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We find the turbulent energy spectrum of weakly interacting 2D internal gravity waves using the full,
nonhydrostatic dispersion relation. This spectrum is an exact solution of a regularized kinetic equation,
from which the zero-frequency shear modes have been excised by a careful limiting process. This is a new
method in wave kinetic theory. The turbulent spectrum agrees with the 2D oceanic Garrett-Munk spectrum
for frequencies large compared to the Coriolis frequency and vertical scales small compared to the depth of
the ocean. We show that this turbulent spectrum is the unique power law solution to the steady kinetic
equation with a nonzero radial flux. Our solution provides an interesting insight into a turbulent energy
cascade in an anisotropic system—like isotropic turbulence it is self-similar in scale, but its angular part is
peaked along the curve of vanishing frequency and is self-similar in frequency.
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Introduction—Despite a wealth of oceanic measure-
ments and continuous theoretical advancements [1–4], a
theoretical derivation of the energy spectrum for internal
gravity waves in the ocean [the renowned empirical
Garrett-Munk (GM) spectrum [5,6] ] remains an open
problem. While observations emphasize the central role
dispersive internal gravity waves play in natural processes
like the ocean’s climate cycle [7], theoretically and exper-
imentally decoupling these waves from the evolution of
slow modes, degrees of freedom with vanishing frequency,
proves difficult. Slow modes, such as shear and domain
modes in 2D and 3D and vortical modes in 3D, are non-
linearly interacting with the dispersive waves, and affect a
large part of the energy spectrum [8–10]. A promising
avenue lies in the kinetic approach [4,11–13]; however, the
nonlinear fluid equations in both 2D and 3D yield an
anisotropic, noncanonical Hamiltonian system, which turns
its kinetic description into a nontrivial problem since the
classical wave turbulence methods are almost irrelevant.
To make headway on this difficult problem previous
kinetic studies were restricted to low-frequency hydrostatic
internal waves (which obey a much simpler, monomial
dispersion relation), but this comes at the price of gross
inaccuracy when higher-frequency waves are involved.
Compared to 3D, the 2D problem holds a few advantages:
it has no vortical modes, it is cheaper for direct numerical
simulation and its recently derived [14] kinetic equation
takes a particular simple form due to the existence of a
second quadratic invariant. The relevance of the 2D internal
gravity wave description extends to both experimental
settings, such as long water tanks, and natural phenomena
like internal tides around isolated 1D topographical features
like the Hawaiian ridge [15]. In our previous work [14], we
derived the isotropic, angle-averaged part of the turbulent
energy spectrum of 2D internal gravity waves and here we

derive the angular part. However, in a direct approach the
kinetic equation diverges around the zero-frequency shear
modes in the system. This, we claim, indicates a mean-
ingful limit on the applicability of the kinetic description
due to the existence of slow modes in the original
dynamical equations. To deal with this problem we first
regularize the kinetic equation by removing all modes
below some low-frequency cutoff, then we find a turbulent
steady spectrum for the regularized equation, and finally we
let the cutoff frequency go to zero. This is a new method in
kinetic theory, which promises to be of wider use for
anisotropic dispersive wave systems in 2D or 3D, and to
waves in plasma. Our turbulent solution is the unique scale-
invariant solution with a nonzero angular-averaged radial
flux and it agrees with the 2D GM spectrum for ocean
internal waves at high frequency and small scale, which is a
first for a theoretically derived spectrum.
Governing equations—The two-dimensional Boussinesq

equations restricted to a vertical xz plane can be written as

Δψ t þ fψ ;Δψg ¼ −N2ηx

ηt þ fψ ; ηg ¼ ψx: ð1Þ

Here, z is the vertical and x is the horizontal coordinate with
corresponding velocities w and u, ψ is a stream function
such that ðψx;ψ zÞ ¼ ðw;−uÞ and −Δψ is the vorticity, η is
the vertical displacement, N the constant buoyancy fre-
quency, and fg; fg ¼ ∂xg∂zf − ∂zg∂xf. The vertical buoy-
ancy force b ¼ −N2η opposes vertical displacements and
derives from a consideration of potential energy in the
presence of gravity and nonuniform density. (1) has two
quadratic invariants: the total energy E ¼

R
dxð−ψΔψ þ

N2η2Þ and the pseudomomentum P ¼
R
dx ηΔψ . We con-

sider a periodic domain x∈ ½0; L&2 and expand the fields
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ðψ ; ηÞ ¼
P

α ZαðtÞgαðxÞ in terms of linear wave modes,
where ZαðtÞ are complex scalar wave amplitudes and the
gαðxÞ are eigenvector functions for the linear part of (1),

−iωα

!−Δ 0

0 N2

"
gα ¼ N2

!
0 1

1 0

"
∂xgα: ð2Þ

The multi-index α ¼ ðσ;kÞ combines branch choice
σ ¼ '1 and wave number k∈ ð2πZ=LÞ2. In polar coor-
dinates, k ¼ Kðcos θk; sin θkÞ, the dispersion relation is

ωα ¼ σN cos θk: ð3Þ

The choice σ ¼ '1 corresponds to horizontally right-going
or left-going waves and θk ¼ 'π=2, where ωk ¼ 0, char-
acterizes the shear modes. Amplitudes evolve as

Żα þ iωαZα ¼
1

2

X

β;γ

Vβγ
α ZβZγ; ð4Þ

summing over wave number triads kα þ kβ þ kγ ¼ 0. The
interaction coefficients [14,16,17] can be written in the
symmetrized form

Vβγ
α ¼

kβ × kγ

KαKβKγ

N2

2
ffiffiffi
8

p ðsxα þ sxβ þ sxγÞðsxβ − sxγÞ: ð5Þ

Here, sxα ¼ ðkx=ωÞα is the horizontal slowness. The
modal expansion diagonalizes the energy E ¼

P
α Eα ¼P

α ZαZ(
α and yields

Ėα ¼
X

β;γ

Vβγ
α ReðZ(

αZ(
βZ

(
γÞ: ð6Þ

The wave expansion diagonalizes the pseudomomentum
as well: P ¼

P
α s

x
αEα ¼

P
α σαN

−1KEα, so horizontally
right-going waves carry positive pseudomomentum. So far
frequency resonance was not assumed. Now, the kinetic
equation that describes the slow evolution of the averaged
energy density eα ¼ hEαi, where the brackets denote
averaging over an initial Gaussian statistical ensemble,

hZ(
βð0ÞZαð0Þi ¼ δαβeαð0Þ; ð7Þ

was derived in [14] and is given by

ėα ¼ StαðeαÞ

¼ π
Z

ωαβγ

ωαΓ2
αβγðωαeβeγ þ ωβeαeγ þ ωγeαeβÞ: ð8Þ

To derive the kinetic equation, which is a nontrivial closure
of (6), the joint kinetic limits of big box and long nonlinear
times, L → ∞ and tω → ∞, are taken. So the discrete sum

in (6) is replaced by an integral over the resonant manifold:

Z

ωαβγ

¼
Z

dβdγδðωα þ ωβ þ ωγÞδðkα þ kβ þ kγÞ; ð9Þ

where
R
dα ¼

P
σ¼'1

R
dk. The interaction coefficients

are proportional to the frequencies, i.e., Vβγ
α =ωα ¼

Vαγ
β =ωβ ¼ Vαβ

γ =ωγ ¼ Γαβγ, which allows the relatively
simple (8). In the vicinity of slow, zero-frequency modes
the kinetic equation must be interpreted carefully. In the
discrete sum on the lattice, (6), shear modes are well
separated from waves with nonzero frequency, however,
as L → ∞ the collision integral (8) includes integration
arbitrarily close to slow modes. Slow modes cannot be
created by resonant interactions, but as ωα → 0 the kinetic
equation needs to include off-diagonal correlators apart
from (7), such as hZ2

αi, which would yield a very compli-
cated description. Such correlators oscillate with frequency
∼2ωα and over long times can be neglected as long as
ωα > ϵ > 0 [14]. From that perspective, anisotropic sys-
tems with dispersion relation that vanish on a curve rather
than on a point, pose a special problem for kinetic
description. This did not affect the derivation in [14] of
the homogeneous part of the energy spectrum, which
depends solely on the homogeneity degree of the inter-
action coefficients and frequency. However, as we continue
toward the derivation of the angular dependence of the
energy spectrum we anticipate trouble along the kz axis,
where ωk ¼ 0. To overcome this obstacle, we consider a
regularized kinetic equation on the ðkx; kzÞ plane with a
small angular sector of width 2δ around θk ¼ π=2 (corre-
sponding to kz ¼ 0) removed, and then investigate the limit
as δ → 0 numerically; see Fig. 1. To obtain our results we
numerically integrate the collision integral in Mathematica
(our notebook is attached to Supplemental Material [18]).

FIG. 1. Turbulent energy spectrum ek ¼ C0K−3ðωk=NÞ−2 ¼
C0K−3 cos θ−2k on the regularized ðkx; kzÞ plane, outside an
angular source centered at radius Kf and emitting a radial
energy flux.
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Turbulent steady solutions of the kinetic equation—The
frequency and the interaction coefficients are homogeneous
functions such that ωðσ;λkÞ ¼ ωðσ;kÞ and Vðλkα; λkβ; λkγÞ ¼
λVðkα;kβ;kγÞ for any λ > 0. Assuming the steady
spectrum eα is homogeneous as well implies eα ¼
C0K−weθαðθkÞ, where C0 > 0 is a Kolmogorov constant,
w is the homogeneity degree, and eθαðθkÞ captures the
angular dependence of the spectrum [14]. We restrict here
to the case that energy is symmetrically distributed between
horizontally left-going and right-going waves, eð−;kÞ ¼
eðþ;kÞ and then the pseudomomentum is zero on average
P ¼ 0, so that eθα ¼ eθ. It proves convenient to search for a
solution in a form motivated by ω2

k=N
2 ¼ cos2θk, namely

eθ ¼ ðcos2θkÞfwðθkÞ; ð10Þ

which also ensures eα ≥ 0. If fw depends on θk then (10) is
a general ansatz, but we will eventually focus on a constant
exponent fw. The homogeneous spectrum turns the colli-
sion integral [the right-hand side of the kinetic equation (8)]
to a homogeneous function and hence separable in angle
and wave number amplitude

Stα ≡ K2w0−2w−2C2
0Stθðw; fw; θkÞ: ð11Þ

Here, Stθ is the angular part of the collision integral, its
explicit form is found by parametrization of the resonant
manifold and is presented in Supplemental Material [18].
The previously found turbulent homogeneity degree w0 ¼
wV þ d − wω=2 is the sum of the homogeneity degree
of the interaction coefficient wV ¼ 1, dimension d ¼ 2
and minus half the homogeneity degree of the frequency
wω ¼ 0 [14]. Notably, for internal waves [11] already
pointed out that the value w0 ¼ 3 followed from dimen-
sional analysis based on the units of N and Π0. The
separability of the collision integral implies that w ¼ w0

is the unique steady power law solution carrying a nonzero
radial flux. To show this we adapt standard arguments
from isotropic turbulence [19]. By energy conservation the
integral of Stα over all modes vanishes, which under left-
right symmetry allows defining

Π0ðKÞ ¼ −
Z

jkαj≤K
Stαdk ¼ þ

Z

jkαj≥K
Stαdk ð12Þ

as the radial flux of energy across a circle in wave number
space with radius K > 0. The term “flux” suggests local
energy transfer, but (12) does not require this, so “energy
exchange rate”might be a more appropriate term. We retain
flux based on previous literature. Combining (12) with (11)
(and assuming w > w0) an area integration over jkαj ≥ K
yields

Π0ðKÞ ¼ −
K2ðw0−wÞ

2ðw0 − wÞ
C2
0

Z
2π

0
Stθ dθ: ð13Þ

This shows that steady power law solutions of the kinetic
equation have zero radial flux unless w ¼ w0, in which case
a nonzero K-independent value of Π0 can be extracted
from (13) in the limit w → w0.
Obtaining the turbulent solution on the regularized

plane—While the radial part of the energy spectrum is
insensitive to the validity range of the kinetic equation as
the frequency ωk → 0, the angular part is more delicate. To
obtain the angular part of turbulent energy spectrum we
first regularize the angular part of the collision integral by
removing an angular sector of width 2δ and then consider
the limit δ → 0. This means that the angular integration
over the incoming angles on the resonant manifold, (9), is
restricted to θβ; θγ ∈ ½−π=2þ δ; π=2 − δ&. In terms of fre-
quencies, this constrains cos θβ; cos θγ ∈ ½−1;−ϵ& ∪ ½ϵ; 1&,
for small positive ϵ, ϵ ∼ δ, so we use δ in both contexts.
Denoting the regularized angular collision integral by
Stθðw; fw; θk; δÞ, we are looking for a fw0

such that

lim
δ→0

Stθ ðw0; fw0
; θk; δÞ ¼ 0: ð14Þ

Now, the ansatz (10) for the energy spectrum makes the
main term in the collision integral (8) equal to

ωβeαeγ þωγeβeα þωαeβeγ ¼
P

χ¼α;β;γσχK
w
χ ðcosθχÞ1−2fw

eαeβeγ
:

ð15Þ

The energy equilibrium solution ðw; fwÞ ¼ ð0; 0Þ makes
the main term identically zero because (15) is then the
resonance condition

P
χ ωχ ¼ 0. Searching for simple

power law structures in the collision integral suggests that
the curve 1 − 2fw ¼ w is special, which motivates the
inspired guess ðw0; fw0

Þ ¼ ð3;−1Þ. Now fw0
is a constant

independent of the angle, suggesting that the turbulent
solution exhibits self-similarity in scale and also in fre-
quency. We proceed by computing the regularized collision
integral Stθð3; fw; θk; δÞ as follows: first, we parametrize
analytically the resonant manifold (9), reducing the
collision integral to a one-dimensional integral (see
Supplemental Material [18] for details). Next, for each
fixed δ and at each value of θk, we seek a constant fw on
the real line that zeros the collision integral. The one-
dimensional integral is computed numerically (see
Mathematica notebook in Supplemental Material [18]),
and we repeat this process for progressively smaller values
of δ. For each δ, we find a unique fw0

ðδÞ such that
Stθ½3; fw0

ðδÞ; θk; δ& ¼ 0. As δ → 0 we see fw0
ðδÞ → −1.

The results confirm that limδ→0 Stθð3;−1; θk; δÞ ¼ 0, as
illustrated in Fig. 2. This approach effectively generalizes
the concept of the principal value of the collision integral
around divergences caused by the vanishing of frequencies.
These divergences cancel out, yielding what we refer to as a
generalized solution.
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The turbulent energy spectrum—Our result for the 2D
wave energy spectrum over ðkx; kzÞ in the inertial range
between large-scale forcing and small-scale dissipation and
assuming zero net pseudomomentum is

eðσ;kÞ ¼ C0K−3ðcos θkÞ−2 ¼ C0K−1k−2x : ð16Þ

It is shown in Supplemental Material [18] that for a finite
total energy flux Π0 the Kolmogorov constant C0 is
given by

C0 ∝
ffiffiffiffiffiffiffiffiffiffiffi
jΠ0jδ

p
; ð17Þ

so as δ → 0 a finite flux Π0 can be maintained with a
smaller and smaller energy spectrum. Conversely, at fixed
C0 the flux diverges as Π0 ∼ δ−1, which is a neat indication
for the breakdown of the kinetic description given by (8) for
interactions with and among slow modes. The spectrum is
plotted on the regularized domain in Fig. 1 as a density over
ðkx; kzÞ. To compare it with the oceanic GM spectrum [6]
and other theoretical works we can use the full, non-
hydrostatic dispersion relation (3) to rewrite (16) as a
spectral density over positive ðω; kzÞ. This yields

C0K−1k−2x dkxdkz ¼ C0Nω−2k−2z dω dkz: ð18Þ

This agrees with the GM spectrum for frequencies large
compared to the Coriolis frequency and for vertical wave-
lengths small compared to the ocean depth. To the best of

our knowledge, this is the first time that this limit of the 2D
GM spectrum has been derived from first principles; it is
certainly the first time nonhydrostatic waves are included in
the analysis. In their empirical model, Garrett and Munk
assumed statistical independence between kz and ω for
simplicity, but there is also observational support for this
assumption [20]. Now, in our work this statistical inde-
pendence is actually strictly implied by the homogeneous
ansatz for the ðkx; kzÞ spectrum eα ¼ C0K−3eθðθÞ, even if
the function eθðθÞ is arbitrary. This follows because
A dkxdkz ¼ B dωdkz precisely if B ¼ AK3k−2z =N, so the
corresponding ðω; kzÞ spectrum is in the separable form
C0eθðθÞk−2z =N, i.e., the power law k−2z multiplied by a
function of angle and therefore of internal wave frequency.
Comparison with previous hydrostatic results—The

hydrostatic approximation k2x ≪ k2z modifies the dispersion
relation from ω2 ¼ N2k2x=ðk2x þ k2zÞ to ω2 ¼ N2k2x=k2z .
This is accurate for low-frequency internal waves, with
ω2 ≪ N2, but not otherwise. Indeed, if used outside its
range of validity, the modified dispersion relation produces
unbounded frequencies as kz → 0, in stark contrast to the
exact bound ω2 ≤ N2. This may lead to unphysical diver-
gences of the collision integral near the kx axis. Also, the
hydrostatic approximation does not remove the fundamen-
tal difficulties of kinetic wave theory with zero-frequency
wave modes. But the advantage of this approximation is
that the frequency and interaction coefficients are now
bihomogeneous functions of kx and kz and hence one can
look for bihomogeneous solutions eα ¼ C0k

2wx
x k2wz

z . One
pair of power-laws ð2wx; 2wzÞ can be derived using the
classic Zakharov-Kuznetsov transformation [19,21], with
2wx ¼ −wΓx

− 1− ðwωx
=2Þ and 2wz ¼ −wΓz

− 1− ðwωz
=2Þ.

Here, wΓx=z
and wωx=z

are the homogeneous degrees with
respect to kx=kz of the interaction coefficient and frequency.
This suggests in our case, with ðwΓx

; wΓz
; wωx

; wωz
Þ ¼

ð0; 1; 1;−1Þ, the energy spectrum eα ∼ k−3=2x k−3=2z as was
derived already 30 years ago for horizontally unidirectional
2D integral gravity waves [22] and later also for 3D
horizontally isotropic waves, with the horizontal wave
number magnitude k⊥ replacing kx [11] in the 2D spectrum.
A subsequent series of kinetic wave studies ([4,23]
and references therein) considered a general family of
horizontally isotropic bihomogeneous power laws, focus-
ing on the convergence of the collision integral. Only
one choice of this family led to a convergent integral,
with a corresponding 2D energy spectrum proportional to
k−1.7⊥ k−1z . The recent study [24] considered induced diffu-
sion triads [1] and derived analytically a horizontally
isotropic energy spectrum with a 2D density proportional
to k−1⊥ k−2z . The corresponding ðω; kzÞ spectrum is then
proportional to ω−1k−2z , but in this theory the support of the
2D spectrum in spectral space has a nontrivial shape, so
arguably this still leads to a 1D marginal spectrum propor-
tional to ω−2.

(a)

(b)

FIG. 2. Top: convergence of fw0
ðδÞ → −1 as a root of the

angular collision integral Stθðw0 ¼ 3; fw0
; θk; δÞ for various

angles. Bottom: the collision integral (yellow) at w0 ¼ 3 and
δ ¼ 10−4 normalized by its value at fw0

¼ −1; cos θk ¼ 0.9 from
side and top view intersecting the zero plane (blue).
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Now, our solution (16) has the hydrostatic approxima-
tion eα ∼ k−2x k−1z , which disagrees with the results of all
prior studies. To reconcile these opposing facts we suggest
that it is essential to use the full dispersion relation to obtain
results that are uniformly valid in spectral space. Making
the hydrostatic approximation a priori implies restricting to
low-frequency waves with k2x ≪ k2z , but the methods of
kinetic wave theory are necessarily global in nature and do
not automatically respect this restriction, whether they use
conformal mappings or exploit the homogeneity and
scaling of the collision integral. This connects with the
aforementioned unphysical divergence of the hydrostatic
approximation near the kx axis. In summary, the facts
suggests that one needs to consider the full dispersion
relation in order to find the full turbulent solution (16) or
even its hydrostatic limit.
Conclusion and perspectives—Our work shows how a

divergence of the collision integral on the set of vanishing
frequency, which is a generic feature of many anisotropic
dispersive equations, can be overcome by regularizing the
collision integral and then studying the limit of vanishing
regularization. This is a new method with potential appli-
cability to other physical systems such as waves in plasma
and also 3D internal gravity waves. In the present case of
2D internal gravity waves it produced the unique turbulent
energy spectrum eðσ;kÞ ¼ C0K−3ðN=ωkÞ2. This spectrum
holds in the inertial range between large-scale forcing
and small-scale dissipation provided the forcing does not
produce net pseudo-momentum on average; if the latter is
not true then one can expect subtle modifications of the
results [14], which is a topic for future research. For vertical
scales short compared to the depth of the ocean and
frequencies large compared to the Coriolis frequency our
2D spectrum agrees with the 2D oceanic GM spectrum.
Apparently, this is the first time that a theoretical internal
wave spectrum agrees with the 2D GM spectrum. Of
course, actual ocean observations exhibit a range of power
laws somewhat close to the GM spectrum, so this should
not be overstated [20,23]. We have experimented numeri-
cally with generalizations of (10) a finite distance away
from w ¼ 3 and found good evidence that a one-parameter
continuous family of steady states exists for values of 2 <
w ≤ 3 combined with the choice 2fw ¼ 1 − w. This family
includes the convergent steady state identified in [23] at
w ¼ 2.7. However, as with all power law steady states away
from w ¼ 3, there is no energy flux that we can associate
with that steady state. A natural progression would add
Coriolis forces to the equations, which would serve as a
physical regulator by decoupling slow modes from waves
due to the gap in the rotating dispersion relation,
ω2 ¼ N2cos2θ þ f2sin2θ, where f is the Coriolis param-
eter. Adding rotation does not change the homogeneity
degree of the interaction coefficients and frequency,
hence the homogeneous part of the turbulent spectrum is
expected to remain while the angular part might change:

eα ¼ C0K−3eθαðω; f=NÞ. The new parametric dependence
on f=N might play an important role in the variability of the
observed ocean spectra.
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