Prize offered for the solution
of a dynamic blocking problem

Posted by A. Bressan on January 19, 2011

Statement of the problem

Fire is initially burning on the unit disc in the plane IR?, and propagates with unit speed in all
directions. To block its spreading, a barrier is constructed in real time, at a certain speed o > 0.
That means: the total length of the wall constructed up to time ¢ is equal to ot.

Question: how large should the construction speed o be, in order to be able block the fire?

Mathematical formulation

At each time t > 0, we denote by R(t) C IR? the region burned by the fire. At the initial time
we assume that this region is the open unit disc:

R(0) = Ry = {z € R*; |z|<1}. (1)

If no barriers are constructed, then the fire propagates with unit speed in all directions. Hence the
burned set at time ¢ > 0 is explicitly described by

R(t) = {z € R*; d(z,Ro) <t} = {zeR*; |z|<1+t}.

We now assume that the spreading of the fire can be controlled by erecting walls, or barriers.
These are curves in the plane that cannot be crossed by the advancing fire.

Definition 1. A set valued map t — ~(t) C IR? is an admissible strategy if the following
conditions hold.

(H1) For every t; <ty one has y(t1) C y(t2) .
(H2) Each ~(t) is a rectifiable curve with length mq(y(t)) = ot.

Here my denotes the standard one-dimensional Hausdorff measure. One should think of ~(t)
as the portion of the wall constructed up to time t, while o > 0 is the construction speed. Notice
that we do not require that the set (¢) be connected. For example, «(¢) may be the union of two
arcs, one with length ot/3 and the other with length 20t/3.

By constructing walls, the size of the burned set is reduced.

1



Definition 2. Let t — ~(t) be an admissible strategy. The corresponding set reached by the fire at
time t is then defined as

R'(1) = {:E(T); x(-) absolutely continuous, z(0) € Ry, |z(t)] <1 for a.e.t € [0,7],

o(t) ¢ y(t) forallte [o,T]} .
Here the upper dot denotes a time derivative: = = ‘fi—f. In other words, R?(t) is the set
reached by trajectories of the fire which start inside Ry, move at speed < 1, and do not cross the
constructed wall.

(2)

Definition 3. We say that the admissible strategy v(-) blocks the fire if the total region burned
by the fire
R, = [JR'(7) (3)

720

is a bounded set.

I am offering a prize of US $500 to the first person who solves the following

Problem: Determine the critical value ¢* € IR, such that
- if the construction speed is ¢ > ¢*, then an admissible blocking strategy exists.

- if the construction speed is ¢ < ¢*, then an admissible blocking strategy does not exist.

REMARKS

1. This problem was first proposed in [1], where it is proved that a blocking strategy exists if o > 2
and cannot exist if 0 < 1. Hence we already know that the critical value must satisfy 1 < o* < 2.
The problem could be solved by proving the following

Conjecture: If o < 2, then no admissible blocking strategqy exists.

2. As shown in [4], one can reformulate the above problem in terms of one single set I' C IR?,
rather than a family of sets v(t), growing in time. We recall here the main idea.
Given a rectifiable set I' C IR?, the corresponding set burned by the fire at time ¢ is defined as

RY(r) = {3:(7'); x(-) absolutely continuous, z(0) € Ry, |z(t)| <1 for a.e.t € [0,7],

(4)
2(t) ¢ T forallte [o,T]} .
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Given a construction speed o, we say that the barrier I' is admissible if
m (r N RF(t)) < ot for all ¢ > 0. (5)

Here the upper bar denotes the closure of a set. An equivalent problem is now the following;:

Determine for which values of o there exists an admissible barrier I' such that the connected
component of IR> \ T containing Ry is bounded.

3. If ¢ < 2, then the fire cannot be blocked by a barrier which is a simple closed curve. Indeed,
let P be the position of the last brick of the wall (fig. 1, left). Then there exists a trajectory w for
the fire, starting inside Ry and reaching P without crossing I', having total length

1
my(w) < §m1(F). (6)
In other words, the fire reaches P and gets out before the wall is completed.

Any blocking barrier constructed with speed < 2 (if it exists at all) must have a more com-
plicated topology. For example, one could first construct a simple arc with the only purpose of
slowing down the advancement of the fire, then construct a closed curve, entirely surrounding the
fire.

Notice that, if I" is not a simple closed curve (fig. 1, right), then the estimate (6) can fail.

Figure 1.

4. If a blocking strategy exists, then there exist a second blocking strategy that minimizes the
sum of the total area burned by the fire plus the total length of the barrier. One can try to use
necessary conditions for optimality to derive some properties of this optimal barrier (or to reach a
contradiction, ruling out its existence).

5. In this problem, the initial set Ry is irrelevant. If a blocking strategy exists for some (nonempty)
bounded open set Ry, then some blocking strategy exists for every other bounded open set.



6. As shown in fig. 2, in the case ¢ > 2, an admissible blocking strategy consists of the union of
two arcs of logarithmic spirals:

T = {(rcos@, rsinf); —-wm<0<mw, r = e>‘|9‘},

2 2v/1 2
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of I" touched by the fire at time ¢t > 0 has length

. The closed curve I' is admissible because the portion

m1<FﬁRF—(t)) - m1<{a:€F; |x\§1+t})

A" LIn(141) A~ HIn(14¢)

= 2/ Vr2(0) +72(0)do = 2/ M1+ X\2db
0 0

- 2\/1+A2-H(1+t)—1] = ot.

Clearly, this construction breaks down when o < 2.
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Figure 2. A blocking strategy consisting of two arcs of logarithmic spirals.



7. For ¢ > 1, an admissible strategy consists in constructing a single spiral-like curve along the
edge of the fire (fig. 3). However, the analysis in [2] shows that this curve eventually closes into
itself, encircling the fire, only if o > of = 2.614430844 . ..
Therefore this strategy cannot be successful when o < 2.

Figure 3. A blocking strategy consisting of one single spiral-like curve.
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Some related pictures and animations can be found on the web page:

http://www.math.psu.edu/wang_t /research.htm



