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Introduction

The magnitude 7.1 Central Mexico Earthquake occurred on 19 September 2017, killing 370
people, injuring over 6,000 and collapsing over 40 buildings. Many of these collapses and
casualties took place in Mexico City, built on a historic lakebed with soft, low velocity soils
overlying hard, high velocity bedrock. This structure tends to resonate, known colloquially as a
location’s “site effect”, where local geology amplifies incoming shear waves at certain
frequencies more than is expected given the source’s distance. In this study we use Nakamura’s
(Nakamura 1989) H/V technique to compute the empirical transfer function (hereon ETF) of 58
Mexico City ground motion stations and fit to the results to the Thomson-Haskell theoretical
transfer function (hereon TTF), solving for the depth to the high velocity layer, d, and the
damping value, k, using differential evolution. We categorized the results into 3 categories:
SH1D, which conforms to the Thomson Haskell transfer function, complex, in which resonance
frequencies are apparent but in patterns that differ from the TTF and no resonance, in which no
distinct peak is apparent.

Normal incidence shear waves propagating vertically through low velocity overburden
overlying high velocity basement amplify at
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vy = displacement amplitude at free surface
U, = displacement amplitude of the 2nd layer
pn, = density of the nth layer
[, = shear wave velocity of the nth layer
T'= period
d,, = depth of the layer
m = harmonic # (1, 3, 5 etc.)

(Haskell 1960). Geologic basins, e.g. Boston and Mexico City, are typical high impedance (eq.
1) contrast structures which amplify free surface displacement, affecting civil structures during
carthquakes. The Haskell-Thomson transfer function estimates site response at a location given
the parameters p;, b1, p2, p2, d, and the damping x, assuming one-dimensional vertical shear wave
propagation. Using the program Nrattle (Boore 2005) we generate Haskell-Thomson theoretical
transfer functions by varying values of p, d, p, and x. We fit this model to real ground motion
data from the 2017 Central Mexico Earthquake by computing the residual between theoretical
and empirical transfer function and solving for least squares. The minimum solution is nontrivial,
and we present tests using global optimization techniques brute force and differential evolution
and the local minimum technique downhill simplex. The categorized results are mapped and
their spatial structures analyzed.

Objective Function Design

We designed an objective function which fits the Thomson-Haskell theoretical transfer
function to an H/V empirical transfer function using the method of least squares (eq. 3, 4).
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Figure 1. Demonstration of the objective function. Black lines are the residual r;, the blue line 1s
the TTF computed from NRATTLE and the orange line 1s the ETF computed from H/V analysis
from Mexico City ground motion data.

In equation 3, y; 1s the H/V empirical transfer function shown in orange and f(x;, f) 1s the
theoretical transfer function shown in blue in figure 1. The output of the objective function 1s S,
the sum of the squared residuals. The minimization techniques we test 1n this paper minimize S.
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Theoretical Transfer Function (TTF) = f(p,, B, , D, x, p,, B,)

Parameters used for Mexico City: . , _
Decision Variables 1n

B, =73 m/s
p, =2.75 g/cm’ D, x
B, = 1,400 m/s

Figure 2. Graphic representation of our low velocity overburden overlying high velocity
basement. The decision variables we used 1n this study are indicated as are the parameters.

Objective Function Sensitivity Analysis

We performed a sensitivity analysis on the objective function by varying the 6 parameters
(figure 2) in the Haskell-Thomson transfer function. We used the Saltelli’s sampling scheme
(Saltell1 2002) with 1000 samples for a total of 14,000 function outputs and analyzed the results
using a Sobol Sensitivity Analysis (Sobol 2001). Using our objective function, we fabricated a
transfer function with d =40 and x = 0.05 to compute the residual and the sum of squares
between the varying theoretical transfer functions. The bounds on the parameters were: p;, (1,
1.5), b1, (30, 100), p2, (2, 2.8), b2, (1400, 2800) and 4, (10, 100). The first order Sobol indices
indicate that damping has the most significant effect on the variance of the output (figure 3).
Though the confidence interval is a little high, it is still within the range of values for which
damping has the most influence on the system. The second order indices indicate that depth and
velocity of the unconsolidated layer (Vsl) interact. We expected this from equation 2. The two
properties of the basement rock Vs2 and dens2 both appear to interact with the damping but with
very high error. We were not expecting this to come out of the equations and will need to be
further tested (figure 4). Densl, Vsl and damping yielded the highest total order Sobol indices
(figure 5).
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Figure 3. First order Sobol index generated from 1000 Saltetti sampled points for a total of
14,000 iterations with error bars.
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Figure 4. Second order Sobol index generated from the same trial with errors.
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Figure 5. Total order Sobol index with errors.
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Objective Function Space

We generated a TTF using depth = 40, « = 0.05 and applied the brute force method with
depth bounds (0, 100) and k bounds (0, 0.20) to solve for the fabricated TTF parameters. The
resulting contour plot (figure 6a) displays the results. bounds (0, 0.20). The minimum solution
was solved but took 14:25 hours. The same analysis was done for empirical transfer functions
computed by Nakamura’s H/V from ground motion data during the Central Mexico Earthquake.
The bounds for this experiment were depth: (30, 100) and «: (0, .15). The plot is shown 1n figure
6b and strongly resembles figure 6a except the low function value band at low depths is cut out

and we observed increased noise. A clear global minimum 1s apparent in dark blue at about (40,
0.02).
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Figure 6. (a) Contour plot generated from brute force optimization with depth bounds (0, 100)
and k bounds (0, 0.20). Each axis used 100 samples for a total 10,000 iterations. (b) Contour plot
generated from brute force optimization on H/V ETF with depth bounds (30, 100) and k bounds

(0, 0.15). Each axis used 100 samples for a total 10,000 iterations.

We applied the downhill simplex algorithm at a starting point (75, 0.14) and the
minimization succeeded (figure 7a). Applying the same algorithm at a starting point (90, 0.14),
however, failed solving for a point at (123, 0.04) (figure 7b)
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Figure 7. (a) Downhill simplex algorithm path (red line) overlying the solution space computed
from the brute algorithm on H/V ETF. Starting point is at (75, 0.14) and the final point 1s at (40,
0.025). (b) The same algorithm but at starting point (90, 0.14) solving at a final point (120, 0.04).

We concluded that there are multiple minima in our optimization space and we had two
options for minimization: pick a starting point we hope yields the correct solution or use global
minimization solution techniques. We applied a differential evolution algorithm which always
correctly solved for the global minimum (figure 8).

H/V Diff Ev test

32000
0.14
28000
0.12
24000
0.10
20000
(@)
= 0.08
e 16000
a
0.06 12000
0.04 8000
0.02 4000
0.00 0
30 40 50 60 70 80 90 100

Depth (m)
Figure 8. The path differential evolution takes to solve the same problem presented in figure 9.

The number of iterations differential evolution required for this trial was 10, function
evaluations 333 and time 00:28:45. This was a manageable amount of time so we applied
differential evolution to all 58 stations.

Spatial Analysis

Mexico City 1s divided into three geotechnical zones: Zone I (Hills), Zone II (Transition),
and Zone III (Lake). We mapped the CIRES stations with their corresponding soil classification
(figure 9). We included a label “compact™ for sites that were indicated as such from the CIRES
database. These sites, it turns out, have much different ETFs than other sites within the Lake
Clay Zone. From the H/V analysis, we picked the fundamental site frequency, mapped 1t, and
interpolated the results using ordinary kriging with a circular model: major range = 0.107, partial
sill = 0.113, lag size = 12, and number of lags = 10 (figure 10).
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Figure 10. Adapted soil and geotechnical classifications of Mexico City from CIRES station
database.

Frequency Variation Across Mexico City
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Figure 11. (a) Fundamental site frequency at each of the CIRES stations computed from the H/V
analysis. (b) Ordinary kriging results of the data from (a) with a circular model: major range =
0.107, partial sill = 0.113, lag size = 12, and number of lags = 10.

We categorized the results into 3 categories: SH1D, which conforms to the Thomson
Haskell transfer function, complex, in which resonance frequencies are apparent but in patterns
that differ from the TTF, and no resonance, in which no distinct peak can be seen. We have
provided the 6 SHID examples with conformity to the harmonic structure, 3 examples with
complex structure and 3 examples of no-resonance (figure 12).
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Figure 12. SH1D examples with conformity to harmonic structure, plotted in blue 1n figure 15.
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Figure 13. Examples of complex structure, plotted in violet in figure 15.
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Figure 14. Examples of no resonance, plotted in red in figure 15.

H/V Characteristics

Overall
99°10'0"W 99°0'0"W

Harmonic

99°10'0"W 99°0'0"W

= 19°200"N

99°10'0"W 99°0'0"W 99°10'0"W 99°0'0"W

ETF Category N Harmonic Category
B SHID 0 25 5 10 B Harmonic
BN Kilometers
B Complex B Not Harmonic
B No Resonance

Figure 15. (a) Spatial structure of SH1D, complex (figure 13) and no distinct resonant structures
(figure 14). (b) Stations displaying conformity to harmonic structure (figure 12).
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Discussion

Differential evolution 1s the best solution to this problem because the objective function
that we designed required a global minima solution. Station frequencies varied between about
0.15 Hz and 1.25 Hz so the differential evolutionary algorithm failed at higher frequencies when
depth bounds could not possible reach the peak frequency (eq. 2). It therefore solved for the
second harmonic matching up with the high peak. In some cases where the transfer function was
either very complex or did not display resonance, the minimization failed to solve for the peak
but in these cases the SHID assumption falls apart anyway.

The three categories of results were mapped as well as the spatial distribution of the peak
frequencies. There 1s a distinct frequency trend from low to high from east to west of the basin
indicating shallower depths to the high velocity consolidated layer (figure 11). Complexity also
increases from east to west (figure 15) as we move from clay lakebed sediments to the transition
zone and to solid ground where SHI1D assumptions fall apart. In the case of stations like CE18
(figure 12) where no resonance 1s displayed in the ETF, the location of the station can be
correlated to a geologic feature that rises out of the lakebed, in the case of CE18, a volcano.

Conclusion

We assumed normal incidence shear waves propagating vertically through low velocity
overburden overlying high velocity basement or SH1D, in Mexico City and fit the Thomson-
Haskell transfer function to H/V empirical transfer functions using differential evolution. We
then categorized the results into SHID, complex or not resonant based on the correlation
between TTF and ETF. We mapped the results and found that as frequency increases from east
to west, so does complexity of the empirical transfer function. A distinct area of ETFs that
exhibit strong SHID characteristics 1s apparent on the east side of the city.

Site response 1s a problem in Mexico City that has caused the loss of thousands of lives.
The better we understand the resonant geologic structure causing site amplification, the better
prepared we will be 1n the future by writing site spatial characteristics into the building code of
Mexico City. The objective function we designed 1s applicable to all structures that demonstrate

SH1D and we plan on applying the presented methodology on passive microtremor data in
Boston MA.
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