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Model Setup

Representative household

Household consumes C, supplies labor L,and saves capital K which it rents to firms.

Acts competitively - takes the real wage and rental rate on capital as given

Representative firm

Firm produces output using labor L and capital K

Acts competitively - takes real wage and rental rate on capital as given

Market clearing determines wages, rents and equilibrium quantities

Equivalent to planning solution
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Preferences

Et
[∑∞

i=0 β
i[u(Ct+i)− υ(Lt+i)]

]
with

u(C) = 1
1−γC

1−γ

= logC iff γ = 1

υ(N) = 1
1+ϕL

1+ϕ

with 0 < β < 1; γ > 0;ϕ > 0

where Ct ≡ consumption, Lt ≡ labor supply.
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Digression on Intensive vs. Extensive Labor Supply

Standard interpretation: Household adjusts L along intensive margin (hours)

However, most hours fluctuations (2/3) are along extensive margin (bodies)

Given complete markets, can re-interpret L as adjustment along extensive margin:

Suppose continuum of measure unity members who differ according to disutility of
work.

Let jϕ ≡ disutility of work of member j. L ≡ # of family members working

Given complete consumption insurance within family, we can express family period
utility as

1
1−γC

1−γ −
∫L
0 jϕdj = 1

1−γC
1−γ − 1

1+ϕL
1+ϕ

Objective unchanged →decision rules unchanged.

While model allows for extensive margin, it ignores search and matching and abstracts
from incomplete markets (which u will study next quarter).
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Technology

Yt = Kα
t (AtLt)

1−α

= A1−αt Kα
t L

1−α
t

where Yt ≡ output, A1−αt ≡ total factor productivity, Kt ≡ capital, Lt ≡ labor input.

Resource Constraint (→ Law of Motion for Capital):

Ct +Kt+1 = Yt + (1− δ)Kt

where 0 < δ < 1 is the depreciation rate and where TFP obeys

At/At = (At−1/At−1)ρeεt

At/At−1 = G = 1 + g ≥ 1

where At =trend TFP, 0 ≤ ρ < 1 and εt is i.i.d. with mean zero.
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Behavioral Relations

Labor market equilibrium

(1− α)At( KtAtLt
)α =Wt = L

ϕ
t /C

−γ
t

Consumption/saving:

C
−γ
t = Et{βC−γt+1Rt+1}

where Rt+1 ≡ gross return on capital:

Rt+1 = α(
Kt+1

At+1Lt+1
)α−1 + (1− δ)

Transversality condition for household budget constraint ensures non-explosive solu-
tion.

Note that the behavioral relations come from household and firm decision rules and
market clearing (see Part 1).
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Complete Model

Endogenous variables: (Yt, Lt, Ct,Kt+1)

Predetermined states: (Kt, At)

Yt = A1−αt Kα
t L

1−α
t

(1− α)YtLt =
L
ϕ
t

C
−γ
t

1 = Et{β(
Ct+1
Ct
)−γ(α Yt+1Kt+1

+ 1− δ)}

Kt+1 = Yt + (1− δ)Kt − Ct
At/A = (At−1/A)ρeεt

Cyclical driving force: fluctuations in At.
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Deterministic Steady State

stationary variables: YK ,
K
AL,

C
K , L

Y
K ,

K
AL
, CK determined by production function, consumption/saving relation and re-

source constraint:

Y
K = ( KAL)

α−1

1 = β(C
′
C )
−γ[αYK + 1− δ]

Y
K = C

K + δ + g

with C
′
C = 1 + g

Labor market then determines L

(1− α)YL = Lϕ/C−γ

Note: if g > 0 → γ = 1 required to have L constant along balanced growth path.
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Road Ahead

• Loglinear approximation of model around deterministic steady state.

• "Calibrate" model parameters

• Evaluate business cycle dynamics versus quarterly data.
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Log-linearization

• Because (i) many macroeconomic series are stationary in growth rates (e.g GDP);
(ii) (for the most part) exhibit relatively small percentage changes and (iii) linear
models are easy to work with; we often work with loglinear approximations:

— Consider the following nonlinear equation

g(Xt) = f(Yt)

— Take a first order expansion around deterministic steady state

g(X) + g′(X)dXt ≈ f(Y ) + f ′(Y )dYt

—→ linear relation for growth rates

g′(X)X
dXt

X
≈ f ′(Y )Y dYt

Y

where X and Y are steady values ⇒ g(X) = f(Y ).
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Log-linearization (con’t)

• Let zt ≡ log(Zt/Z) = log(Zt)− log(Z) for zt = xt, yt.

For small percent changes in Zt : zt ≈ dZt
Zt
.

• This leads to the following loglinear approximation of g(Xt) = f(Yt):

g′(X)X · xt = f ′(Y )Y · yt

• Via loglinearization, a model that is nonlinear in Xt and Yt becomes linear in the
log-deviations xt and yt

11



Loglinearization of RBC Model

let ãt = (1− α)at;σ = γ−1

Production function

yt = ãt + αkt + (1− α) lt

Labor market equilibrium

yt − lt = wt = ϕlt + γct

Consumption/Saving

ct = −σEt
{
αYK (yt+1 − kt+1)

}
+ Et {ct+1}

Law of motion for capital

kt+1 =
Y
KGyt −

C
KGct +

1−δ
G kt

with ãt = ρãt−1 + εt.
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Some Economics: Labor supply

Labor market equilibrium (after rearranging):

lt = ϕ−1(yt − lt)− (γ/ϕ)ct
= ϕ−1wt − (γ/ϕ)ct

ϕ−1 = Frisch labor supply elasticity (percentage response of lt to one percent change
in wt, holding ct constant.)

Estimates of ϕ−1 depend on whether lt reflects intensive vs. extensive margin. Low
for former (∼ 0.5), higher for latter (∼ 1.0)

The second term reflects the "wealth" effect on labor supply: Strength of wealth effect
ct on lt increasing in γ. γ ↑→ stronger desire to smooth consumption.
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Some Economics: Consumption/Saving

rt+1 = logRt+1 − logR (approximately, deviation of net real interest rate from
steady state).

Consumption/saving:

ct = −σEt
{
αYK (yt+1 − kt+1)

}
+ Et {ct+1}

ct = −σEt {rt+1}+ Et {ct+1}

dependence of ct on Et {ct+1} reflects desire to smooth consumption

fluctatuation inEt {rt+1}may induce intertemporal substituion of consumption across
time:

σ ≡ 1
γ is the intertemporal elasticity of substitution.

γ ↑→ σ ↓ since greater desire to smooth consumption.
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Solution

To shed some light on the mechanisms that drive output and employment, combine
the production function and the labor market equilibrium to:

lt =
1

α+ϕ(ãt + αkt)− γ
α+ϕct

yt =
(
1 + 1−α

α+ϕ

)
(ãt + αkt)− (1−α)γ

α+ϕ ct →

yt = y(ãt, kt, ct)

ãt + αkt reflects productivity which has both a direct and indirect (through labor
demand) effect on yt.

ct reflects wealth effect on labor supply.

Three key parameters: α,ϕ and γ(≡ σ−1).
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Solution (con’t)

solving for ct :

use the previous relation for yt to eliminate yt+1 to obtain the following system of
two first order difference equations for ct and kt+1

ct = −σEt
{
αYK (y(ãt+1, kt+1, ct+1)− kt+1)

}
+ Et {ct+1}

kt+1 =
Y
KGy(ãt, kt, ct)−

C
KGct −

1−δ
G kt

with

ãt = ρãt−1 + εt

with 0 ≤ ρ ≤ 1and where ãt and kt are predetermined.

Note that the two first order difference equations can be combined into a single second
order difference in kt, kt+1 and Et{kt+2}
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Solution (con’t)

• The system of two first order difference equation is second order with two char-
acteristic roots. One is greater than unity (unstable) and the other is less than
unity (stable).

• The unstable root is associated with the forward looking variable (consumption)
and the stable root is associated with capital.

• Reduced form policy functions for ct and kt+1 :

ct = πcaãt + πckkt

kt+1 = πkaãt + πkkkt

where the π coeffi cients are functions of the model parameters and can be obtained
by using the method of undetermined coeffi cients (Campbell, JME 1994)).
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Solution (con’t)

From reduced form policy function for ct(= πcaãt+ πckkt), possible to solve for the
other variables for the model.

lt =
1

α+ ϕ
(ãt + αkt)−

γ

α+ ϕ
ct

=
1− γπca
α+ ϕ

ãt +
α− γπck
α+ ϕ

kt

yt =

(
1 +

1− α
α+ ϕ

)
(ãt + αkt)−

(1− α) γ
α+ ϕ

ct

=

(
1 + (1− α)1− γπca

α+ ϕ

)
ãt + (1 + (1− α)

α− γπck
α+ ϕ

)αkt

kt+1 =
Y

KG
yt −

C

KG
(πcaãt + πckkt) +

1− δ
G

kt

Combining the relations for yt and kt+1→ policy function for kt+1(= πkaãt+πkkkt)
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Solution (con’t)

Observe that kt (i.e. the log-deviation of capital stock from steady state or percent
variation of capital stock) is small over the cycle. Hence we can assume:

ct ≈ πcaãt →

lt ≈ 1−γπca
α+ϕ ãt

yt ≈
(
1 + (1− α)1−γπcaα+ϕ

)
ãt

Given It = Kt+1 − (1− δ)Kt = Yt − Ct → I
Y invt = yt − C

Y ct →

invt =
Y
I yt −

C
I ct →

invt ≈ Y
I [
(
1 + (1− α)1−σπcaα+ϕ

)
− C
Y πca]ãt

Note invt likely more volatilite than ct

πca not large due to consumption smooting (especially if ãt less persistent, i.e.,
ρ is low)

Y
I > 1 is large
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Calibration

To pick parameter values, use information independent of the business cycle data to
be explained: e.g. long run relationships in the data (average growth rate, average
labor share of output), parameter estimates from micro studies (labor supply elasticity,
etc.),

Detrend the data (e.g. using a Hodrick-Prescott filter). Then recover the Solow
residual ãt = yt − αkt − (1− α)lt
Then use filtered data to estimate the process ãt = ρãt−1 + εt.

Next, generate artificial data by feeding the estimated TFP process into the calibrated
model.

From the artificial data, compute a variety of business cycle moments and compare
with actual data.
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Parameter Choices (example)

Parameters (β, γ = σ−1, ϕ, α, δ, g, ρ, σ2a)

β = 0.9375 annually (0.984 quarterly) to match average return on capital.

g = 0.016 annually (0.004 quarterly) to match over growth in output per capita.

α = 0.33 to match capital share.

δ = 0.10 (0.025 quarterly) to match capital depreciation rate

ϕ−1 = 1 (to match evidence on Frisch elasticity of labor supply (extensive margin)

γ = 1

Note: calibration does not allow for parameter uncertainty making it hard to assess
how confident one can be in model performance.
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Properties

• A reasonably calibrated model with at is the sole driving force can generate a
standard deviation of output equal to seventy percent of that of actual output
fluctuations (for postwar data pre-1984).

• The model can produce about half the volatility of hours.

• Investment is more volatile than consumption (as in the data).

• Fluctuations are Pareto effi cient - no scope for policy.
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Properties (con’t)

• Consumption smoothing.
Iterating the consumption/saving relation forward and imposing a terminal con-
dition:

ct =
∞∑
i=0

(−σ)−1Et {rt+1+i} (1)

with

rt+1 = α
Y

K
(yt+1 − kt+1) (2)

• As long as long term interest rates are not too variable, consumption’s behavior
will be smooth.
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The Stochastic Neoclassical Growth Model and Real Business Cycles 16

• Exercise: compute k∗/y∗, k∗/l∗, i∗/y∗ and c∗/y∗ and compare them to their empirical counterparts.

• Now we can generate artificial data. For this we solve the modified social planning problem and the

intensive variables (for example by solving numerically the corresponding Bellman equation). Then

we get the true variables by multiplying the intensive variables by the appropriate deterministic

geometric trends.

• We apply the same HP filter in the artificial data as in the true data to extract cyclical components

and obtain the model counterparts of the empirical moments.

• See Tables 1 and 3 in the Handbook chapter of King and Rebelo. Here only some key moments

are reported

std% std% correlation with output correlation with output

data model data model

output 1.81 1.39 1 1

consumption 1.35 0.61 0.88 0.94

investment 5.30 4.09 0.80 0.99

hours 1.79 0.67 0.88 0.97

labor productivity 1.02 0.75 0.55 0.98

Ec2010d



Shortcomings

1. There is no internal propagation of shocks: yt is driven only by at.

2. Unlikely that high frequency variation in the Solow residual reflects true move-
ments in TFP. Total factor productivity at is not observed directly but measured

as a residual. Suppose Yt = A1−αt

(
UKt Kt

)α (
UNt Lt

)1−α
. The production

function includes unmeasured variations of factor utilization. The log-linearized
Solow residual is then aot = at + αuKt + (1− α)uNt . Thus utilization may be
driving the high frequency variation in the Solow residual.

3. The productivity/hours correlation at the high frequency has shifted from positive
to negative, post 1984 (due mainly to "jobless" recoveries.)

4. Under a reasonable calibration the model cannot account for the magnitude of
employment fluctuations..

5. Monetary/financial frictions are absent from this model.
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Business Cycle Accounting

Method for evaluating deviations of key model equations from data.

Benchmark case where model holds perfectly:

Labor market

(1− α)YL = Lϕ/C−γ ↔

MPL =MRS

Capital market

1 = Et{β(C
′

C )
−γ(αY

′

K
′ + 1− δ)}

1 = Et{IMRS. ·R′k}
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Evaluating Model Residuals (Wedges)

• One way to evaluate the model is to examine the performance of the residuals (or
"wedges").

1. Labor market wedge τLt :

τLt =
MPLt

MRSt
− 1 (3)

2. Capital market wedge τKt :

τKt = Et
{
Rkt+1 · IMRSt+1

}
− 1

• The RBC model presumes τLt = τKt = 0.
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Evaluating Model Residuals (Wedges) (con′t)

• Given restrictions on preferences and technology we can measure τLt and τKt .

• Significant cyclical movements in τLt and τKt may be regarded as evidence of
some form of model mispecification.

• Accounting for the pattern of these deviations then serves a guide for reformulating
the model.
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Labor Market Distortions

• Hall (1999) and Shimer (2009) presents evidence that movements in τLt are highly
countercyclical.

→Recessions are thus associated with periods where the marginal product of labor
exceeds the (measured) marginal rate of substitution.

• Mulligan (2002) and Chari, Kehoe and McGrattan (2007) show that during the
Great Depression there was a sharp increase in τLt .

→ The simple neoclassical labor market cannot account for the drop in employ-
ment.

• Gali, Gertler and Lopez-Salido (2007) interpret movements in τLt as reflecting
countercyclical markup behavior.
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Labor Wedges as Markups

• Let 1 + µPt denote the gross price markup and 1 + µWt denote the gross wage
markup

1 + µPt =
Pt

(Wt/MPLt)
=
MPLt

Wt/Pt
(4)

1 + µWt =
Wt/Pt

MRSt
(5)

where Wt/MPLt is the marginal cost of producing a unit of output
It follows that (

1 + µPt
) (
1 + µWt

)
=

MPLt

Wt/Pt
· Wt/Pt

MRSt
(6)

=
MPLt

MRSt
(7)

= 1 + τLt (8)
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Labor Wedges as Markups (con’t)

• Taking logs

:

logMPLt − logMRSt ≈ µPt + µWt (9)

We can also rewrite the log price and wage mark-ups as

µPt = logMPLt − log(Wt/Pt) (10)

µWt = log(Wt/Pt)− logMRSt (11)

• The labor wedge and markups

τLt = µPt + µWt = logMPLt − logMRSt (12)

• Countercyclical movements in τLt reflect countercyclical movements in markups
and in ineffi ciency of the labor market.
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Figure 1. The Gap: A Diagrammatic Exposition 
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A Parametric Example

After a loglinear approximations around the steady state:,

Technology : Assume a constant elasticity of output with respect to hours (e.g. Cobb-
Douglas).

mplt = yt − lt → (13)

µPt = (yt − lt)− (wt − pt) ≡ −ulct (minus log unit labor cost) (14)

Preferences:

mrst = ϕlt + γct → (15)

Thus

µWt = (wt − pt)− (ϕlt + γct) (16)
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A Parametric Example (con’t)

• Labor wedge:

τLt = µPt + µWt

= [(yt − lt)− (wt − pt)] + [(wt − pt)− (ϕlt + σct)]

= (yt − lt)− (ϕlt + σct)
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Figure 2. The Gap 
Baseline Calibration  ( �������φ=1 ) 
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Figure 5: Prototype and search mrs and respective labor wedges, [1� "l;t] and [1� � l;t] where
Frisch elasticity is around 2:8: All expressed as deviations from their respective HP-�lter trend.
Shaded areas indicate NBER recession dates.

found in the micro literature (Blundell and MaCurdy 1999). In what follows we will show that

our results are indeed ampli�ed when the Frisch elasticity is chosen consistent with most of the

micro estimates.

Low Frisch Elasticity The major problem behind the failure of the prototype model, as

well as our extension of it, is that hours do not vary as much in the data as implied by our

models. This has been well-recognized in the context of macro models. Higher aggregate

micro elasticities tend to produce smaller wedges at the expense of a large micro literature that

argues for lower individual labor elasticities. Here, we replicate our exercise by targeting a

Frisch elasticity of 0.5 on average, which is more in line with these studies. Figures (6), (7)

and Table 2 present our results.21

While the overall volatility is higher across variables, there is a dramatic reduction in the

volatility of the labor wedge with search frictions of more than 40 percent, both at low frequency

(Figure 6) and at business cycle frequency (Figure 7). Once again, this reduction is entirely

21This requires � = 5:54 in (36) and � = 3:33 in (37) for the given sample averages of L and h.
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Figure 3. The Gap and the Wage Markup 
Baseline Calibration 
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Figure 4. Dynamic Effects of Monetary Policy Shocks 
Baseline Calibration 
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Capital Market Wedge

• Let Rft ≡risk free rate. With frictionless financial markets

Et
{
IMRSt+1Rkt+1

}
= Et

{
IMRSt+1 ·Rft+1

}
• If

Et
{
IMRSt+1Rkt+1

}
> Et

{
IMRSt+1 ·Rft+1

}
• Then

τKt = Et
{
IMRSt+1 ·Rkt+1

}
− 1 > 0

since

Et
{
IMRSt+1Rft+1

}
− 1 = 0

(From savers first order condition for the risk free rate)

• Intuitively, if Rkt+1 > Rft+1, (beyond what the equity premium explains) finan-
cial frictions are distorting investment demand.
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Figure 5. Credit spread and the marginal effi ciency of investment. The

credit spread (dark continuous line) is measured as the difference between the

returns on high yield and AAA corporate bonds. The marginal effi ciency of

investment series (light dashed line) is the Kalman filter estimate of the µt

shock at the posterior mode. Both series are standardized.
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