A LIFETIME JOURNEY
WITH
P. A. MACMAHON
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Figure: P. A. MacMahon !

YImage as published in his Collected Papers, MIT Press.
2/45



AT A RECENT CONFERENCE HONORING BRUCE SAGAN,
RICHARD STANLEY GAVE A WONDERFUL TALK STARTING
WITH A THEOREM INDEPENDENTLY DISCOVERED BY
MACMAHON AND SCHUR:

Theorem
THE NUMBER f(n) OF PARTITIONS OF n IN WHICH NO

PART APPEARS EXACTLY ONCE EQUALS THE NUMBER OF
PARTITIONS OF n INTO PARTS # £1 (mod 6).
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EXAMPLE:

n=238

# SINGLETONS
44+434+3414+1,2424242,24+2+24+141,
242+1+1+14+1L,14+1+14+1+1+1+1+1
#+1 (mod 6)
8,6+2,4+4,44+24+23+3+22+2+2+2
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THIS REMINDED ME THAT | HAD PUBLISHED A SHORT
PAPER IN 1976:
A GENERALIZATION OF A PARTITION THEOREM OF
MACMAHON
WHICH WAS BASED ON THIS SAME RESULT OF
MACMAHON.
AND THUS WAS BORN THE IDEA FOR THIS TALK.
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MACMAHON WAS A PIONEER IN COMBINATORICS AND
WROTE A 2-VOLUME WORK:
“COMBINATORY ANALYSIS”

WHICH WAS THE GO-TO BOOK IN COMBINATORICS FOR
ALMOST HALF A CENTURY.

TODAY, RICHARD IS CLEARLY THE PREEMINENT
COMBINATORIALIST, AND HIS 2-VOLUME WORK
“ENUMERATIVE COMBINATORICS”

WILL SURELY BE THE GO-TO BOOK IN COMBINATORICS
FOR MUCH MORE THAN HALF A CENTURY.
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RICHARD PERHAPS BEST DESCRIBED MACMAHON'S
IMPORTANCE:

Before 1960 there are just a handful of mathemati-
cians who did a substantial amount of enumerative com-
binatorics. The most important and influential of these is
Percy Alexander MacMahon (1854-1929). He was a highly
original pioneer, whose work was not properly appreciated
during his lifetime except for his contributions to invariant
theory and integer partitions. Much of the work in EAC in
the 60's and 70's can trace its roots to MacMahon. Some
salient examples are his anticipation of the theory of P-
partitions, his development of the theory of plane parti-
tions, and his work on permutation enumeration. It is also
interesting that he gave the Rogers-Ramanujan identities
a combinatorial interpretation.
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SO HOW DID SOMEONE LIKE ME, WHO CONSIDERED
HIMSELF A NUMBER-THEORIST (AND A STUDENT OF HANS
RADEMACHER), WIND UP IN THE WORLD OF P. A.
MACMAHON?
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Figure: Gian-Carlo Rota 2

2https://mathshistory.st-andrews.ac.uk/Biographies/Rota/Rota.jpeg
9/45



| SPENT MY 1970-1971 SABBATICAL AT M. I. T. AS A
VISITING PROFESSOR.

ROTA'S SEMINAR WAS IN FULL SWING. REGULAR
ATTENDEES INCLUDED RICHARD, DENNIS WHITE, CURTIS
GREENE. IN ADDITION THERE WERE MANY VISITORS.

IN THE MIDDLE OF THE YEAR, ROTA INVITED ME TO EDIT
THE COLLECTED PAPERS OF MACMAHON FOR THE M. I. T.
PRESS.
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WAS THIS A GOOD IDEA?
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MY FIRST THOUGHT WAS: MACMAHON'S BEEN DEAD FOR
40 YEARS. SURELY, HIS WORK IS OUT OF DATE.

11/45



MY SECOND (AND MUCH BETTER) THOUGHT WAS: WHAT
A GREAT WAY TO LEARN THE MATHEMATICS INFLUENCED
BY MACMAHON. | WILL WRITE TO EVERYONE WHO HAS
CITED MACMAHON FOR ADVICE AND COMMENT. THIS
PROVIDED THE SUBSTANCE OF THE COMMENTARY |
PROVIDED FOR THE COLLECTED WORKS.
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STANFORD UNIVERSITY

STANFORD, CALIFORNLA 94305

‘COMPUTER SCIENGE DEPARTMENT

December 1k, 1971

Prof. George E. Andrevs
Department of Mathematics
Pennsylvania State University
230 McAllister Building
University Park, Penn. 16802

Dear George,
Thanks for your letter regarding Machshon.

I'm not sure I have "mastered" his books, but I did fight my
way all the way through them and took notes, herc and there
modernizing what he did a little. I'm afrsid my notes won't be of
ary use to you, however, since they are personal, cryptic, and un-
Xeroxable, and T have no time right now to clean them up.

4s for other works by MacMshon, I'm really amazed by what you
already have dug wp. He is mentioned in Poggendor?'s oio-biniion
grapaies, waich T suppose you aave checked.

T enclose two reprints. The major thing (my joint work with
Bender which gives a constructive proof of nary of Maclshon's plane
partition formulas) is scheduled to appear in JCT-A, July 1972. I
Smerstond Basil Gordon nas solved same of Nacksnonis o
that we restete in that article.

ectures

D. Poata [Proc. AMS 19 (1968), 236-240] geve a direct proof of
the index taeorem Mackzhon published in Am. J. Math 1913. In Foata's
‘thesis ne presented a new proof and generalization of MecMahon's Master
Theorem. You should write to Foata wao is spending the year et Gaines-
ville,

er reading PAM's two volumes I have noticed seversl times a
rediscovery of something he did. But I can't dig these up, nor can
you probadly make use of them.

The only other suggestion I have for you is to ask Martin Gardner
(10 Euclid Ave., Has tir\g..-oﬂ-l[Jd.‘on, .Y.). He is an incredibly good
source of information and he once did a column on MacMahon's colored
cubes, 50 I bet he has some helpful hinta.

T

» anxious to see the collected works in priat.
Sincerely,

Donald E. Knuta
Professor

DEK:h1
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UNIVERSITY OF CAPE TOWN

(WITH WHICH 15 INCORPORATED THE SOUTH AFRICAN COLLECE)

Dept. of Astronomy
9 February 1972

Dr. G. E. An
Department of l\'ath“mstlcs

230 McAllister Building
University Park, Penna. 16802

Dear Dr. Andrews:

In response to your letter of 28 January I enclose some
Xerox copies of the early references to MacMahon's werk in
astronomy, as gleaned from the Monthly Notices of the Royal
Astronomical Society. I did not copy out his presidential
addresses, since they did not seem appropriate to your
present purpose, but I include his obituary notice which
does contain some information that might be useful to you.

Apparently MacFahon only wrote the one astronomical
paper, which was criticized by Zddington but was, in the
light of long hindsight, very nearly correct even in detail.
Certainly his suggestion was a good one and the objections
that ®mddington raised proved, finslly, to be incomplete and
less well informed thap one might expect from so famous a
personage. T think it fair to say that Bddington's comments
held back the application of Maclahon's proposed technigue
for quite a long time; the first successful investigator
to make use of it, A.B. Whitford, was unaware of eit!
the suggestion or its eriticism when he started the work.
Both had faded into history by then.

I did not bring reprints with me to @ape Town, but I
can give you references to my own work conceraing lunar
occultations, all of which is recent and should be available
to you:
"Discovery and Measurement of Double Stars by Lunar Occultations,"
Astrophysics and Space Science 11, 28 (1971)
"Photoelectric lleasurements of Lunar Occultations I: The Process"
Astronomical Journal 75, 575 (1970).

same, II: Ao J. 75, 583 (1970); seme, IV: A. J. 75, 963 (1970).

"The Anguler Diameter of Lambda Aquarii", Astrophysical Jour
Letters 16Q, L181 (1970).

I hope this is of some help.

Sincerely E

o>



PARTITION ANALYSIS AS CONCEIVED BY MACMAHON
RELIES ON THE LINEAR OPERATOR S>2 APPLIED TO

MULTIPLE LAURENT SERIES.

o

niyn N __
§ : A”17"2,~~~7"k)‘1 )‘2 )‘k - E An1,n2,...,nk

~ ni,...,ng=—00 ny,...,n>0

\%e)
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IN ACTUAL APPLICATION, RESULTS OF VALUE ARE OF THE
FOLLOWING NATURE:

1 1
(T=xN)(1-y/A)  (1-x)(1-xy)
PROOF:

1
Q — Q XryS)\r—S
>(1=xN)(1-y/A) = 22:0
-3y
s>0,r>s
— Z Xr+sys
s,r>0

B 1
(1= —xy)

Q
>
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IN COMBINATORY ANALYSIS (VOL. 2, P. 102) MACMAHON
LISTS MANY SUCH RESULTS, E.G.:

Q 1 _ 1—xyz
> (1=2)1 =)L -2z/2)  (1-x)1-y)1-x2)(1-y2)
Q 1 _ 1+ xy
>(1=-2x)1-y/A)  (1-x)(1-x72)
Q 1 _ 14+ xy + xz + xyz

(1-=Xx)1-y/ A1 —-2/A)  (1-x)1-x2)(1-x2?)
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SINCE 1998, THERE HAS BEEN A CONTINUING SERIES OF
PAPERS (ALMOST ALL JOINT WITH PETER PAULE) UNDER
THE TITLE
MACMAHON'S PARTITION ANALYSIS: I-XV

15 /45



THE SUBTITLES WERE:

THE LECTURE HALL PARTITION THEOREM
FUNDAMENTAL THEOREM
THE OMEGA PACKAGE
HYPERGEOMETRIC MULTISUMS
BIJECTIONS, RECURSIONS, AND MAGIC SQUARES
A NEW REDUCTION ALGORITHM
CONSTRAINED COMPOSITIONS
PLANE PARTITION DIAMONDS
k-GON PARTITIONS
PLANE PARTITIONS WITH DIAGONALS
BROKEN DIAMONDS AND MODULAR FORMS
PLANE PARTITIONS
SCHMIDT-TYPE PARTITIONS AND MODULAR FORMS
PARTITIONS WITH n COPIES OF n
PARITY
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THE EARLY PAPER FOCUSED MOST ON PARTITIONS ON
DIFFERENT KINDS OF GRAPHS:
PLANE PARTITION DIAMONDS

V\V\V\/

\A\\A\A\ -

GENERATING FUNCTION FOR THESE PARTITIONS IS

oo

1_|_ 3n—1
Hﬁ:1+q+3q2+4q3+7q4+~-
n=1

4] 13 | [3 Jl2 Jf2 J]2 ||t 1
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IN 1999, FRANK SCHMIDT PROPOSED THE FOLLOWING
PROBLEM IN THE AMERICAN MATH. MONTHLY:
LET p(n) DENOTE THE NUMBER OF PARTITIONS OF n, AND
LET f(n) DENOTE THE NUMBER OF PARTITIONS
A1+ Ao+ A3+ -+ SATISFYING Ay > Ap > A3 > --- AND
n=MX-+A3+X+---. THEN
FORn>1
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FOR EXAMPLE, p(6) = 11 :

6,5+1,4+2,4+1+1,3+3,3+2+1,
341+141,24+2+2,24+2+1+1,
24141+1+1,1+1+14+141+1,

f(6) =11

6,6+56+4,6+3,6+2,6+1
544+ 1,54+3+1,54+2+1,4+3+2,
443 +2+1
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THE SOLUTION PUBLISHED WAS BY PETER MORK. THE
MONTHLY ALSO NOTED THAT EIGHT OTHERS SOLVED THE
PROBLEM: D. BECKWITH, R.J. CHAPMAN, G. LORD, C.C
ROUSSEAU, P, SIMEONOV, J. H. STEELMAN, AND F.
SCHMIDT (THE PROPOSER).
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MORK'S SOLUTION IS QUITE CLEVER. IT IS A BIJECTION
BETWEEN THE TWO SETS. HERE IS THE IDEA:

T+4+4+3+1

x| x 1]
XX
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MORK'S SOLUTION IS QUITE CLEVER. IT IS A BIJECTION
BETWEEN THE TWO SETS. HERE IS THE IDEA:

T+4+4+3+1

X | X

[

X

NOW COMPUTE THE HOOKS AT THE SQUARES MARKED X:

11+9+5+4+3+1

BY CONSTRUCTION, WE KNOW A PRIORI THAT

7T+4+4+3+1=11+5+3.
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1+3+4+5+9+ 11.
1 1S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE
DIAGONAL.
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1+3+4+5+9+ 11.

11S A PART OF EVEN INDEX;

SO ITS SQUARE IS OFF THE

DIAGONAL.
3 IS OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.

X

X]
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1+3+4+5+9+ 11.
1 1S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE
DIAGONAL.
3 IS OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.
4 1S OF EVEN INDEX; SO OFF DIAGONAL.

X
X | X
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1+3+4+5+9+ 11.
1 1S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE
DIAGONAL.
3 IS OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.
4 1S OF EVEN INDEX; SO OFF DIAGONAL.
51S OF ODD INDEX; SO ON DIAGONAL.

X | X
X | X
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1+3+4+5+9+ 11.
1 1S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE
DIAGONAL.

3 IS OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.
4 1S OF EVEN INDEX; SO OFF DIAGONAL.
51S OF ODD INDEX; SO ON DIAGONAL.
9 1S OF EVEN INDEX; SO OFF DIAGONAL.

X [ [ ]
XX
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1 +3+4+5+ 9+ 11.
11S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE

DIAGONAL.

3 1S OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.
4 1S OF EVEN INDEX; SO OFF DIAGONAL.
5 1S OF ODD INDEX; SO ON DIAGONAL.
9 IS OF EVEN INDEX; SO OFF DIAGONAL.
11 1S OF ODD INDEX; SO ON DIAGONAL.

X

X

[

X
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WE REVERSE ENGINEER TO GET THE INVERSE MAP. START
WITH THE SMALLEST PART OF 1 +3+4+5+ 9+ 11.
11S A PART OF EVEN INDEX; SO ITS SQUARE IS OFF THE
DIAGONAL.

3 1S OF ODD INDEX; SO ITS SQUARE IS ON THE DIAGONAL.
4 1S OF EVEN INDEX; SO OFF DIAGONAL.

5 1S OF ODD INDEX; SO ON DIAGONAL.

9 IS OF EVEN INDEX; SO OFF DIAGONAL.

11 1S OF ODD INDEX; SO ON DIAGONAL.

x| x 1]
XX

NOW READING ROWS WE RETRIEVE 7+ 4+ 4+ 3+ 1.
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MORK'S SOLUTION WAS QUITE INGENIOUS. HOWEVER, ITS
VERY CLEVERNESS MAKES IT HARD TO SEE THIS
PROBLEM AS ONE OF A GENERAL CLASS OF RESULTS.
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THE FOLLOWING IS THE GENERATING FUNCTION FOR
PARTITIONS WITH n DISTINCT PARTS WITH x;
ACCOUNTING FOR THE ith PART

1,02
S e
jl:---JnZO
—i221jp—j3>1,....jp_1—in>1
_ 1 J2 . yin\i—d2—L1yj2—jz—1  yJn—1—nyj
= Q> X1t N X3 Xnc1 AT

x1(x1x2)(x1x2x3) « - - (x1%2X3 + -+ X;)
(1—x)(1—x1x2) - (L — x1x2 -+ - xp)
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NOW SET n =2k
x1=¢q¢g,x=1,x3=q,x4a=1,x5=4q,...,X0K_1 =4, X = 1.

THIS WILL GENERATE THOSE PARTITIONS INTO DISTINCT
PARTS WHERE ONLY THE 18t 3d 5th  (2k — 1)st PARTS
ARE ADDED:

2
qk

(1-9)2(1—q?)?---(1—-qg~)?
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SUMMING OVER ALL k > 0, WE FIND
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RETURNING TO PARTITION DIAMONDS FOR THE MOMENT,
WE FOUND (IN SCHMIDT STYLE) THAT IF WE ONLY ADDED
SUMMANDS

ai + as + a7 + awo

THE GENERATING FUNCTION WAS

ﬁ i
_ 37
S (1—q")

EFFECTIVELY A MODULAR FORM.
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MY FINAL TOPIC ARISES FROM MACMAHON'S PAPER

DIVISORS OF NUMBERS AND THEIR CONTINUATION IN THE
THEORY OF PARTITIONS
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MACMAHON'S STARTING POINT IS THE OBSERVATION
THAT THE NUMBER OF DIVISORS OF n IS THE NUMBER OF
PARTITIONS OF n INTO PARTS OF ONLY ONE SIZE.
THE DIVISORS OF 6 ARE

1,2,3,6.
THE PARTITIONS OF 6 WITH ONLY ONE PART SIZE ARE

1+14+1+1+1+1,2+2+23+3,6.
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THE RELEVANT GENERATING FUNCTION IS

o qn

IN ADDITION, THE SUM OF THE DIVISORS OF n DENOTED
o1(n) IS OF INTEREST, AND THE GENERATING FUNCTION IS

Auq) =3 1n_qqn =D (1_6776,")2'

n=1 n=1
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Ai(q) IS ESPECIALLY INTERESTING BECAUSE

_1-E(q)

Ai1(q) 21

WHERE Ex(q) IS THE FUNDAMENTAL QUASI-MODULAR
FORM.
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REFRESHER COURSE ON QUASI-MODULAR FORMS:
2 n
Ex(q) =1+ %~ + Z o2k-1(n)q”,
WHERE
om(n) = Z dm.
d|n

THE RING OF QUASI-MODULAR FORMS IS GENERATED BY
E>(q), Ea(q), AND Es(q), OR EQUIVALENTLY BY
E2(q) AND g L.
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MACMAHON NOW CONSIDERS WHAT HAPPENS WHEN WE
CONSIDER PARTITIONS OF n WITH EXACTLY k DIFFERENT
PART SIZES. THE GENERATING FUNCTION IS CLEARLY

ny4-no+---4-ng

q
Z (]__qn1)(1_qn2)...(1_an)'

1<nm<no<---<ng

THE GENERALIZATION FOR SUM OF DIVISORS IS
qn1+n2+'-~+nk

2 (1-gm)*(1—qm)?---(1—q™)*

1<nm<na<---<ng
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MACMAHON ASSERTS LATE IN HIS PAPER

The function Ay = )" ap kq" has apparently the prop-
erty that the coefficient ap,  is expressible as a linear func-
tion of the sum of the uneven powers of the divisors of n. |
have not succeeded in reaching the general theory, but by
the help of certain results of Glaisher, obtained by means
of elliptic functions, | am able to give the expressions in
the cases n=2,n=3, and n = 4.
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IN 2013, SIMON ROSE AND | PROVED MACMAHON'S
CONJECTURE. T,(x) is the nt" Chebychev polynomial:

Th(cosB) = cos(nb).

NOW DEFINE
F(x,q) = Z Tont1 (%) q”2+”.
n=0

THEN

Theorem

F(x,q) = (6% a°)% Y A(g®)x* .
k=0

35/45



Corollary (1)

Ar(q) = (2k+1 s Z "en+ 1) _k)iq(z

Corollary (2)

A(q) = (2/(_1_11)2/( ((6/41(‘7) + k(k —1))Ak-1(q) — qzquk—l(q)> :

Corollary (3)

THE FUNCTIONS Ax(q) ARE IN THE RING OF
QUASI-MODULAR FORMS.
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PROOF OF THE THEOREM
LET x = 2cos¥8.
THEN

00
F(Xv q) =2 Z T2n+1(cos O)qn2+n
n=0

=2 Z cos((2n+ 1)9)q”2+”
n=0

o
(ei(2n+1)9 + e—i(2n+1)6)qn2+n

n

=0
oo
: : 2
:eIG § : el2n0qn +n

n=—oo

— eiO(_efi2n9; q2)oo(_q2ei2n9; q2)oo(q2; qz)oo
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PROOF OF THE THEOREM (CONTINUED).

oo
_ (eie n e—io)(qz; q2)oo H(l + 2cos(29)q2n + CI4")
n=1
o0
= x(q% ) H(l + (= 2)¢>" + ¢*)
x(6% 4% H 2+ x%q*")
2n
2. 23 x*q
)3, H (1 + 22)
11 (1-g2)

— X(q2; q2)ic> ZAk(q2)X2k+1
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IN A RECENT PAPER, AMDEBERHAN, TAURASO, AND |
EXPLORE THE ARITHMETIC RICHES REVEALED BY THE
QUASI-MODULARITY OF THESE FUNCTIONS. TO MIX
MACMAHON'S NOTATION WITH OURS, WE DEFINE

Ai(q) ==Y MO(k,n)q".

n>0
THERE ARE NUMEROUS CONGRUENCES:

MO(2,n) =0 (mod 3) WHEN 31 n.
MO(2,5n+1) =0 (mod 5)
MO(3,7n+3)=0 (mod 7)
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PROOF THAT MO(2, 1) = 0 (mod 3)
WHEN n # 0 (mod 3)

BY COROLLARY 1,
> MO(2,n)q" = Ax(n)

n>0
2k+1/k+2 k+1
_ k
— o D (k_z)q(z)
k>2

— 1)00 Z(_l)k—1(2k + 1)(2 i_ ;) q(k?)

3. g3
(6 °)oo 153

k+1

NOW ( 5

>EO (mod 3) IF k=00R 2 (mod 3)

(kgl)zl (mod 3) IF k=1 (mod 3)
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PROOF THAT MO(2,n) =0 (mod 3)
WHEN n # 0 (mod 3) (CONTINUED.).

SINCE (k ;L 1) £2 (mod 3),MO(2,3n+2)=0 (mod 3).

WHEN (k—zi_ 1) =1 (mod3),k=1 (mod 3);
THUS 2k+1=0 (mod 3),SO MO(2,3n+1)=0 (mod 3).

O]
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AT THE END OF OUR PAPER, WE CONJECTURED
MO(10,11n+7) =0 (mod 1)1.

THIS HAS SUBSEQUENTLY BEEN PROVEN BY
AMDEBERHAN, ONO, AND SINGH.
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OF COMPARABLE INTEREST IS THE GENERALIZATION

ny4-na+----+ny

q
in e (Faqn @)L+ agn = @) (15 g )

ESPECIALLY WHEN a = 0, £1, £2.
AS A MOST APPEALING SAMPLE, NOTE
qm+w
2 (1+gm +g>m)(1+q™ + g*7)

1<ni<np

an+n2 1__ )(1__ qnz)
Z (1— g3m)(1 — g3m2)

1<ni<ng

3n &

N er ML

n>1 n=1
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THANK
YOU!
HAPPY BIRTHDAY
BRUCE



