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We report on the development of an iterative image reconstruction scheme for optical tomography
that is based on the equation of radiative transfer. Unlike the commonly applied diffusion approxi-
mation, the equation of radiative transfer accurately describes the photon propagation in turbid
media without any limiting assumptions regarding the optical properties. The reconstruction scheme
consists of three major parts:~1! a forward model that predicts the detector readings based on
solutions of the time-independent radiative transfer equation,~2! an objective function that provides
a measure of the differences between the detected and the predicted data, and~3! an updating
scheme that uses the gradient of the objective function to perform a line minimization to get new
guesses of the optical properties. The gradient is obtained by employing an adjoint differentiation
scheme, which makes use of the structure of the finite-difference discrete-ordinate formulation of
the transport forward model. Based on the new guess of the optical properties a new forward
calculation is performed to get new detector predictions. The reconstruction process is completed
when the minimum of the objective function is found within a defined error. To illustrate the
performance of the code we present initial reconstruction results based on simulated data. ©1999
American Association of Physicists in Medicine.@S0094-2405~99!01208-0#

Key words: equation of radiative transfer, optical tomography, finite difference, discrete ordinates,
turbid media, inverse problems, upwind scheme, adjoint differentiation
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I. INTRODUCTION

In recent years optical methods using near-infrared li
~NIR! have become increasingly important for noninvas
diagnostics in medicine.1–3 A major area of interest is optica
tomography~OT!. This novel imaging modality tries to re
construct the distribution of optical properties inside an o
ject by using results of light-transmission measurements
formed on the circumference. Typically, the properties
interest are the scattering coefficientms , the reduced scatter
ing coefficient ms85(12g)ms , the absorption coefficien
ma , or the diffusion coefficientD5c/„3(ma1ms8)…. The an-
isotropy factorg is defined as the expectation value of t
cosine of the scattering angleu,4 andc5cvac/n is the ratio of
the speed of light,cvac, and the refractive index,n, of the
medium. Changes in the optical properties are closely rela
to physiological and pathological changes of different t
sues. For example, OT has been used to detect b
hemorrhages,5–7 to diagnose breast cancer,8,9 and to investi-
gate rheumatoid arthritis in finger joints.10–12

The technology for making light-transmission measu
ment on human subjects is nowadays readily available.5,13–16

However, a major challenge remains the development of
gorithms that transform these measurements into useful
ages. Research groups have devised various mathem
methods for solving the reconstruction problem in OT. Co
monly applied schemes are modified backproject
methods,17–19 diffraction tomography,20–23 perturbation
approaches,24–30full matrix inversion techniques31–39and el-
liptic system methods.40,41 All these reconstruction scheme
1698 Med. Phys. 26 „8…, August 1999 0094-2405/99/26 „8
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are generally based on the diffusion approximation to
equation of radiative transfer.42–44 Furthermore, most of the
currently available imaging techniques require that the
jects to be reconstructed are small perturbations to an ot
wise known reference medium. For a more detailed rev
of state-of-the-art reconstruction schemes, see, for exam
Refs. 45 and 46.

Recently, increasing attention has been paid to gradi
based iterative image reconstruction~GIIR! methods, which
overcome the limitations of small perturbations.46–50 These
iterative schemes consist of three major parts:~1! a diffusion
forward model that uses the diffusion equation to predict
detector readings based on a given spatial distribution
optical properties,~2! an objective functionF that compares
the predicted with measured signals, and~3! an updating
scheme that uses the gradient of the objective function w
respect to the optical properties to provide optical parame
for subsequent forward calculations. Our group reported o
particular scheme46 that uses adjoint differentiation tech
niques to calculate the gradient of the objective function a
employs a gradient-based line-minimization technique
generate updated optical parameters. We demonstrated
successful reconstruction of two-dimensional~2D! slices
through the brain and simple two- and three-dimensio
tissue–phantom systems.

All of the currently existing reconstruction schemes, i
cluding the GIIR algorithms, are based on the diffusion a
proximation to the equation for radiative transfer. This a
proximation is only valid for highly scattering media wit
1698…/1698/10/$15.00 © 1999 Am. Assoc. Phys. Med.
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ms8@ma and large source–detector pair separation. Thus,
model fails if it is applied to highly absorbing media whe
the reduced scattering coefficientms8 is similar or smaller
than the absorption coefficientma . Furthermore, recent stud
ies suggest that diffusion theory fails to accurately desc
light propagation in voidlike regions.51–53These low scatter-
ing and low absorbing areas are present in the cerebros
fluid of the brain, the synovial fluid of human finger joints,
the amniotic fluid in the female uterus. Examples for high
absorbing regions in the body are hematoma or liver tiss
For these cases it is highly desirable to have a reconstruc
code that is based on the theory of radiative transfer.

Several researchers have already worked on the inv
problem concerning the equation of radiative transfer. A m
jority of these studies deal with plane-parallel media. For t
geometry time-dependent and time-independent solut
have been provided for media that are either spatially ho
geneous or nonhomogeneous and have source and dete
either inside or outside the medium.54–56 Non-plane-parallel
configurations were considered only by a few scientis
Larsen57,58 reports on a method to solve the tim
independent inverse transport problem for optically thin m
dia. Elliott59 found a solution for a weakly absorbing m
dium with a point source, but did not present actu
reconstructions. Wang and Ueno60 established a theoretica
procedure for estimating the two-dimensional distribution
the ground albedo of the earth by measurements made
side the atmosphere. Aronsonet al.61 and Changet al.62 used
a Monte-Carlo solution of the adjoint transport equation.
locate discrete absorbers in highly scattering media from
mographic data, Aronsonet al. applied a backprojection
method while Changet al. used a perturbation theory ap
proach. A detailed discussion of most of these methods
been given by McCormick.63–65 What is still missing is an
image reconstruction scheme that efficiently provides
spatial distribution of tissue optical properties for a genera
heterogeneous medium given external sources and det
readings obtained on the surface of the medium.

In this work we present a gradient-based iterative rec
struction algorithm for OT that uses the equation of radiat
transfer as a forward model. We will first describe the imp
mentation of an upwind scheme for the solution of the eq
tion of radiative transfer. This is followed by the derivatio
of an adjoint differentiation scheme for the transport eq
tion. This allows an efficient calculation of the gradient of
objective function with respect to the optical parameters.
in our diffusion GIIR algorithm,46 this gradient is used in a
line minimization scheme to find the minimum of the obje
tive function. Finally, we will present and discuss some i
tial reconstruction results from simulated data for media w
varying scattering coefficients.

II. IMAGE RECONSTRUCTION SCHEME

We employ an iterative reconstruction scheme that
three major elements, similar to the previously develop
GIIR code. These elements are a forward model, an objec
function, and an updating scheme. The forward model gi
Medical Physics, Vol. 26, No. 8, August 1999
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a numerical solution of the light distribution inside the obje
V and predicts the energy radianceCd on the boundary]V
based on the equation of radiative transfer starting with
initial guessm05@ms,0(r ),ma,0(r )# of the optical parameters
and light sourceS(r s) at the positionsr s . A given set of
measurementsM on the boundary]V is compared with the
set of the predicted radiancesCd(m0) by defining an objec-
tive functionf. An optimization technique is used to min
mize the objective functionf. For this optimization the op-
tical parametersm0 are updated using the derivativedF/dm
of the objective function with respect to the optical prope
ties. The gradient is computed by an adjoint differentiati
technique, which takes advantage of a well-chosen nume
discretization of the forward model. A new forward calcul
tion is performed based on the new set of optical parame
m01Dm. The iteration process is finished when the min
mum of the objective function is reached within a specifi
error. At this point the predicted detector readings are id
tical to the measured detector readings within a given to
ance. The optical parameters,m, are mapped into a two
dimensional image. In the following sections we describe
detail the three different components and how they w
together to yield a reconstructed image of the optical pr
erties.

A. Forward transport model

We use the equation of radiative transfer as a forw
model that predicts the detector readings. This integ
differential equation is usually derived by considering ene
conservation in a small volume,43,66 and can be written for
the two-dimensional time-dependent case as

1

c

]C~r ,v,t !

]t
5S~r ,v,t !2v•¹C~r ,v,t !

2~ma1ms!C~r ,v,t !

1msE
0

2p

p~v,v8!C~r ,v8,t ! dv8. ~1!

Herer is the position vector andv a unit vector pointing in
the direction of photon propagation.C(r ,v,t) is the energy
radiance in units of W cm22 sr21. The source termS(r ,v,t)
represents power injected into a solid angle centered onv in
a unit volume atr . The phase functionp(v,v8) describes
the probability that during a scattering event a photon w
directionv8 is scattered into the directionv.

To solve this equation we use a discrete-ordinate, fin
difference method with vacuum boundary condition, whi
assumes that the incoming flux on the boundary is z
„C(rb ,v•n,0…50, whererb is a position on the boundar
and n is an outward normal on the boundary!.67–70 In this
scheme the integral term in Eq.~1! is replaced by a quadra
ture formula that uses a finite set ofK angular directions
vk with k51,...,K. This yields a set of K coupled
ordinary differential equations for the angular-depend
radianceCk(r ,t)5C(r ,vk ,t) in the directionsvk . The
coupling term is the internal source ter
ms(k851

K ak8p(vk8 ,vk)C(r ,vk8 ,t). The parameterak8 is a
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weighting factor and depends on the chosen quadrature
mula. In this work we apply theextended trapezoidal rule.71

After the angular discretization we obtain

1

c

]Ck~r ,t !

]t
5Sk~r ,t !2vk•¹Ck~r ,t !2~ma1ms!Ck~r ,t !

1ms (
k851

K

ak8pkk8Ck8~r ,t !. ~2!

Additionally, the spatial variabler needs to be discretized
The domainV is subdivided into a set ofMN cells defined
by a spatial mesh withM points on thex coordinate andN
points on they coordinate. The mesh size along thex axis is
Dx and along they axis isDy. The angular radiance for th
directionvk at the grid point~ij ! at the positionr 5(xi ,yj ) is
represented byCki j (x)5Ck(xi ,yj ,t). The angular direction
vk can be expressed in Cartesian coordinates withjk5ex

•vk5cosvk andhk5ey•vk5sinvk . The transport equation
can now be written as

1

c

]Ck~xi ,yj ,t !

]t
5Sk~xi ,yj ,t !2jk

]Ck~xi ,yj ,t !

]x

2hk

]Ck~xi ,yj ,t !

]y

2~ma1ms!Ck~xi ,yj ,t !

1ms (
k851

K

ak8pkk8Ck8~xi ,yj ,t !. ~3!

Finally, the spatial derivatives have to be replaced wit
finite-difference scheme. This can be done in a variety
ways.72–75 In this work we use an upwind-differenc
scheme76 because it supplies the adequate numerical fra
work for the gradient calculation performed by the adjo
differentiation, which we are going to describe later. T
upwind differencing depends on the directionvk of the
angular-dependent radianceCk . Thus, the set of all angula
directionsvk are subdivided into four quadrants and we g
four different difference formulas for the radianceCk :

~ I! jk.0,hk.0:
dC

dx
'

C i , j2C i 21,j

Dx
,

~4a!
dC

dy
'

C i , j2C i , j 21

Dy
,

~ II ! jk,0,hk.0:
dC

dx
'

C i 11,j2C i , j

Dx
,

~4b!
dC

dy
'

C i , j2C i , j 21

Dy
,

~ III ! jk.0,hk,0:
dC

dx
'

C i , j2C i 21,j

Dx
,

~4c!
dC

dy
'

C i , j 112C i , j

Dy
,
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~ IV ! jk,0,hk,0:
dC

dx
'

C i 11,j2C i , j

Dx
,

~4d!
dC

dy
'

C i , j 112C i , j

Dy
.

For example, for case I the discretized transport equatio
given by

1

c

]C i , j ,k~ t !

]t
5Si , j ,k~ t !2jk

C i , j ,k~ t !2C i 21,j ,k~ t !

Dx

2hk

C i , j ,k~ t !2C i , j 21,k~ t !

Dy

2~m i , j
a 1m i , j

s !C i , j ,k~ t !

1m i , j
s (

k851

K

ak8pkk8C i , j ,k8~ t !. ~5!

The time discretization is performed usingforward Euler
differencing:71

]C

]t
'

Cn112Cn

Dt
, n51, . . . ,nmax. ~6!

Considering an explicit upwind scheme, we get for case

C i , j ,k
n115C i , j ,k

n 1cDtSi , j ,k
n 2cDtjk

C i , j ,k
n 2C i 21,j ,k

n

Dx

2cDthk

C i , j ,k
n 2C i , j 21,k

n

Dy
2cDt~m i , j

a 1m i , j
s !C i , j ,k

n

1cDtm i , j
s (

k851

K

ak8pkk8C i , j ,k8
n . ~7!

Analog expression can be found for the other cases II–
This explicit upwind scheme is conditionally stable forDt
<Dx/2c.76 The steady-state solution is obtained by assu
ing a time-independent source,S(t)5S0 , and iterating the
solution until (Un112Un),«, with « being the termination
parameter to be defined by the user. At this equilibrium
time derivatives are vanished and we get a solution of
time-independent equation of radiative transfer.

It is important to note that the difference equations of
quadrants can be written as matrix formula and it follo
with C and S as MNK31 vectors andB and T as MNK
3MNK matrices:

Cn115~B1T!Cn1S. ~8!

The vectorsC of the radiance andS of the external source
strength are ordered as follows:

C5~C111,C112,...,C121,C122,...,C211,C212,...,

Cki j ,...,CKMN!. ~9!

The componentsBki j andTki j can be found in the Appendix
It is crucial for the adjoint derivative calculation that we ca
write the solution scheme of the forward problem in a fo
given by Eq. ~8!. As we will see later, this form allows
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1701 A. D. Klose and A. H. Hielscher: Iterative reconstruction scheme 1701
efficient calculation of the gradient of the objective functio
which needs to be minimized to obtain a reconstructed
age.

B. Objective function

We consider the image reconstruction problem in OT
an optimization problem. The measurements are compare
the predicted detector readings by defining an objective fu
tion as least-square functionalF, which depends on the op
tical properties:

F~m!5(
m

S Mm2(kCmk
n ~m!

(kCmk
n ~m!

D 2

with n5nmax. ~10!

The objective function is a sum over all source-detector p
m. We assume that the detector readingsM on the boundary
are angular independent. Thus, the predicted radianceC had
to be summed over all outward-pointing anglesk for each
detector position. Additional regularization terms could
added to the least-square term,46 however, they are not con
sidered in this work. A solution of the image reconstructi
problem can be assumed if the difference between meas
and predicted data is small. Therefore the task becomes
to minimize the objective function.

C. Optimization technique

The minimization of the objective functionF, can be per-
formed effectively with optimization techniques that use t
gradientdF/dm of the objective functionF with respect to
the optical propertiesm. We use a method that consists of
one-dimensional line search along the direction of the gra
entdF/dm to find the minimum of the objective function i
that direction.71 Starting with the initial guessm0 and two
more points,m15m01Dm andm25m012Dm chosen along
the direction of the gradient, function valuesF(m0), F(m1),
andF(m2) are calculated. The largest function value is n
glected and a new pointm3 is defined applying thegolden
section rule.71 This procedure is repeated until the interva
between these three points become sufficiently small. A
rabola is fitted to the points and the minimumF(m I) is es-
timated. A new gradient (dF/dm)(m I) is calculated at the
minimum m1 and a new line-minimization begins.

To increase the performance of the line search we emp
a Polak–Riberie scheme71 to calculate the conjugate gradie
of (dF/dm)(m I) at m I and call it (dF̃/dm)(m I). A next
minimum m II is searched along the new conjugate direct
(dF̃/dm)(m I). The entire process is repeated until the mi
mum of F in the m-space is found. The final result is th
reconstructed image represented by the distributionmN after
N one-dimensional line searches.

D. Gradient calculation with adjoint differentiation

To make use of gradient-based optimization techniq
we need to calculate the derivativedF/dm. For optical to-
mography analytical expressions of the derivatives are
general, not available and the derivative calculation by d
ference approximations leads to long computation times.
Medical Physics, Vol. 26, No. 8, August 1999
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overcome these limitations we seek to employ adjoint diff
entiation techniques,77–79which computes the derivatives ex
actly without truncation error at a computational expen
comparable to a forward model run.80 Adjoint differentiation
methods compute the derivatives using the forward code
the reverse direction. As we will see, the recursive form
Eq. ~8! plays a crucial role in the implementation of th
adjoint differentiation technique.

In our approach to optical tomography the adjoint diffe
entiation technique can be formulated as follows. The deri
tive, dF/dmk , of the objective function with respect to th
optical parameter,mk , for all time stepsn applying the chain
rule can be written as

dF

dmk
5(

n
S dF

dmk
D n

5(
n

S (
j

dF

dC j
n

]C j
n

]mk
D . ~11a!

We denote all elements of vectors or matrices only withi, j,
or k regardless of the meaning as a position (i , j ) or anglek.
Equation~11a! can also be written for one fixed time stepn
as

S dF

dmk
D n

5
dF

dC1
n

]C1
n

]mk
1

dF

dC2
n

]C2
n

]mk
1¯1

dF

dC j
n

]C j
n

]mk
1¯ ,

~11b!

and we obtain in matrix notation

3
dF

dm1

dF

dm2

•

dF

dmk

4
n

53
]C1

n

]m1

]C2
n

]m1

•

]C j
n

]m1

]C1
n

]m2

]C2
n

]m2

•

]C j
n

]m2

• • • •

• • •

]C j
n

]mk

4 3
dF

dC1
n

dF

dC2
n

•

dF

dC j
n

4 . ~12!

Taking the partial derivative with respect to the optical p
rametersmk we get from Eq.~8! for the elements of the
matrix in ~12!

]C j
n

]mk
5

]Bji

]mk
C i

n211
]Tji

]mk
C i

n21. ~13!

@Here we replaced (n11) by n in Eq. ~8! without loss of
generality.# The elementsdF/dC j

n of the vector on the
right-hand side of Eq.~12! are computed by the adjoint dif
ferentiation technique. That means the derivativedF/dC j

n

of the current time stepn is calculated in the adjoint or re
verse direction using the derivativedF/dC i

n11 of the time
step (n11) by applying the chain rule. Therefore we obta

dF

dC j
n 5(

i

dF

dC i
n11

dC i
n11

dC j
n 1

]F

]C j
n ~14a!

or
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dF

dC j
n 5

dF

dC1
n11

dC1
n11

dC j
n 1

dF

dC2
n11

dC2
n11

dC j
n 1¯

1
dF

dC i
n11

dC i
n11

dC j
n 1¯1

]F

]C j
n ~14b!

with dF/dC j
n5]F/]C j

n for n5nmax. Applying Eq. ~10!,
the partial derivative]F/]C j

n in ~14a! yields

]F

]Cn

5H 2S M j2(kC jk
n

(kC jk
n D S M j

~(kC jk
n !2D , n5nmax.

0, n,nmax, j Þm.

~15!

The subscriptm denotes the detector positions on the bou
ary and the subscriptk denotes the angles. Differentiatin
Eq. ~8! with respect toC i

n , we obtain

dC j
n11

dC i
n 5Bji 1Tji . ~16!

Taking the transpose of Eq.~16! we obtain

S dC j
n11

dC i
n D T

5
dC i

n11

dC j
n 5Bi j 1Ti j . ~17!

Inserting Eq.~17! into Eq. ~14a! we get

dF

dC j
n 5(

i
~Bi j 1Ti j !

dF

dC i
n11 1

]F

]C j
n . ~18!

Once the derivativesdF/dC j
n are calculated, the gradient o

the objective function with respect to the optical paramet
is easily obtained by Eqs.~12! and ~11a!.

III. RESULTS

We initially tested the code for media that vary in th
scattering coefficient. Detector readings were generated
the boundary of the object for several source and dete
positions by using the transport forward model with an a
gular discretization of 16 angles. We assumed a tim
independent isotropic source in order to produce tim
independent simulated measurements. Subsequently,
calculated detector readings were used as input for the re
struction algorithm. All calculations where done with
LINUX workstation containing a Pentium II 350 MHz pro
cessor.

As a first example we reconstructed a simple hetero
neous medium, which consisted of a 2 cm by 2 cmback-
ground medium and two objects@Fig. 1~a!#. The two objects
had a size of 0.25 cm by 0.25 cm each. The backgro
medium had optical coefficients ofms510.0 cm21, ma

50.01 cm21, and g50. Inside the two heterogeneities th
scattering coefficients werems512.0 cm21 and ms

58.0 cm21, respectively, while the absorption coefficie
and the anisotropy factor were the same as in the backgro
medium. For the simulations we used a 40 by 40 grid res
ing in a pixel size of 0.05 cm and 1600 unknown scatter
Medical Physics, Vol. 26, No. 8, August 1999
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coefficients. In the center of each side of the medium
source was placed, and 96 equally spaced detectors
rounded the medium. Therefore, this configuration yielde
total of 384 source–detector pairs. As an initial guess
assumed a homogeneous medium with the same op
properties as the background medium.

FIG. 1. ~a! The original medium of size 2 cm by 2 cm with two inhomog
neities of size 0.25 cm by 0.25 cm. The medium is discretized into 40 by
pixels. The optical properties of the isotropic background medium arems

510 cm21, ma50.01 cm21, andg50. The two heterogeneities differ only
in the scattering coefficient, which are given byms512.0 cm21 and ms

58.0 cm21. One source is placed in the center of each side and 96 equ
space detectors surrounded the medium. Also shown are the reconstr
images~b! after 1 iteration,~c! after 5 iterations, and~d! after 20 iterations.
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In Fig. 1~b! the reconstructed images after one iterat
can be seen. Figures 1~c! and 1~d! show reconstructions afte
5 and 20 iterations. Further iterations resulted in only m
ginal improvements. The computation time for 20 iteratio
was approximately 3 h. The positions of the two inhomog
neities could be identified even though the size appeared
large. The absolute values of the scattering coefficients a
positions of the perturbations were underestimated for
object with higher-than-background scattering and overe
mated for the object with lower-than-background scatteri

Next we investigated the influence of the number
sources and/or detectors on the reconstruction results.
original object was the same as in the first example@Fig.
2~a!#. The initial guess was a homogeneous medium with
background optical properties. Figures 2~b!–2~d! show the
reconstruction after 20 iterations with 4 sources and 16
tectors, 4 sources and 96 detectors, and 16 sources an
detectors, respectively. Increasing the number of detec
and sources led to some improvement of the reconstruc
results. For example, increasing the number of detec
from 16 to 96 decreased the minimalD value from D
59.56 cm2 ns21 to D59.51 cm2 ns21 ~correct D58.0 cm2

ns21! and increased the maximalD value from D
510.37 cm2 ns21 to D510.41 cm2 ns21 ~correct D
512.0 cm2 ns21!. However, even with 16 sources and 9
detectors absolute values of the scattering coefficients w
underestimated by 13.1% for the object with higher-tha
background scattering and overestimated by 18.6% for
object with lower-than-background scattering. Further
crease in number of sources or detectors only led to marg
~,0.1%! improvements. The computation time approx
mately doubles if the number of sources is doubled, since
each additional source a full forward calculation becom
necessary. Doubling the number of detectors only leads
slight increase of computation time, since no additional f
ward calculations are necessary.

In a third example we varied the mesh size. This time
medium had a background scattering coefficient ofms

520.0 cm21 and an absorption coefficient ofma50.01
cm21 @Fig. 3~a!#. The two inhomogeneities had the scatteri
coefficients ofms516.0 cm21 and ms524.0 cm21, respec-
tively, while ma was not changed. Four sources and 40
tectors surrounded the object. We used two different m
sizes with 0.05 and 0.025 cm. The positions, shape, and
tical properties of the heterogeneities could be reconstru
better for the smaller mesh size@Figs. 3~b! and 3~c!#. How-
ever, the computation time for 20 iterations increased from
h for the 40340 grid to 12 h for the 80380 grid.

As a last example, we attempted to reconstruct a hig
scattering medium that contained a voidlike ring@Fig. 4~a!#.
The medium had a size of 2 cm by 2 cm and was discreti
into a 80380 mesh withDx5Dy50.025 cm. The back-
ground medium had a scattering coefficient ofms520.0
cm21 and an absorption coefficient ofma50.01 cm21. The
scattering coefficient of the voidlike ring was decreased b
factor of 40 toms50.5 cm21, and the absorption coefficien
was set toma50.1 cm21. The anisotropy factor,g50, is
constant throughout the medium, thereforems5ms8 . The
Medical Physics, Vol. 26, No. 8, August 1999
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ring had a diameter of 1.45 cm and a thickness of 0.075
Four sources and 40 detectors were placed equally sp
around the object. The time-independent measureme
which were used as the input data for the reconstructio
were generated by the transport forward model. The sub
quent reconstructions were performed with the image rec
struction algorithms based on equation of radiative trans
Additionally we employed a previously developed diffusio
equation-based reconstruction algorithms.46 This time-
dependent diffusion code was easily adapted to the ti

FIG. 2. Influence of the number of sources and detectors on the re
structed image.~a! The original medium with two inhomogeneities as in Fi
1~a!. The reconstructed images after 20 iterations are shown for~b! 4
sources and 16 detectors, for~c! 4 sources and 96 detectors, and for~d! 16
sources and 96 detectors.
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independent case by assuming a time-independent so
term. For the diffusion reconstruction we generated dete
readings with the diffusion forward model. The initial gue
for all reconstructions was homogeneous medium withms

520 cm21.
The reconstructed image based on the transport th

@Fig. 4~b!# clearly shows a ring with a decreased scatter
coefficient, even though the absolute value ofms513.83
cm21 is much too large. This can mainly be attributed to t
large initial guess, which is 40 times larger than the act
value in the ring region. The scattering coefficient in the a
surrounded by the voidlike ring could be reconstruc
within an error of 17.75%.

On the other hand, the reconstruction code based on
diffusion model completely fails to recover either the rin
structure or the absolute values of scattering coefficie
@Fig. 4~c!#. The voidlike ring and the surrounded center
the medium cannot be distinguished. The diffusio

FIG. 3. Influence of the mesh size on the reconstruction.~a! The isotropic
original medium with background optical properties ofms520.0 cm21 and
ma50.01 cm21. The two heterogeneities differ in the scattering coefficien
which are given byms516.0 cm21 and ms524.0 cm21, respectively. One
source is placed in the center of each side and 40 equally spaced det
surrounded the medium. The reconstructed images are shown for the
sizes of~b! Dx5Dy50.05 cm and~c! Dx5Dy50.025 cm.
Medical Physics, Vol. 26, No. 8, August 1999
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reconstructed image shows a decreased scattering coeffi
in the middle of the object. This is in agreement with earl
experimental and theoretical findings, where it was sho
that the diffusion theory predicts that light is channeled
voidlike structures within highly scattering media.51–53 This
means that less light enters into areas enclosed by void
regions when the diffusion equation rather than the equa
of radiative transfer is used. The light finds a ‘‘short-cu
around the center region and it appears that the medium
a low scattering coefficient. These results underline the
portance of the correct model in reconstruction schemes
more detailed experimental and theoretical investigation
explores the exact limits of the diffusion model in optic
tomography is beyond the scope of this study, but will
treated in future works.

,

tors
esh

FIG. 4. Comparison of transport-theory-based and diffusion-theory-ba
image reconstruction of voidlike areas.~a! Homogeneous object with an
embedded voidlike circle. The optical properties in the voidlike area
ms50.5 cm21, ma50.1 cm21, andg50. The optical properties of the back
ground medium arems520.0 cm21, ma50.01 cm21, and g50. The me-
dium is surrounded by 4 sources and 40 detectors, which are equally sp
The medium is discretized into 80 by 80 pixels, withDx5Dy50.025 cm.
The reconstructed images are shown~b! based on theory of radiative transfe
after 20 iterations, which take approximately 12 h to compute and~c! based
on diffusion theory after 50 iterations, which take approximately 4 h to
compute.
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IV. SUMMARY AND OUTLOOK

We have developed an image reconstruction algorithm
time-independent optical tomography that is based on
equation of radiative transfer. Detector readings are predi
by a finite-difference, discrete-ordinate transport code, wh
employs an upwind scheme. An objective function is defin
that compares the predicted with actual detector readi
The minimum of this objective function is determined with
gradient-based line-minimization scheme. For the grad
calculation we employ an adjoint differentiation scheme t
makes use of the structure of the transport forward code

The new image reconstruction algorithm could quali
tively estimate the distribution of the scattering coefficie
of simple heterogeneous media. The positions of heterog
ities could be determined with high accuracy, while the a
solute values of scattering coefficients were underestim
for objects with higher-than-initial-guess scattering coe
cient and overestimated for the object with lower-tha
initial-guess scattering coefficient. The image quality co
be slightly increased by an increase in the number of sou
and detectors. Furthermore, we observed that better re
structions can be obtained with smaller mesh sizes. The
advantage of more sources and smaller mesh sizes is
prolonged computation time. Finally, we showed that, unl
diffusion-equation-based algorithms, the transport-equat
based code can find low-scattering, voidlike regions in de
optical media.

Further work has to be done to test and improve the co
The inclusion of absorption reconstruction is straightforwa
since the equation for the gradient calculation applies
both thems and ma . However, the problem of cross-tal
between simultaneousms andma reconstruction, as observe
already in diffusion-equation-based reconstruct
algorithms,47,81 needs to be evaluated. Furthermore, the
fluence of nonisotropic phase functions withgÞ0 will be an
important issue. This is related to the problem of the optim
number of angles in the angular discretization. Besides
creasing the number of sources and decreasing the mesh
improved reconstruction results may be obtained by time
frequency-domain formulations of the problem.

There are various ways of increasing the speed of
reconstruction. For example, each forward calculation co
be performed on a different processor leading to a para
ization of the code. The one-dimensional line search can
accelerated using different optimization techniques as qu
Newton search or the Broyden–Fletcher–Goldfarb–Sha
~BFGS! update.82 Furthermore, the proper use of prior info
mation in the initial guess as well as in regularizati
schemes could not only shorten the convergence time
also leads to improved accuracy in the reconstruction.

Finally, the accuracy of the upwind difference schem
which is only a first-order finite-difference approximatio
should be compared with high-order finite-difference a
proximations such as the diamond difference scheme75 or
centered space difference scheme.74 Diamond difference
schemes, furthermore, have the advantage that acceler
methods exist that lead to reduced forward computa
Medical Physics, Vol. 26, No. 8, August 1999
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times.83,84 On the other hand, the structure of these cod
complicates the gradient calculation and the developmen
efficient adjoint differentiation techniques has been elus
so far.
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APPENDIX: MATRIX COMPOSITION

The matrix B is split up into four submatrices for eac
quadrant of the angles withBI :jk.0,hk.0, BII :jk,0,hk

.0, BIII :jk,0,hk,0, BIV :jk.0,hk,0:

B5S BI 0

BII

BIII

0 BIV

D ,

Bq5S Bq1 0 0 • • •

0 Bq2 0 • • •

0 0 • • • •

• • • • • •

• • • • • •

• • • • • Bqk

D ,qP$I,II,III,IV %.

The elementsBi j of a submatrixBqk, whereq denotes the
quadrant, depend on their indexk of the angle:

Quadrant I:

Bi j 512cDtDx21jk2cDtDy21hk2cDt~m i j
a 1m i j

s !,

Bi 21 j5cDtDx21jk ,

Bi j 215cDtDy21hk .

Quadrant II:

Bi j 511cDtDx21jk2cDtDy21hk2cDt~m i j
a 1m i j

s !,

Bi 11 j52cDtDx21jk ,

Bi j 215cDtDy21hk .

Quadrant III:

Bi j 511cDtDx21jk1cDtDy21hk2cDt~m i j
a 1m i j

s !,

Bi 11 j52cDtDx21jk ,

Bi j 1152cDtDy21hk .
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Quadrant IV:

Bi j 512cDtDx21jk1cDtDy21hk2cDt~m i j
a 1m i j

s !,

Bi 21 j5cDtDx21jk ,

Bi j 1152cDtDy21hk .

The matrixT denotes the internal source terms of the tra
port equation contributed by scattering. The elementsTki j

are Tki j5cDtm i j
s hp with the step sizeh52pK21 of the

extended trapezoidal rule.71 The phase function of the iso
tropic case isp5(2p)21.
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~Birkhäuser Verlag, Basel, 1991!, pp. 64–75.

62J. Chang, H. L. Graber, R. L. Barbour, and R. Aronson, ‘‘Recovery
optical cross-section perturbations in dense scattering media by trans
theory-based imaging operators and steady-state simulated data,’’ A
Opt. 35, 3963–3978~1996!.

63N. J. McCormick, ‘‘Inverse radiative transfer problems: A review,’’ Nuc
Sci. Eng.112, 185–198~1992!.

64N. J. McCormick, ‘‘Methods for solving inverse problems for radiatio
transport—An update,’’ Transp. Theory Stat. Phys.15~6&7!, 159–772
~1986!.

65N. J. McCormick, ‘‘Recent developments in inverse scattering transp
methods,’’ Transp. Theory Stat. Phys.13~1&2!, 15–28~1984!.

66A. Sanchez and N. J. McCormick, ‘‘A Review of neutron transport a
proximations,’’ Nucl. Sci. Eng.80, 481–535~1982!.

67E. E. Lewis and W. F. Miller, Jr.,Computational Methods of Neutron
Transport~Wiley, New York, 1984!.

68K. D. Lathrop, ‘‘Discrete-ordinates methods for the numerical solution
the transport equation,’’ React. Tech.15, 107–134~1972!.

69R. D. Richtmyer and K. W. Morton,Difference Methods for Initial-Value
Problems~Wiley, New York, 1967!.

70W. F. Ames,Numerical Methods for Partial Differential Equations~Aca-
demic, New York, 1977!.

71W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flanne
Numerical Recipes in C~Cambridge University Press, New York, 1992!.

72R. E. Alcouffe, E. W. Larsen, W. F. Miller, Jr., and B. R. Wienke, ‘‘Com
putational efficiency of numerical methods for the multigroup, discre
ordinates neutron transport equations: the slab geometry case,’’ Nucl.
Eng.71, 111–127~1979!.

73W. H. Reed, ‘‘New difference schemes for the neutron transport eq
tion,’’ Nucl. Sci. Eng.46, 309–314~1971!.

74N. K. Madsen, ‘‘Convergent centered difference schemes for the disc
ordinate neutron transport equations,’’ SIAM~Soc. Ind. Appl. Math.! J.
Numer. Anal.12, 164–176~1975!.

75R. E. Alcouffe, ‘‘An adaptive weighted diamond differencing method f
three-dimensional xyz geometry,’’ Trans. Am. Nucl. Soc.68A, 206–212
~1993!.

76G. Sewell,The Numerical Solution of Ordinary and Partial Differentia
Equations~Academic, San Diego, 1988!.

77Automatic Differentiation of Algorithms: Theory, Implementation, a
Application, edited by A. Griewank and G. F. Corliss~SIAM, Philadel-
phia, 1991!.

78K. M. Hanson, G. S. Cunningham, and S. S. Saquib, ‘‘Inversion based
complex computational simulations,’’ IEEE/EURASIP Workshop o
Nonlinear Signal and Image Processing, Mackinac Island, MI, 8–10 S
tember 1997.

79A. J. Davies, H. B. Christianson, L. C. W. Dixon, R. Roy, and P. van d
Zec, ‘‘Reverse differentiation and the inverse diffusion problem,’’ Ad
Eng. Soft.28, 217–221~1997!.

80W. C. Thacker, ‘‘Automatic differentiation from an oceanographer’s p
spective,’’ inAutomatic Differentiation of Algorithms: Theory, Impleme
tation, and Application, edited by A. Griewank and G. F. Corliss~SIAM,
Philadelphia, 1991!, pp. 191–201.

81M. Schweiger and S. R. Arridge, ‘‘Optimal data types in optical tomo
raphy,’’ Proc. of XV International Conference on Information Process
in Medical Imaging, IPMI ’97, 9–13 June 1997, Poultney, VT~in press!.

82D. A. Pierre,Optimization Theory with Applications~Dover, New York,
1986!.

83R. E. Alcouffe, ‘‘A diffusion acceleratedSN transport method for radia-
tion transport on a quadrilateral mesh,’’ Nucl. Sci. Eng.105, 191–197
~1990!.

84R. E. Alcouffe, ‘‘Diffusion synthetic acceleration: method for the di
mond differenced discrete ordinates equation,’’ Nucl. Sci. Eng.64, 344–
352 ~1977!.


