n,3) (mod 13): 5 consecutive arithmetic progressions

p(78k —1,3) =0 (mod 13)
p(78k —2,3) =0 (mod 13)
p(78k —3,3) =0 (mod 13)
p(78k —4,3) =0 (mod 13)
p(78k —5,3) =0 (mod 13)

Example of p(n,2) (mod 13): 2 consecutive arithmetic progressions

p(26k —1,2) =0 (mod 13)
p(26k —2,2) =0 (mod 13)
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The Interval Theorem: Update

Theorem 8 (The Interval Theorem, K., (2007))

For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)

for0 < v < % where lcm(m) is the least common multiple of the integers from 1 to m.
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The Interval Theorem: Update

Theorem 8 (The Interval Theorem, K., (2007))

For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)

for0 < v < % where lcm(m) is the least common multiple of the integers from 1 to m.

Update: For a given number of parts m such that 2 < m </ + 1 and all primes ¢, we always
have at least two cranks witnessing the congruences in the Interval Theorem.
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The Interval Theorem: Update

Theorem 8 (The Interval Theorem, K., (2007))

For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)

for0 < v < w where lcm(m) is the least common multiple of the integers from 1 to m.

Update: For a given number of parts m such that 2 < m </ + 1 and all primes ¢, we always
have at least two cranks witnessing the congruences in the Interval Theorem.

Theorem 9 (Eichhorn, K., Larsen,(2022))
For a given number of parts m such that 2 < m < ¢+ 1, and all primes /,

@ The statistic “the number of parts less than ¢ + 1" is a crank witnessing each and every
congruence described by the Interval Theorem.

@ The statistic “the number of parts larger than 1" is a crank witnessing each and every
congruence described by the Interval Theorem.
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The Interval Theorem: Update

Theorem 8 (The Interval Theorem, K., (2007))

For any prime £, any non-negative integer k, and any 2 < m < f(M), we have
p(llem(m)k —v,m) =0 (mod ¢)

for0 < v < w where lcm(m) is the least common multiple of the integers from 1 to m.

Update: For a given number of parts m such that 2 < m </ + 1 and all primes ¢, we always
have at least two cranks witnessing the congruences in the Interval Theorem.

Theorem 9 (Eichhorn, K., Larsen,(2022))
For a given number of parts m such that 2 < m < ¢+ 1, and all primes /,

@ The statistic “the number of parts less than ¢ + 1" is a crank witnessing each and every
congruence described by the Interval Theorem.

@ The statistic “the number of parts larger than 1" is a crank witnessing each and every
congruence described by the Interval Theorem.

e We can show that as the prime ¢ grows, so does the number of cranks.
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For a given number of parts m such that 2 < m < ¢+ 1, and all primes /,

@ The statistic “the number of parts less than ¢ + 1" is a crank witnessing each and every
congruence described by the Interval Theorem.

@ The statistic “the number of parts larger than 1" is a crank witnessing each and every
congruence described by the Interval Theorem.

e We can show that as the prime ¢ grows, so does the number of cranks.

Brandt Kronholm — student of George Andrews and friend of Bruce Berndt. ongruences and



Methods of Proof for The 9

Definition 10 (MB stats: Partition statistics based on the multiplicities of certain parts in a partition.)

Let A be a partition of n into parts from the set [m]. We write X in “multiplicity notation,” so that

A= (1,292, ..., me®m) is the partition with exactly e; parts of size i for each i € [m]. We define a

multiplicity-based statistic or MB statistic T = (71,72, ...,Tm) € Z™ to be a function 7 : P(n, m) — Z such that
m

T()\) = ZT,'G;.
i=1

The function 7(A) is simply a linear combination of the multiplicities of the parts of A.
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Methods of Proof for Theo 9

Definition 10 (MB stats: Partition statistics based on the multiplicities of certain parts in a partition.)

Let A be a partition of n into parts from the set [m]. We write X in “multiplicity notation,” so that

A= (1,292, ..., me®m) is the partition with exactly e; parts of size i for each i € [m]. We define a

multiplicity-based statistic or MB statistic T = (71,72, ...,Tm) € Z™ to be a function 7 : P(n, m) — Z such that
m

T()\) = ZT,'G,‘.
i=1

The function 7(A) is simply a linear combination of the multiplicities of the parts of A.

Lemma 11 (A difference of generating functions reduces to a polynomial.)

D
Given a prime £, set ¢ = exp(2mi/{). For any MB statistic, if ~————9

m
f:-cvo)
j=1
reduces to a polynomial in q of degree d < D, then for0 < v < D —d and k > 1,
@ p(Dk — v,m) =0 (mod ¢), and
@ 7()) is a crank witnessing the congruences of The Interval Theorem for 2 < m < £+ 1.
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Methods of Proof for Theo 9

Definition 10 (MB stats: Partition statistics based on the multiplicities of certain parts in a partition.)

Let A be a partition of n into parts from the set [m]. We write X in “multiplicity notation,” so that

A= (1,292, ..., me®m) is the partition with exactly e; parts of size i for each i € [m]. We define a

multiplicity-based statistic or MB statistic T = (71,72, ...,Tm) € Z™ to be a function 7 : P(n, m) — Z such that
m

T()\) = ZT,'G,‘.
i=1

The function 7(A) is simply a linear combination of the multiplicities of the parts of A.

Lemma 11 (A difference of generating functions reduces to a polynomial.)

D
Given a prime £, set ¢ = exp(2mi/{). For any MB statistic, if ~————9

m
f:-cvo)
j=1
reduces to a polynomial in q of degree d < D, then for0 < v < D —d and k > 1,
@ p(Dk — v,m) =0 (mod ¢), and
@ 7()) is a crank witnessing the congruences of The Interval Theorem for 2 < m < £+ 1.

Note: The difference of two power series reduces to a polynomial without modular arithmetic.
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SASTRA Ramanujan Prize and Conference- December 2022

1

I chose to present the MB-crank material at the 2022 SASTRA
Ramanujan Prize & International Conference on Number Theory.
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SASTRA Ramanujan Prize and Conference- December 2022

Receiving a gift from Alladi after my presentation.
Note: Ruixiang Zhang was the 2022 Ramanujan Prize winner.
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Will Sawin (2021), Shai Evra (2020), and Krishna Alladi - post
ceremony press conference.
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The Interval Theorem: Open Question - Missing Cranks!
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The Interval Theorem: Open Question - Missing Cranks!

Recall:

Theorem 9 (Eichhorn, K., Larsen,(2022))
For a given number of parts m such that 2 < m < £+ 1, and all primes ¢,
@ The statistic “the number of parts less than £ + 1" is a crank witnessing each and every congruence

described by the Interval Theorem.
@ The statistic “the number of parts larger than 1" is a crank witnessing each and every congruence

described by the Interval Theorem.

A

Example of p(n,15) (mod 13): 119 consecutive congruences

p(4684680k — 1,15) =0 (mod 13)

p(4684680k — 119,15) =0 (mod 13)

\,

ongruences and
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Recall:

Theorem 9 (Eichhorn, K., Larsen,(2022))
For a given number of parts m such that 2 < m < £+ 1, and all primes ¢,

@ The statistic “the number of parts less than £ + 1" is a crank witnessing each and every congruence
described by the Interval Theorem.

@ The statistic “the number of parts larger than 1" is a crank witnessing each and every congruence
described by the Interval Theorem.

A

Example of p(n,15) (mod 13): 119 consecutive congruences

p(4684680k — 1,15) =0 (mod 13)

p(4684680k — 119,15) =0 (mod 13)

\,

Theorem 9 says there are cranks for p(n, m) (mod 13) for m=2,3...,14 - but not
for m = 15 where we have another infinite family of congruences.
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The Interval Theorem: Open Question - Missing Cranks!

Recall:

Theorem 9 (Eichhorn, K., Larsen,(2022))
For a given number of parts m such that 2 < m < £+ 1, and all primes ¢,

@ The statistic “the number of parts less than £ + 1" is a crank witnessing each and every congruence
described by the Interval Theorem.

@ The statistic “the number of parts larger than 1" is a crank witnessing each and every congruence
described by the Interval Theorem.

A

Example of p(n,15) (mod 13): 119 consecutive congruences

p(4684680k — 1,15) =0 (mod 13)

p(4684680k — 119,15) =0 (mod 13)

\,

Theorem 9 says there are cranks for p(n, m) (mod 13) for m=2,3...,14 - but not
for m = 15 where we have another infinite family of congruences. Question: Is there a
crank that witness all the congruences given by the Interval Theorem?
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The Interval Theorem: Another Update.
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.
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e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...if we insist on each partition having a largest part of size m, then our statistic becomes
“largest part minus the number of parts”.
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...if we insist on each partition having a largest part of size m, then our statistic becomes
“largest part minus the number of parts”.

e AKA, Dyson’s Rank
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...if we insist on each partition having a largest part of size m, then our statistic becomes
“largest part minus the number of parts”.

e AKA, Dyson’s Rank witnesses the infinite family of congruences in the Interval Theorem!
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...if we insist on each partition having a largest part of size m, then our statistic becomes
“largest part minus the number of parts”.

e AKA, Dyson’s Rank witnesses the infinite family of congruences in the Interval Theorem!

e Since p(n, m) = P(nJr m, m), we have the following:
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The Interval Theorem: Another Update.

e For m < /¢, the statistic “the number of parts less than £ 4 1" is equal to “the number of
parts”.

e And...if we insist on each partition having a largest part of size m, then our statistic becomes
“largest part minus the number of parts”.

e AKA, Dyson’s Rank witnesses the infinite family of congruences in the Interval Theorem!

e Since p(n, m) = P(nJr m, m), we have the following:

Proposition 12 (Eichhorn, K., Larsen, (2022))

For any prime ¢, any nonnegative integer k, and any 2 < m < ¢, we have
P (llem(m)k+m—v,m) =0 (mod ¢)

for0 < v < % Moreover, Dyson’s rank modulo ¢ witnesses these congruences.
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A Refinement of the Interval Theorem: p(n, m, N)
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A Refinement of the Interval Theorem: p(n, m, N)

Theorem 13 (Eichhorn, Engle, K., (2022))

Let ¢ be an odd prime and suppose2 < m<{¢+1, and1 <s<m. Then fork,j > 1,
p(lem(m)k — v, m,ficm(m —1)j —s) =0 (mod /)

s(s=1)

for Tfl<v<ms—@.
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A Refinement of the Interval Theorem: p(n, m, N)

Theorem 13 (Eichhorn, Engle, K., (2022))
Let ¢ be an odd prime and suppose2 < m<{¢+1, and1 <s<m. Then fork,j > 1,
p(lem(m)k — v, m,ficm(m —1)j —s) =0 (mod /)

1)

for s(STf<v<ms—@.

Example 14 ( The Gaussian polynomial [2%"%] = "M% p(n,5,238)q" )

Set =5, m=5, and j = 4. For s = 2, we have congruences in seven (1 < v < 9) consecutive

arithmetic progressions.
p(292,5,238) = p(592,5,238) = p(892,5,238) =0 (mod 5)

p(293,5,238) = p(593,5,238) = p(893,5,238) =0 (mod 5)
p(294,5,238) = p(594,5,238) = p(894,5,238) =0 (mod 5)

p(298,5,238) = p(598,5,238) = p(898,5,238) =0 (mod 5).
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A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

We add a second level of refinement by treating p(n, m, (a, b]) the number of partitions of n
with at most m parts, largest part greater than a but at most b. Notice that

p(n, m, (a, b]) = p(n, m, b) — p(n7 m, a). (1)

Corollary 15 (Eichhorn, Engle, K., 2022)

Let ¢ be an odd prime and suppose2 < m<{¢+1,1<s<m,andj>1. Then forall k> 1,

p (Clem(m)k — v, m, (lem(m — 1)(j — 1) — s, llem(m — 1)j —s]) =0 (mod ¢)

s(s—1)

s(s—1)
for == <v <ms— =5,
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A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

We add a second level of refinement by treating p(n, m, (a, b]) the number of partitions of n
with at most m parts, largest part greater than a but at most b. Notice that

p(n, m, (a, b]) = p(n, m, b) — p(n7 m, a). (1)

Corollary 15 (Eichhorn, Engle, K., 2022)

Let ¢ be an odd prime and suppose2 < m<{¢+1,1<s<m,andj>1. Then forall k> 1,

p (Clem(m)k — v, m, (lem(m — 1)(j — 1) — s, llem(m — 1)j —s]) =0 (mod ¢)

s(s—1)

s(s—1)
for == <v <ms— =5,

Big ldea: Given a congruence p(n,m) =0 (mod ¢), we can “chop up” the set of partitions
counted by p(n, m) into much,
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We add a second level of refinement by treating p(n, m, (a, b]) the number of partitions of n
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itself contains a number of partitions that is also congruent to zero modulo /.
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A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

We add a second level of refinement by treating p(n, m, (a, b]) the number of partitions of n
with at most m parts, largest part greater than a but at most b. Notice that
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A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

Example 16

Set /=5, m=5, k=1, and t = 6.
By the Interval Theorem, p(294,5) =0 (mod 5).
Corollary 15 reveals many different sets (a, b] for which p(294,57 (a, b]) =0 (mod 5).
Varying the parameter s = 2,3, 4 (changing (a, b], the minimum and maximum bounds on )
gives us three distinct sums equal to p(294,5) where each summand
p(294,5, (a, b]) = p(294,5,60/; — s) is also a multiple of 5.
@ s=2 p(294,5) =~ p(294,5,60/; — 2)
j>1

= p(294,5,(—2,58] ) + p(294,5, (58,118] ) + p(294,5,(118,178] )

+ p(294,5,(178,238] ) + p(294,5, (238,298]

=0+ 1,069,755 + 1,432,910 + 342,485 + 23,160

=2,868,310=0 (mod 5).

Brandt Kronholm - student of George Andrews and friend of Bruce Berndt.



A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

Example 17
@s=3 p(294,5) =~ p(294,5,60/; — 3)
j>1
= p(294,5,(—3,57] ) + p(294,5, (57,117] ) + p(294,5,(117,177] )
+ p(294,5,(177,237] ) + p(294,5, (237,297] )
=0+ 1,034,725 + 1,455,640 + 353,210 + 24,735
=2,868,310=0 (mod 5).
@ s=14 p(294,5) = " p(294,5,60/; — 4)
j=1
= p(294,5,(—4,56] ) + p(294,5, (56,116] ) + p(294,5, (116, 176] )
+ p(294,5,(176,236] ) + p(294,5, (236,296] )
= 0+ 999,650 + 1,478,115 -+ 364,160 + 26,385
=2,868,310=0 (mod 5).

Brandt Kronholm - student of George Andrews and friend of Bruce Berndt.



A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

p(51,3)

0 (mod 3)
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A Refinement of the Refinement of the Interval Theorem: p(n, m, (a, b])

p(51,3) =0 (mod 3)

Some integer lattice point combinatorics.
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P(51,3)| = p(51,3) = 243

P(51,3)

This is the set of partitions of 51 into at most three parts — AKA P(51,3).
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P(51,3)

We break it apart.
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|P(51,3,(17,22])| = 27

P(51,3, (17,22])

We break it apart into the following subsets:
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|P(51,3,(23,28])| =72

P(51,3,(23,28])

We break it apart into the following subsets:
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|P(51, 3, (29, 34])| = 63

P(51,3,(29,34])

We break it apart into the following subsets:
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|P(51, 3, (35,40])| = 45

We break it apart into the following subsets:
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|P(51, 3, (41, 46])| = 27

We break it apart into the following subsets:
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|P(51, 3, (47,52])| =9

We break it apart into the following subsets:

Brandt Kronholm - student of George Andrews and friend of Bruce Berndt.
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P(51,3)| = p(51,3) = 243

P(51,3) = - --

The union of which is P(51,3).
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p(51,3,22) = 27

P(51,3,22) = P(51,3,(17,22])

= p(51,3,22) = 27.
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p(51,3,28) = 99

P(51,3,28) = P(51,3, (17,22]) U P(51, 3, (23, 28])

p(51,3,28) = 99.
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p(51,3,34) = 162

P(51,3,34) = P(51,3, (17,22]) U P(51,3, (23,28]) U P(51, 3, (29, 34])

p(51,3,34) = 162.
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p(51,3,40) = 207

P(51,3,40) = P(51,3, (17,22]) U P(51, 3, (23, 28]) U P(51, 3, (29, 34])
U P(51, 3, (35, 40])

p(51,3,40) = 207.

Brandt Kronholm - student of George Andrews and friend of Bruce Berndt. ongruences and
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p(51,3,52) = p(51,3) = 243
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Color Coded by Crank Value
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Color Coded by Crank Value
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Polyhedral Geometry
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Polyhedral Geometry

Brandt Kronholm — student of George Andrews and friend of Bruce Berndt. ongruences and



Polyhedral Geometry - AKA Integer Lattices
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Polyhedral Geometry - AKA Integer Lattices

2
P(87.3,61~2) /2 d6iAh
P(87,3,6I10 — 2)//%/%)#/ /
P(87.3,60, — 2)/@4%@@%
WL A A s

s s A,
S

(1) AN ()

—_———— ———— 0

3

v aal
AW

A\ R

A\ R R 0

Figure: 73(87, 3) = }ie 77(87, 3,6/ — 2), with each set of the form 73(87, 3,6/ — 2) covered by translations
of triplets. We indicate a few individual partitions and sets P(87,3,6/; — 2). The set

P(87,3,6lg — 2) = P(87,3,(40,46]) is in the first regime and consists of 42 triplets, while the sets
P(87,3,6lp — 2) = P(87,3,(46,52]) and P (87,3,6h0 — 2) = P(87,3,(52,58]) are in the second regime and
consist of 39 and 33 triplets, respectively.
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Cranks for p(n, m, M) and p(n, m,(a, b]):
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Cranks for p(n, m, M) and p(n, m,(a, b]):

Theorem 13 (Eichhorn, Engle, K., (2022))
Let ¢ be an odd prime and suppose 2 < m< £+ 1, and1 <s < m. Then for k,j > 1,
p(tlem(m)k — v, m,£lcm(m —1)j —s) =0 (mod £)

for 5(52;1)<v<ms—@.

Brandt Kronholm — student of George Andrews and friend of Bruce Berndt. ongruences and



Cranks for p(n, m, M) and p(n, m,(a, b]):

Theorem 13 (Eichhorn, Engle, K., (2022))
Let ¢ be an odd prime and suppose 2 < m< £+ 1, and1 <s < m. Then for k,j > 1,
p(tlem(m)k — v, m,£lcm(m —1)j —s) =0 (mod £)

s(s 1)

for

<v<ms— 5(551).

Corollary 15 (Eichhorn, Engle, K., 2022)
Let ¢ be an odd prime and suppose 2 < m<{£+1,1<s<m,andj>1. Then forall k > 1,
p (Llem(m)k — v, m, (Llem(m — 1)(j — 1) — s, llcm(m — 1)j —s]) =0 (mod )

for s(s 1)<v<ms

s(s—1)
5
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Cranks for p(n, m, M) and p(n, m,(a, b]):

Theorem 13 (Eichhorn, Engle, K., (2022))
Let ¢ be an odd prime and suppose 2 < m< £+ 1, and1 <s < m. Then for k,j > 1,
p(tlem(m)k — v, m,£lcm(m —1)j —s) =0 (mod £)

s(s—1)

for T<v<ms—s(s2;l).

Corollary 15 (Eichhorn, Engle, K., 2022)
Let ¢ be an odd prime and suppose 2 < m<{£+1,1<s<m,andj>1. Then forall k > 1,
p (Llem(m)k — v, m, (Llem(m — 1)(j — 1) — s, llcm(m — 1)j —s]) =0 (mod )

for#<v<ms—@.

Theorem 18 (Eichhorn, Engle, K., (2022))

For ¢ = 3, the second part of the partition is a crank witnessing the congruences of Theorem 13 and Corollary
15 when m € {2,3}. For £ =3 and m = 4, if n < 2N, the second part of the partition is a crank witnessing the
congruences of Theorem 13 and Corollary 15, whereas if n > 2N, the third part of the partition is a crank
witnessing those congruences.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.
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Methods of Proof:
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.
Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.
Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.

Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,6) — s) _ t)(3k+1) + t(3k) —3(s—t+ 4)(3k—2j+1)
- 3(6 —(s— e+ a)(57) +3(2s — £+ 2) CH
+3(6— (25 — t+2)) (3 ¥) — (£ = 35) ()
—(6—(t—35)(33Y).
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.

Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,6) — s) _ t)(3k+1) + t(3k) —3(s—t+ 4)(3k—2j+1)
- 3(6 —(s— e+ a)(57) +3(2s — £+ 2) CH
+3(6— (25 — t+2)) (3 ¥) — (£ = 35) ()
—(6—(t—35)(33Y).

@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.
Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,6j —s) = (6 — t) K1) + t(3)) — 3(s — t + 4) (35 ™)
ao—os D)) +3(25— t+2) ()
+3(6— (25 — t+2)) (3 ¥) — (£ = 35) ()
—(6—(t—35)(33Y).

@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.

Ongoing Work: Despite Theorem 13 and Corollary 15, much was left on the table.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.

Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,65 — S) —(6—t (3k+1) + t(3k) _ 3 —t+ 4)(3k—2j+1)
- 3(6 (s — e a) (%) +3(2s — £+ 2) (K P
+3(6— (25 — t+2)) (3 ¥) — (£ = 35) ()
—(6—(t—35)(33Y).
@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.
Ongoing Work: Despite Theorem 13 and Corollary 15, much was left on the table.

@ Theorem 13 represents a “sweet-spot interval” of congruences in arithmetic progression.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.

Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k — t,3,6j —s) = (6 — t (3k+1) + t(3k) —3(s t+4)(3k—2j+1)
- 3(6 (s — e a) (%) +3(2s — £+ 2) (K P
+3(6— (25 — t+2)) (3 ¥) — (£ = 35) ()
—(6—(t—35)(33Y).
@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.
Ongoing Work: Despite Theorem 13 and Corollary 15, much was left on the table.
@ Theorem 13 represents a “sweet-spot interval” of congruences in arithmetic progression.

@ There are many overlooked congruences that Theorem 13 ignores.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.

Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,6j —s) = (6 — t) K1) + t(3)) — 3(s — t + 4) (35 ™)

- 3(6 —(s—t+4)(57) +3(2s — t +2) P
+3(6— (25—t +2)) (3, ¥) — (t - 3s) ¥
—(6—(t—35)(33Y).

@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.

Ongoing Work: Despite Theorem 13 and Corollary 15, much was left on the table.
@ Theorem 13 represents a “sweet-spot interval” of congruences in arithmetic progression.
@ There are many overlooked congruences that Theorem 13 ignores.

@ The cranks in Theorem 18 are limited to ¢ = 3 and m = 2,3, 4.
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Methods of Proof for Theorem 13, Corollary 15, and Theorem 18 and Ongoing Work.
Methods of Proof:

@ Theorem 13 and Corollary 15 are established using generating functions.

@ Theorem 18 is established using polynomial formulas for the crank functions (AKA
constituents of a quasipolynomial)

p(18k —t,3,6j —s) = (6 — t) K1) + t(3)) — 3(s — t + 4) (35 ™)
- 3(6 —(s—t+4)(57) +3(2s — t +2) P
+3(6— (25—t +2)) (3, ¥) — (t - 3s) ¥
—(6—(t—35)(33Y).
@ and polyhedral geometry (AKA integer lattices) - as seen a few slides ago.
Ongoing Work: Despite Theorem 13 and Corollary 15, much was left on the table.
@ Theorem 13 represents a “sweet-spot interval” of congruences in arithmetic progression.
@ There are many overlooked congruences that Theorem 13 ignores.
@ The cranks in Theorem 18 are limited to ¢ = 3 and m = 2,3, 4.
@ Enter Joselyne Aniceto, UTRGV, PhD 2025 (expected)
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025
Brandt Kronholm - Albany/Penn State 2010
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025

Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025
Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964
Hans Rademacher - Gottingen 1916
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025
Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964
Hans Rademacher - Gottingen 1916
Constantin Carathéodory - Gottingen 1904
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025
Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964
Hans Rademacher - Gottingen 1916
Constantin Carathéodory - Gottingen 1904
Hermann Minkowski - Konigsberg 1885
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto
Joelyne Aniceto - UTRGV 2025
Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964
Hans Rademacher - Gottingen 1916
Constantin Carathéodory - Gottingen 1904
Hermann Minkowski - Konigsberg 1885
C. L. Lindemann - Niirnberg 1873
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025

Brandt Kronholm - Albany/Penn State 2010
George Andrews - UPenn 1964

Hans Rademacher - Gottingen 1916
Constantin Carathéodory - Gottingen 1904
Hermann Minkowski - Konigsberg 1885

C. L. Lindemann - Niirnberg 1873

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010

George Andrews - UPenn 1964

Hans Rademacher - Gottingen 1916

Constantin Carathéodory - Gottingen 1904

Hermann Minkowski - Konigsberg 1885

C. L. Lindemann - Niirnberg 1873

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964

Hans Rademacher - Gottingen 1916

Constantin Carathéodory - Gottingen 1904

Hermann Minkowski - Konigsberg 1885

C. L. Lindemann - Niirnberg 1873

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800

Hans Rademacher - Gottingen 1916
Constantin Carathéodory - Gottingen 1904
Hermann Minkowski - Konigsberg 1885

C. L. Lindemann - Niirnberg 1873

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754

Constantin Carathéodory - Gottingen 1904
Hermann Minkowski - Konigsberg 1885

C. L. Lindemann - Niirnberg 1873

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754
Constantin Carathéodory - Gottingen 1904 L. Euler - Basel 1726

Hermann Minkowski - Konigsberg 1885
C. L. Lindemann - Niirnberg 1873
Felix Klein - Bonn 1863
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754
Constantin Carathéodory - Gottingen 1904 L. Euler - Basel 1726

Hermann Minkowski - Konigsberg 1885 Johann Bernoulli - Basel 1690

C. L. Lindemann - Niirnberg 1873
Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754
Constantin Carathéodory - Gottingen 1904 L. Euler - Basel 1726

Hermann Minkowski - Konigsberg 1885 Johann Bernoulli - Basel 1690

C. L. Lindemann - Niirnberg 1873 Jacob Bernoulli - Basel 1676

Felix Klein - Bonn 1868
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853
Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754
Constantin Carathéodory - Gottingen 1904 L. Euler - Basel 1726

Hermann Minkowski - Konigsberg 1885 Johann Bernoulli - Basel 1690

C. L. Lindemann - Niirnberg 1873 Jacob Bernoulli - Basel 1676

Felix Klein - Bonn 1868 Peter Werenfels - Basel 1649 ...
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Andrews, Kronholm, Aniceto: AKA the “AKA Legacy”.

Figure: L-R: George Andrews, Brandt Kronholm, Joselyne Aniceto

Joelyne Aniceto - UTRGV 2025 Rudolf Lipschitz - Berlin 1853

Brandt Kronholm - Albany/Penn State 2010 Gustav P. L. Dirichlet - Bonn 1827
George Andrews - UPenn 1964 Fourier & Poisson - France ~1800
Hans Rademacher - Géttingen 1916 Joseph Louis Lagrange - Torino 1754
Constantin Carathéodory - Gottingen 1904 L. Euler - Basel 1726

Hermann Minkowski - Konigsberg 1885 Johann Bernoulli - Basel 1690

C. L. Lindemann - Niirnberg 1873 Jacob Bernoulli - Basel 1676

Felix Klein - Bonn 1868 Peter Werenfels - Basel 1649 ... more
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A more comprehensi

Theorem 19 (Aniceto, K.)

Let £ be an odd prime and suppose 2 < m < ¥, s,t € Z, and j, k € Z,. Set n = Llcm(m)k — t and N = ¢
lem(m — 1)j — s. The congruence

p(n,m,N) =0 (mod ¢) (2)
holds for )
(i) forallt € (0, o ;"’) such that n = llem(m)k — t < N and

h L . .
(ii) foragiven he {1,...,m—1} fora//teigo(is—@,WHs)

\‘hNJr h(h;l)J Lo {(h+1)’v+ (h+1)2(h+2)J

Llcm(m) Llem(m) 3

2 5 5 5 5
Moreover, when ~ = £lcm(m) — ™ and m are even, we extend the interval in (i) to include
2
te (0, me> U(v/2—1,v/2+ 1) and for a given h, when

0 = Llem(max(m — h, h)) — %W and m are both even integers, we extend the values t in the
intervals being intersected in (ii) to

teiﬁo«is_ i(i+1)7(m—i)(m—i+1)_HS)U((S/Z_LHS_ i(i;—l)’d/2+1+is_w)) W

2 2
Additionally, since Gaussian Polynomials are reciprocal polynomials, the congruence
p(mN —n,m,N) =0 (mod ¢) also holds. (5)
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Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”
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Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”

Theorem 20 (Aniceto, K.)

Let {a, b,c} be a set of three relatively prime numbers, with one of them being an even
integer. Setting n = abck + 23‘55_75_“, then for k > 0 we have

p(n,{a, b,c}) =0(mod abc/2). (6)
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Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”

Theorem 20 (Aniceto, K.)

Let {a, b,c} be a set of three relatively prime numbers, with one of them being an even
integer. Setting n = abck + M’C_ig_b_c, then for k > 0 we have

p(n,{a, b,c}) =0(mod abc/2). (6)

We prove that a pair of cranks witness the congruences for an infinite special case of Theorem 20.
Theorem 21 (Aniceto, K.)

Let {1,2,¢} be a set of part sizes containing the odd number ¢ > 3. For n = 2(k + % and
k20, we have p(n {1,2,6})=0(mod ¢). (7)
Whenever £ =1 (mod 4), the statistic “four times the number of 2s plus the number of {s”, is

a crank witnessing the congruence in (7). Whenever { = 3 (mod 4), the statistic “twice the
number of 1s plus the number of {s”, is a crank witnessing the congruence in (7).
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Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”

Theorem 20 (Aniceto, K.)

Let {a, b,c} be a set of three relatively prime numbers, with one of them being an even
integer. Setting n = abck + M’C_ig_b_c, then for k > 0 we have

p(n,{a, b,c}) =0(mod abc/2). (6)

We prove that a pair of cranks witness the congruences for an infinite special case of Theorem 20.
Theorem 21 (Aniceto, K.)

Let {1,2,¢} be a set of part sizes containing the odd number ¢ > 3. For n = 2(k + % and
k20, we have p(n {1,2,6})=0(mod ¢). (7)
Whenever £ =1 (mod 4), the statistic “four times the number of 2s plus the number of {s”, is

a crank witnessing the congruence in (7). Whenever { = 3 (mod 4), the statistic “twice the
number of 1s plus the number of {s”, is a crank witnessing the congruence in (7).

Methods of proof:
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Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”

Theorem 20 (Aniceto, K.)

Let {a, b,c} be a set of three relatively prime numbers, with one of them being an even
integer. Setting n = abck + M’C_ig_b_c, then for k > 0 we have

p(n,{a, b,c}) =0(mod abc/2). (6)

We prove that a pair of cranks witness the congruences for an infinite special case of Theorem 20.
Theorem 21 (Aniceto, K.)

Let {1,2,¢} be a set of part sizes containing the odd number ¢ > 3. For n = 2(k + % and
k20, we have p(n {1,2,6})=0(mod ¢). (7)
Whenever £ =1 (mod 4), the statistic “four times the number of 2s plus the number of {s”, is

a crank witnessing the congruence in (7). Whenever { = 3 (mod 4), the statistic “twice the
number of 1s plus the number of {s”, is a crank witnessing the congruence in (7).

Methods of proof: Generating functions, quasipolynomials, and integer lattice point geometry.

Brandt Kronholm — student of George Andrews and friend of Bruce Berndt. ongruences and



Joselyne Aniceto: Revisiting Hansraj Gupta's “A Technique in Partitions”

Theorem 20 (Aniceto, K.)

Let {a, b,c} be a set of three relatively prime numbers, with one of them being an even
integer. Setting n = abck + 2”6_7;_’”, then for k > 0 we have

p(n,{a, b,c}) =0(mod abc/2). (6)

We prove that a pair of cranks witness the congruences for an infinite special case of Theorem 20.
Theorem 21 (Aniceto, K.)

Let {1,2,¢} be a set of part sizes containing the odd number ¢ > 3. For n = 2(k + % and
k20, we have p(n {1,2,6})=0(mod ¢). (7)
Whenever £ =1 (mod 4), the statistic “four times the number of 2s plus the number of {s”, is

a crank witnessing the congruence in (7). Whenever { = 3 (mod 4), the statistic “twice the
number of 1s plus the number of {s”, is a crank witnessing the congruence in (7).

Methods of proof: Generating functions, quasipolynomials, and integer lattice point geometry.
One highlight is that we establish exact formulas for certain elements of an object from
polyhedral geometry called the h*-vector.
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Jena Gregory: Congruences for Sums and Differences of Partitions
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Jena Gregory: Congruences for Sums and Differences of Partitions

Theorem 22 (Gregory, K.)

Let ¢ be an odd prime. Set n = llcm(m)k + r and n' = Llem(m)(k+1) —r — <@>
Then for — (@) +1 < r<ALlem(m) — (@) and k > 0 we have

p(n,m) 4 p(n’,m)=0 (mod /). (8)

If Y — m is odd, we have the sum and if { — m is even, we have the difference.

Goals:

Brandt Kronholm — student of George Andrews and friend of Bruce Berndt. ongruences and



Jena Gregory: Congruences for Sums and Differences of Partitions

Theorem 22 (Gregory, K.)

Let ¢ be an odd prime. Set n = llcm(m)k + r and n' = Llem(m)(k+1) —r — <@>
Then for — (@) +1 < r<ALlem(m) — (@) and k > 0 we have

p(n,m) 4 p(n’,m)=0 (mod /). (8)

If Y — m is odd, we have the sum and if { — m is even, we have the difference.

Goals:

e Find cranks witnessing the “sum” congruence in (8).
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Theorem 22 (Gregory, K.)

Let ¢ be an odd prime. Set n = llcm(m)k + r and n' = Llem(m)(k+1) —r — <@>
Then for — (@) +1 < r<ALlem(m) — (@) and k > 0 we have

p(n,m) 4 p(n’,m)=0 (mod /). (8)

If Y — m is odd, we have the sum and if { — m is even, we have the difference.

Goals:

e Find cranks witnessing the “sum” congruence in (8).
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@ Determine what a crank for the “difference” version of (8) would imply.
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This research is a portion of Jena Gregory's dissertation. (PhD '26 UTRGV)
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Alice and Freeman Dyson.
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