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1 Systems of linear equations

A general system of m linear equations in n variables has the form

1121 + a2 + -+ +apx, = b
a91X1 + Ag9To + -+ + Gopx, = by
(1.1)
Am1T1 + Qa2 + - + AppTn = bm
Here x4, ..., x, are the unknowns, while the rectangular array of numbers
ai; Qa2 T Q1n by
~ Qg1 Q22 e Q2p, by
A = [Afb] = . (1.2)
Am1  Am2 e Amn bm

is the matrix of coefficients.

Example. For the system
2I1+4$272Z3 = 2
31 — x99+ 3 =7 (1.3)
51 + 3x2 —4xs = 6
the corresponding matrix of coefficients is
4 =21 2
A=Al = |3 -1 1 | 7]. (1.4)
5 3 -4/ 6

1.1 Gaussian elimination

To solve the system of equations (1.1), we observe that the are some special transfor-
mations that do not change its solutions. Namely, consider the following elementary
operations:

(I) Multiply all terms in one equation by a constant ¢ # 0.
(IT) Switch the position of two equations

(III) Add to one equation a multiple of another equation.



In all cases, we obtain another system of equations which has exactly the same solutions.
By performing several of the above operations one after the other, we can eventually
reduce the original system (1.1) into another system, in triangular form, which can be
readily solved.

Example. Starting with the system (1.3) we perform a series a series of elementary operations. Namely:
e we multiply the first equation by 1/2,
e to the second equation we add the first equation multiplied by —3,
e to the third equation we add the first equation multiplied by —5,
e to the third equation we add the second equation multiplied by —1.

In this way we obtain the equivalent systems

1 +2r2 — 23 =1 1 +2r2 — 23 =1
3r1 —x9o+ x3 =7 —Txo +4x3 = 4
S5x1+3x0 —4z3 = 6 51 +3x0 —4z3 = 6
Ty +2r2 —x3 =1 T1+220 — 23 =1

—Txo+4x3 = 4 —Txo+4z3 = 4
—Txo+x3 = 4 —3x3 = —3

The last system of equations is in triangular form and can be easily solved:

r3 = 1, o = 0, T, = 2.

Observe that the same operations can be performed directly on the matrix Ain (1.4).
More generally, we can transform the matrix Ain (1.2) by performing three elementary
operations:

(I) Multiply one row by a constant ¢ # 0.
(IT) Switch two rows.

(ITI) Add to one row a multiple of another row.

These operations do not change the set of solutions of the corresponding system (1.1). As
in the above example, by performing a finite number of these elementary operations we
can reduce the matrix A to a “triangular” form. More precisely:

Definition 1.1 A matriz is in reduced row form if each row has a number of initial
zeroes strictly larger than the previous row (unless all of its entries are already zero).

Examples. The following matrices are in reduced row form:

34 00

3 4 7 -1
0 0 5 2

0 5 =3 20
; 0 0 01

o0 7 2
00 0 6 0 0 0O
0 0 0O



The following matrices are NOT in reduced row form:

3400

0 4 7 2
00 5 2

0100
003 1],

00 3 1
000 0 0000
000 0

Theorem 1.1 Fvery matriz can be put into reduced row form by performing a finite
number of elementary operations (I)-(1II).

1.2 Solving a system in reduced row form (by backward substi-
tution)
Given a matrix in reduced row form, the first non-zero element of each row is called its

leading entry.

To solve a system of linear equations whose matrix is in reduced row form:

(i) Check if the system contains an equation of the form 0 = ¢ for some constant
¢ # 0. If this is the case, the system admits no solution. We then say that it is
inconsistent.

(ii) Look at the columns which do NOT contain a leading entry. Choose arbitrary values
for the corresponding variables z;. Say, z; = ¢;.

(iii) Solve the equations for the remaining variables starting from z, and proceeding
backwards.

Example. The system

3x1 + 4xo — X4 3

3xs+2x4y = 2

Trgq4 = 7

0 =0

corresponds to the matrix in reduced row form

4 0 -1 3
A-pap = |00 2 | 2
0 0 0 7
0o 0 o010

The system has solutions. Here the leading entries are shown inside a box. The second column in A does
not contain a leading entry. Hence we can choose x2 = ¢y arbitrary. Then we compute

e 14 =7, solving the third equation,

e 13 = —4, solving the second equation,
- 4— 402
3
Note that this system has infinitely many solutions, depending on the choice of the arbitrary constant

° I , solving the first equation.

Co.



2 Operations on matrices

A matrix is a rectangular array of (real or complex) numbers. We say that A is an m x n
matrix if it has m rows and n columns. The standard notation is

ail a2 A1n
a21 Q22 ce A2p,

A= N = [a] (2.1)
Am1  Am2 te Amn

Here a;; is the element in the i-th row and j-th column of A.

1 - Multiplication by a scalar number. Multiplying a m x n matrix A by a scalar

number ¢ we obtain the matrix

Ca1q Ca19 s Ca1p
CQ21 CQ929 e Caop,

cA = ,
Cam1 CAm2 s CQmn

where each entry of A is multiplied by c.

2 - Sum of two matrices. If A = [a;;] and B = [b;;] are both m x n matrices, their
sum is the matrix C' = [¢;;], where ¢;; = a;; + b;;. In other words

air a2 e G1p bir b2 e big a1 +bi1 a2 +bi2 e a1p + bip
a1 22 e a2n bar  bag s ban a1 + ba1 az2 + b2 a2y, + bay
+ s
am1 Am?2 e Amn bml bm2 tee bmn Am1 + bml Am2 + bm,2 Amn + bmn
(2.2)

3 - Product of two matrices. If A is m x n and B is n x p, then the product AB is

the m x p matrix C' = [c;], such that
n
Cik = Qb + Qigbog + -+ + Ainbpy = Z aijbjp -
j=1

Note that this value is obtained by multiplying the entries in the i-th row of A by the
corresponding entries in the k-th column of B. This is possible if and only if

=  # of rows in the matrix B.

n = # of columns in the matrix A =

Example. The product of the matrices

1 3 1 0 3
A‘{zx 2]’ B_[4 —2 5}’
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Figure 1: The element ¢;; in the i-th row and k-th column of the product matrix C' = AB is
obtained multiplying the i-th row of A with the k-th column of B.

is

13 —6 18
a1,

On the other hand, the product BA is not defined.

Example. Using matrix multiplication, the system of linear equations (1.1) can be written in the concise
form

Ax = b, (2.3)
where
ail a2 ain 71 by
a1 22 Q2n, To bo
A = , X = , b =
Ty bm,

am1  Am2 e Gmn

Properties of matrix operations.
e A+B=B+A,

e (A+B)+C=A+(B+0O),

e (AB)C = A(BC),

e (A+B)C = AC+ BC.

However, matrix multiplication is not commutative: in general AB # BA.

Moreover, it is possible that AB = 0 (the matrix whose elements are all = 0), even if
A#0and B #0.



Matrix multiplication by rows. Consider a product of matrices: AB = C. Call
Ay, As, .o Ay, the rows of A, and let C, Cy, ..., C), be the rows of C. Then the rows of

C' are obtained multiplying by B each row of A:

I Ay 1 - } i AB
bit bz - by
AQ bay  bos . b2p AQB
by by -~ by,
i An | I .| 4.B |

Matrix multiplication by columns. Consider again a product of matrices: AB = C.
Call By, By, ..., By, the columns of B, and let C,C%,...,C, be the columns of C. Then
the columns of C' are obtained multiplying by A each column of B:

a1x a2 s Q1n
21 A22 s Q2n,

AB: BlBQ“'Bp - ABlABQABp :C
Am1 Am2 T Amn

3 Matrix multiplication as a linear map

Let A be an m x n matrix. By matrix multiplication, for any column vector x € R", we
obtain a column vector y € R™, namely

y = Ax. (3.1)
This defines a transformation x — 7'(x) = Ax, from R™ into R™.

Definition 3.1 A map T : R" — R™ is linear if, for every vectors u,v € R" and any
scalar number ¢ one has

(i) T(eu) = cT(w),
(ii)) T(u+v) = T(u)+T(v).
NOTE: by the properties of matrix multiplication, one has
A(cu) = c¢Au, A(u+v) = Au+ Av.

Hence the transformation u — Au is linear.
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Figure 2: A shear transformation.
Consider the unit vectors in R™
[ 1] [0 ] [0 ]
0 1 0
e = 0 5 €y = 0 ; T P €, = 0 5 (32)
| 0 | i 0 | i 1 |

and write the matrix A in terms of its columns:

A = [Al Ay

|

A direct computation shows that the columns of A are precisely the images of the vectors
e, ey, ...,e,, namely

Aelel, AGQZAQ, Aen:An

Therefore, knowing these images we completely determine the matrix A.

Examples.
e Taking A = [ (1) 1 ] we obtain a shear transformation, shown in Fig. 2.
e Taking A = { Z?ﬁg ;(S)ISHGQ ] we obtain a counterclockwise rotation by an angle 6, as in Fig. 3.

Composition of maps: If y = Ax and z = By, then the composed mapping is z = BAx.
In other words, the composition of linear maps corresponds to the product of matrices.

4 Transposition

Let A = [a;] be an m x n matrix. Its transpose is the n. x m matrix A" = [a[;] obtained
by switching the rows with the columns, so that



X, )
17
A Ae,
e g
2 /// N \Ael
e, \\9 \
0 1 X l' 0 X

Example:
3 4 00 i é _03
A= 1|1 3 5 2], AT =
0 -3 1 8 05 1
0 2 8

An n x n matrix A is symmetric if AT = A. It is skew-symmetric (sometimes also
called “antisymmetric”) if AT = —A.

3 40

1 3 5|,

0 2 8

A is symmetric, B is skew-symmetric, while C' is neither symmetric nor skew-symmetric.

Examples. Among the matrices

3 4 0

0 5 8

0 4 2
—4 0 -5 |, C =

-2 5 0

Properties of transposition:

o (AT = A

o (cA)T = cAT,

e (A+B) = AT 4+ BT,
e (AB)T = BTAT.

4.1 Inner product

Given two column vectors

1 Y
X

x - | y= |2 (4.1)
Ty, Yn



their inner product is defined as

XTY = T1y1 +T2Y2 + -+ TpYn - (4.2)

Notice that this is a 1 x 1 matrix. Namely, a single number.

5 Special Matrices

The n x n identity matrix is

The entries of this matrix are: 1 along the main diagonal and 0 everywhere else. Multi-
plying an m x n matrix A by an identity matrix (with the appropriate size), one finds

I,A = A, AL, = A

An n x n matrix A = [a;;] is diagonal if all elements outside the main diagonal are

zero. This means:

) # j — Qi = 0.
An n x n matrix A = [a;;] is upper triangular if all elements below the main diagonal
are zero. This means:

7> j — Qjj = 0.
Examples. Among the following matrices, A is diagonal, A and B are upper triangular, while C is
neither diagonal nor upper triangular.

© O O
S = O
O O =

5.1 Elementary matrices

(I) We denote by E;(c) the m x m matrix obtained from the identity matrix I,,, multi-
plying the i-th row by c.

(IT) We denote by E;; the m x m matrix obtained from the identity matrix ,, by
switching the ¢-th and the j-th rows.



(ITII) We denote by E;;(c) the m x m matrix obtained from the identity matrix I,, by
adding to the i-th row the j-th row multiplied by c.

Examples: Starting with the 3 x 3 identity matrix, by performing elementary operations on the rows
we obtain

1 0 0 1 0 0 1 00
E2 (C) = 0 ¢ O s E23 = 0 0 1 s E31(C) = 01 0 .
0 01 0 1 0 c 0 1

Theorem 5.1 Multiplying any m X n matriz A to the left by an elementary matriz, the
same elementary operation is performed on the rows of A.

(I) The product E;(c)A is the matrix obtained from A multiplying its i-th row by c.
(IT) The product E;;A is the matrix obtained from A switching its i-th and j-th rows.
(ITII) The product E;;(c)A is the matrix obtained from A adding to the i-th row the j-th

row multiplied by c.

Example. Starting with the 3 x 2 matrix A =

ot W
D N

]7 and multiplying it on the left by various

elementary matrices, we obtain

6 Inverse of a matrix
Let A be a n x n matrix. Then for any n x n matrix B we have

AB = 1, if and only ift ~ BA = I,. (6.1)
If this is the case, we say that B is the inverse of A, and write B = A~!.

2 -1
-1 1

|-
| - n.

Examples. The matrix B = [ 1 ;

w571
- [)[3 7] -

} is the inverse of the matrix A = [ } . Indeed,

O = O =
=) i)



. . 2 1 . .
Some matrices do not have an inverse. For example A = [ 4 9 ] has no inverse. Indeed, if

el a] =100

20 +c¢ = 1, 2b+d = 0, 4a +2c = 0, 4b+2d = 1.

then

But this system of equations has no solution.
Properties of matrix inverses:

AHl = 4

— (A—l)T
AB)™' = BlA™!

AT)~

( _
° (CA)_l =141
( 1
(

If AB = AC and A is invertible, then B = C.

In particular, if the inverse of a matrix A exists, it must be unique.

To find the inverse of a matrix, we first introduce:

Definition 6.1 We say that a matriz A is in reduced row echelon form if

o A is in reduced row form. Namely, every row of A has a number of initial zeroes
strictly greater than the previous row.

o Fuvery leading entry of a row of A is a 1.

e For every leading entry, all other elements in the same column are zero.

Examples. Among the following matrices

A:

nel e
o [1]

|
—
| I
Q
|
oooH
oo oW
OOHO
ono

A and B are in reduced row echelon form, C is not.

By performing elementary operations on the rows, every n x n matrix A can be put
in reduced row echelon form. This yields:

11



An algorithm for finding the inverse of an n x n matrix A.

e Consider the n x 2n composite matrixz [A|I], obtained by writing A and the identity
matriz I, next to each other.

e Perform a sequence of elementary operations on the rows, so that the left portion of
this matrix is in reduced row echelon form

o [f this has the form [I|B], (that is: if the reduced echelon form of A is the identity
matriz), then the matriz B appearing on the right is the inverse of A.

e In all other cases, (that is: if the reduced echelon form of A contains some row
which is identically zero), then A is not invertible.

Justification of the algorithm. Performing several elementary row operations, the
left and the right portions of the composite matrix [A|I] take the form

EyEy - EsEIA | EyEy 1+ Es E7I |, (6.2)
where F, Es, ..., Ej are elementary matrices of type (I), (II), or (III).
If we can transform the left portion into the identity, this means
(Ep Ex_1---EsE1)A = I

Hence Ey, Ej,_1 -+ - Ey By = A™! is the inverse of A.
But this inverse is precisely the matrix B = E, Ey_1--- Es Fy I appearing on the right
portion of the composite matrix (6.2).

Theorem 6.1 (invertibility conditions). Let A be an n x n matriz. The following
statements are equivalent (if one is true, all the others are also true).

(i) The matriz A is invertible.

(ii) For every vector b € R™, the system of linear equations Ax = b has a unique
solution (namely x = A™'b).

(11i) The linear system Ax = 0 has only the trivial solution x = 0.

7 Determinants

To each n x n matrix A we can associate a number, called the determinant of A.

a

For a 2 x 2 matrix A = { . ] we have

d
det(A) = ad — be.

When n > 3, the formulas become very complicated.
It is more convenient to compute determinants relying on their properties.

12



(D1) If A = [a;;] is an upper triangular matrix, then its determinant is the product of all
diagonal elements:
det(A) = A11 Q922 Anp -

(D2) If a row of a matrix is multiplied by a constant ¢, the determinant gets multiplied
by ¢ :
det(Ei(c) A) = ¢ det(A).

(D3) If a multiple of a row is added to another row of A, the determinant does not change:

det(E;(c) A) = det(A).

(D4) If two rows of A are switched, the determinant changes sign:

Given an arbitrary n x n matrix A, we can always put it in reduced row form (hence in
upper triangular form) by performing a number of elementary operations on the rows.
Using the properties (D1)—(D4), this allows us to compute det(A).

0 4 1
Example. Let A = [ 1 2 5 ] We can put this matrix in reduced row form by means of three
-1 2 6
elementary operations:
0 4 1 1 2 5 1 2 5 1 2 5
E FE3(1 Fs3o(—1
A=1]1 25 S IR | all) gy Il I
-1 26| | -126| 7 |04 1 - 0 0 10

The matrix B is upper triangular, hence by (D1) its determinant is det(B) =1 -4 - 10 = 40.
The elementary operation F1o changes the sign of the determinant, while Fs3;(1) and Es2(—1) leave
the determinant unchanged. Hence det(B) = —det(A), and therefore det(A) = —40.

Additional properties of the determinant:
(D5) The matrix A is invertible if and only if det(A) # 0.
(D6) The determinant does not change under transposition: det(AT) = det(A).
(D7) The determinant of a product is the product of the determinants:
det(AB) = det(A) - det(B).

1
~ det(A)

(D9) If Ais an n X n matrix, then det(cA) = ¢" det(A).

(D8) If A is invertible, then det(A™")

13



1 v,

X1 Xl

Figure 4: A plot of the column vectors of a 2 X 2 matrix A = [vl‘w}. Left: when the angle 6

from v; to vy is positive (counterclockwise), we have det(A) > 0. Right: when the angle 6 from
v to vo is negative (clockwise), we have det(A) < 0.

7.1 Geometric meaning of the determinant

Consider a 2 x 2 matrix A = [vl ‘V2:| , which we write in terms of its column vectors. Then
(see Fig. 4)

e The absolute value |det(A)| is the area of the parallelogram whose sides are vy, vs.

e The sign of det(A) is positive if the angle 6 from vy to vy is positive (counterclock-
wise), and negative otherwise.

Next, consider a 3 x 3 matrix A = |:V1‘V2‘V3:|, which we write in terms of its column

vectors. Then (see Fig. 5)

e The absolute value |det(A)| is the volume of the parallelepiped whose edges are
Vi, V2, V3.

e The sign of det(A) is positive if the vectors vy, vy, v3 are oriented according to the
first three fingers (thumb, index, middle finger) of the right hand. It is negative
otherwise.

7.2 Computing a determinant using cofactors

Given an n x n matrix A = [a;;] , we denote by M;; the smaller matrix obtained from A
by removing the i-th row and the j-th column. The cofactor of a;; is defined as

Ci' = (—1)i+j det(MZj)

The determinant of A can now be computed in several different ways, multiplying the
elements of any row (or any column) of A by their cofactors.

14



0

Figure 5: A plot of the column vectors of a 3 x 3 matrix A = |:V1‘V2‘V3:|. Left: if the three

vectors vi,va, vy are oriented as the first three fingers of the right hand, then det(A) > 0.
Right: if the three vectors vi,ve, v3 are oriented as the first three fingers of the left hand, then
det(A) < 0.

For example, consider the i-th row or the j-th column of the matrix A, namely

aij
lan @iz -+ Qi) "
nj
Then we have
det(A) = anCit +apCin+ -+ + apnCip, (7.1)

and also
det(A) = aleU + a2j02j + -+ CLnanj .

Example. Consider the 3 x 3 matrix

We then have

1 2
My = [ -1 3 }7 Cn = (=)' det My = 5,
Mys = | 2O Coz = (—1)>"3det My = 2
23 = 5 1 | 23 = (—1) et M3 = 24,
012 = 10, Clg = 75, 033 = 2.

Computing the determinant using cofactors of the first row we obtain
det(A) = a11C11 + a12C12 +a13C13 = 2-5+0-10+ (—1) . (—5) = 15.
Computing the determinant using cofactors of the third column we obtain

det(A) = a13C13 + ao3C93 + a33C33 = (—1) . (—5) +2-24+3-2 = 15.

15



Remark 7.1 If we multiply the elements of a row times the cofactors of a different row,
the sum is always zero.

a1Cr1 + appCra + <+ +0inCrp = 0 it i#k. (7.2)
Example. For a 3 x 3 matrix A = [a;;], taking ¢ = 3, k = 1 we have

=0

as; asz2 ass
az1 asz a3z

a31C11 + a32C12 + azzCis = det [ a1 G2  G23

Indeed, the matrix on the right hand side is obtained from A replacing the first row with the third row.
Since this new matrix has two equal rows, its determinant is zero. When we put this matrix into reduced

row form, the last row will be identically zero.

7.3 A formula for the inverse

Given a matrix A = [a;;], let C' = [C;;] be the matrix of its cofactors, and let C* be the
transpose. Using (7.1) and (7.2) we compute the product

a11 a2 ce Q1n Cii Cxu s Ch1
A C’T Q21 A22 ce Q2n, Cia Oy s Cha
An1  Ap2 T Ann Cln CQn e Cnn
[ det(A) 0 0 ]
0 det(A) - 0
= : ‘ , = det(A) - I.
i 0 0 <. det(A) |

This yields a formula for the inverse:

1
-1 T
~ det(A) ¢

where C' is the matrix of cofactors of A.

7.4 Cramer’s rule

Consider the system of n linear equations in n unknowns

Ax = b.

16



If A is invertible, using the above formula for the inverse we obtain

1
= A'b = C™b
* det(4) ~
In components, this means

T Cn Cu - Cu by
To 1 Cia Oy o Cpo b
ol det(A) :
Ln Cln C2n T Cnn bn

In particular, the i-th component is

blCli + bQCQi + cte + annz
a1;C1; 4 a2iCo;i + -+ + aniCri

Tr; —

In this expression

e The denominator is the determinant of A, expanded using the cofactors of the i-th
column.

e The numerator is the same as the denominator, with each ay; replaced by 0y,
for k=1,2,...,n.

We can thus interpret this numerator as the determinant of the matrix B;, obtained
by replacing the i-th column of A with b. This yields Cramer’s rule:

det(A)

xr; =

8 Vector spaces

A vector space V is a set whose elements can be
e added together,
e multiplied by a scalar number.

These two operations should satisfy the usual commutative, associative, distributive prop-
erties. In particular, for any two vectors u,v,w € V and every real number ¢ € R, we
have

u+v = v-+u,

17



(u+v)+w = u+ (v+w),
clu+v) = cu+ecv.

The zero vector will be denoted by 0 € V| while the number zero is 0 € R. For every
v € V we have

O+v = v, Ov = 0.

Sometimes we also consider multiplication by complex numbers ¢ € C, In this case,
we say that V' is complex vector space.

Examples.
U1
U2

IR E e A M R
+ = ) c = .
U2 V2 U + Vo () CUy

2. For any fixed m, n, the set of all m x n matrices is a vector space, with the usual operations of addition
of two matrices and multiplication by a scalar number.

1. The set R? of all column vectors v = { } , with v1, v9 real numbers, is a vector space with operations

3. The set of all polynomials of degree < 2 is a vector space. If p(z) = ag+aiz+asx?, q(z) = by+byx+box?
and c € R, then

(p+q)(x) = (ap+bo)+ (a1 +b1)x + (az + bg)x27 (ep)(z) = cap+ carz + cao?.

4. The set of all matrices (of any size) is NOT a vector space. For example, a 2 x 2 matrix cannot be
added to a 3 x 4 matrix.

5. The set S of all vectors v = [ Zl ] with positive components (that is: with v; > 0, vo > 0), is NOT
2

a vector space. For example,

v:{g}eﬁ (—1)v=[_§}¢5.

8.1 Subspaces

Let V be a vector space. We say that a set W C V is a subspace if
e For any two vectors v,w € W their sum v + w is also in W

e For any vector w € W and any number ¢ € R, the product cw is still in .

Theorem 8.1 If Wi, Wy are two subspaces of the vector space V', then the intersection
Wi N Wy is also a subspace of V.
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However, the union W, U W5 of two subspaces is NOT a subspace, in general.

Examples. 1. Fix a number n and let V' be the vector space of all n x n matrices. Then:

(i) The set W#¥™ C V of all symmetric n x n matrices is a subspace.
(i

) The set Wk C V of all skew-symmetric n x n matrices is a subspace.
(iii) The set W% C V of all diagonal n x n matrices is a subspace.
)

(iv) The set Wirand C V of all upper triangular n x n matrices is a subspace.

2. Let V be the vector space of all continuous functions f : R — R, and W the space of all polynomial
functions (of any degree). Then W is a subspace of V. Indeed, every polynomial is a continuous function,
hence W C V. Moreover, the sum of two polynomials is still a polynomial. Multiplying a polynomial by
a real number we obtain another polynomial.

a b
d
matrices whose determinant is zero. Then S is NOT a subspace of V. For example

3. Let V be the vector space of all 2 x 2 matrices A = , and consider the set S C V of all

1 0 0 0 1 0
A= (10 es B[00 s o oas- ]2 s

4. In the vector space R? consider the subspaces

Wy = { [ 8 } , a€ R} = set of all vectors whose second component is zero.

b
Then the union W; U W5 is NOT a subspace of R2. Indeed,

Wy = { [ 0 } , be R} = set of all vectors whose first component is zero.

1 0 1 0 1
|:O:|€W1UW27 |:2:|€W1UW2, but |:O:|+|:2:|:|:2:|¢W1UW2

8.2 Linear combinations

Given a set of vectors v, va, ..., Vv, in a vector space V| for any numbers ¢y, cs, ..., ¢, € R
we can form the linear combination

C1Vy + CoVo + -+ +Cp V.

The set of all possible linear combinations that we can obtain, by choosing different

coefficients ¢y, ... ¢,, is called the span of the vectors vy,...,v,. Namely
span{viy,vy,...,Vp} = {01V1 +covo+ o0 V) C1,C, ..., Cp € R}-
Theorem 8.2 For any vectors vq,...,v, € V, the set span{vy,...,v,} is always a

subspace of V.
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Examples. 1. In the space R? consider the two vectors

2 1
vy = 0 Vo = 1
0 0

Then span{vy, va} is the subspace of all vectors v € R? whose third component is zero:

by
span{vy,vo} = bs | ; bi,bs €R
0

2. In the space of all continuous functions, consider the functions f(x) = 1 (the constant function
always equal to 1), g(x) = z, h(z) = 22. Then
span{f,g,h} = span{l,z,2*} = {ao + a1z +asz®; ag,a1,as € R}

is the space of all polynomials of degree < 2.

8.3 Linear independence

Given any set of vectors {vi,vs,...,v,}, by choosing the coefficients ¢; = ¢o = -+ =
¢, = 0 we always obtain the zero vector:

Ovi+0vy+---+0v, = 0.
In general, two cases may occur.

CASE 1: The only way to obtain the zero vector as a linear combination of vy, ..., v, is
to choose ¢; = ¢y = -+ = ¢, = 0. We thus have the implication

c1vi +cove+ oo +cv, = 0 - cp=cp=-=c¢,=0.
In this case we say that the vectors vy,...,v, are linearly independent.

CASE 2: It is possible to obtain the zero vector as a linear combination of vy,..., v, also
by some choice of ¢1,¢o,...,¢, NOT all equal to zero.
In this case we say that the vectors vy, ..., v, are linearly dependent.

If the vectors vy, ..., v, are linearly dependent, then one of them can be written as
a linear combination of the others. For example, if ¢;vi + covo + --+ + ¢, v, = 0 and
¢1 # 0, then

(&) Cn
Vi = —Vg — -+ — —V,.
1 1
5 1 2 4 .
Examples. 1. In the space R*, the three vectors v; = ol>vz2=1]1 | Vvs=]o | are linearly

Lol el ] =[]

20
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1 2 . .
2. In the space R?, the two vectors vi = { 0 } Vo = [ 1 ] are linearly independent.
3. In the space of all continuous functions, the three functions f(x) = 1, g(z) = =, h(z) = 2? are linearly
independent. Indeed, assume that
c1f +cog+csh = 0 (the function identically equal to zero)
This means c¢; + cox + c32? = 0 for every x. This is possible only by choosing ¢; = ¢ = c3 = 0.

4. In the space of all continuous functions, the three functions f(z) = 1, g(z) = sin® x, h(z) = cos? x are

linearly dependent. Indeed, since —1 + sin? z 4 cos? 2 = 0 for every z, we can obtain the zero function as
a linear combination with coefficients ¢; = —1, ¢ =1, ¢z = 1,

(-1)f+g+h = 0.

8.4 Basis of a vector space
We say that a set of vectors {vy,vs,...,v,} is a basis of the vector space V' if

(i) the vectors vy, vy, ..., Vv, are linearly independent, and

(i) span{vi,va,...,v,} =V.

Theorem 8.3 If {vi,Vs,...,Vv,} is a basis of the vector space V, then every vector
v € V can be written as a linear combination of vi,..., Vv, in a unique way:

V = X1V]y+ 2TV + - +x,V,.
These coefficients (x1,xa,...,x,) are the coordinates of v with respect to the basis
{Vl, Vo,... 7Vn}-
Theorem 8.4 If {vy,va,...,v,} and {wi,wao,... , W, } are two bases of the same vector

space V', then they must contain the same number of elements, hence m = n. This unique
number is called the dimension of the vector space V.

. 1 . .
Examples. 1. Given the two vectors e; = [ 0 ] ey = [ (; }, the set {e3, ez} is a basis of the vector

by

b } has coordinates (b1, b2).
2

space R?. With respect to this basis, the vector v = [

. 2 1 . .
2. Given the two vectors vi = [ 0 }, vy = { 1 }, the set {va, vy} is a basis of the vector space R2.

by + by
2

With respect to this basis, the vector v = [ b } has coordinates ( , —bg). Indeed,

ba

by +by | 2 b 1
2 0 21 -1
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Figure 6: The coordinates of various points of the plane R?, with respect to the basis {vi,va}.

3. The set of four matrices {A;, As, Az, A4}, with

10 0 1 0 0 0 0
A1|:0 0:|7 A2|:0 0:|7 A3|:1 0:|7 A4|:0 1:|7

is a basis for the space V of all 2 x 2 matrices. This vector space has dimension n = 4.

4. The space of all polynomials of degree < 4 has dimension 5. The set {1, x, 22 2%, 2%} is a basis of this
space.

5. The space of all 3 x 3 skew-symmetric matrices has dimension 3. A basis for this space is { A1, Aa, A3},
where

0 1 0 0 0 1 0 0 0
A= -1 00|, A=|0 00|, A4 =10 0 1
0 0 O -1 0 0 0 -1 0
Indeed, the most general 3 x 3 skew-symmetric matrix has the form
0 a b
A = —-a 0 ¢ = aA; +bAy + cAs.
b —c 0
8.5 Linear systems, revisited
Given any m x n matrix
u;
A = = |(vi|...|vp], (8.1)
Upm,
we can consider:
e The row space, generated by its row vectors: span{ui,...,u,,} C R™
e The column space, generated by its column vectors: span{vy,...,v,} C R™.
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e The null space, consisting of all vectors x € R™ such that Ax = 0.

Theorem 8.5 For any m X n matriz A, the dimension r of its row space is the same
as the dimension of its column space. This number r is called the rank of the matriz A.
One always has r < min{m,n}.

Moreover, the null space has dimension n — r. This number is called the nullity of
the matriz A.

To compute the rank of a matrix A, we can perform elementary operations of its rows,
and transform A into another matrix B which is in reduced row form. Then
[row space of A] = [row space of B].

Hence
rank(A) = rank(B) = number of nonzero rows in B.

Example. Consider the 3 x 4 matrix

1 3 -1 0
A = 2 4 0 1
-1 -5 3 1

Performing elementary row operations, we obtain the matrices

1 3 -1 0 1 3 -1 0 1 3 -1 0
0o -2 2 1/, 0o -2 2 1/, B = 0 -2 2 1
-1 -5 3 1 0 -2 2 1 0 0 0 0

We have
[row space of A] = Span{(l7 3,-1,0), (2,4,0,1), (—-1,-5,3, 1)}

= span{(l,?),—l,O), (0, —2,2,1)} = [row space of B].

Hence rank(A) = [number of nonzero rows in B] = 2.
According to Theorem 8.5, the column space of A also has dimension 2. Indeed

1 3 -1 0 -1 0
span 2 , 4 , 0 , 1 = span 0 , 1 ,
-1 5 3 1 3 1
because
1 -1 3 -1 0
2 = (-1 0 +21 1 ], 4 = (-3) 0 +41 1
-1 3 1 -5 3 1

The null space of A is the set of all x € R* such that

Ax = 0, or equivalently Bx =0
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This means

1 + 3x9 — 3 =0,
—2x9 4+ 223+ 24 = O.
Here we can choose x3, x4 arbitrarily, and solve for x1,zs. The general solution has the form
X1 -2 —3/2
T2 _ 1 1/2
I3 - a 1 e 0
T4 0 1

We conclude that the null space of A has dimension n —r =4 —2 = 2.

Remark 8.1 Consider any m X n matrix A, and let B a matrix in reduced row form,
obtained by performing elementary operations of the rows of A. Then

e The row space of B is the same as the row space of A.
e The null space of B is the same as the null space of A.

e However, the column space of B is NOT the same as the column space of A, in
general.

Remark 8.2 Asin (8.1), if vy,..., v, are the column vectors of A, the equation
Ax = b is equivalent to: rnvy+---+x,v, = b.

Therefore, a solution exists if and only if we can write b as a linear combination of
Vi,...,V,. In other words, the system of linear equations Ax = b has a solution if and
only if

b € span{vy,...,v,}.

Remark 8.3 If x is a particular solution of Ax = b, then every other solution has the
form x + z, where z solves the homogeneous problem Az = 0. Indeed,

AX+2z) = AX+Az = b+0 = b.

9 Inner products

X U1

Given two vectors x = S,y = : in the space R", their inner product (also

Tn Yn
called dot product, or scalar product) is the number

X'y = X'y = @1 +Tays+ -+ Tnln -

For any vectors u, v, w and any real number ¢, the following properties hold:
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)
) (cu)-v = c(u-v),
(i) (u+v) w = (u-w)+ (v w),

) v-v > 0, with equality if and only if v = 0.

More generally, for any vector space V' over the real numbers, we say that a map V xV —
R is an inner product if it satisfies the four conditions (i)—(iv).

Example. Let V the vector space of all continuous functions f defined on the interval [a,b]. Then

ro= [ st
is an inner product on V. Indeed, it satisfies all four properties (i)—(iv).
Using the inner product we can define the norm of a vector v, measuring its size:
IVl = Vv ).

By the properties (i)—(iv), for every number ¢ € R and every two vectors u, v, the norm
satisfies

e |cul| = |c| |Jul|. In particular: || —ul| = [ju]|.
e [lu >0
e |[u|| =0 if and only if u = 0.

The distance between two vectors v, w is defined as ||[v — w]||.
Notice that [|v|| = |[v — 0]| is the distance of v to the origin.

Theorem 9.1 Given an inner product on a vector space V', for any v,w € V the follow-
ing inequalities hold:

v - wi

IN

vl wll (Cauchy-Bunyakowsky-Schwarz),

lv—w| < |[v]+|lw] (triangle inequality).

The angle 6 € [0, 7] between two vectors v, w is defined by the identity

V-w
cos) = ———— .
V][ [[w]

Notice that, by the (CBS) inequality, the right hand side is always a number with absolute
value < 1. Hence the angle 6 is well defined.
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We say that the two vectors v, w are orthogonal (or perpendicular) if v-w = 0.
Pythagora’s theorem. If v and w are orthogonal, then

v —=wl* = [v]*+ [w]*

Example. The inner product of the two vectors

1 1
. 1 . 1
vV = 1 s W = 0
1 1
is v.-w = 3. The angle between these two vectors is computed by
vV-w 3 V3 T
cosf = = = —, hence 6 = —.
Iviiwll V43 2
Example. The two vectors v = ; , W = _1 are perpendicular, because their inner product is
zero. We check that Pythagora’s theorem holds. Indeed:
|lv-w|*> = 62+ 7% = 85, [VIIZ+[w[? = (2°+8%) + ((—4)> +1%) = 68+17 = 85.
9.1 Orthogonal bases
Theorem 9.2 In a vector space V, let vy, Vs, ...,V be nonzero vectors which are mutu-
ally orthogonal, so that
vi-v; =0 for i+ j. (9.1)
Then these vectors are linearly independent.
Let {vy,va,...,v,} be a basis of V. We want to find the coordinates of a given vector
v with respect to this basis. That means: find numbers z1, ..., x, such that
V = TV +XoVy + -+ T,V (9.2)
In general, this requires solving a system of n equations for the n unknowns x4, ..., x,.

However, if the vectors v; are mutually orthogonal, our task becomes much easier.
Indeed, taking the inner product of (9.2) with v; we obtain

v-v, = (mvi+xeva+ -+ xvy) v = x(vy - vy).

This quickly yields the solution




A set of vectors {vy,vy,...,v,} is called orthonormal if

B 1 if i=j,
Vitvi = { 0 if i#j.
That means: all vectors v; have length 1, and they are mutually orthogonal. In the case
of an orthonormal basis, the formula (9.3) for the coordinates of the vector v simplifies
to
Ty, = V-V;.

10 Orthogonal projections

Given a vector u, and a second vector v, as shown in Fig. 7 we want to decompose u as
a sum:
u = p-+q,

where p is parallel to v while q is perpendicular to v. This problem has the explicit
solution u-v

p = <—>v, q=u-—p. (10.4)

V-V

Indeed, by the first identity p is a scalar multiple of v. On the other hand, the second
identity yields

q-v=(uv)—(pv) = u~v—(u>v~v = 0,

showing the q is perpendicular to v.
We observe that, among all vectors parallel to v, the vector p is the one closest to u.
Indeed, for every = € R consider the square of the distance

lu—av|* = (u—2v)-(u—2av) = (u-u)—2z(u-v)+2*(v-v).

Differentiating with respect to the variable x and setting this derivative to be zero we
conclude that the distance is minimum when

—2(u-v)+2z(v-v) = 0, hence 1z = — .
Vv

The vector p in (10.4) is called the perpendicular projection of u on the line parallel

to v.

10.1 Perpendicular projection on a subspace

In a vector space V, consider a subspace, say W = span{wy, wa, ..., w,,}. We can then
define the orthogonal subspace

wt = {VEV; v-w =0 for all WEW}.
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Figure 7: Here p is the perpendicular projection of u on the line parallel to v.

In other words, a vector v is in W+ if it is orthogonal to all vectors of W.

Next, given a vector v € V| we seek a vector p € W which which has minimum
distance from v. This vector p is called the perpendicular projection of v on the
space W. It is the unique vector such that (see Fig. 8)

pew, v—p € Wt

Writing p = 1wy + 29wy + - - - + 2, W,,, this leads to a system of m equations for the

Figure 8: The perpendicular projection of a vector v on the subspace W. Here v — p lies in
the orthogonal space W+.

m unknowns xy, ..., Ty:
(v—p)-w; =0, (T1W1 4+ ToWo + -+ + T, Wy, ) - W = VW,
(v—p)-wy = 0, that is: (x1W1 + ZaWo + -+ - + T, W) - Wy = V- Wy,
(v—p)-w, =0, (x1W1 + ZoWo + - + T, W) - Wy, = V- Wy, .

In matrix notation, this can be written as

(wWi-wi) (Wi wa) -+ (Wy-wy,) 1 (v-wi)
(Wo-wi)  (Wp-wg) -0 (Wy-Wp) L (V':WQ) . (10.5)
(W W1) (W W) o (W W) | |, (v - W)
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To determine the coefficients x1, ..., z,, we thus need to solve a system of m equations in
m unknowns.

In the special case where the vectors w; are orthogonal to each other, so that w;-w; =0
for i # 7, the above system simplifies to

(Wi -wWi)ry = V-wWp,
(Wy - Wa)ry = V-Wy,
(Wi * Wi )Ty, = V- Wy,
This can be immediately solved:
V--W; .
T, = , 1=1,...,m.

10.2 The Gram-Schmidt orthonormalization algorithm

Definition 10.1 A basis {vy,...,v,} of a vector space V is called an orthogonal basis
if the vectors v; are perpendicular to each other, so that (9.1) holds. If, in addition, all
vectors have length ||v;|| = 1, then we say it is an orthonormal basis.

In many situations, it is a big advantage to work with an orthonormal basis. For
example, if {wy,..., w,,} is an orthonormal basis of W, then the m x m matrix in (10.5)
is the identity matrix. In this case, we immediately find the solution

T, = V-W;, 1=1,...,m.
Given any basis {wq,...,w,} of a vector space V', we now show how to construct an
orthonormal basis {vy,...,v,}.
Gram-Schmidt orthonormalization algorithm. Let {w,wy,...,w,} be a basis of

a vector space V.

FIRST STEP: Define v, = ﬁ
Wi

INDUCTIVE STEP: For 1 < k < n, assume that vi,...,Vvp_1 have already been
constructed. Consider the vector

Vi = Wi — [perpendicular projection of wy on span{vi,...,Vg_1}
= Wi — ((Wk Vi)V e (W Vk—1)Vk—1>-
Vi

Then define v = m
Vi
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By induction, this algorithm generates n vectors vq,...,v,, all of length 1. Moreover,
by construction each vector v (and hence vy as well) is perpendicular to all previous
vectors vy, ..., vg_1. Therefore {vy,...,v,} is an orthonormal basis of the space V.

Example. Given the three vectors

1 1 0
w1 = 0 ) Wo = 2 3 W3 = 0 )
-1 3 1

an application of the Gram-Schmidt algorithm yields
1
0 |.
-1

-y ~ 1
= 2 szizz :i 1
92 ||V2|| \/g 1
M1 1 1
I Y R
-1 1 1

~ 1
vy = vs L -9
Ml ~ V6|

Wi

v = ——
F wll

[\)

1
V2

1 1
S wo — (Wo - vilve — (=2 1
Vo = Wa— (W2 V)V {2] 7 [01

= o O
N

Vg = W3 — (Wg . V1)V1 — (W3 . VQ)VQ = |:

10.3 Orthogonal matrices

An n x n matrix A is an orthogonal matrix if its transpose coincides with its inverse.
That means: AT = A~!. Writing A in terms of its column vectors, this implies

_ VI
10 --- 0

T
. Va2 01 --- 0
00 - 1

vT

In other words, A is an orthogonal matriz if and only if its column vectors are an or-

thonormal basis of R™, namely

1 if i=j
v = vTv. — Js
Vi Vj VZV] {0 le ]

If A is an orthogonal matrix, then for every vector x € R™ we have ||Ax| = ||x]|.
Indeed: ||Ax[|? = (Ax)T(Ax) = xTATAx = xTx = |x||%
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cosf) —sinf
sinf  cosf
As suggested by this example, orthogonal matrices typically describe a rigid rotation of the space.

Example. For every angle 0, the matrix QQ = [ ] is orthogonal.

11 Least squares
Several approximation problems lead to a system of m linear equations in n unknowns
Ax = b, (11.1)

with m >> n. When the number of equations is larger than the number of variables, the
system (11.1) usually does not have any solution. But here is the main idea:

e [f we cannot find any vector x € R™ such that Ax —b = 0, we can search for a
vector x which makes the square of the distance ||Ax — bl|? is as small as possible.

Toward this goal, we write A in terms of its column vectors, so that
T1

Vo

Ax = [Vl

)
Vn] . = x1vi+29Vvog+ -+ 2,V,.

xn
Consider the subspace spanned by the columns of A:

W = span{vy,va,...,v,} = {4x; x € R"}.

o b
\
\
\

W =span{y, ...,V }

Figure 9: If Ax = b has no solution, we can seek a point p = Ax that has minimum distance
from b. This point p is the perpendicular projection of b on the vector space W spanned by
the columns of A.

Among all points in W, the one closest to b is the perpendicular projection of b on
W. As shown in Fig. 9, we thus seek a vector p = Ax € W such that

b-—p € Wt
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In particular, b — p has to be perpendicular to all vectors vy,...,v,. This leads to the
system of n equations

vl (Ax —b) = 0 i=1,2,...,n.

Using matrix notation, this system can be written as

_ - . _ - .
Vi Vi
T T
\'5 1 Va2
vVi|Val... |V, : = bi|.
T T
L VTL _ L Vn .

In a more compact form, this means

ATAx = A™b. (11.2)
F(;rmally, this equation is obtained from (11.1) by multiplying both sides on the left by
A 'Notice that (11.1) requires Ax —b = 0. On the other hand, (11.2) only requires that
Ax — b should be perpendicular to all vectors vq,va,...,v,.

It is important to observe that (11.2) is a system of n equations in n variables. One
can prove that this system always has a solution, even if (11.1) does not.

11.1 Application: least squares interpolation

Consider a function that depends on n unknown coefficients ¢y, co, ..., ¢, :

f@) = afi(@) +efola)+ - +enful) (11.3)

To determine these coefficients, several measurements are made:

f(x1) = wn cfi(zr) +eafo(z) + - +enfulz) = n
f(l’z) = Y2 that is: crfi(xe) +cafo(wa) + -0 + Cnfn(f?.) = Yo
f(@m) = Yn cLfi(@m) + cafo(zm) + -+ +cnfultm) = Ym-
This leads to a system of m linear equations for the coefficients c¢q,...,¢,,. In matrix
notation:
filzr)  folw) o falz) €1 Y
filze)  fa(we) -+ fulx2) €2 _ Y2
filem) fo(zm) - ful@m) Cn UYm
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which we write as
Ac = y.

In several applications m >> n, and this system has no solution. However, we can try to
find coefficients ¢; so that the square of the distance

[de—yl* = D[ #lw) —uf

is as small as possible. This leads to the system

ATAc = Aly. (11.4)

Examples. 1. An unknown function f(z) has been measured at four points:

o i
f2) = 5.

Assuming that f(z) = ¢; + cox is a polynomial of degree 1, we want to determine the coefficients c1, co
that best fit the data, in the sense of least squares. Notice that we are in the situation described above,
with fi(x) =1, fa(z) = x.

According to (11.5) we should have

C1 —C2 =0 1 -1 0

C1 = 2 s 1 0 C1 o 2
ety = 3 that is: 11 { c } = 3 |
c1+2c =5 1 2 5

This is a system of 4 equations in 2 unknowns, and has no solution. However, we can solve the corre-
sponding system (11.4), namely

1 -1 0
1 1 1 1 1 0 a | 1 1 1 1 2
-1 0 1 2 1 1 o | | -1 0 1 2 3
1 2 )
4 2 caa | |10 h T _ 8
9 4 o | = |13 ] ence ¢ =g, €=g3.
The polynomial of degree 1 that best interpolates the given data is thus
7 8

2. Next, assume that f is a polynomial of degree 2, say
f(x) = ¢+ cox + czz?.

We seek coefficients c¢1, ca, c3 so that f best interpolates the same data as in (11.5). We now should have

c1—C2+c3 = 0, 1 -1 1 0
1 - 2, hat is: 1 0 0 2 _ |2
01+CQ+C3 = 3, ’ 1 1 1 3 ’

c1+20s+4c3 = 5, 1 2 4 = 5
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This system of 4 equations in 3 unknowns still has no solution. However, we can provide a “best
approximation” in the sense of least squares, by solving the corresponding system (11.4). In this case we

obtain
-1l o 1 1 11 0
0 0 2
| =1 -101 2 ,
Lo 1 01 4 3
2 4 = 5

— = =

| —|
DD

Remark 11.1 Least squares interpolation can also be used to determine the coefficients

of functions of the form
f(z) = ¢1+cosine + czcosx

because this is a linear combination of the form (11.3), with fi(z) = 1, fo(x) = sinz,

f3(z) = cosx.
However, it does NOT apply to functions of the form

f(x) = €2® +sin(cax) + cos(csx),

because this is NOT a linear combination, with c1, ¢a, c3 as coefficients.

12 Review of complex numbers

In the following chapters we shall need to work with complex numbers z € C. These can

be written in the form
z = a-+1b,

where a is the real part and b is the imaginary part.

e The absolute value of the complex number z is defined as |z| = Va2 + b?.

e The complex conjugate of z is defined as z = a — 1b.

Im

ib+ ;Z=a+ib

'z =a-ib

Figure 10: A complex number z = a + ib and its conjugate Z = a — ib.
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By the identity i> = —1, the sum and the product of two complex numbers are
(a+1ib)+ (c+1id) = (a+c)+i(b+d),

(a+ib)(c+id) = (ac—bd)+ i(bc+ ad).

If z1, 29 are complex numbers, their complex conjugates satisfy

Zi+Z = (21 +2), 7% = (2122). (12.1)
A major motivation for using complex numbers is:
Fundamental Theorem of Algebra. Let
p(A) = N +a, N a A+ ag

be a polynomial of degree n, with coefficients ag, ay,...a,_1 € C.
Then p(-) has n (possibly coinciding) roots A1, Aa, ..., A\, € C. As a consequence, it can
be factored as

pPAA) = A=A)A=Ag) - (A= An).

Remark 12.1 If the coefficients ag, aq, ..., a,_1 are real numbers, the roots of p can still
be complex. However, the following useful property holds:

If z is a root of a polynomial p with real coefficients, then its complexr conjugate Z is
also a root of p.

Indeed, since the coefficients are real, for every k we have a, = a;. If p(z) = 0, using
the properties (12.1) we thus obtain

p(Z) = 2"+ A 2" @z a0 = 2" a, 12"t az+ag = pz) = 0.

Example. The polynomial p(A\) = A2 — 4\ + 13 has real coefficients but it does not have any
real root. Its two complex roots are

Al = 2434, Ay = 2 —3i.

Notice that one is the complex conjugate of the other.

13 Eigenvalues and eigenvectors
Consider an n X n matrix A, possibly with complex entries. This determines a map

x — Ax.
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A nonzero vector v (in R" or in C") is called an eigenvector of A if there exists a
(real or complex) number A such that

Av = Av. (13.1)

In this case, we say that A is the corresponding eigenvalue of A.
We can write (13.1) as
(A=X)v =0 (13.2)

where [ is the n X n identity matrix. This fact can be stated in various equivalent ways:

e The linear map x — (A — Al)x is not one-to-one, because it sends a nonzero vector
v into the origin.

e The matrix A — A\ is not invertible.

e Computing the determinant, one has

det(A— AI) = 0. (13.3)

To find the eigenvalues and eigenvectors of A we proceed as follows:
STEP 1: Find the (real or complex) numbers A which satisfy
p(A) = det(A—AI) = 0.

If Ais an n x n matrix, then p(\) is a polynomial of degree n in the variable A. It is
called the characteristic polynomial of A. By the Fundamental Theorem of Algebra,
this polynomial has n roots (not necessarily distinct)

A, Ag, A\, € C.
These are the eigenvalues of A.
STEP 2: For each eigenvalue \;, we solve the system of equations
(A—X\I)x = 0.

This is a system of n equations in n unknowns. However, since the rank of the matrix
A — M1 is < n, this system admits a nonzero solution vy.
This solution vy, is an eigenvector of A, corresponding to the eigenvalue \y.

N

Example 1. Let A = [ 3 6

4 ] We compute

= (T=XN)(6-X)—4-3 = X\ — 13X+ 30.

p(\) = det(A—AI) = detVA 1 }

3 6—A
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The roots of this second degree polynomial are \; = 3, and Ay = 10.

. _ . 4 4 X1 o 0
Choosing A = 3 we obtain the system [ 3 3 } [ . } = [ 0 }

. T -1 . . -1 1.
The general solution is xl =c| 4 | where c¢ is an arbitrary constant. Hence v; = ] is
2

an eigenvector of A, with corresponding eigenvalue A\; = 3.

Choosing A = 10 we obtain the system [ -3 4 } [ 1 } = [ 0 } A nonzero solution of this

3 —4 To 0
system is - =3 Hence vy = 3 | s an eigenvector of A, with corresponding eigenvalue
2
A2 = 10.
1 -1
Example 2. Let A = [ 11 } We compute

p(N) = det(A—\I) = det{ b 1‘&} (1= A)(=1—-A)—1-(=1) = A2—2)+2.

The roots of this second degree polynomial are complex numbers

N = 2++4-38 A o= 1414,
B 2 ’ Ao = 1—13.
. . . —i -1 1 0
Choosing A = 1 4 i we obtain the system . = .
1 — T2 0
The general solution is il =c i , where ¢ is an arbitrary constant. Hence v; = i is an
2

eigenvector of A, with corresponding eigenvalue A\ = 1 + 1.

. . . ;o —1 . .
Choosing A = 1 — i we obtain the system { i ; ] [ ;1 } = { 8 } A nonzero solution of this
2
system is [ il } = [ —lz , where c is an arbitrary constant. Hence vy = _12 is an eigenvector of A,
2

with corresponding eigenvalue Ay = 1 — 1.

Remark 13.1 Let A be a matrix with real entries. As shown in Example 2, it can have
a complex eigenvalue A and a complex eigenvector v. Taking the complex conjugates, we
obtain that X is another eigenvalue, with ¥ as corresponding eigenvector.

Indeed, if Av = Av, then

AV = AV = (Av) = (Av) = V.

Remark 13.2 When A is a 2 x 2 matrix, the characteristic polynomial p(\) = det(A—AI)
has degree 2 and we have a simple formula for computing its roots.

However, for an n x n matrix A, the polynomial p(\) = det(A — AI) has degree n.
Finding the roots is a difficult task.

In the special case where A is a triangular matrix, the eigenvalues are easy to find.
Indeed, they are precisely the diagonal elements of A.
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7 4 =5
Example 3. Let A= | 0 3 6 |. Then the characteristic polynomial is
0 0 -2

-\ 4 =5
] — (T=NB=N(=2-\).

p(A) = det(A—AI) = det 0 3—-2AX 6
0 0 —2-2A

Its roots are Ay =7, Ay =3, A3 = —2.

14 Bases of eigenvectors

Given an n X n matrix A, our next goal is to construct a basis of the space R" (or C")
consisting of eigenvectors of A.

That means: find n linearly independent vectors vy, vs, ..., Vv, which are eigenvectors
of the matrix A. In this direction, we have

Theorem 14.1 Ifvy,vs, ...,V are eigenvectors of A corresponding to distinct eigenval-
ues, then they are linearly independent.

e If the characteristic polynomial p(A) = det(A—AI) has n distinct roots Ay, Ag, ..., Ay,
then the corresponding eigenvectors vy, va, ..., v, are linearly independent and pro-
vide a basis of C™.

e However, if the characteristic polynomial p(\) = det(A — AI) has repeated roots,
then a set of n linearly independent eigenvectors may not exist.

2 1 2
Example 4. Let A= | 0 1 —2 |. Its characteristic polynomial is
0 0 2

p(A\) = det(A—=XI) = (1 -X)(2—- N>~

The eigenvalues are Ay = 1 (with multiplicity 1) and A2 = 2 (with multiplicity 2).
In connection with the eigenvalue A\; = 1, we solve the system

11 2 x1 0
A= - [0 ; 2”] _ H
00 1 z3 0

1
and obtain the eigenvector vi = | —1
0
In connection with the eigenvalue Ay = 2, we solve the system
0 1 2 1 0
(A—2Dx = 0 -1 -2 ) = 10|,
0 0 O x3 0
1 0
and obtain two linearly independent eigenvectors vy = 01|, vg = 2
0 -1
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For this example, we have been successful in constructing a basis of R? consisting of eigenvectors of
A, namely

1 1 0
{vi,va,v3} = 1,10, 2
0 0 -1

Example 5. Let A = . Its characteristic polynomial is:

OO W
[
L =

p(A) = det(A—AI) = (1—\)(3— N>

The eigenvalues are A\; = 1 (with multiplicity 1) and A2 = 3 (with multiplicity 2).
In connection with the eigenvalue A\; = 1, we solve the system

2 1 1 X1 0
(A-DIx =0 0 1 9 = 0|,
0 0 2 x3 0
1
and obtain the eigenvector vi = | —2
0
In connection with the eigenvalue Ay = 3, we consider the system
0 1 1 1 0
A-2DH)x = | 0 -2 1 za | = | 0
0 0 O x3 0
¢
Its general solution is x = | 0 |, where ¢ is an arbitrary constant. In this case we find the eigenvector
0
1
vy = 0 |. Every other eigenvector with eigenvalue Ao = 3 is a multiple of vs.
0

Observe that, in this example, we cannot construct a basis of R? consisting of eigenvectors of A.

If \; is an eigenvalue of A, we define:

e The algebraic multiplicity of \; is the multiplicity of A; as a root of the charac-
teristic polynomial p(\) = det(A — AI).

e The geometric multiplicity of ); is the dimension of the null space
{xeC"; (A-X\I)x=0}.
This is the maximum number of linearly independent eigenvectors having \; as

corresponding eigenvalue.

Theorem 14.2 Given a matriz A, the geometric multiplicity of each eigenvalue \; is
always less or equal to its algebraic multiplicity.

If for every eigenvalue \; of A these multiplicities coincide, then there exists a basis
of C™ consisting of eigenvectors of A.
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Notice that in Example 4 the eigenvalue Ao = 2 has algebraic multiplicity 2 and geometric
multiplicity 2.

On the other hand, in Example 5, the eigenvalue Ay = 3 has algebraic multiplicity 2 and
geometric multiplicity 1.

15 Diagonalization

e We say that a matrix A is similar to a matrix B if there exists an invertible matrix
P such that
B = P 'AP.

e We say that A is diagonalizable if A is similar to a diagonal matrix.

To understand whether an n x n matrix A is diagonalizable, let v{,vs,..., v, be eigen-
vectors of A, with eigenvalues Ay, Ao, ..., \,. In matrix notation, this means
N O - 0
0 A -+ 0
A-|vi|ve| v | = [ Avi|Aave| o AV | = | vifve| v o | L :
0 0 - M\,
We write the above identity in the form
AP = PD, (15.1)
where P is the n X n matrix with columns vq,...,v,, and D is the diagonal matrix with
entries A1, Ao, ..., A, along the diagonal.
If the n vectors vy, ..., Vv, are linearly independent, the matrix P has an inverse P~
Multiplying both sides of (15.1) on the left by P~! we obtain
P'AP = D.

We thus conclude:

Theorem 15.1 If the n x n matriz A has n linearly independent eigenvectors, then A is
diagonalizable.

7

Example 6. The matrix A = 3 Zjl considered in Example 1 is diagonalizable, because it has the

-1

1 } Vo = [ ;l ], with eigenvalues \; = 3 and Ay = 10.

two linearly independent eigenvectors vy = [

Calling P = { _11 3 ] the matrix whose columns are vy, vy, we compute
pliAp — =3/7 4)7 7T 4 -1 4] |3 0 D
o /7 1/7 3 6 1 3| |0 10|
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15.1 Powers of a matrix

Given an n X n matrix A, we want to compute the power A¥ = A-A--- A (k times).

Computing the powers of a diagonal matrix is easy:

M O - 0 )\116 0O --- 0
0 X -+~ 0 0 )\’5 o0
0 0 - N\, o 0 .- /\IZ

Now consider any matrix A that can be diagonalized, so that P~'AP = D for some
invertible matrix P. Then A = PDP~!, and hence

A¥ = (PDP™Y = (PDP7Y)Y(PDPY).--.(PDP™') = PDFP!

This provides an efficient way to compute A*, for every integer k > 1.

Example 7. For the matrix A = { ; 6 ] in Example 7, for every integer k we have the formula
ko ko1 | -1 4 30 =37 4)7
AT = PDEP _{13 0 10* 17 17 |°

16 Diagonalization of symmetric matrices
When we try to diagonalize a general n x n matrix A, two difficulties may arise:

(i) Even if all the entries of A are real numbers, the eigenvalues and eigenvectors of A
may be complex valued,

(ii) If A has multiple eigenvalues, we are not guaranteed to find a basis of eigenvectors.

When A is symmetric, these two “bad” situations (i)-(ii) do not occur:

Theorem 16.1 Let A be an n x n symmetric matriz (with real entries). Then
o All the eigenvalues are real.
e [igenvectors corresponding to distinct eigenvalues are perpendicular to each other.

e There exists an orthonormal basis {vi,...,v,} of R" consisting of eigenvectors of

A,
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Vo

If A is symmetric, we can thus find an orthogonal matrix ) = [Vl Vni|, whose

columns are eigenvectors of A, such that

MO - 0

0 X -+ 0
Q'4Q = D =

0 0 - M\,

is diagonal. Its diagonal elements are precisely the eigenvalues of A.
Notice that @ is orthogonal because {vi,...,v,} is an orthonormal basis, hence

QTQ =1 and QT = QL.

0 20

Example. Consider the symmetric matrix A = | 2 3 0 |. Computing the roots of the polynomial
0 0 4
s the

p(A) = det(A — XI) = (—=A(3 — A) —4)(4 — X), one finds the eigenvalues

A= -1, Ao = A3 = 4.
-2
In connection with the eigenvalue A = —1 | we find the eigenvector v; = 1
1 0
For the eigenvalue A = 4, we find the two eigenvectors vo = | 2 |, v3=| 0
0 1
By normalizing these three eigenvectors, we obtain a matrix ) whose columns form an orthonormal
—2/v5  1/V/5 0
basis of R?, namely Q = 1/v5 2/V5 0 |. A direct computation yields QTQ = I, while
0 0 1
=2/V5 V5 010 2 07 —2/VE 1/¥5 0 ~1.0 0
QTAQ = 1/v/5 2/V/5 0 2 3 0 1/v5 2/V/5 0| =| 0 4 0| = D.
0 o 1JLO0O 04 0 0 1 0 04
17 Quadratic forms
A quadratic form is a homogeneous polynomial q(x1,zs,...,z,) of degree 2 in the
variables x1, ..., T,.
n
q(x) = Z aijrir; = x Ax. (17.1)
ii=1

Here A = (a;;)ij=1,..n. We can assume that a;; = a;;, so that the matrix A is symmetric.
Otherwise, we replace both a;; and aj; with the average value %
Notice that in the quadratic form q(x1,zo, ..., x,)
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e the coefficient of z? is a;;,

e for ¢ # j, the coefficient of z;x; is a;; +aj; .

Example 1. The quadratic form

q(x1, 20, 3) = Sx% - :rg + 5:c§ + 2179 + 2w123 — 8T213
can be written as
3 1/2 1 T
q(z1,29,23) = [x1 22 23] | 1/2 -1 —4 T |,
1 -4 5 3

Given a symmetric matrix A, by Theorem 16.1 there exists an orthogonal matrix @)
such that D = Q7' AQ is diagonal. Its diagonal elements are precisely the eigenvalues of
A. Making the change of variables

x = Qy, y = Q'x, (17.2)

from (17.1) one obtains

q(x) = x"Ax = (Qy)"A(Qy) = y'Q"AQy = y'Dy.

Theorem 17.1 Given the quadratic form (17.1), one can always make a change of vari-
ables x = Qy so that, in terms of the new variables y = (y1,...,yn), the quadratic form
1s diagonal, namely

q(x) = y'Dy = Myi+Xys+-+ Ay (17.3)

Example 2. Consider the quadratic form

3 2 T
q(x) = 323 4 4x120 + 625 = [17 :cg][Q 6} {:c; ]

2 6

_ | Vs B [ 25
)\1—7, V1—|‘2/\/5‘|7 )\2—2, Vz—[ 1/\/5 ‘|

. 3 . . . . .
The matrix A = [ ] is symmetric. Its eigenvalues and (normalized) eigenvectors are

Introducing the orthogonal matrix Q = |:V1

Vs —2/VB
vr‘} T lvE 1B

] , we obtain

I R (I
D = [ 0 2 } = Q AQ.
We can now perform the change of variable x = Qy, so that

Y1 — 2y2

BRI AR
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In terms of the new variables, the quadratic form becomes

1
q(x) = 3z} 44wz + 625 = - (3(y1 —2y2)% + 4(y1 — 2y2)(2y1 + y2) + 6(2y1 + y2)2>

5
1
= g(35y%+10y§) = Tyi +2y5.

Notice that the change of variables (17.4) represents a rotation of the coordinate axis, as shown in Fig. 11.

Figure 11: The change of coordinates in Example 2 corresponds to a rotation of the axes by an
angle 6, with cosf = 1//5.

17.1 Positive definite matrices

e A quadratic form ¢(x) = x? Ax is positive semidefinite if x' Ax > 0 for every
X = (21,%9, ..., Ty).

In this case we also say that the symmetric matrix A is positive semidefinite.

e A quadratic form ¢(x) = xT Ax is positive definite if xT Ax > 0 for every x =
(x1,22,...,2,) # (0,0,...,0).
In this case we also say that the symmetric matrix A is positive definite.

e A quadratic form ¢(x) = xT Ax is indefinite if it takes both positive and negative
values.

Example 3. The quadratic form ¢(x) = 22 — x129 + 23 is positive definite. Indeed, we can write
1
q(x) = 3 (x% + a2+ (21 — .1‘2)2) > 0 whenever (z1,z2) # (0,0).

On the other hand, the quadratic form ¢(x) = 2% + 32129 + 23 is indefinite. Indeed taking x = (z1,22) =
(1,1) we obtain ¢(x) = 5, while taking x = (z1,22) = (1, —1) we obtain ¢(x) = —1.

To decide whether the quadratic form ¢(x) = xT Ax is positive definite, it suffices to
find the eigenvalues of the matrix A.
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q(x)

q(x)

X
Xy

i el
e

Figure 12: Left: a positive definite quadratic form. Center: a positive semidefinite quadratic
form. Right: a quadratic form which is indefinite.
Theorem 17.2 Consider the quadratic form q(x) = x* Ax.
(i) If all eigenvalues of A are > 0, then the quadratic form q(x) is positive semidefinite.
(i) If all eigenvalues of A are > 0, then the quadratic form q(x) is positive definite.

(111) If some eigenvalues of A are > 0 and other eigenvalues are < 0, then the quadratic
form q(x) is indefinite.

Indeed, let A1, Ao, ..., A, be the eigenvalues of A. Performing the change of variables x = Qy,
as in (17.2)-(17.3) we obtain

g(x) = y'Dy = Myl + Aoz + -+ A, (17.5)
e If A\ > 0 for every k, then the right hand side of (17.5) is > 0 for every y = (y1,...,Yn)-

e If Ay > 0 for every k, then the right hand side of (17.5) is strictly positive for every
y =1, yn) # (0,...,0).

e If some eigenvalues are positive and other are negative, then the right hand side of (17.5)
can be sometimes positive, sometimes negative, depending on the choice of (y1,y2, ..., Yn)-

Example 3 (continued). The quadratic form

1 -1/2

q(x) = 23 —mme +25 = xT Ax where A= [ _1/2 1/ }

is positive definite. Indeed, the matrix A has eigenvalues \; = %, Ao = %, which are both strictly positive.
On the other hand, the quadratic form

q(x) = 23+ 3z 129 + 23 = x"Bx where B = L 3/2
3/2 1
is indefinite. Indeed, the matrix B has eigenvalues A\ = —%, Ao = % One of these is positive, the other

is negative.
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Remark 17.1 Let A be any m xn matrix. Then the n xn matrix B = AT A is symmetric
and positive semidefinite. Indeed, for x € R™ we have

x'Bx = x'ATAx = (Ax)T(Ax) = ||Ax|* > o.

Here is another way to check whether an n x n symmetric matrix A is positive definite,
without computing the eigenvalues. As in Fig. 13, for every k = 1,2,...,n, let A; be the
k x k submatrix containing the elements in the first k£ rows and k columns of A. These
are called the principal submatrices of A.

a !
THSTRESE In
a4 Apia,,
S
A = 31 932 933
a
anp Apy Ay, nn

Figure 13: The principal submatrices of the n x n matrix A = (a;;).

Theorem 17.3 (i) A symmetric matriz A is positive semidefinite if and only if all the
principal submatrices Ay have determinant > 0.

(ii) A symmetric matriz A is positive definite if and only if all the principal submatrices
Ay have determinant > 0.

2 2 0
Example 5. Consider the matrix A = 2 3 4 |. We compute the determinants of the
0 4 16
principal submatrices:
9 9 2 2 0
det[2] = 2, det[2 3}:2, det| 2 3 4 | =0.
0 4 16

We conclude that the matrix A is positive semidefinite, but not positive definite.

18 Singular Value Decomposition

Given an n x n symmetric matrix A, one can always find an orthogonal matrix ¢ such
that D = QT AQ is diagonal.

In this section we show how to transform a general m x n matrix A into diagonal form.
This can be achieved by means of two orthogonal matrices U, V.
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Definition 18.1 Anmxn matriz D = [d;;] is diagonal if there exists numbers oy, ..., 0,
with p = min{m,n} such that

dii = 0 if 1<i<p,
dij = 0 if 1# 7.
In this case we write D = diag(oy, ..., 0,).

A diagonal m x n matrix thus has the form

[0y 0 -+ 0]
0 oo -+ 0
) o , op 0 0 0 0
: 0 oy 0 0 0
D =10 0 Op or D = '
0 O 0 :
: 0 0 o, 0 0
|0 0 0 |

Theorem 18.1 (Singular Value Decomposition). Let A be any m X n matriz. Set
p =min{m,n}. Then there exist:

e an orthogonal m X m matriz U = [ul ‘um] ,

e an orthogonal n X n matrix V = [Vl Vn] ,

e non-negative numbers oy > o9 > -+ > 0, > 0 (called the singular values of the
matriz A),

such that the product UT AV = D = diag(oy, ..., 0,) is a diagonal matriz.

We now describe a procedure to construct the orthogonal matrices U, V', and the
diagonal matrix D. To fix ideas, consider the case n < m (If n > m, one can apply the
same procedure to the transposed matrix AT).

STEP 1: We begin by computing the nxn matrix B = AT A. This matrix is symmetric
and positive semidefinite, hence it has eigenvalues \; > 0,7 =1,...,n. Assume

A > A > e > A, =0 (18.1)

STEP 2: The diagonal elements o; and the column vectors v;,u; are determined as
follows.

e Fori=1,...,n, the diagonal entries are 0; = +/A;. These are called the singular
values of the matrix A.
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e The vectors vy, ..., v, are an orthonormal basis of R", given by the corresponding
eigenvectors of the symmetric matrix B = AT A.

e For every j € {1,...,m} such that o; > 0, we define u; = %Avj. This con-
J
struction already guarantees that these vectors uy, us, ..., u, have length 1 and are
perpendicular to each other.

If » < m, we can then find additional vectors u,1,...,u,, such that the set
{uy,...,u,,u41,...,u,} is an orthonormal basis of R™.

Since U,V are orthogonal matrices, U7 = U~!, VT = V=1 and we have

U'AV = D — A = UDVT

[0y 0 -+ 07 v
0 09 O (- _ _ _
A= [ujuyl--- um] o 0 - o, |77~ = 01u1v1T+02u2v2T+~‘+anunvf
0 0 0
0 0 ol | Vo

Notice that here each product uyv} is an m x n matrix with rank 1. The above formula
yields a representation of an arbitrary m x n matrix A as the sum of n matrices of rank
one.

e The diagonal values o1, 09, ...,0, > 0, are called the singular values of the matrix

A.

They are uniquely determined because
ol > 05 > - > 02 >0
are the eigenvalues of the symmetric matrix A7 A.

e The column vectors vy, vs,...,v, € R" are called the right singular vectors of
the matrix A.

e The column vectors uy,us,...,u, € R™ are called the left singular vectors of
the matrix A.
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Remark 18.1 In some applications, one needs to store the data contained in a very large
matrix, say with m,n >> 1. To compress this data, we can choose an integer ¢ much
smaller than m,n, and consider the approximation

n q
_ qJ1.vi A~ v
A = E ojuv; N g oju;v;
j=1 j=1

by removing all terms with j7 > q.

Since the singular values oy > g9 > --- > 0 are given in decreasing order, we expect
that the coefficients o; with j > ¢ will be small, and can thus be neglected. This procedure
often yields very good results in image reconstruction.

2 0
Example. Consider the matrix A = |0 2 |. To construct a singular value decomposition, we first
2 -1
compute the symmetric matrix
2 0
2 0 2 8 =2
ens b2 -1
0 2 -1 9 _1 -2 5
Its eigenvalues and normalized eigenvectors are
1 (2 1 1
>\1_9a >\2_47 Vl_\/5|:_1:|; V2_\/g|:2:|

Notice that these vectors are perpendicular to each other. Therefore, the matrix

v=fole] = [

is an orthogonal matrix. The singular values of A are

0'1:\/)\1:3, 02:\/X2:2.
We now compute )
U SR o L2) - 5
! (o] ! 2 _1 5 -1 /45 5 ’
. L, 1 g g 1 H 1 i
= — AV = - Ry = —
Tl 2]y Lvel T v

Notice that the two vectors uy, us have length 1 and are are perpendicular to each other. The decompo-
sition of A is now

1 4 1 1 2 1
T T
oiu1vy +oougvy = 33— [—2| — 2 —-1|4+2— |4 —= |1 2].
1u1vy 2U2Vy T - \/5[ ] 55 . \/5[ ]
8 —4 12 4 2 0
= (-4 2|4+=-14 8 = [0 2 = A.
10 -5 °lo o 2 —1



19 Some applications

19.1 Maxima and minima of functions of several variables

To find local maxima and minima of a function f : R — R, following rules of basic
Calculus:

e We first find a point  where f'(z) = 0.
e We then apply the second derivative test:
f(z) >0 — f has a local minimum at z

f'(z) <0 = f has a local maximum at

If f”(z) =0, then the second derivative test yields no information.

A similar approach applies to functions of several variables f : R" — R.

To find local maxima and minima of a function f = f(xy,za,...,x,), we proceed as
follows.
e We first find a point & = (%1, Zo, ..., T,) where the gradient vanishes
_ of  9of of
\Y% = | =, =, ... = (0,0,...,0).
f(.T) (81'1 ’ 8@ ' ’ alL‘n ( T ’ )

e We then apply the second derivative test, computing the n X n symmetric matrix
of second order partial derivatives

o0 f o0 f o0 f
0x? 0x101 0x10z,,
0 f 0 f 0 f
A — 0x2011 3 0x90%,, _ >’ f
. amlax] 2,7=1,...,n
R N
0x, 0, 01,02 0x?
A positive definite — f has a local minimum at z
A negative definite = f has a local maximum at z
A indefinite — f has neither a local maximum nor a local minimum at
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In the remaining cases, where A is only semi-definite, the second derivative test yields
no information.

Example. Consider the function of two variables

flz1,22) = (xf —2xq)sinzs .
Its gradient is
0 0
Vi(xy,x) = (8:1{1’ 852) = ((2561 —2)sinxy, (22 —2x1)cosx2).
Moreover, the 2 x 2 symmetric matrix of second order partial derivatives of f is
*f >*f
012 Ox,0m, 2sin xo (2x1 — 2) cos xo
sz(xla 1'2) - 9 9 - .
o f o°f (221 — 2) cos a2 —(2% — 2x1) sin xy
022011 03

At the point Z = (Z1,Z2) = (1,7/2), the gradient Vf(Z) vanishes, while the matrix of second
derivatives is

A = Df(z) = B ﬂ

This matrix is positive definite, hence f has a local minimum at the point (1, 7).
At the point z = (Z1,Z2) = (2,0), the gradient Vf(Z) also vanishes, while the matrix of second
derivatives is now

A= D’fz) = B a

This matrix is indefinite, hence f has neither a local minimum nor a local maximum at the point (2,0).

19.2 Discrete dynamical systems

Consider a population which keeps growing: every year, its size gets multiplied by a factor

A. Calling

xr = size of the population on year £,
for every k =0,1,2,... we thus have the relation

If the initial size of the population is xg, by (19.1) it follows
r1 = Axo, Ty = \r1 = Nz, . = Mg for all kK > 1.
Next, consider two populations. For example, think of predators (wolves) and preys

(rabbits). Call
xr = number of predators, on year k,

yr = number of preys, on year k.
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We now write an equation, similar to (19.1), describing how these populations change
from one year to the next. For example

{ Tpy1 = aTp + by,

Y1 = CTk + dy .

(19.2)

for some constants a, b, ¢, d.

Having observed the initial sizes of the two populations, say zy and 1y, we wish to
understand how these populations will evolve in future years. For this purpose we rewrite
(19.2) using vector notation:

wktD) = Aw®) (19.3)
where
(k) _ T _ a b
w [yk] A {Cd]. (19.4)
By (19.3) it follows
wl) = Aw(©®, w? = Awl) = A2w(O), w® = AW for all k > 1.

In other words, our problem can be solved by computing all the powers of the matrix A.
If we can write A = PDP~! for some invertible matrix P and a diagonal matrix D, the

solution is expressed by
w® = pDFpPlw©.

Example. Assume that the populations of two cooperating species evolve according to

Th+1 =  Syk,
3
Y+l = 5961@ + Yk -

In matrix notation, this means

Th41 _ 0 8 Tk
Yk+1 3/2 1) L we |°
. . . 0 8
The eigenvalues and eigenvectors of the matrix A = 3/2 1 are found to be
-8 2
)\1:—3, V1:|:3:|, )\2:4, V2:|:1:|.
We thus have the decomposition
. 1 . -8 2 e N -3 0
A=PDP with P_[?) NE P =11 1-3 _s|° D= 0o 4|

This yields the solution
zp]  —1[-8 2] [(=3)* 0] [1 —2][xo
ye| 143 1 0 41 =3 =8| |yo| "
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19.3 Second order difference equations

We now consider a model where the population size on a given year depends on the sizes
during the previous two years:

Tpr1 = aTp + bry_1, k=23,4,...

for some constants a, b.

Introducing the additional variable y, = x;_1, the above equation can be rewritten as
a system:

Tt | _ | a b Lk
Yr+1 L O] [w |
Knowing the initial data yo = x_; and =z, this can be solved by applying the previous
methods.

Example. The Fibonacci numbers g, z1, o, ... are defined by setting

r0=0, x1=1, xo=1, and inductively xx41 =k + Tp—1-

Introducing the variable y, = z—1 (with y; =0, y2 = 21 = 1, etc...), we obtain the inductive equations
Tht1 = L Tk Tk = A 1 for all £ > 1.
Yk+1 10 uk |’ Yk 0 -
. . . 11
The eigenvalues and eigenvectors of the matrix A = 1 o |are

-1 1
Al = L-v5 v = A L+v5 v
1 — 2 ) 1 \/5+ 1 ) 2 2 ) 2 \/5 1
2 2
Standard computations now yield
-1 1 172\@)19 0 : 15 5
AF = ppFp~t = k|l —=
\/5; 1 \62— 1 0 <1+2¢5) 2511, 5 o

Taking the first component, we conclude that the k-th Fibonacci number is

\[k _\fk
(1+2 5) \;(1 2 5)
)

k
Since ’1_7‘/5’ < 1, we have limg oo (1_\/g>

0. Therefore, for k large the Fibonacci numbers are
well approximated by

k
oo~ L 14++/5
The number A\ = 1+

1
5 satisfies the equation A =1+ Y It is called the golden ratio.

S
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19.4 Linear systems of differential equations

Every n x n matrix A determines a vector field: to each point x € R™ we associate the
vector Ax.

AINANAN o _
L v x

.

‘ ‘ ¢\0* // /

Figure 14: Left: the vector field in Example 1, and a trajectory of the ODE starting at the
point X. Right: the vector field in Example 2, and a trajectory of the ODE starting at the point
X.

. 1 o0 i _ |1 0]z _ |
Example 1. The matrix A = {O _J yields the vector field Ax = {0 _J L:J = [—332}

0

1

Example 2. The matrix A = { 1 0

_01} yields the vector field Ax = {0 _1} Bl} = [_xxﬂ

2 1

In the following, we think of these vector fields as velocities of a moving point.

Namely, consider a point x(¢) € R™ which moves in time. Assume that at every time ¢ its
velocity is given by

d

%x(t) = Ax(t). (19.5)
Moreover, at the initial time ¢ = 0, assume that the point is located at

x(0) = x. (19.6)

The system of ODEs (19.5) together with the initial data (19.6) completely determine the
trajectory of the moving point. This solution is given by the formula

x(t) = ex, (19.7)
where the exponential of the matrix is defined by

>tk Ak 1242 343
tA
¢ 2 tiAT ot

To check that (19.7) provides the correct solution, we compute

x(0) = ™x = Ix = X,



d ., d = thAF kt’“ 1Ak th= 1AAk !
ESER IR R Z

k=0 k=1
O HAI
(setting j =k — 1) = Azt T = AetA,
=0
d d
Ex(t) = Eemi = Az = Ax(1)

To compute the matrix exponential e, we diagonalize the matrix A. Let A = PDP™!,
for some invertible matrix P and a diagonal matrix D. Then

A0 0 e 0

0 A - 0 0 e .. 0
D = — P =

0 0 - A 0 0 ... o

This yields the explicit formula
et = PetPpP.

We say that the system of differential equations (19.5) is asymptotically stable if
every solution approaches the origin as time increases:

lim x(t) = 0.

t—-o0
To check if stability holds, we first observe that:
e If )\ is a real number with A\ < 0, then lim,_, ;,, e"* = 0.
e If A\ =a+ibis a complex number, with real part a < 0, then again

et = eloett = e'(costb + isintbh), lim e = 0.
t——oc0

Using the representation
x(t) = PPk,

we see that

e cvery solution will approach the origin as t — 400 provided that all eigenvalues of
the matriz A have strictly negative real part.
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Indeed, in this case all entries of the diagonal matrix e/ approach zero.

We study the case of a 2 x 2 matrix A = {

. d] in more detail. The characteristic
polynomial can be written as

p(A) = det(A— ) = det {“;A dfk}

N —TA+A,

where

T =

a+d = trace(A), A = ad—bc = det(A).
The eigenvalues of A are

TEVT2—4A
)\1, )\2 == 2 .

Depending on the values of 7 and A, various cases arise, as shown in Fig. 15. The system
is asymptotically stable if 7 < 0 and A > 0. Indeed, in this case both eigenvalues have
negative real part.

T=trace

real, positive eigenvalues

T=4A=0
complex eigenvalues
real eigenvalues with positive real part
. . A = determinant
of different signs complex eigenvalues

with negative real part

real, negative eigenvalues

Figure 15: The eigenvalues A1, A2 of the matrix A, depending on the trace 7 and on the
determinant A. When A > 72/4, these eigenvalues are complex numbers.

Example. Two populations of bacteria evolve according to the system of ODEs

d

Zo(t) = —xi(t) + 5 (1)
d
oa(t) = @(t) = cxa(t)

Here ¢ is a constant that can be increased by using an antibiotic. In matrix notation

all] = [ 2] ]

We wish to understand which values of ¢ guarantee that both populations shrink to zero as time ¢t — 4o00.
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This will be the case if all eigenvalues of the matrix A = {_1 ] have strictly negative real part.

1 —c
We thus require

T = trace(4) = —1—¢ < 0, A = det(4) = c¢c—5 > 0.

Both of these inequalities are satisfied when ¢ > 5.

Depending on the eigenvalues Ai, Ay of the matrix A = L d

b . .
“ ], trajectories of the

system (19.5) are shown in Figures 16 and 17.

7\,1<)\.2<0

0<}‘1<}‘2 k1<0<k2

.
W

Figure 16: Trajectories of the system (19.5), when the 2 x 2 matrix A has real eigenvalues.
Left: a stable case where both eigenvalues are negative and all trajectories approach the origin
as t — +o0o. Center and right: two unstable cases.

: \ P
72 )

yxl =
/

Figure 17: Trajectories of the system (19.5), when the 2 x 2 matrix A has complex eigenvalues.
Right: a stable case where the eigenvalues have negative real part. Left: an unstable case.

[~

19.5 Graphs

A graph is a set S, whose elements are called vertices (or nodes), together with a set
E of (unordered) pairs of vertices, called edges.
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The set E accounts for the couples of nodes (i, ) which are linked together by an
edge. It is understood that if node ¢ is linked to node 7, then node j is linked to node
as well.

On the other hand, in a directed graph (or digraph) we specify the orientation of
each edge. We write (i,j) € E if there is a link from node i to node j. This does not
necessarily imply that there is a link from j to .

Figure 18: Left: the set of nodes and edges in a graph. Right: nodes and edges in a digraph.

Example. Referring to the graph in Fig. 17, left, the set of nodes is S = {1,2, 3,4, 5,6}, while the set of
edges is E = {(1,2), (1,3), (2,3), (2,4), (3,4), (3,5), (3,6), (5,6)}.

For the digraph in Fig. 17, right, the set of nodes is S = {1,2,3,4,5} while the set of edges is
E= {(1,3), (1,4), (2,3), (3,1), (3,4), (3,5), (4,1), (4,5), (5,2)}

Every graph with n vertices can be represented by an nxn symmetric matrix A = [a;;],

by setting
{ 1 if the nodes 7 and j are connected by an edge
aij =

0 otherwise

Every digraph with n vertices can be represented by a (possibly not symmetric) n x n
matrix A = [a;;], by setting

CL,‘]‘ =

1 if there is an edge from 7 to j
0 otherwise

Example. Referring to the graph in Fig. 17, left, the corresponding 6 x 6 symmetric matrix is

011000

101 1 00
1101 11
A_OllOOO’
0 01 0 01
001 010
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For the digraph in Fig. 17, right, the corresponding 5 x 5 matrix is

0 01 10
0 01 0O
A= 110 0 1 1
1.0 0 01
01 0 0O

If A is the matrix that represents a digraph, we can compute the matrix B = A2. The
entries of this matrix B = [b;;] have a nice interpretation:

bij = number of paths of length 2, starting from node i and ending at node j.
More generally, if C' = A*, the entries of the matrix C' = [¢;;] satisfy the property:

cij = number of paths of length k, starting from node ¢ and ending at node j.

Example. For the digraph in Fig. 17, right, one has

00110 2 0 0 0 2
00100 1 00 1 1
A= 1100 1 1, B=42=1]11111
1 0001 01 110
010 0 0 00100

One can check, for example, that b;5 = 2 = number of paths of length 2 starting from node 1 and ending

at node 5.

19.6 Web page ranking

Consider a directed graph, whose nodes are a set S = {1,2,...,n} of web pages on the
internet, and the edges are the links from one page to another. Our goal is to rank these
web pages. Roughly speaking, page ¢ should rank high if there are many other pages j
pointing to .

An algorithm for page ranking. Define
o [, = set of nodes j that have a link pointing to node i,
e n; = number of links originating from page j.
To each node j we assign a score x;, in such a way that
x; ,
T ]GZL:Z n; j=12...

(19.8)

E

Notice that the system of linear equations (19.8) has the trivial solution z; = zy =
- = x, = 0. We claim that it always has a nontrivial solution. Indeed, in matrix
notation the system (19.8) takes the form

x = Bx, or equivalently (B—I)x = 0, (19.9)
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where B is an n X n matrix with the key property:
e in every column of B, the entries add up to 1.

This implies that A = 1 is an eigenvalue of B. If x is a corresponding eigenvector, this
provides the desired solution to (19.9).

Example. Four pages on the internet are linked according to the digraph in Fig. 19.

@?

\

.
/@

O

Figure 19: Four pages linked on the internet.

The matrix which represents the digraph is

A:

oo~ o
—_ O =
— O = =
o O OO

We have
Ly = {2}, Ly = {1,3}, Lz ={1,3,4}, Ly =0,
n1=2, n2:2, n3:1, n4:2.

According to (19.8), the scores x; of the four pages are found by solving

1 = L227
xro = %4’1734’%
r3 = %4‘%4’%
Xy 0
In matrix notation
0 1/2 0 0
_ {12 0 1 1/2
x = Bx, B=11m 12 0 12
0 0 0 0

Notice that B is obtained by first taking the transpose A7, and then dividing each column j by the sum
n; of its entries. In this way, in each column of B the entries add up to 1. A nontrivial solution is

x1
T2
Zs3
T4

O W= N

Indeed, this is an eigenvector of B, corresponding to the eigenvalue A = 1.

In conclusion: page 2 has the highest score and is ranked first, page 3 is ranked second, page 1 third,
and page 4 last.
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