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We propose a bootstrap procedure for data that may exhibit cluster-dependence
in two or more dimensions. The asymptotic distribution of the sample mean or other
statistics may be non-Gaussian if observations are dependent but uncorrelated within
clusters. We show that there exists no procedure for estimating the limiting distribu-
tion of the sample mean under two-way clustering that achieves uniform consistency.
However, we propose bootstrap procedures that achieve adaptivity with respect to dif-
ferent uniformity criteria. Important cases and extensions discussed in the paper in-
clude regression inference, U- and V-statistics, subgraph counts for network data, and
non-exhaustive samples of matched data.

KEYWORDS: Multi-way cluster-dependence, wild bootstrap, U-statistics, network
data.

1. INTRODUCTION

WE CONSIDER INFERENCE based on a random array (Y},) that is indexed by two dimen-
sions, where the indices i=1,...,N (and ¢t =1, ..., T, respectively) correspond to units
(“clusters™) that are sampled independently at random from an infinite population, but
we allow for otherwise unrestricted dependence within each row Y;. := (Y}, ..., Yir), and
within each column Y, := (Y3, ..., Yxn:). There are various contexts in which a researcher
may encounter data with cluster-dependence along multiple dimensions:

EXAMPLE 1.1—Cluster-Dependence: Cross-sectional data may be organized among
multiple dimensions, for example, a worker simultaneously pertains to a certain geo-
graphic labor market, industry, and occupation. Dependence within any of these groups
may result, for example, from common economic shocks, or other group-level variables;
see Moulton (1990). Cameron, Gelbach, and Miller (2011) gave a more comprehensive
account of settings in empirical practice for which cluster-dependence may result from
sampling or other design decisions.

EXAMPLE 1.2—Static Panels, Difference-in-Differences: One interpretation of this
setup is a panel in which cross-sectional units are observed over time, and the outcome
of interest is subject to both common aggregate shocks that are serially independent and
unit-level heterogeneity.! Two-way heterogeneity of this form is a characteristic feature
of classical difference-in-differences designs that aim to control for temporal shocks as
well as unobserved heterogeneity. Our framework does not restrict the number of dis-
tinct shocks, or how they may interact in a generative model for the outcome variable
Y.
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EXAMPLE 1.3—Matched Data: For matched samples between different groups of units
i=1,...,Nand t=1,..., T, respectively, Y;, measures an outcome at the level of the
match. This setup includes test scores for a random sample of students and teachers, or
wages (marginal product of labor) for a random sample of workers and firms. In such a
setting, we often observe Y}, only for a subset of the possible dyads (i, ¢) (non-exhaustively
matched samples). We discuss an adaptation of our bootstrap method to non-exhaustively
matched data in Appendix C in the Supplemental Material (Menzel (2021)).

There are settings in which the number of dimensions along which an array (Y;, ;) may
be dependent could be greater than two. Our main framework can also be extended to
cases in which the indices of the array pertain to the same units in each dimension, that is,
the array may consist of random variables Y; ;, withi;,=1,...,N foreachd=1,...,D.
In that case, we refer to the data as D-adic (dyadic if D = 2).

EXAMPLE 1.4—V- and U-Statistics: We can view V-statistics and U-statistics (see, e.g.,
van der Vaart (1998) for definitions and a summary of classical asymptotic results) as
special cases of our framework for D-adic data. For an i.i.d. random sample X, ..., Xy,
a V-statistic of degree D with a symmetric kernel A(x4, ..., xp) is defined as

1
V=-s > h(Xiy, .., X)),
i1-iD

which is equal to the D-fold sample average ?N, D= N% Zil Y, i, for the observations

.ip

Yil..,iD = h(Xil, cees XiD)~

The kernel A(-) is called degenerate if E[A(x, X>, ..., Xp)] is constant. The asymptotic
behavior of Yy p depends crucially on whether the kernel is degenerate, which is a feature
of the unknown distribution of X;. The corresponding U-statistic is

N\ N\
U=(D> Z h(Xil""’XiD)=<D) Zwil--viDh(Xil”"’XiD)’
i.ip

i1 <ip<--<ip

where w;, , ={i; <i, <--- <ip}. Hence U-statistics can be viewed as a special case of
a mean for a non-exhaustively matched sample.

EXAMPLE 1.5—Network Data: The general framework can be applied to subgraph
counts or graph (homomorphism) densities in networks. Suppose that for a network with
N nodes, we observe the N x N adjacency matrix Gy with entries G;; corresponding to
indicators whether that network includes a directed edge from i to j, where it is usually
assumed that G; = 0 for all i (no self-links). Following the approach in Lovasz (2012),
Bickel, Chen, and Levina (2011), and Bhattacharya and Bickel (2015), we can regard
Gy as a sample from an unlabeled infinite graph. For example, to evaluate the extent
of clustering/triadic closure in the network, we can consider triad-level subgraph counts
T, = N(N+)(N*2) Zi<j<k }/ijk,r for r = 2, 3 where Yijk,2 = GijGik and Yl‘jk,:‘, = GijGiijk’ SO
that Y, 5 = 0 whenever i, j, k are not distinct, and Y, , =0if i = j or i = k. With degree
heterogeneity across nodes, entries Y, exhibit dependence across each dimension of
the array. This problem is a special case of the D-adic averages, which is discussed in the
Supplemental Material.
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Other prominent applications allowing for—not necessarily additive—dependence
across several dimensions from e-commerce, biogenetics, and crop science are cited in
Owen (2007).

1.1. Problem Description

Our main results concern the problem of bootstrapping the distribution of the sample
average

B 1 M
YNT::W;EEYW

The bootstrap procedure we propose in this paper is adaptive to features of the joint
distribution of the random array, and approximations are as N and T grow large at the
same rate. In particular, we aim to approximate the asymptotic distribution regardless of
whether, or what type of, cluster-dependence is present. This is meant to reflect empirical
practice, where the researcher aims for conclusions to be robust with respect to cluster-
dependence, but without a presumption that such dependence is in fact present.

The leading case of bootstrapping the sample average already reflects the main new
technical challenges arising from multi-way cluster-dependence. We also consider a num-
ber of additional practically relevant extensions and generalizations. For one, the proce-
dure can be easily adapted for statistics that are asymptotically linear (i.e., that can be
approximated via influence functions), or differentiable functions of Yy;. It is also con-
ceptually straightforward to extend the procedure to settings with clustering along more
than two dimensions, or D-adic data where the random array corresponds to group-level
outcomes for any subset of D out of the full set of N units included in the sample. An-
other practically important extension concerns the case in which the variable Y;, is only
observed for a subset of the pairs {(i,¢):i=1,...,N,t=1,..., T} (non-exhaustively
matched samples). For greater clarity, the paper focuses on the leading case of cluster-
dependence in two dimensions, and these generalizations are discussed in Appendix C in
the Supplemental Material.

Generally speaking, we need to distinguish three scenarios regarding the large-sample
distribution of the mean: in the absence of cluster-dependence, elements of the array
(Y;,) are mutually independent, and under regularity conditions a CLT at the (NT)~'/?
rate applies. When elements are correlated within clusters, the convergence rate of the
mean is determined by the number of relevant clusters instead. Finally, in non-separable
models of heterogeneity, elements within a cluster may be dependent even if they are un-
correlated. In that last case, which is specific to clustering in two or more dimensions, the
asymptotic behavior of the sample mean is generally non-standard, and the conventional
estimator of its asymptotic variance is not consistent. To frame ideas, we next give two
stylized examples to illustrate the difference between these three cases.

EXAMPLE 1.6—Additive Factor Model: To shape ideas, consider first the case where
clustering results from an additive model with cluster-level effects

Yi=n+ai+vy + e,

where w is fixed and «;, ;, &;, are zero-mean, i.i.d. random variables fori =1, ..., N and
t=1,..., T with bounded second moments, and N = 7. From a standard central limit
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theorem, we find that in the non-degenerate case with Var(q;) > 0 or Var(y,) > 0, the
sample distribution

VN(Yyr — E[Y;]) 5 N(0, Var(a;) + Var(y,)),

whereas in the degenerate case of no clustering, Var(«;) = Var(y,) =0,
VNT (Yyr — E[Y,]) > N(0, Var(s.)),

where -5 denotes convergence in distribution.

If the marginal distributions of these three factors were known, we could simulate from
the joint distribution of (Y;,)i—1.. ni=1,..r by sampling the individual components at ran-
dom. A bootstrap procedure would replace these unknown distributions with consistent
estimates. If the distribution of «; is not known, an intuitively appealing estimator of «; is

N _ 1 ¢ i
;= T Z(Yit —Yyr) =a; + T Z(Su — &nr),

=1 t=1

where &yr = - SV 3" &, Similarly, we can estimate 9, := = SN (Y —Yur) =7y +
% Zfil(ei, — &nr), and &;, ;= Y, — Yyr — &; — .. We can then estimate the marginal dis-
tributions of «;, y;, &; with the empirical distributions of &;, ¥,, and &;, respectively.

We could then form a bootstrap sample Y := Yyr + o + y; + &}, by drawing from these
estimators for the marginal distributions of &, y;, &, and obtain Y3, := = 3% S Y7
We can also verify that the conditional variances of the bootstrap distribution given the

sample,
2
1. 1. Var(e;,)
N Z(ai N aj) - |:Var(01i) + Tt:| %o,

2
1 <& . 1 . Var(e;;)
T Z(% N %) - [Var(yt) + Tt:| -0.

Hence, in the non-degenerate case with Var(e¢;) > 0 or Var(vy,) > 0, the bootstrap distri-
bution

«/N(f/;T — YNT) 4 N(0, Var(a;) 4 Var(y,))

converges to the same limit as the sampling distribution, so that estimation error in &;
does not affect the asymptotic variance. However, in the degenerate case of no clustering,
Var(«;) = Var(vy,) =0, the bootstrap distribution

VNT (Y3 — Yyr) > N(0,3 Var(e;))

asymptotically overestimates the variance of the sampling distribution, so that this naive
bootstrap procedure is inconsistent in the degenerate case.”

2Adaptations of the nonparametric bootstrap combining i.i.d. draws of columns and rows of the array
(Yi)iz1,..,ni=1,..,7 have been found to have similar problems; see McCullagh (2000) and Owen (2007).
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As the next example illustrates, the non-separable case has added complications from
the fact that «;, v, may interact. However, in either case, the potential complications with
the bootstrap stem entirely from the degenerate case.

EXAMPLE 1.7—Non-Gaussian Limit Distribution: For an example of non-separable
heterogeneity, let

Y= ;Y + Eir,
where «;, y,, €, are independently distributed, with E[g;] =0, Var(a;) = o2, Var(y,) =
05, and Var(e;) = o?.
If, in addition, E[«;] = E[y,] = 0, a multivariate CLT and the continuous mapping the-
orem imply

3

_ 1 N T
VNT Yy = DD (@ivi+en)
NT i=1 t=1

t=1
d
e O'aO'yZ] 22 + 0'823,

where Z,, Z,, Z; are independent standard normal random variables. Since the prod-
uct of two independent normal random variables is not normally distributed, /NT Yy is
not asymptotically normal.’ Note also that if instead E[«;] # 0 or E[y,] # 0, the statistic
remains asymptotically normal at the slower ~/T (+/N, respectively) rate.

Non-separable heterogeneity can therefore generate dependence in second or higher
moments that may contribute to the limting distribution even in the absence of correla-
tion within clusters. Since the limiting distribution need not be Gaussian for these settings,
plug-in asymptotic inference based on the normal distribution is not valid. We show below
that this type of dependence in fact precludes uniformity in estimating the limiting distri-
bution of Yyr. It can also be seen immediately from this example that this non-standard
behavior could not be generated by a model of clustering in a single dimension, but is
distinctive of the (less well-understood) case of cluster-dependence in two or more di-
mensions.

1.2. Contribution

This paper develops a theory for multi-way dependent data and proposes an inference
procedure that is adaptive to the dependence structure, that is, we aim to approximate
the asymptotic distribution under any form of cluster-dependence. In our view, this type
of adaptivity is crucial for common empirical practice, where the researcher aims for in-
ference to be robust with respect to cluster-dependence, but without a presumption that
such dependence is in fact present. Therefore, a comprehensive analysis of the asymptotic
distribution of the sample mean with multi-way clustering is needed which pays particular

3Since 7, = %(Zl + Zz)z — %(Zl — ZQ)Z, where COV(Z] + Z,, Z1 — Z,) = Var(Z,) — Var(Z,) = 0. Hence,
VAV %(Wl — W3), where W;, W, are independent chi-squared random variables with one degree of freedom.
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attention to scenarios in which observations may be uncorrelated within each cluster. We
provide a comparison of the theoretical (large-sample) properties of our bootstrap pro-
cedure to those of alternative inference methods, including Gaussian “plug-in” inference,
subsampling, and the “pigeonhole” bootstrap proposed by Owen (2007). We also provide
simulation evidence for the most relevant cases.

To our knowledge, this analysis is new to the literature, and this paper is the first to
point out that even the limiting distribution for the sample average may be nonstandard
in these settings. We also find that the default estimator for the asymptotic variance of the
sample mean (a special case of the estimator proposed by Cameron, Gelbach, and Miller
(2011)) is inconsistent due to the within-cluster dependence in second moments of Y;,. In
order to determine what types of adaptivity and uniformity we may hope to achieve, we
also establish a novel impossibility result: we find that there can be no estimator of the
asymptotic distribution of the sample mean that is uniformly consistent. Instead, we pro-
vide alternative procedures—one that is pointwise consistent, and another conservative
procedure that controls asymptotic size or coverage uniformly over the parameter space.
As a special case, these results apply to the problem of U- and V-statistics with kernel of
unknown order of degeneracy.

Interestingly, both results (nonstandard asymptotic distribution and impossibility of
uniform consistency in estimating that limit) require dependence in two or more dimen-
sions and have no counterparts for the conventional case when observations are clustered
in at most one dimension. The problem can be thought of as inference where a relevant
nuisance parameter may be on, or close to, the boundary of the parameter space, result-
ing in a discontinuity in the pointwise asymptotic limiting distribution (see Andrews (2000,
2001), Andrews and Guggenberger (2009, 2010)). Our analysis benefits from theoretical
insights and techniques developed for that abstract problem.

1.3. Relation to the Literature

The classical nonparametric bootstrap by Efron (1979) (see also Hall (1992), and
Horowitz (2000) for an exposition) can be adapted to data that are cluster-dependent
in one dimension in a straightforward manner. However, with clustering in multiple di-
mensions, the problem of resampling is fundamentally different from the case of indepen-
dent clusters, since the structure of the data no longer implies finite or weak dependence
across units. In fact, McCullagh (2000) showed that there exists no scheme for resam-
pling the raw data directly that is consistent for multi-way clustered data.* Our proce-
dure combines features of the nonparametric bootstrap with those of the wild bootstrap
(Wu (1986) and Liu (1988)) to achieve (pointwise) consistency in each case, as well as
a conservative modification that results in uniformly valid asymptotic inference. We also
establish refinements for cases in which the limiting behavior of the statistic is standard.
We find that the problem of multi-way clustering has a natural connection to the theory
of U- and V-statistics. For U- and V-statistics, Bretagnolle (1983) and Arcones and Giné
(1992) proposed separate bootstrap procedures for the non-degenerate and degenerate
case, but neither procedure is adaptive. In their analysis of weighted average derivatives
under small bandwidth asymptotics, Cattaneo, Crump, and Jansson (2014) showed how to

“McCullagh (2000)’s argument goes as follows: there is no consistent estimator for the variance of the
sample mean that is a nonnegative quadratic function of the observations Y. In particular, the bootstrapped
variance from any resampling scheme that draws directly from the original values of the variable of interest
is a function of this type, and therefore such a bootstrap scheme cannot be consistent. We propose a hybrid
scheme that does not fall under his narrower definition of the bootstrap.
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adapt a naive bootstrap procedure to handle cases when the second-order U-statistic from
a Hoeffding decomposition contributes to the asymptotic distribution. A recent paper by
Graham (2020) gives asymptotic results for dyadic data, showing that the non-Gaussian
contribution may be asymptotically negligible under sparse asymptotics.

Asymptotic standard errors with multi-way clustering have been proposed by Cameron,
Gelbach, and Miller (2011), and can be used for “plug-in” asymptotic inference in the
Gaussian limiting case—see also Cameron and Miller (2014), Aronow, Samii, and As-
senova (2015), and Tabord-Meehan (2019) for the case of dyadic data. A more recent
paper by MacKinnon, Nielsen, and Webb (2021) gives a condition on cluster sizes that
is sufficient for asymptotic normality and consistency of these standard errors, and pro-
poses a bootstrap method for that setting. We show in the Supplemental Material that
the “pigeonhole” bootstrap proposed by Owen (2007) is asymptotically valid under non-
trivial clustering in means, but conservative in the absence of clustering, and not guar-
anteed to achieve uniformity. A recent paper by Davezies, D’Haultfoeuille, and Guyon-
varch (2021) derives asymptotic properties for the pigeonhole bootstrap process for the
non-degenerate case. Subsample bootstraps, including the method by Bhattacharya and
Bickel (2015) for network data, adapt quite naturally to features of the data-generating
process and are particularly attractive when evaluation of the statistic over the full sample
is computationally very costly. The Supplemental Material also establishes that, for two-
way cluster-dependent data, subsampling is consistent pointwise, but not uniformly, and
only at a slower rate than bootstrap alternatives.

1.4. Notation and Overview

Throughout the paper, we use P to denote the joint distribution of the array (Y;,);,,
and denote drifting data-generating processes (DGP) indexed by N, T with Pyr. The
bootstrap distribution for (Y}}) given the realizations (Y, :i=1,...,N;t=1,...,T) is
denoted Py,. We denote expected values under these respective distributions using E,
Enr, and E},;, respectively.

In the remainder of the paper, we first establish a representation for the array (Y;,)
which is then used to motivate a bootstrap procedure. Formal results regarding consis-
tency and refinements for that bootstrap procedure are given in Section 4, and we illus-
trate its performance using Monte Carlo simulations. Regression inference is discussed
in Section 6. The Supplemental Material Menzel (2021) provides additional asymptotic
results for Gaussian asymptotics, the pigeonhole bootstrap, and subsampling as well as
several generalizations of the main procedure.

2. REPRESENTATION

We first consider the problem of inference on the sample mean. Here, we assume
that the sample Y;, for i=1,...,N and t =1,...,T is embedded into a dissociated
row and column exchangeable array: a separately exchangeable array is an infinite array
(Y., such that, for any integers N, T and permutations 7 : {1,... ,NY > {1,...,N}
and 772:{1,...,7~’}—> {1,...,T},wehave

d
(Y‘n'l(i)‘n'z(t))i,t = (Yit)i,t,

where “£” denotes equality in distribution. Such an array is called dissociated (see Al-
dous (1981)) if, for any Ny, Tp > 1, (Y,-,)Zf{?:TO is independent of (Y;);.n,,-7,- For
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dyadic data, we later consider dissociated, jointly exchangeable arrays (Y;);; satisfying
(Yatiym()ij < (Y});; for any permutation 7 on {1,...,N }, and for which in addition
(Y,:,-)ivj‘.’:1 is independent of (Y;); j-n,-

We can interpret this assumption as stating that rows (and columns, respectively) corre-
spond to units that are drawn independently from a common population, where we then
observe the joint outcome for every row-column pair (or a subset of those pairs in the
case of non-exhaustively matched samples). To make this more concrete, we can revisit
the applications outlined in Examples 1.2-1.5:

¢ For difference-in-differences designs or matched data, this framework requires the
units corresponding to either dimension of the sample (e.g., students and teachers,
or ethnic groups and geographic districts) to represent independent draws from a
common, infinite population.

o If for non-exhaustively matched data we may only observe joint outcomes for a pos-
sibly self-selected subset of unit pairs, the resulting sample may still be embedded
into a (jointly or separately) exchangeable array if sample selection is also (jointly or
separately) exchangeable.

e For U- and V-statistics, the kernel Y}, ;= h(X;,..., X;,) evaluated at i.i.d. obser-
vations X7, ..., Xy forms a dissociated, jointly exchangeable array.

For network data, the graph is typically regarded as “unlabeled,” that is, node identi-
fiers do not carry any significance for the statistical model, implying finite exchangeabil-
ity. Joint (“infinite”) exchangeability can be justified by regarding the sampled graph as a
subgraph of an infinite graph.’ Similarly, joint exchangeability results from network for-
mation models that treat nodes as independent draws from a common superpopulation if
the subgraph event encoded by Y, ; is fully determined by heterogeneity at the level of
the polyad (iy, ..., ip).°

By Proposition 3.3 in Aldous (1981), any dissociated separately exchangeable array can
be represented as

1D

Y, = f(ab Yi» Eir) (2'1)

for some function f(-), where a1, ..., ay, y1,--., ¥r, and &1, ..., eyr are mutually inde-
pendent, uniformly distributed random variables.” Similar representations are available
to arrays that are jointly or separately exchangeable in more than two dimensions; see
Hoover (1979) and Section 7 in Kallenberg (2005).

As an important caveat, note that separate exchangeability generally does not allow
for general serial or spatial dependence among the units in either dimension. By way of
comparison, the main assumption in Cameron, Gelbach, and Miller (2011) requires that
Cov(Yy, Y,) =0 whenever i # j and s # ¢, which allows for some forms of dependence
that are not covered by our theory. For instance, the model in Example 1.6 continues to
satisfy their assumption if ¢; (but not «; or v,) are serially dependent in either dimension.
Nevertheless, the negative results in this paper do also apply under that weaker condition.

3See, for example, Lovasz (2012), Bickel and Chen (2009).

SThis is in general not the case in models of strategic link formation (see, e.g., Leung (2019) and Menzel
(2015)), which require a different approach.

"To be precise, Aldous (1981)’s result implies that there exists an array (Y} := f(a, v, &;)) such that (Y}) 4
(Yio).
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2.1. Projection

We next show that the array (Y},);, permits a decomposition of the form
Yitzb‘i‘ai‘i‘gt‘*‘wit, E[widai,gz]zo

where a; and g, are mean-zero and mutually independent, so that the joint distribution
of Y;, can then be described in terms of the respective marginal distributions of a; and
g:, and the conditional distribution of w;, given a;, g,. Such a representation is immediate
for the leading example of the additive factor model in Example 1.6, and we now show
that it is in fact without loss of generality for arrays exhibiting dependence in two or more
dimensions.

We can expand Y, according to

Yi = E[Y,]+ (E[Yit|ai] — ]E[Y,—,]) + (]E[Yit|7t] - E[Yit])
+(E[Yit|ai: Yl — ElYila:] — E[Yily.] + E[th]) ( — ElYulai, v )
=b+a;,+g +v,+e, (2.2)

where we define e;, = Y, — E[Yi|a;, v/, a; := E[Yala;] — E[Yul, g = E[Yi|y.] — E[Yi/],
vi = E[Yyla;, vl — E[Yila;] — E[Yi|y,] + E[Y;], b =E[Y}], and we assume thrOUghOUt
that the relevant conditional expectations are well-defined. Since temporal and cross-
sectional units were drawn independently, a;,...,ay and gi, ..., gr are independent of
each other. Also by construction, E[e;|a;, g;, v;] =0 and E[v;|a;] = E[v;|g,] = 0. In par-
ticular, the terms e;,, (a;, g,), v;; are uncorrelated.

Given this representation, we can rewrite the sample mean as

1_/NT=b+C_lN‘|'gr‘|'7_11\fr‘|'éz\fr,

where ay = %Zil @iy 8r = F Y18 Unr = #Z:Tzl YL v and ey = g7 X
ZL Zf; ei[. We also denote the unconditional variances of the projections with o2 :=
Var(a;), o 2 = Var(g,), o2 := Var(v,), and o? := Var(e;), respectively. We also let
Wi ==V + €ir and denote 1ts variance by o2 = Var(w;,).

Throughout the remainder of the paper, we are going to maintain the following condi-
tions on the distribution of the random array:

ASSUMPTION 2.1—Integrability: (a) Let Y, = f(a;, v, €i), Where («;);, (7v,);, and
(&i);, are random arrays whose elements are i.i.d. draws from the uniform distribution
on the interval [0, 1]. (b) The random variables a;/o0,, g:/0,, vi/0,, and e; /o, are well-
defined and have bounded moments up to the order 4 + & for some 6 > (0 whenever the

respective variances a;, o}, 0, 0; are nonzero. (c) We have o} + o > 0 or o} + o, > 0.

2.2. Low-Rank Approximation

To understand the large-sample properties of the sample mean, it is instructive to in-
terpret the row/column projection

Ny = ZZ (ELYileti, vi] = ENYili] = ELYuly,] + ELYifl) = oo ZZv(a,, 2

t=1 i=1 t=1 i=1
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as a generalized (two-sample) U-statistic with a kernel v(«, y) evaluated at the samples
ay,...,ayand vy, ..., yr, respectively.

The asymptotic behavior of degenerate and non-degenerate generalized U-statistics is
well-understood (see Serfling (1980) for a summary of classical results). The problem of
characterizing the distribution of Yy, differs from that classical problem in two major
aspects: for one, we also need to account for the presence of the projection error e;,.
Furthermore, the factors «;, v, are not observable data, but implicitly defined by Aldous’s
(1981) construction. Nevertheless, these differences do not preclude us from applying
general insights and techniques for U-statistics to the present problem.

Specifically, we find that we can approximate the sample and bootstrap distributions of
the statistic by a function of sample averages of independent random variables. Define

v(a, y) =E[Yyla; =a,y, =vy] = E[Yyla; = a] = E[Y;|y, = y] + E[Y;].

Under Assumption 2.1, the integral operator

S(u)(g)=/v(a,g)u(a)Fa(da)
and its adjoint

S*(u)(a)=/v(a,g)u(g)Fy(dg)

are both compact, where F,, F, are the marginal distributions corresponding to the joint
F,, of «;, y,, which are independent draws from the uniform distribution under the
Aldous-Hoover representation in (2.1).

Hence, the spectral representation theorem permits the low-rank approximation

v(e,y) =Y i) (y) (2.3)

k=1

under the L,(F,,) norm on the space of smooth functions of («, y) € [0, 1]*. Here, (¢ )i>1
is a sequence of singular values with lim|c;| — 0, and (¢, (-))k>1 and (4 (-))x>; are or-
thonormal bases for L,([0, 1], F,,) and L,([0, 1], F,), respectively. Since by construction
Elv(a, v,)] = E[v(a;, g)] = 0 for each a, g € [0, 1], without loss of generality we can take
Eldi(a;)] =E[i(v,)] =0 for each k =1,2,.... Since the basis functions are orthonor-
mal and ¢; and v, independent, it follows that, for any K < oo, the covariance matrix
of (¢1(a), Y1(vs), ..., bx(a;), Yk (7y,)) is the 2K-dimensional identity matrix. However,
(d1(ay), ..., dpx(a;)) may be correlated with a;, and (1(y,), ..., ¥x(y,)) may be corre-
lated with g,. Specifically, for k =1, 2, ... we denote

ou = Cov(a;, pi(e;)) and oy :=Cov(g, i (y,).
Given this representation, we can write
1 N T 00 1 N 1 T
— > > van =) a (— Z¢>k(a,-)> (— > «pk(m),
NT i=1 =1 k=1 N i=1 T =1

so that the second-order projection term can also be represented as a function of count-
ably many sample averages of i.i.d., mean-zero random variables. The limiting distribution
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of this term is not Gaussian, but can be represented as a linear combination of indepen-
dent chi-squared random variables; see, for example, Serfling (1980). Distributions of this
type are known as Wiener (or Gaussian) chaos.

We find that pointwise consistency of the bootstrap does not require any additional
conditions on the conditional expectation function v(e, y) beyond Assumption 2.1. For
the uniform consistency results which include the case in which the asymptotically non-
Gaussian component is of first order, we need to restrict the eigenfunctions and coeffi-
cients in the spectral representation (2.3).

ASSUMPTION 2.2: The function v(e,y) := E[Yyla; = o, 7, = y] — E[Yi|a;, = o] —
E[Y: |y, = y] + E[Y] admits a spectral representation

v, y) = i) i(y)

k=1

under the L,(F,,) norm, where (¢4(a)) and (4 (y)) are orthonormal and orthogonal to
a;, g,. Furthermore, (a) the singular values are uniformly bounded by a square summable
null sequence ¢ that is ¢; < ¢ for each k =1,2,..., where Y, ¢ < oo. (b) The first
three moments of the eigenfunctions ¢, («;) and . (7y,) are bounded by a constant B > 0
foreachk=1,2,....

Imposing common bounds on moments and singular values restricts the set of joint dis-
tributions F for the array to a uniformity class, where the sequence ¢ := (¢, )xs¢ controls
the magnitude of the error from a finite-dimensional approximation to v(e, y), where we
truncate the expansion in (2.3) after a finite number of summands k =1,..., K. Com-
parable high-level conditions on spectral approximations are commonly used to define
uniformity classes in nonparametric estimation of operators; see, for example, Hall and
Horowitz (2005) and Carrasco, Florens, and Renault (2007).

3. BOOTSTRAP PROCEDURE

The previous discussion shows that the rate of convergence and the limiting distribution
of the sample mean Yyr — E[Y},] depend crucially on the different scale parameters intro-
duced above. For example, if observations are independent across rows and columns, then

VNT(Yyr — E[Y:]) AN (0, 02). If N =T and within-cluster covariances are bounded

away from zero in at least one dimension, then +/N(Yyr — E[Y,]) - N(0, o7+ 0}). Our
aim is to obtain a bootstrap procedure that is adaptive for both degenerate and non-
degenerate cases.

For the bootstrap procedure, we can estimate the terms of the orthogonal projection in
(2.2) with their sample analogs

N _ . _ . o
a; ::T;Yvﬁ_YNT: g ::ﬁ;Yiz_YNTa and W, =Y, —a& — & — Ynr.

For the performance of the bootstrap, it is crucial at what rate(s) estimators for the dif-
ferent model components are consistent depending on the extent of clustering in the true
DGP. Most importantly, the variance of the projection terms a; and g, is o> + 02/ T and
(7; + o2 /N, respectively, so that the “convolution error” depending on ¢ dominates in
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the degenerate case. In order to correct for that contribution of the row/column averages
of w;,, we would therefore want to shrink the scale of the distribution of a;, g, by the
variance ratios

Ta’f NU;
)\azﬁ and Ag:ﬁ'
To,+ o, NUg+0'w

In the bootstrap procedure, we replace the unknown variances with consistent estimators
in (3.1) to obtain alternative estimators for A, and A,.
To obtain the component variances, we let

>

ES)

1 & R TR - P
2 = m Z(ﬂi - YNT)Z, S§ = m Z(gl - YNT)29
i=1 t=1

S

“NI-N-T

i=1 t=1

. 1 N T o
S0 722(1@—611‘—8:—%\”),

and form the estimators

1
=max{0 §2 — —_ﬁ}, and &2 :=§ (3.1)

1
A2 a2 a2 ~2
(Ta—]llaX{O,Sa——Sw s g s Vg N w*

T

We find in Lemma A.1 below that the variances o, and o, cannot always be estimated

at a sufficiently fast rate. One of the versions of the bootstrap procedure proposed here
therefore uses a consistent pre-test for the presence of cluster dependence in the first
moment. To that end, we define the model selectors

D, (k) := [I{T(Arg > K} and Dg(K) = [I{Né'g > K}
for any given value of k > 0. For appropriately chosen sequences «,, k,, we then let

A ~ A ~D
;\a == Da(Ka)TO-‘% and A, = — Dg(Kg)NUg >
D,(k)To: + 67, D,(k)NG; + &,

8

and estimate the asymptotic variance of the sample mean with
S3r = Da(k) T2 + Dy(k )N G2 + &2, (3.2)

In the Supplemental Material, we compare this estimator to a “default” estimator for the
asymptotic variance without a pre-test, defined as

o2 a2 A2 a2
SNT,def T Tsa + N g Sw'

Note that up to a degree of freedom correction, S,%,T’ 4&f 18 the variance estimator from
Cameron, Gelbach, and Miller (2011) for the special case of the sample mean.®

8The possible failure of the classical bootstrap when parameters of the asymptotic distribution are near
or on the boundary of the parameter space was first demonstrated by Andrews (2000) who also proposed
model selection for pointwise consistent inference. The pitfalls of post-selection inference have now been well-
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For the leading case of exhaustive sampling with cluster dependence in two dimensions,
we then propose the following resampling algorithm to estimate the sampling distribu-
tion:

(a) For the bth bootstrap iteration, draw a;, := &k;m and g;, = §s;;<r>’ where k; (i)
and s;(¢) are i.i.d. draws from the discrete uniform distribution on the index sets
{1,...,N}and{1,..., T}, respectively.

(b) Generate wj, , := wl,-,,,wm,bﬁ)kz(i)s;(,), where wy;, wy, are ii.d. random variables
with E[w.] =0, E[0?] = E[w®] = 1.

(c) Generate a bootstrap sample of draws Y, , = Yar ++/ /A\aaj" p T/ /A\gg;’ib + wy, , and

obtain the bootstrapped statistic Yy, , := = PR B Y,
(d) We repeat this procedure to obtain a sample of B replications and approximate
the conditional distribution of Y}, given the sample with the empirical distribution
over the bootstrap draws )_’K,T’l, cees I_/;}T’ B
For the pivotal bootstrap, the last step uses instead the empirical distribution of the stu-
dentized bootstrap draws to approximate the distribution of v/NT (Y}, — Yyr) /S;’T,sel’

where S;‘,T,Sel is the bootstrap analog of the variance estimator S’NT,Sel. Typical choices for
the distribution of the multiplier variables wy; 5, w2 in step (b) are the Gamma distribu-
tion (with shape parameter 4 and scale parameter equal to 1) or the two-point specifica-
tion proposed by Mammen (1992).

We distinguish two versions of this bootstrap procedure:

DEFINITION 3.1—Bootstrap Procedures:
e (BS-N) The bootstrap without model selection applies steps (a)—(d) where we set k, =
ke, =0.
e (BS-S) The bootstrap with model selection follows steps (a)—(d) where we set k,, K,
according to increasing sequences k,, k, — oo such that x,/T — 0 and k,/N — 0.
e (BS-C) The conservative bootstrap applies steps (a)-(d) where, for increasing se-
quences K,, k, — oo such that k,/T — 0 and k,/N — 0, we set g, := max{T'62, k,},
g :==max{N &7, k,}, and
1 ‘Ala ‘?a 1 ‘A]g ég
Ni=—— Ay i= ————— ——.
£ q, + 03) N (r§

— A ) AD
qa+aw TUa

We find below that the bootstrap with model selection is consistent pointwise in o2, a-g2,
o2, and the bootstrap without model selection is uniformly consistent as long as the limit-
ing distribution is Gaussian. The conservative bootstrap is consistent in the nondegerate
case o2 + 03 > (, but asymptotically conservative for the degenerate cases in a sense to
be made more precise below. It is the only procedure discussed in this paper that is guar-

anteed to have uniform size control over the entire parameter space.

documented; in particular, consistent model selection typically leads to failure of uniformity in asymptotic
approximations—see Leeb and Potscher (2005). We show that in the present case, this challenge is not an
artifact of the approach taken in this paper. Rather, uniformly consistent estimation of the limiting distribution
is not possible, neither using the bootstrap nor any alternative method, so our proposals include a procedure
that achieves uniformity but is conservative.
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4. THEORETICAL PROPERTIES

In this section, we establish large-sample properties for this bootstrap procedure. The
limiting behavior of the sample mean Yy; — E[Y}] is in part determined by the variances
of the components of the decomposition in (2.2). Since the rate of convergence of the
sample mean depends on the component variances, we define the adaptive rate ryr by

rvi=N"lo,+T "o} +(NT) o, = Var(Yar),

where the last equality follows since the components in the decomposition (2.2) are un-
correlated. We maintain throughout that either o} + o > 0 or o, > 0, and that N and T
grow at the same rate as we take limits.

4.1. Asymptotic Distribution of Yyr

We now characterize the asymptotic distribution of the sample mean. To analyze which
properties are uniform with respect to the joint distribution of (Y;), we also need to
consider limits along any drifting sequences for the parameters o;, a3, 07, 0,. We then

parameterize the limiting distribution with the respective limits of normalized sequences

e 2 -1 2 e 2 -1_2

Gant =TIy N~ 07, Gent =Ty T 0,
2 -1.2 2 -1 2

qL),NT._rNT(NT) g,, qU,NT._rNT(NT) g, (41)
e 2 -1 e 2 -1

qak NT ‘= rNTN Ok qgk,NT = rNTT O'gka

fork=1,2,.... We also let oy := ryr(NT)~V2. From the definition of ryr, it follows that

the local parameters g, 7, qon1s Gents Gont € [0, 11 and g nr + Gont + Genr + quy = 1.
We stack these sequences as the vector

qnT = (GeNT> GuNT> qg.NT> 4al NT> 4g1,NT> Qa2 NT> g2, NT > « + + » ).

Similarly, we represent the singular values for the spectral decomposition (2.3) for
Enr[Yilei, v:] and E[Y|a;, y/] with exr := (cin75 onT> -+ ) € ¢*and ¢:= (¢, ¢,...) €
02, respectively.

We can summarize asymptotic properties for the various procedures in terms of these
parameter sequences, where for convergent sequences qur, ¢yr, Onr, We denote the lim-
its qa ‘= limN7T qanNT> qg ‘= limN,T dgNT> qe = limN’T e NT> and qy ‘= limN’T 4y, NT- The
limiting distribution along such a sequence will therefore depend on the parameters
q:=limy 7 qur, ¢ :=limy 7 ey, and @ :=limy 7 o7’

For any fixed values of the local parameters q, ¢, and g € [0, 1], we define the law

Lo(@, ¢, 0) := (Ve Z* +/quZ" + /4 Z°) + oV, (4.2)

where Z¢, 2}, 7!, 7%, 7!, ... areiid. standard normal random variables,

V=Y aZlZ}

k=1

9We show that without loss of generality it is sufficient to focus on convergent parameter sequences in light
of arguments by Andrews and Guggenberger (2010).



BOOTSTRAP WITH CLUSTER-DEPENDENCE 2157

with the coefficients ¢, potentially varying along the limiting sequence, and Z¢, Z#
are standard normal random variables with Cov(Z*, Z,‘f) = qur/\/qa> Cov(ZE, Z,f) =
qe/ \/qg> Cov(Z°, Z8) = Cov(Z°, Z,‘f) = Cov(Z8, Z,‘f) =0forallk=1,2,....

We can now give the limit for the sampling distribution of Yy;:

THEOREM 4.1—CLT for Sampling Distribution: Suppose that Assumption 2.1 holds.
Then () along any convergent sequence qyr — q and fixed ¢ = (¢, ¢z, ... ), we have

||]P’NT(”NT({/NT - ]E[Yit])) — Lo(q, ¢, 0) Hoo — 0,

where 0 :=limy. 1 Onr, || - |l denotes the Kolmogorov metric, and the limiting distribution
Lo(q, ¢, 0) is continuous. (b) If, in addition, Assumption 2.2 holds, then the conclusion of
(a) also holds under drifting sequences cyr — c.

See the Appendix for a proof. Note that convergence in part (a) is pointwise with re-
spect to the conditional mean function E[Y}|a; = «, v, = ], whereas part (b) gives uni-
form convergence within the class of distributions satisfying Assumption 2.2.

4.2. Estimability of the Asymptotic Distribution

The asymptotic properties of the bootstrap depend crucially on our ability to estimate
the variances of the individual projection components at respective rates that are fast

enough to ensure convergence of A, and ;\g to A, and A, respectively. Lemma A.1 in the
Appendix establishes that the component variances o2, 0';, o? can be estimated consis-
tently, but not always at a sufficiently fast rate along certain parameter sequences. We
can in fact establish the stronger negative result that there exists no estimator for the
asymptotic distribution that achieves consistency uniformly over the space of distributions
satisfying the main assumptions of this paper.

In order to state that impossibility result formally, we first introduce some additional
notation. From the Aldous—Hoover representation, the distribution of (Y},) can be iden-
tified with the function f(e, vy, &) in (2.1). We also let F denote the class of functions
f(a, v, &) corresponding to distributions of (Y;,) satisfying Assumptions 2.1 and 2.2 for
i.i.d. uniform draws «;, y;, €;. We then use P;yr(-) to denote probabilities for events
concerning an array of size N, T generated according to f, and Var,(-) for the corre-
sponding variances. Furthermore, we use the notation qur(f) := (qent(f), Gant(f),---,)
for the vector of normalized variances from (4.1) given variances oZ(f) := Vars(e;),
o(f) := Vary(a;), etc., and define oyr(f) and the singular values cy7(f) in an analogous
manner. We then have the following result:

PROPOSITION 4.1—Estimability of Asymptotic Distribution: Let Ly denote an arbi-
trary estimator for Ly based on an array of size N, T from the unknown distribution. Then
there exists 6 > 0 such that

liminfsuppf,NT(’|£NT - Eo(‘lNT(f), enr(f)s QNT(f)) ”OO > 5) > 0.

N, T—o0 feF

Recall that Theorem 4.1 showed that the sample mean converges to a continuous limit-
ing distribution £y(q, ¢, 0) along sequences fyr € F with proper limits for qyr, cyr. This
result therefore states that we cannot estimate the asymptotic distribution uniformly con-
sistently even when the problem is otherwise well-behaved.



2158 KONRAD MENZEL

The proof for this impossibility result can be found in the Appendix and is based on
the following counterexample: consider the model Y;, = «;7,, where «;, y, are mutually
independent, with i.i.d. factors a; ~ N(0, 1), v, ~ N(u,, 1). Clearly, this model satisfies
Assumption 2.1, so that Theorem 4.1 implies convergence to a limiting distribution of
the form (4.2). For this model, a; := E[Y};|a;] = a;uy, & := E[Y;]y.] = v.Ela;] =0, and
v = a;('y, — py), 50 that o) = u? and o] = 1. Clearly, u, cannot be estimated from the
original data at a rate faster than 7-'/2, which is the fastest possible rate at which u,
could be estimated from observing v, ..., yr directly. Hence, no test can consistently
distinguish the model w.,, = 0 resulting in an asymptotic variance equal to o from a drift-
ing sequence fir, := T~'*m, which results in an asymptotic variance equal to m’ + ;.
Since the variance of the sampling distribution converges along either sequence to o>
and m’, + o, respectively, it follows that it cannot be consistently estimated. The proof of
Proposition 4.1 shows that this impossibility result holds not only with respect to moments
of the distribution, but also in terms of weak convergence.

4.3. Bootstrap Consistency

We now turn to the asymptotic properties of the bootstrap described in Section 3, where
we consider both a non-pivotal version, and a pivotal version based on the studentized
sample mean. Specifically, consider the estimator of the asymptotic variance of the sample

mean, .SA“NT,sel defined in (3.2) and its bootstrap analog
S]%I*T,sel = IA)“(KH)Ta-f* + Dg(Kg)Na-;* + 6-3)*’

where we hold the selectors Da(Ka), Dg(Kg) fixed at their sample values, and «,, k, are
chosen according to whether the bootstrap is implemented with or without model selec-
tion.

The non-pivotal bootstrap approximates the distribution of the sample mean ryr(Yyr —
E[Y;]) with the distribution of its bootstrap analog, ryr (Y — Ynr). The pivotal bootstrap
approximates the distribution of the studentized sample mean (NT)"/2S ,\‘,},Se,(YNT —E[Y; ]
with the distribution of its bootstrap analog, (NT)"/ Z(SET,se1)71(Y13T — Yyr). Corollary A.1
in the Appendix establishes that the estimator SNT,sel is pointwise consistent for sequences
of k,, K, increasing to infinity at a sufficiently slow rate, and its analog for k, = k, =0
is uniformly consistent for g, = 0. Similarly, we can use Lemma A.1 in the Appendix to
establish pointwise consistency of A, and A, for the bootstrap with model selection (and
uniform consistency given g, = 0 for the bootstrap without model selection).

Combining this with the sample CLT (Theorem 4.1) and a bootstrap CLT (Lemma A.2
in the Appendix), we then obtain consistency results of the form

|Prr (rr (Yar = Yar)) = Par (rr (Yar — ELYi0)) | = 0 (4.3)

and its pivotal analog

for the bootstrap procedures with and without model selection. The conservative boot-
strap generally overestimates the scale of the sampling distribution for the degenerate

Vi —Y Yyr — ELY;
P (VAT L= )y (VAT =)

%
SNT,sel SNT,sel

a.s.

20 (4.4)

oo
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case, where we obtain a convergence result of the form

and the pivotal version of the conservative bootstrap

Pr(rvr(Yir — Yar)) = £o(@, ¢, 0)| . = 0 (4.5)

Yi —Y,
P, («/NTM) — Lo(d, ¢, 0)

*
SNT,sel

Lo. (4.6)

(o)

Here, q = (q., 94, 44,0,0, ...), and g, := max{k,/ T, q,} and g, := max{k,/N, q,}, which
increase as N, T — oo.

THEOREM 4.2—Bootstrap Consistency: Suppose that Assumption 2.1 holds. Then (a)
the bootstrap with model selection satisfies (4.3) and (4.4) pointwise for any fixed o, o}, 07,
a?. (b) The bootstrap without model selection satisfies (4.3) and (4.4) uniformly if q, = 0.
(c) The conservative bootstrap satisfies (4.5) and (4.6) uniformly over the entire parameter
space.

See the Appendix for a proof. Relating these results to the three alternative criteria
stated at the beginning of this section, part (a) states that the bootstrap with model selec-
tion is pointwise valid asymptotically, which corresponds to our first criterion. The lack
of uniformity of (BS-S) is not unique to this problem, but has generally been noted for
inference procedures involving model selection (see Leeb and Potscher (2005)). Accord-
ing to part (b), the bootstrap without model selection is valid uniformly with respect to
clustering in means, but is inconsistent if g, > 0, so that it is asymptotically valid according
to our second criterion. The conservative bootstrap is uniformly valid without any qualifi-
cations; however, in degenerate cases (g. + ¢, > 0), the scale of the estimated asymptotic
distribution diverges at a rate «,/T + k,/N.'" Comparing the respective limits for the
conservative bootstrap and the sampling distribution (see Theorem 4.1), £(q, ¢, 0) is
a mean-preserving spread of £,(q, ¢, 0), where both distributions are symmetric about
zero. In particular, estimates of percentiles from the conservative bootstrap are biased
outwards (i.e., away from zero) in those cases, so that commonly used one- or two-sided
hypothesis tests or confidence sets based on these estimated percentiles are asymptotically
conservative.

REMARK 4.1—U- and V-Statistics: Note that these results also apply to generalized
(two-sample) U-statistics, which constitute a special case of our setup with o? = 0. Specif-
ically, the impossibility result in Proposition 4.1 implies that if the order of degeneracy of
the kernel is unknown, it is not possible to estimate the distribution of a two-sample U-
statistic uniformly consistently. The bootstrap procedure in this paper is pointwise adap-
tive with respect to the order of degeneracy of the kernel of the V-statistic. Analogous
conclusions for standard (one-sample) U- and V-statistics with a kernel function of order
D can be obtained using an adaptation of our bootstrap procedure to D-adic data; see
Appendix C in the Supplemental Material for a discussion.

0For the choice of k,, k, implemented for the simulation study, k,/T + kg/N < log(T) + log(N).
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4.4. Refinements

We next consider refinements in the approximation to the distribution of the studen-
tized mean. We find that the bootstrap approximation provides pointwise refinements for
studentized mean in the non-degenerate case o2 + o> > 0. It is also important to note
that refinements can in general not be obtained for certain special cases. For one, if the
“Wiener chaos” term remains relevant in the limiting distribution £(q, ¢, 0), that is, for
o > 0, the studentized mean is not asymptotically pivotal. Rather, the asymptotic dis-
tribution generally depends on relative weights of the Gaussian component Z, and the
spectral coefficients ¢ defining the Wiener chaos component V. Hence, we cannot expect
the bootstrap to provide refinements for this case.

Furthermore, elementary moment calculations reveal that

B[7] = B[a}] + ZE[auf] + E[w],
where the cross-term E[a,w?] is generally nonzero unless E[w?|a;] and a; are uncorre-
lated. Hence, under drifting sequences for the second and third moments of a;, the sec-
ond and third terms on the right-hand side of that expression may be of the same order
as the leading term, in which case the bootstrap distribution does not match the third
moment of a; under the sampling distribution. Hence, we can in general not obtain a re-
finement along drifting sequences even when ¢ = 0 and the limiting distribution is Gaus-
sian. Hence, we restrict our attention to the non-degenerate case with a Gaussian limiting
distribution.

We establish refinements using now standard results on Edgeworth expansions, most
importantly Theorem 5.2 in Hall (1992). To this end, we impose fairly stringent moment
conditions and Cramér’s condition on the characteristic functions of the marginal distri-
butions of a; and g,: A random vector X with support on R is said to satisfy Cramér’s
condition if

lim sup|E[exp{it’X}]| <1, (4.7)
llf) o0
where i = +/—1. This condition is met whenever X has a non-degenerate, absolutely con-
tinuous component (see, e.g., Hall (1992), pp. 65-67). We can then state the following
result:

PROPOSITION 4.2—Refinements: Suppose that Assumption 2.1 holds for any 0 < 6 < oo,
and that in addition the distributions of a; and g, satisfy Cramér’s condition (4.7). Then, if
ol + 0g2 > C for some C > 0, we have

‘ *
SN T,sel

for all three versions of the bootstrap, (BS-S), (BS-N), and (BS-C).

Yi, - Yar — E[Y;
P, (JNTM) — Py («/NTM)

SNT,sel

= Op(ry; vV (NT)™1?)

(o)

See the Appendix for a proof. In the non-degenerate case, the limiting distribution
is dominated by the components a;, g;. Since these are i.i.d. draws from their respec-
tive distributions, we can rely on arguments from Chapter 5 in Hall (1992) for the non-
parametric bootstrap with i.i.d. data, after ensuring that the contribution of v;, + e;, van-
ishes at a sufficiently fast rate. The assumption that all moments of the distribution are
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bounded is stronger than needed but commonly assumed in the literature (see, e.g., An-
drews (2002)). In general, the Edgeworth expansion of the sampling distribution only
requires four bounded moments; however, the order of bounded moments needed for
the Edgeworth expansion of the bootstrap distribution is more involved and, while finite,
not stated explicitly in Theorem 5.2 in Hall (1992).

5. SIMULATION STUDY

We now present simulation results to demonstrate the performance of the bootstrap
procedure for inference regarding the sample mean, where we consider balanced and un-
balanced designs with additively separable and non-separable cluster effects. Particular
attention is given to the degenerate cases of uncorrelated observations, and drifting se-
quences. We report simulation results for each of the bootstrap approaches proposed in
Sections 3 and 6:

e (BS-S) inference based on the bootstrap with model selection,

e (BS-N) inference based on the bootstrap without model selection,

e (BS-C) inference based on the conservative bootstrap.

In addition, we consider the following alternative inference approaches:

¢ (GAU) “plug-in” Gaussian inference using a two-way clustering robust estimator for
the asymptotic variance of Yyr,

¢ (PGH) inference based on the pigeonhole bootstrap estimate for the asymptotic dis-
tribution of ryr Yyr, and

¢ (SUB) inference based on the subsampling estimate for the asymptotic distribution
of Nt YNT-

See Appendix B in the Supplemental Material for a precise definition and theoretical
results. Our simulation designs also consider the following alternative implementations
for these procedures: ~

¢ (REG) inference based on the asymptotic distribution of the mean, ryr Yyr,

e (PIV) inference based on the asymptotic distribution of the studentized mean, where
We use tyr = (NT)”ZS,\‘,},SC, Yyr for BS-N and PGH, and fy; := (NT)”ZS’,;}&, Yr for
BS-S and BS-C,

e (SYM) symmetric inference based on the asymptotic distribution of the absolute
value of the studentized mean, |tyr|.

According to our theoretical results in Sections 4, 6, and Appendix B in the Supplemental
Material, each of these inference procedures is asymptotically valid in the non-degenerate
cases, while the pivotal and symmetric bootstrap (PIV and SYM, respectively) provide
refinements over their non-pivotal analogs (REG), subsampling, or Gaussian asymptotic
inference. It also follows from standard arguments (see, e.g., Horowitz (2000)) that theo-
retical refinements from SYM are of a higher order than those obtained for PIV.

5.1. Additively Separable Designs

For the first set of results, we generate a two-way clustered array according to the addi-
tively separable design

Vit = 0,0; + 05 Y + 0c €41,

where v,, &, are i.i.d. standard normal. We generated «; = ({; — w.)/7. for logd; ~
N(0, 1), where u, = E[{], and 72 = Var(a;) were obtained using analytic formulae for
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the moments of the log-normal distribution. In particular, the distribution of «; is skewed
to the right.

Our simulation designs vary the relative importance of the three factors through the
choice of o, o4, o,. Design 1 (non-degenerate case) chooses g =0.5, cré = 0.1, and
o, =0.2. Design 2 considers the drifting sequence o; =5/T, o} = 1/N, and o7 =0.2.
Design 3 (degenerate case) sets o> = o> =0 and o? = 0.2. For each design in this sec-
tion, simulation results were obtained from 10,000 simulated samples with bootstrap dis-
tributions approximated using 2000 bootstrap draws. All rejection rates are reported as
percentages.

Results for the balanced case are given in Tables I and II and largely support our theo-
retical claims. In particular, for all procedures, rejection rates approach the nominal 0.05
significance level as N and T grow. The only exception to this is the pointwise consistent
bootstrap (BS-S) under the drifting sequences in Design 2, much in line with the general
concerns about post-selection inference in Leeb and Potscher (2005). In particular, the
results are consistent with the bootstrap without model selection being uniformly valid
regarding clustering in means. For Design 1, the pivotal and symmetric versions of the
different bootstrap procedures show marked improvements over their standard versions
or Gaussian asymptotic inference, which is consistent with asymptotic refinements estab-
lished in Theorem 4.2. The conservative bootstrap is consistent in the non-degerate case,
but conservative under the degenerate Designs 2 and 3. Also, the pigeonhole bootstrap is
consistent in its pivotal version across all designs, but the non-pivotal version is conserva-
tive in the degenerate case.

The improvements in coverage rates from asymptotic refinements are more pro-
nounced for one-sided than two-sided rejection rates in Table II. We can see from the
simulation results that the respective biases in estimating percentiles in the lower and up-
per tails of the distribution via GAU have opposite signs, so that these biases partially

TABLE I

BALANCED SEPARABLE CASE: FALSE REJECTION RATES FOR TWO-SIDED TESTS OF THE NULL E[Y;;] =0 AT
THE 5 PERCENT SIGNIFICANCE LEVEL?

GAU BS-S BS-N BS-C PGH SUB
N T REG REG PIV SYM REG PIV SYM PIV REG PIV REG

Design 1
10 10 8.62 10.15 717  6.08 1012 727 612  7.13 888 720 1413
20 20 6.82 7.63  6.65 549 750 657  5.61 6.61 7.03  6.70 9.49
50 50 6.26 6.56 622 542 6.54 621 546 621 638  6.26 7.88
100 100 5.58 579 563 513 582 558 506 567 576 555 6.81

Design 2
10 10 8.58 952 636 6.04 838 655 630 221 357 590 10.44
20 20 8.25 882 7.04 6.86 722 6.09 619 @ 2.65 260  5.85 8.24
50 50 7.54 7.78 6.89 6.74 577 533 523 2.39 203 5.16 6.98
100 100 6.70 7.02 626 641 483 450 4.60 1.90 1.60  4.55 6.36

Design 3
10 10 5.19 464 294 287 297 592 589 001 029 284 5.26
20 20 5.99 540 4.67 4.61 329 622 614 0.00 0.12 323 5.28
50 50 5.16 498 4.77 4.6l 335 594 599 000 011 335 4.83
100 100 5.17 504 499 494 379 573 574 0.00 0.10 3.82 5.08

Design 1: 02 =0.5, 03 =0.1, 07 =0.2; Design 2: 07 =0.5/T, 02 =0.1/N, 03 =0.2; Design 3: 03 = 03 =0, 02 =0.2.
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TABLE II

BALANCED SEPARABLE CASE: FALSE REJECTION RATES FOR ONE-SIDED TESTS OF THE NULL E[Y;] <0
(LEFT HALF OF THE PANEL) AND E[Y},] > 0 (RIGHT HALF OF THE PANEL) AT THE 5 PERCENT SIGNIFICANCE
LEVEL?

GAU BS-S BS-N BS-C PGH  SUBS GAU BS-S BS-N BS-C PGH SUB

REG PIV PIV PIV PIV REG REG PIV PIV PIV PIV REG

Design 1
10 10 1038 7.68 775 7770 7.85 14.01 340 386 374 376 377 531
20 20 851 6.62 647 658 655 10.95 313 418 424 419 413 322
50 50 758 6.01 589 593 594 9.78 380 531 523 522 522 327
100 100 6.88 547 543 561 550 8.87 385 4.84 486 486 491 328

Design 2
10 10 924 745 763 3.05 730 10.12 459 443 465 254 430 5.68
20 20 882 758 677 346 6.64 8.49 4.67 522 486 3.02 474 446
50 50 824 736 6.00 333 603 7.88 460 519 431 272 443 419
100 100 749 6.82 540 250 544 7.18 522 581 467 239 462 490

Design 3
10 10 482 3.14 487 0.04 3.09 456 516 335 549 0.04 352 5.14
20 20 523 430 506 000 341 4.68 547 460 540 0.01 3.69 4.97
50 50 521 479 526 000 378 4.84 540 498 547 0.00 381 5.13
100 100 518 498 554 000 426 5.04 470 458 5.07 0.00 380 4.8

aDesign 1: 62 =0.5, 02 =0.1, 02 =0.2; Design 2: o3 =0.5/T, 02 =0.1/N, 0 =0.2; Design 3: 02 = 6% =0, 02 =0.2.

offset each other for two-sided tests. Design 2 considers drifting sequences of DGPs for
which Theorem 4.2 does not predict refinements. For Design 3, our theoretical results
do not imply refinements for PIV or SYM since for that specification, y;, = o.¢&; is i.i.d.
Gaussian.

We also simulate the absolute error in rejection probabilities based on GAU, SUB, and
BS-S (pivotal and non-pivotal) at all percentiles for Design 1. Specifically, we estimate the
percentiles of the sampling distribution for each simulated sample using either method,
and simulate the frequency at which the t-statistic for the sample exceeds each percentile.
Figure 1 reports the absolute difference between the simulated and nominal rejection
frequencies. We find that for all three methods, the absolute discrepancy between nom-
inal and simulated rejection rates decreases as N and 7" grow across all percentiles. The
non-pivotal bootstrap does not exhibit a clear improvement relative to plug-in asymptotic
approximation, whereas rejection rates based on the pivotal bootstrap for the studentized
mean are consistently closer to nominal levels.

We next assess the importance of balance in the relative sizes of N and T, as well
as the relative importance of clustering in either dimension. In particular, we first con-
sider balanced designs T = N where we set o, = 0.5, 0, = 0.1, and o, = 0.1. We then
consider unbalanced designs where we let N = 10, 20, 50, 100 vary while holding T =20
fixed; see Table III for simulation results. While the bootstrap is not asymptotically valid
if T remains fixed, results are broadly in line with those for the balanced case for the
corresponding sample size. Overall, these results are again consistent with theoretical
predictions on asymptotic validity and refinements.
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FIGURE 1.—Balanced separable case: Absolute error in estimated c.d.f., plotted against nominal percentiles.
Plots are based on Design 1: 07 =1, 07 =0.2, 67 = 1.

TABLE III

UNBALANCED SEPARABLE CASE: FALSE REJECTION RATES FOR TWO-SIDED TESTS OF THE NULL E[Y;,] =0
AT THE 5 PERCENT SIGNIFICANCE LEVEL®

GAU BS-S BS-N BS-C PGH SUB

N T REG REG PIV SYM REG PIV SYM PIV REG PIV REG
Design 1

10 20 9.76 11.18 853 6.68 11.14 871 6.76  8.62 1040 8.76  14.47

20 20 721 8.02 716 579 795 711 576 7.17 725 711 9.75

50 20 557 598 516 495 596 517 496 530 565 527 7.31

100 20 5.73 6.03 529 522 6.17 524 506 536 581  5.29 7.10
Design 2

10 20 579 512 390 398 332 617 6.9  0.00 028 3.33 5.14

20 20 5.66 510 443 441 3.03 579 577  0.00 0.11  3.08 4.80

50 20 6.06 570 513 512 348 637 631 0.00 012 3.49 5.38

100 20  5.90 537 502 507 365 614 617  0.00 0.13  3.88 5.22

Design 1: 62 =0.5, 02 =0.1, 0 =0.2; Design 2: 02 = 0% =0, 02 =0.2.
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5.2. Nonseparable Designs

Finally, we simulate a model with non-separable cluster effects, where we specify

Yie = (0t; + o) (v + My) — Moy + Ei

for i.i.d. standard normal random variables «;, 7y;, and &;. We consider one non-
degenerate design with u, = w, =1 (Design 1), and an alternative design with w, = w, =
0 for which y;, is not clustered in means (Design 3), as well as a design with drifting se-
quences (Design 2); see Table I'V for simulation results. Since 2.5th and 97.5th percentiles
the Wiener chaos distribution resulting from this design differ only slightly from those of
the standard normal, we also report false rejection rates for tests at the 1 percent nom-
inal level. For an easier interpretation of the simulation results for non-Gaussian limits,
we also report the theoretical limits of coverage probabilities, N = co and 7 = oo, in a
separate row.

The pointwise consistent procedures (bootstrap with model selection and subsampling)
should do well under Designs 1 and 3, where subsampling is consistent at a much slower
rate than the bootstrap. Since none of the inference procedures is uniformly consistent,
we should expect all of these to perform poorly under Design 2. However, given our
theoretical results, the conservative bootstrap is the only procedure that is guaranteed to
be conservative across all designs.

We find that in the non-degenerate case u, # 0 or w, # 0, the bootstrap produces
results that are comparable to the separable case. According to our theoretical results, all
procedures are asymptotically valid, whereas PIV and SYM should produce refinements,
which is consistent with the first set of simulation results.

For the degenerate case, u, = u, = 0, theory predicts that Gaussian inference is not
asymptotically valid even when a consistent estimator of the asymptotic variance is used.
We find that indeed, for the plug-in asymptotic approximation based on the Gaussian dis-
tribution, rejection rates appear to converge to a value that is different from the nominal
level, and based on the theoretical properties, bias in rejection rates should be expected
to persist for arbitrarily large sample sizes. We do report simulated rejection rates for
the corresponding limiting distribution (rows with N = T = 0o) which show that, for the
simulation designs considered here, the asymptotic size distortions remain modest in mag-
nitude, but actual rejection rates are above nominal size even in the limit for tests at the
5 percent and 1 percent level.

The bootstrap with model selection and subsampling are pointwise consistent (see De-
signs 1 and 3), but yield invalid inference under the drifting sequences in Design 2. The
conservative bootstrap is consistent in the non-degenerate case (Design 1), but conser-
vative under the other scenarios. Theoretical results do not indicate that the bootstrap
without model selection or the pigeonhole bootstrap should be necessarily conservative
in the degenerate cases (Designs 2 and 3), but the simulation results nevertheless show
that rejection rates are essentially zero. Also, since the studentized mean is not asymp-
totically pivotal under Designs 2 and 3, theory also does not predict refinements for the
pivotal or symmetric versions of either bootstrap procedure. This is reflected in the simu-
lation results, showing no systematic difference between the alternative implementations
of each bootstrap.

As for the separable case, we also simulate the absolute error in rejection probabili-
ties based on the Gaussian, subsampling, and bootstrap estimates with model selection
(pivotal and non-pivotal) at all percentiles for the degenerate case in Design 3, which are
shown in Figure 2. These results support the theoretical predictions that Gaussian plug-in



2166 KONRAD MENZEL

TABLE IV

NON-SEPARABLE CASE: FALSE REJECTION RATES FOR TWO-SIDED TESTS OF THE NULL E[Y;,] =0 AT A
NOMINAL LEVEL OF 1 PERCENT?

GAU BS-S BS-N BS-C PGH SUB
N T REG REG PIV SYM REG PIV SYM PIV REG PIV REG
Design 1 (tests at 5 percent nominal size)
10 10 818 980 490 374 9.77 4.88 3.80 4.85 9.90 4.56 15.28
20 20 650 726 476 4.62 7.06 4.83 4.52 4.79 7.24 4.68 9.35
50 50 519 534 471 460 553 4.81 4.52 4.78 5.55 4.61 6.50
100 100 517 538 497 496 526 4.92 4.92 4.84 5.41 5.00 6.18
00 00 500 500 500 500 5.00 5.00 5.00 5.00 5.00 5.00 5.00
Design 2 (tests at 5 percent nominal size)
10 10 7.83 9.48 499 403 8.12 4.25 3.61 3.67 9.94 1.80 16.15
20 20 622 678 477 436 5.66 4.00 3.69 3.10 7.01 1.25 9.74
50 50 6.01 625 541 530 459 4.00 3.81 3.24 6.01 1.25 7.90
100 100 539 554 512 507 377 3.50 3.57 2.47 5.25 0.98 6.33
Design 3 (tests at 5 percent nominal size)
10 10 741 638 318 312 0.21 0.09 0.05 0.04 0.66 0.00 6.69
20 20 6.71 521 355 353 0.05 0.03 0.03 0.01 0.26 0.00 5.02
50 50 5.87 456 398 4.03 0.04 0.03 0.02 0.02 0.14 0.00 4.55
100 100 636 495 440 443 0.02 0.03 0.01 0.00 0.13 0.00 4.89
00 00 6.5 5.00 5.00 5.00 0.00 0.00 0.00 0.00 0.00 0.00 5.00
Design 1 (tests at 1 percent nominal size)
10 10 28 391 145 075 3.92 1.42 0.79 1.37 4.00 1.19 9.79
20 20 1.67 229 09 072 221 1.02 0.76 0.99 2.14 0.91 4.04
50 50 112 122 0.83 083 1.18 0.75 0.83 0.85 1.29 0.89 1.71
100 100 1.09 116 091 094 1.20 0.93 0.89 0.96 1.18 0.94 1.44
00 00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Design 2 (tests at 1 percent nominal size)
10 10 201 298 096 056 220 0.63 0.30 0.58 4.14 0.14 9.57
20 20 129 158 076 057  1.05 0.51 0.45 0.49 2.30 0.05 3.27
50 50 092 097 075 0.60 0.75 0.58 0.51 0.47 1.69 0.04 1.37
100 100 091 090 0.68 0.65 0.37 0.31 0.27 0.19 1.19 0.01 0.47
Design 3 (tests at 1 percent nominal size)
10 10 401 178 0.80 0.84 0.02 0.00 0.00 0.00 0.16 0.00 2.67
20 20 267 085 055 053  0.00 0.00 0.00 0.00 0.04 0.00 1.00
50 50 28 071 0.67 0.62 0.00 0.00 0.00 0.00 0.01 0.00 0.80
100 100 264 081 075 0.69 0.00 0.00 0.00 0.00 0.00 0.00 0.79
00 00 32 1.00 1.00 1.00 0.000 0.000 0.000 0.000 0.000 0.000 1.00

Design 1: 07 =0.2, 0 =0.2, 07 =02, pg = 1, and pg = 0; Design 2: 07 =02, 07 =0.2, 67 =0.2, g = 1/v/T, and pg = 0;

Design 3: 0-3 =0.2, zré% =0.2, 0'3 =0and pug = pug = 0. the First Two Panels Are for Tests at a Nominal Level of 5 Percent; the Bottom
Panel Are at 1 Percent.

inference is inconsistent for the degenerate nonseparable case, and that subsampling is
consistent although at a slower rate than the bootstrap (pivotal or not) with model selec-
tion. Also, the theory does not imply asymptotic refinements for the pivotal bootstrap in
this setting, so we should not expect the pivotal bootstrap to perform systematically better
than its non-pivotal version.
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FIGURE 2.—Nonseparable case: Absolute error in estimated c.d.f., plotted against nominal percentiles. Plots
are based on Design 2: 02 = 0.5, cr§ =0.5,02=0.1,and u, = u, =0.

6. INFERENCE IN REGRESSION MODELS

As an important application, we next discuss inference in a regression model with a
scalar dependent variable y,, and k regressors x;, € R fori=1,...,Nandt=1,...,T,
allowing for two-way dependence in residuals. Stacking observations, we also denote y :=
11, Yo15 -+ - Ynr) and X := (X41, Xoy, . . . , Xy7). FOr the linear projection model

Vi =X, B+ i, E[x;u;] =0, (6.1)

we then consider random-design inference regarding the coefficient 8 based on the least
squares (LS) estimator!!

R B B 1 N T
BLS = (X/X) 1)(/y = B + (X/X) ! W Z in,ui,

i=1 t=1

A5 in the case of i.i.d. observations, fixed-design inference (i.e., inference conditional on X) would require
the stronger assumption that the linear regression function is correctly specified, E[u;|X] = 0, and rely on
conditional exchangeability considerations. If x;, has finite support, Lemma 3.3 in Crane and Towsner (2018)
can be used to obtain a conditional Aldous—Hoover representation of u;,.
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To nest this regression model into our framework, we will assume that the products
(x;:u;);, also constitute a dissociated, separately exchangeable array. This yields the
Aldous—Hoover representation

Z; =X Uy = f(ai, Vi €it)s

where «;, v,, €, are i.i.d., and can without loss of generality be assumed to follow a uniform
distribution. We can therefore find an orthogonal decomposition of z;, that is analogous
to that for Y}, in the unconditional case. Specifically, we denote

a; ;= E[x; u;|a;], g = E[x;ulyl,

Vi i= Ex; ], v — a; — g,

e =X U — E[X;u;|a;, yl,

with components a; = (a1, ..., i)', & = (1> &u)'s Vie = Wit - -+, Vinr)', and e =
(€1, -+, eur). We also denote the unconditional component variances with o7, agl, a3,
o and let

Wi ==X Uy —a; — & = Vi T €,
so that
X Uy =a; + & + Wi,
and o2, := Var(w;,) = o + d3.

Given the least squares residuals #@;, := y;, — X/, B, s, We can construct an empirical analog
of that decomposition, where

T
1 N
= T E Xt Uiy,
=1
N
= 1Y ni
- X U;
(1 ittt
N 4
i=1

0, :=x;ll; —6, _@z-

El(Kg)N(
gl(Kg)N
strap with or without model selection, where 62, crgl, a2, and Ddl(-), Dgl(-) are defined in
an analogous fashion as in Section 3.

We can then implement the bootstrap algorithm from Section 3 as follows:

(a) For the bth bootstrap iteration, draw aj, := ka(i) and g7, :=@S;(Z), where kj (i)
and s;(¢) are i.i.d. draws from the discrete uniform distribution on the index sets
{1,...,N}and {1 ., T}, respectively.

(b) Generate W, = 01,0, POy £(D)55 (0 where wy;,, wy, are i.i.d. random variables
with E[w.] =0, E[w?] = E[w?’] =1.

(c) Simulate values of z}, , = (2}, ,, - - Zjx ,)'» Where the [th component is given by

dl(Ka To'dl

Foreachl=1,...,k, we also let )A\al = = and /\ for the boot-

dl(Kll)TU

* R Y * 3 * *
Zigp =V a1/ Aa8p T Wi -
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(d) We then compute

| NI
ﬁLSb _BLS+ (X'X) (NTZ ZT[b)
t=1

i=1

for each bootstrap sample.
We can then approximate the asymptotic distribution of ryr (B, — B) with the simulated

distribution of rNT(ﬁIS) b — ﬁLs).lz As for the sample mean, this bootstrap procedure can
be implemented in three different variants: with model selection (BS-S), with no model
selection (BS-N), and a conservative bootstrap (BS-C) using the alternative choices for
the regularization parameters k,, k, given in Definition 3.1. For asymptotic results on the
bootstrap for regression models, we make the following assumptions:

ASSUMPTION 6.1—Regression: Assume the regression model in (6.1), where x;.u; =
f(ai, v, &) and «;, vy, &;, are iid. uniform on [0, 1]. Furthermore, (a) the matrix X
has full column rank. (b) For each / =1,..., k and some 8§ > 0, the (4 + 8)th abso-
lute moments of x;,; are bounded, and the (4 + §)th conditional moments of each com-
ponent a;/+/Var(ay1X), gu/y/Var(gu1X), viu/~/Var(v,[X), and e;,/+/Var(e;4]X) given X
are bounded whenever the conditional variance of either component is strictly positive.
(c) The unconditional variances satisfy Var(a;) + Var(g,) > 0 or Var(w;,) > 0 for each
I=1,..., k. (d) For each component of z;, = x;,u;,, there exists a spectral representation
satisfying Assumption 2.2.

The asymptotic properties of the bootstrap under alternative choices for Ay, Xgl are
then analogous to the case of the sample mean:

PROPOSITION 6.1—Regression Inference: Suppose that Assumption 6.1 holds. Then (a)

the estimator ﬁLS is consistent at the rNT rate (b) The bootstrap with model selection satisfies
(4.3) and (4.4) pointwise as o, a5, 0, 0y are held fived for all | =1, ..., k; the bootstrap
without model selection satisfies satisfies (4 3) and (4.4) uniformly lf qvl =0 for each | =

., k. (¢) The conservative bootstrap satisfies (4.5) and (4.6) uniformly over the entire
parameter space.

Since (z;,) is a separately exchangeable array, this result follows from applying Theo-
rems 4.1 and 4.2 to Y, := ¢'z; for a vector ¢ € R¥. Specifically, Assumption 6.1 implies
Assumptions 2.1 and 2.2 for any linear combination of that form. The conclusion then
follows from the continuous mapping theorem together with the Cramér—Wold device.

One interesting question is whether the distribution of x;, is such that the asymptotic
distribution of the LS estimator is guaranteed to be Gaussian regardless of dependence
in u;,. Here it is possible to use Theorem 1 in de Jong (1990) to obtain sufficient condition
for conditional asymptotic normality of bilinear forms V; := Z;, XZ,, of random vectors
Z,:, Z,; given the matrix X. For example, using calculations analogous to those for the

2In principle, the analogous procedure could be applied to the studentized estimator rNTOESl/ z (BLS -B),
where we let Qg denote a two-way cluster-robust estimator of the asymptotic variance covariance matrix of

[}LS. However, for expositional clarity we state our formal results for the non-studentized least squares estima-
tor instead.
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term wa’f in the proof of Theorem A.2, it is possible to verify that under the condi-
tions of this paper, V; is asymptotically Gaussian if X;,, X;; are mean-independent for any
(j, 8) # (i, t). For difference-in-differences designs with a regressor x;,; := l{t > T;} for a
unit-specific intervention date 7;, or when x;, := x(§;, {,) are a non-additive function of
row- and column-level attributes &; and ¢, respectively, these conditions need not hold in
general.

6.1. Simulation Study

We now illustrate the performance of the bootstrap for regression inference in a brief
Monte Carlo study. For all simulation designs, we consider a regression model

Yie = Bo + BiXi + Uy,
where we generate u;, according to
U = (Mu + O'aai)(/“"g + O-g’)’t)y

and «;, vy, by N(0,1). As for the non-separable design for the sample mean, this design
produces non-degenerate distributions of a; and g, if u, # 0 or u, # 0, and a non-
Gaussian limiting distribution in the degenerate case, u, = u, = 0. For the main results,
we generate x;, according to

Xit = [I{t Z T‘l}a

where 7; are i.i.d. discrete uniform on {1,...,T}. This setup is supposed to mimic
difference-in-differences designs for which we do not expect a Gaussian limiting distri-
bution. We also report results for other distributions for x;;.

Our simulation designs vary with regard to the choice of u, and w,. Design 1 (non-
degenerate case) chooses u, =5 and u, = 0; Design 2 considers the drifting sequence
e =5/+/T and ;u,z, = 0. Design 3 (degenerate case) sets u, = u, = 0. Throughout, we set
o, = o; =0.2. For each design, we vary sample size between N = T € {20, 50, 100, 200}.
Simulation results were obtained from 10,000 simulated samples with bootstrap distribu-
tions approximated using 2000 bootstrap draws. We compare the following procedures
based on the least-squares estimator: Gaussian inference (GAU-LS), pivotal bootstrap
with model selection (PIV-LS), symmetric bootstrap with model selection (SYM-LS), and
the conservative bootstrap (CONS-LS).

We first consider the “difference-in-differences” scenario, x; = l{t > T;}. Table V re-
ports rejection rates for a test of Hy : 8; = 0 at the 5 percent significance level under the
null hypothesis Hy : 8 = 0 (left four columns) and under a local alternative at the /N
rate, H, : B =0.1/+/N. As in the case of the sample mean, procedures based on LS under
the drifting sequences scenario in Design 2 do not show any signs of improvement as sam-
ple size grows. Furthermore, Gaussian inference should not be expected to work in the
degenerate case, and the results do indeed show that the size of the tests based on Gaus-
sian asymptotics remains above the nominal level even for large samples. Under the local
alternative, we find that all procedures have non-trivial power under each of the three
designs and all except for the conservative bootstrap are consistent in the degenerate and
near-degenerate Designs 2 and 3.

Finally, we compare different simulation designs for the distribution of x;,, where for
the first design x;, := l{t > T;} is generated to mimic a “difference-in-differences” design;
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TABLE V

REJECTION RATES FOR TWO-SIDED TESTS OF Hj, : 81 = 0 AT A NOMINAL LEVEL OF 5 PERCENT UNDER THE
NULL AND A LOCAL ALTERNATIVE?

Hy:B=0 Hy:B=0.1/JN
N T GAU PIV SYM CONS GAU PIV SYM CONS

Design 1 (tests at 5 percent nominal size)

10 10 7.92 5.50 5.47 5.05 18.12 13.54 14.02 12.32
20 20 5.95 4.91 4.96 4.79 14.38 11.96 12.66 11.64
50 50 5.67 5.24 5.19 4.97 13.22 12.18 12.64 11.66
100 100 5.06 4.76 4.74 4.71 12.94 12.18 12.84 12.16
200 200 5.14 5.20 5.20 5.12 14.88 14.26 14.84 14.26
Design 2 (tests at 5 percent nominal size)
10 10 10.18 8.06 8.02 2.64 71.34 67.66 68.34 29.88
20 20 8.21 7.67 7.49 0.60 92.80 92.70 93.08 29.64
50 50 11.37 11.23 11.33 0.27 99.86 99.84 99.88 32.60
100 100 17.04 16.30 16.54 0.32 100.00 100.00 100.00 33.70
200 200 21.06 20.45 20.38 0.19 100.00 100.00 100.00 32.80
Design 3 (tests at 5 percent nominal size)
10 10 9.73 5.38 5.28 0.15 99.90 99.85 99.85 15.60
20 20 7.74 5.33 5.39 0.01 99.95 99.95 99.95 12.70
50 50 6.53 5.07 5.13 0.01 100.00 100.00 100.00 12.35
100 100 6.15 5.03 5.02 0.00 100.00 100.00 100.00 10.50
200 200 6.14 5.11 5.20 0.00 100.00 100.00 100.00 11.40

aDesign 1: o-g =0.2, 0'§ =0.2 and pq =5, pg = 0; Design 2: 0'2 =0.2, o-§ =0.2and pg = 5/VT, pg = 0. Design 3: 0-3 =0.2,
U§:0.2 and ug =pg =0

a second design looks at a regressor x;, that is i.i.d. across rows and columns. The third de-
sign considers regressors that are derived from attributes pertaining to the unit represent-
ing a row or a column of the array, where we choose x;, := (1 — 2W{U; > 0.5})(1 — 2l{V; >

0.5}) where U, V, X UT0, 1] (“dyadic regressors”). Generated regressors of this kind are
common in matched, dyadic, or network data, where, for example, the distance between
a country pair (with geographic coordinates as country-level attributes) explains trade
flows in a gravity model, or an indicator whether a group of individuals share a discrete
homophilous attribute (such as gender, age, or race) shifts the probability of friendship
links or a clique among those individuals.

We only consider the degenerate design for u;, with n, = u, = 0 for this analysis. The
theory predicts that the distribution of the LS coefficients should be Gaussian only under
the second design with i.i.d. regressors, whereas for the other two designs we should see a
non-Gaussian limiting distribution. Table VI reports null rejection rates for a t-test of Hj :
B1 =0 at the nominal 5 percent significance level. The results by and large confirm the
theoretical predictions, where for the second design all three procedures achieve coverage
near the nominal level, whereas in the other two designs the bootstrap remains consistent,
but Gaussian tests over-reject even for large samples with N = T = 100.

7. CONCLUSION

There has been great applied interest in robust inference that allows for multi-way de-
pendence. In this paper, we provide a theoretical basis for that type of dependence, where
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TABLE VI

FALSE REJECTION RATES FOR TWO-SIDED TESTS OF THE NULL 31 = 0 AT A NOMINAL LEVEL OF 5 PERCENT
FOR DIFFERENT DESIGNS FOR DRAWING x;,*

HO : B =0
N T GAU PIV SYM CONS
Difference in differences
10 10 10.260 5.430 5.560 0.190
20 20 7.870 5.220 5.260 0.020
50 50 6.880 5.440 5.470 0.000
100 100 5.940 4.980 4.900 0.000
ii.d. regressors
10 10 9.840 5.570 5.400 0.940
20 20 6.720 4.950 5.040 0.850
50 50 5.500 4.970 4.960 0.440
100 100 5.160 5.070 5.060 0.580
Dyadic attributes
10 10 11.340 5.430 5.300 4.040
20 20 8.110 5.010 4.850 0.480
50 50 7.930 5.560 5.500 1.250
100 100 6.950 4.940 5.040 0.240

In all designs, a,% =0.2, o'g =0.2,and ug = pug =0.

we focus on an interpretation of the problem in which rows and columns correspond to
units that are drawn independently from their respective distributions. We find that the
asymptotic distribution of a sample average for an array of random variables that exhibits
multi-way cluster dependence is not necessarily Gaussian, but may be nonstandard. Fur-
thermore, there exists no uniformly adaptive procedure for estimating that asymptotic
distribution.

One important practical limitation of our results is that our theory covers scenarios in
which the fundamental units forming the multi-way array are drawn independently. While
the negative results continue to apply for any more general setting that nests separate or
joint exchangeability as a special case, the inference approach and the theory justifying it
are not valid if those units are dependent. Most importantly, we are not aware of a suit-
able generalization of the Aldous—Hoover representation (2.1) that would allow for serial
dependence among rows or columns of the array. Potential adaptations of the bootstrap
procedure in this paper to accommodate scenarios of that type are beyond the scope of
this paper and are left for future research.

APPENDIX A: PROOFS
Proof of Theorem 4.1

Recall that the projection in (2.2) was given in terms of the variables
e =Yy — E[Yilay, v, a; =E[Yy|a;] — E[Y}], & = E[Yuly:] — E[Yi],

and

Vi = E[Ylay, v ] — E[Yi|a;] — E[Y; |y ]+ E[Y;] = chwk(%)(bk(ai)a

k=1
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where we rewrite v;, in terms of the low-rank representation in (2.3). Also let

N T N T
5a I'nT A I'nt Ze . I'nt
ZN ::W : a;, Z§~ 127 81> and ZNT.ZWZZC”,
i=1 =1 =1 t=1
and
. 1 N . 1 T
Zho=—=> "bula),  Zpi=—=> (v,
VN = VT =
for k=1, 2,.... Byindependence of «; and vy,, Zj‘v and Z§ are uncorrelated. Since «; and

v, are independent, V4 ¢ and Z;’k, are uncorrelated for any pair &, k’. Also by orthogonality

of the basis functions, Zﬁk and Zf}k, (Z#k and Zik,, respectively) are uncorrelated for any

k # k'. Finally, by mean-independence of e;, and «;, y,, the pairwise covariance between
Z¢,, and each component of Z{,, Z!, Z¢,, Z% is zero.

CENTRAL LIMIT THEOREM: We next establish a central limit theorem for the stacked sam-
ple moments
A L he e Be Se B PN
Zyvix =25, 24, 235, 2310 231 o Ziggs Zig)-
If a component of qnr converges to zero, the corresponding component of ZNT, K converges

in probability to zero. We can therefore w.l.0.g. focus on the case in which the limit for each
component qyr is strictly positive. We then consider the process

WNT,K = (q;/;/i AI‘iJT’ q;}ﬁZ,“V, q;%izi, Zz({)m Z#l’ s 2131(’ ZIJ:K)/
= (W Wi, W Wt s Wi ooy Wakkes Wik)
To apply a martingale CLT, we choose the filtration
Furs = 0'({a1, ey Ou(sys Vis v e Vats)s €11y -+ - s 8,,(3)7}).

Here we assume w.l.o.g.that T < N and let 7(s) = s and v(s) := [%], where [a] denotes the
largest integer smaller than or equal to a. While both N and T grow to infinity, we do not need
to constrain the relative rates at which N, T grow under the asymptotic experiment.

We then seek to apply the CLT in Theorem 2.3 in McLeish (1974) to the martingale

MNT,s = E[WNT,K|fNT,s]7

with increments
XNT,X = E[WNT,KLFNT,S] - E[WNT,KLFNT,S—I]'

Note that this CLT for martingale difference arrays allows for a triangular arrays where

the row-wise distributions for the increments X nr.s may change as N, T increase, and
does not constrain the filtrations Fyr; across N, T.

We next characterize the components of this martingale difference array )A(NT,X =
(X;T,J,Xj\‘,’s, X%s, e, X,“\,bKJ,XfK’S). Since a; = E[Y;|a;] — E[Y}] is a;-measurable and
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ay, ..., ay are independent, we have
(s) (s)
I T I e S SR
N,s -
N GaNT (i Nl vis—1)+1 7@
Similarly,
7(8)
X =L 8
T,s — ;’
T t=r(s—D)+1 8
o 1 v(s)
XNK,s = Z di(ai),
N i=v(s—1)+1

A

1
XTwK,s:ﬁ > (v

t=7(s—1)+1
Moreover,
1 v(s) 7(8) T
X[f/T,s = \/— E Z&t“‘ Z Elei|a;, €]
NTo, _ p(s—1)+1 t=r(s)+1
v(s—1) 7(s8)
Z Z e, — Eleila;, Eit])-
T‘Tc i=1 t=r(s—1)+1

Since, by Assumption 2.1, the first four moments of each component of )A(NT,X are
bounded, it follows that

T T
Z(G/XNT’S)Z i Z a' Var(Xyr.,)a=da

s=1 s=1

for any a € Rf*3  and furthermore, we have the Lyapunov condition

which implies Condition (b) in Theorem 2.3 in McLeish (1974). It therefore follows from

that theorem and the Cramér—Wold device that rNTWNT is asymptotically Gaussian, and
therefore

Znrx > N(0,Q),

where Q is a (2K + 3) x (2K + 3) matrix whose first three diagonal entries are ¢q., q,, and
q,, and the remaining 2K diagonal entries are equal to 1. For k =1, 2, ..., the entries
of O corresponding to covariances between a; and ¢, («;) equal g, and the covariances
between g, and ¢/, (y,) are equal to gg. All other off-diagonal entries of Q are zero.
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Truncating the expansion (2.3) at K < oo, we define

K
”NT(YNT,K - ]E[th]) =Zy+ 25+ Ziyr + onr Z CkzﬁkZTk
k=1

From the previous steps, it then follows that

rNT(YNT,K - ]E[Yit,K]) 4 VGaZo+ /92 + VG Ze + 0V

along each converging sequence, where

K
VK = chZ/le]?

k=1

with the coefficients ¢, potentially varying along the limiting sequence, and Z,, Z!, Z!,
. Z,‘é’, Z,”’é are 1.i.d. standard normal random variables, and Z“, Z¢ are standard normal
random variables with Cov(Z*, Z,‘f) = Guk//qa> COV(Z?, Z,f) = qg/\/qg> COV(Z", Z8) =
Cov(Z*,Z})=Cov(Z¢, Z})=0forall k =1,2,....
TRUNCATION ERROR: Moreover, we can show that the approximation error with re-
spect to the distribution of ryr(Yyr — E[Y}]) from the truncation at K < co can be made

arbitrarily small by choosing K sufficiently large. Specifically, if we consider the truncation
remainder,

00
. E b U
RK,NT = CkZNkZTk‘
k=K+1

By Assumption 2.1, there exists B, < oo such that ¢ < B,. This implies that

2
Yo=Y GE[pran | TE[di ()] = [(Zcmk(a)wk(%))}—E[vi]st,
k=1 k=1

k=1

where the first and second step use orthonormality of the basis functions, and indepen-
dence of «;, ;.

For any 6 > 0, we can therefore choose K < oo such that

o0
2 2
E c, < 6.

k=K+1

It then follows that for the truncation remainder,

2
E{( > ckZﬁv’kZ;”k) } = Y E[(aZt2t)]
k=K+1 k=K+1

] oo

= Y GE[(ZL)E[(Z1) ] = P

k=K+1



2176 KONRAD MENZEL

where the first step uses orthogonality of the basis functions and independence of «;, y,,
the second step uses independence of «;, 7y,, and the third step follows from the normal-
ization of the second moments of the basis functions.

For any n > 0, we can therefore use Chebyshev’s inequality to bound the probability

P(|Rxknr| > m) < f,—zg, where 6 can be made arbitrarily small by choosing K = K(§8) large
enough. Since the limiting distribution is continuous as shown below, £ can also be ap-
proximated arbitrarily well as K is chosen at a suitably large value. Note furthermore that
the magnitude of the approximation error can be controlled uniformly under Assump-
tion 2.2.

CONTINUITY OF LIMIT DISTRIBUTION: To establish claims (a) and (b), it remains to
show that the limit distribution is continuous. First, notice that we can verify using the
convolution formula that, for any continuously distributed W, with p.d.f. f; and an ar-
bitrary random variable W, that is independent of W, the sum W, + W, also follows a
continuous distribution with p.d.f. fy, 1w, (s) = E[fw, (s — W5)]. It is therefore sufficient
to show that we can write the limiting distribution is that of a random variable which is
a sum of independently distributed components, at least one of which has a continuous
distribution.

We can then turn to the limiting distribution in (4.2),

L@, ¢, 0) = (VaeZ* + /quZ" + /G Z*) + 0 ) Z} Z}.

k=1

We have by construction that g, + g, + g, + g. = 1, so that at least one of q,, q,, q.,
q. must be strictly positive, where Assumption 2.1 guarantees that ryr > 0 so that these
are in fact well-defined. If g, > 0, then ,/g.Z° is continuously distributed, where Z¢ is
independent of Z¢, Z$, and V/, so that the conclusion immediately follows. If g, + g. =0,
the limiting distribution simplifies to ./q,Z* + ,/q;Z¢ with q, + g, =1 and Z* and Z*
both continuously distributed and independent of each other.

It therefore remains to consider the case q, + g, > 0 and g, > 0: If g, > 0, we must have
that o|c,| > O for at least one value of £ > 1. Since Z°, Z8, Z,‘f, Z,’f are jointly Gaussian,
we can write Z¢ = B, Z} + Zf,k and Z8 = B,Z) + Zf)k, where Z;, Zf,k, zy, Z,‘f,L are
independent. We can then write

VUZ A+ G2+ 06 ZEZY = @ ZE L+ T ZL L+ (Bav/ds + Z) (Bivd, + 0 ZY)
— B1B2/qaY;-

Since B,./q; + Z,‘f and B1,/q, + ocZ" are independent and continuously distributed,
then so is their product, using the formula for the density of the product of two indepen-
dent random variables. Since these random variables are independent of Zi” . Z,‘f’ 1. 25

and Z;, Z} for any k' # k, we obtain the desired conclusion. Q.E.D.

In order to prove Theorem 4.2, we first establish rates of consistency for the estima-
tors for the respective variances of the projection components, 62, &;, a2 introduced in

Section 3.
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LEMMA A.1: Suppose Assumption 2.1 holds. Then (a)

52— 02 = Op(N"P (0, + T Pa,) + T7'0?),

a a

52 — 02 = Op(T2(0, + N"20,) + N7 ?),

4

ol = ((NT) 172, 2 (N71/2+T71/2)0_3).

w

2 _
)

2 _
(b) There exist no estimators for o, o, and o, that converge at rates faster than those given
in (a). Specifically, a* cannot be estimated at a rate faster than T~ even when o> = 0.

This lemma implies in particular that the estimators 72, &;, and o2 are rate-optimal.

Together with the continuous mapping theorem, this lemma implies directly that Ay; with
model selection is pointwise consistent. Ayy without model selection is uniformly consis-
tent if g, = 0, and inconsistent if g, > 0.

PROOF OF LEMMAA 1: For part (a), let 2 := = >°¥ a2, § 85 =75 S 8% and 82 =
o v Tzl 7 @2 be the empirical variances of the projection terms a;, g,, W;.

We can also verify that N VarNT(a ) =0c>+a2/T, T 1VarNT(gt) = a + 02/N, and
W Varyr () = 0'2
Consider first the term §2: We can write

&,:(ai+%éwi,> (a+ Ze,,) +2(a+ Ze,l>T2:: (%ivi,)z.

Hence we have that

1 1 < 1
~2 2 2y 2
Sa—(O'a-f—?O'w) - NZ{(&I,-F Ze”) _<O-“+T0-e)}

1 & 1 1
+NZ(ai+TZeit)TZUn+ Z{( Z%z) __0'3}
=IA1+A2+A3.

By independence of the rank variables «;, v,, €; in the Aldous—Hoover representation
and a martingale CLT, we have that

= O0p(N""*(0,+ T 0,)")
as N — oo. Next, consider the term A4; where we can write

1o (1 X 2 LN (1T 2
N;(T;v”> = N;(Tzzck¢ik¢tk>

t=1 k=1

i=1 k,k
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- Y qa (% i ¢ik¢>ik/) (i m) (i w)

k,k’ =1 t=1
, 1
- ;( lk=k}+ \/—sz;fk/)z;’kztk,. (A1)
Here, Zf}fk, = ﬁ vazl (bixdi —Eldiudir]), where E[ ¢ b1 equals 1 if k£ = £k’ and zero

otherwise. In particular, it follows that
= 0p(1'a?)

as N and T grow large. By similar calculations, we find that

() 1 N 1 T 1 T
A, = Ck <— <ai + = €n> d’ik) <— ¢’tk)
2el\w\ ez )72
= Oy (NP (0, + T Pa) T 0r),

noting that, by construction, E[a;¢ ;] = 0 for each k = 1,2, .... Aggregating the contri-
butions of the individual terms A4, A,, A3, we then obtain

8- (aj + %fﬁi) = 0p(N"P (0, + T70) + T7'07).

Similarly, we find that
@ (a; n _g;) = O(T (0, + N"0) + N7\,
Next, note that
1 N T
= N7 Z Z(vi + 2vye, + €]).

i=1 t=1

From calculations analogous to (A.1), we also find that

RS =0, (N T,

Hence,
52 — 02 = Op((NT) 262 + (T2 + N"12) 02).

The rates asserted in the lemma then follow dlrectly from the definitions of the variance
estimators 672 := max{0, §2 — 152}, 62 := max{0, §; — o2}

For a proof of part (b), note first that it is sufﬁc1ent to find a specific family of distribu-
tions under which that rate cannot be improved upon. Specifically, consider the model

Y, = ;Y + Eir,
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where «;, v,, &, are independent, a; ~ N (w4, 1), v, ~ N(u,, 1) for some w,, u, > 0, and
en~ N, a?).

To establish the rate for the contribution of terms depending on ¢? to that bound,
consider the case o2 =0 and p, = 0. For this model, a; := E[Y;|a;] = a;u, and v;, =
a;(y: — pg), so that o) = u? and o = 1. Clearly, u, cannot be estimated from the original
data at a better rate than from directly observing (a;)Y, and (y,)”,. Furthermore, since
Y1, ..., yr are ii.d., there exists no consistent test for the problem Hy : u, = 0 against
H:p,=T"m, for any arbitrary m, > 0. Since under H,, o2 = 0, whereas under H,
o, = T~'m, there can be no estimator for o that is consistent at a rate faster than 7' o,.

The respectlve contributions of terms depending on o2, o2, and o? to the rate bound
follow immediately from standard arguments for the case oi?g 1i.d. data which can simi-
larly be cast in terms of pairwise testing problems between drifting DGP sequences. Fi-
nally, consistent estimation of ¢ under all DGPs permitted by our framework requires
simultaneously solving these pairwise testing problems that gave us the respective rate
contributions depending on o, o7, 07, and o;. Hence, an upper bound is given by the
slowest of these rates, which establishes the claim for the rate of consistent estimation
of ;. The respective upper bounds on the rate for estimating o} and o, follow from
analogous arguments. Q.E.D.

From the previous result, it follows that the variance estimator var,sa is pointwise con-
sistent:

COROLLARY A.1—Consistency of ﬁfw,se,: Suppose that Assumption 2.1 holds. Then for
the variance estimator with model selection,

)
INTSNT sel 1

p
NT =0

pointwise for any values of o2, a’é, a2, a?. For the variance estimator without model selection,
convergence is uniform if q, = 0, but the estimator is inconsistent for q, > 0.

Noting that Var(ryr(Yyr — E[Yi])) = 1, this corollary is an immediate consequence of
the convergence rates in Lemma A.1. In particular, if o2 = 0, Lemma A.1(a) implies
that 762 = O,(1), so that for any divergent sequence k, — oo, 7G> < k, with prob-
ability approaching 1, in which case ﬁ“(Ka) = 0. On the other hand, if o2 > 0, then

o2 =02+ O,(N~'?). Hence, for the estimator with model selection, D,(k,) =1 for any

sequence k, such that k,/T — 0. By the same reasoning, the selector bg(Kg) = 0 with
probability approaching 1 if o} = 0, and ﬁg(Kg) = 1 with probability approaching 1 if
o2 > 0. The conclusions regarding estimation without model convergence are immediate
given Lemma A.1.

Proof of Proposition 4.1

Consider again the model Y;, = a;y,, with a; ~ N(0,1), v, ~ N(ug, 1), where we let
te := T~"?m,. Note that this model satisfies Assumptions 2.1 and 2.2, so that this coun-
terexample is not ruled out by the conditions for the main results in this paper. Then for
any finite N, T,

NTYyr £ (my+ Z,)Z,, where Z,, Z, ~ N(0, 1).
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In particular, taking limits along the drifting sequence for u,, the right-hand side expres-
sion is also the asymptotic distribution of the sample mean.

By inspection, the c.d.f. at certain quantiles of the asymptotic distribution for m, =
0 is different from that for any m, # 0. Furthermore, by the same argument as in the
proof for part (b) of Lemma A.1, for any 1, # 0 there is no consistent test between the
alternatives m, = m, from m, = 0. However, a uniformly consistent estimator for the
asymptotic distribution would provide such a consistent test, a contradiction. Q.E.D.

Bootstrap Distribution

In order to obtain the limit of the bootstrap distribution, we introduce some additional
notation: for any array (&), we let the operator E};[&;|a;] := % Z[TII ¢, denote the row-
wise average for the T observations in the ith row, E} [&:|y.] := ﬁzf’ . §,t the column-

wise average for the N observations in the #th column, and ENT[g,t] e Zl Dy
the pooled average over all NT observations. We also decompose w;, = 0y, + €;; with

e =ejy — ]E;/T[eitwfi] - ]E;T[eit|')’t] + E;/T[eit]a

Do = (@i, v) = ) cetbi(y) i)

k=1

Given that notation, we define the localized second moments of the projection terms,

N
* 2 1* A2 2 * 2 1p* ’\2
Gunr =TNe N~ IENT I'nt N2 § 9 NT =ryr T ENT —rNT E g,,

quT _rNT(NT) I]EITJT[AZ] quT _rNT(NT) 1E1*VT[A2]
Tt = TvrN ' Expaidi(an], Qyenr = Tor T Bar[ &b (v0) ]

for k=1,2,.... We then also write

Qny i= (q:,NT’ Gont> Denr> 050, .. )
and cyr := (¢ 75> CoNTS - - - ), Where we take the sequences cyr and gy, to be elements of
2
We first consider convergence for a truncated version of the spectral representation for
the sample mean in (2.3) at some fixed integer K, 0 < K < oo,

Y;;T k= B[Vl + \/_ Z aji) + \/7 Z 8ot 77 NT Z Z W1:@2Cjiys(0)

i=1 t=1

7\

i=1

K
Z[ th b)) — NT[cbk(aj(i))])}
k:
T
72

ll’k(%(t)) NT[¢’k(7s(r))])j|a (A2)

T
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which is obtained by truncating the bootstrap analog of (2.3). This can be expressed in
terms of the truncated bootstrap process

S (e Hax H8x bk ik Sb.x Pw)/
ZNT,K T (ZNT’ ZN ’ZT ZNI’ZTI ""’ZNK’ZTK) >
where we let

N T r N
Za,x | Nt Z8.% I'nt e x . NT
ZNT . N z : j(@)» ZNT . T z : (f)’ ZNT . z :

i=1 t=

T

wlszte](l)s(t)’
1

and
1N
70 = — wli(¢k(a'(z‘)) —EX [?bk(a'(i))])’
Nk ‘N ; j NT j
1z
Zhr = — wzz(ll/k(%(t)) —EX [‘l’k(y»v(t))])ﬂ
Tk JT ; NT
fork=1,...,K.

To characterize the asymptotic distribution of ?ﬁr, x> We let €y ¢ € €% denote the trun-
cated version of the vector eyr = (¢i a7, ConT, - - - ) Of spectral coefficients in (2.3), where
the first K components of ¢yr x coincide with the first K components of cyr, and all re-
maining coordinates are set to zero. We also define the distribution

LH(e, 4, 0, 1) =V AquZ" + N Z8+ 0 ) ZL 7 + 3.2,
k=1

where A := (A,, A,), Z°, Zf’, Zi"’, Z;’, Z;”, ... are i.i.d. standard normal random variables,
and Z¢, Z¢ are random variables with a standard normal marginal distribution and co-
variances Cov(Z*, Z,f’) = qu/~/q. and Cov(Z8, Z,‘f’) = Gok/ /s

LEMMA A.2—Bootstrap CLT: Consider the bootstrap with shrinkage parameters Any =
(AanT> Agn7) and suppose that Assumption 2.1 holds. Then, for any fixed K < oo, we have
that

[P (rvr (Vi = Yar)) = £ (@nr ko rs 0 Avr) | = 0.

PROOF: First we consider the contribution of the term

N T
Sex. ”NT A
W1;W €.

i=1 t=1

Notice that, holding é,, ..., éyr fixed, this sum is a bilinear form in w; := (w1, ..., ®x)
and w; := (wyy, ..., wor)'. Theorem 1 in de Jong (1990) then gives sufficient conditions
for asymptotic normality of Zy; conditional on &y, ..., éyr and oy, ..., an, Y1,-.., Y-

Specifically, we need to verify that the standardized fourth central moment, E[(Z,i;}k)“] /
E[(Zy7)*]* — 3 almost surely, noting that E[Zy;] =
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Multiplying out, the fourth power of this sum is given by

N T
1 KA A

= (NT)4 § E wlilwlizwli3w1i4w2q (1)2;2(()2;3 w2[4eilt1eiztzei3t3ei4t4'
i, dg=11,..,4=1

(reZsn)

Since w;;, wy, are i.i.d. and mean zero, any terms in which one or more indices in
{it, ..., 14, 11, ..., ty} appear as an odd number of multiples have zero expectations. When
all indices appear as an even number of multiples, there are four possibilities, where for
iy # b, 1 # 1 we have B[], 0, 03, 03,1 = 3 (type 1), E[o}, 03, ©3,]= piua (type 2),
E[w%il w%iz wétl] = u3m4 (type 3), and E[w?il wgtl] = w3 (type 4), and u, := E[w’] =1 and
ws = E[w*] < oo.

Moreover, since e;, and e; ; are mean-independent whenever (i, 1) # (j, ), we have that
Ele;, ., €y, €151, €11, ] = 0 Whenever at least one index pair in {(iy, ), (i2, 1), (i3, 3), (is, 14)}
appears exactly once. Hence, the average of ¢, ,¢;,,€;,€;, over all tuplets in which
the index (iy, t;) appears exactly once converges to zero almost surely by a strong
law of large numbers. Hence, the contribution of terms in which any index pair in
{(i1, 1), (ip, &), (i3, 5), (is, t4)} appears an odd number of times is asymptotically negli-
gible.

There are 6N (N — 1)T(T — 1) terms of type 1 such that all index pairs appear an even
number of times, 6N T (T — 1) such terms of type 2, 6N (N — 1)T terms of type 3, and NT
terms of type 4. Since the expectations E[e;, e; 1 =: o and E[e] , ] are strictly positive
and bounded by assumption regardless of the overlap between indices, the terms of types
2, 3, and 4 are asymptotically negligible.

Hence,as N, T — oo,

A 6N(N —1)T(T -1
Bl 237) ] = Bl €] + o)
0'5+0(1),

- W1y

where the remainder term o(1) vanishes almost surely. From similar arguments, we can
confirm that

A 1
E[(rytZsi)’] = <=7 + o(1),

NT
so that
B[(Zi)'
i)z] =3+o(1),
E[(ZN’T) ]

as desired. Given the assumptions of this theorem, it then follows from Theorem 1 in de
Jong (1990) that Z]‘i,’; — N(0, g.) conditional on &y, ..., éyr and a1, ..., ay, Y1, ..., VY-

For the contribution of the remaining terms, note that a}, gi are i.i.d. draws from the
empirical distribution of a;, &;, and wy;, w,, are i.i.d. draws from the auxiliary distribu-
tion for the (Wild bootstrap) multiplier. In particular, if we let ¢}, = w1;(di(a;i) —
Exrlbr(a;i)]) and 3, := @ (P (Vsiry)) — Exp[¢r (asr))]), then the random vectors ;' :=
(ar, ¢ty ..., dr) and & = (gr, ¥, ..., ¥5,) are L.i.d. conditional on the respective
empirical distributions of a; and g;.
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By Assumption 2.1, the third conditional moments of a;, g, and (w; ¢ (), @Y1 (V) i=1
given (Y, :i=1,...,N,t=1,...,T) are almost surely bounded, so that from the same
argument as in the proof of Theorem 1 in Liu (1988), the Berry—Eséen theorem implies a
CLT for the bootstrap processes JLN SV ¢ and % S, & Since these components are
independent by construction, it follows that

} PXIT(ZX/T,K) - N(09 QX/T,K) ”oo =o0p(1)

conditional on (Y},) almost surely. Here, Oy x is a (2K + 3) x (2K + 3) diagonal matrix
whose first three diagonal entries are g; v, q; yr» and g; yr, and the remaining 2K diag-
onal entries converge almost surely to 1. All other off-diagonal entries of Qy; , converge
almost surely to zero.

Finally, we can rewrite (A.2) and obtain

K
rNT(Y;‘mK — YNT) = ZK]’* + Z?f* + Z;/’; + ONT Z Ckle’c*z%é*

k=1

Note that this is a Lipschitz transformation of the components of Z;(,T, x with Lipschitz
constant less than or equal to 1. It then follows from the joint CLT and a continuous
mapping theorem for the bootstrap (see, e.g., Proposition 10.7 in Kosorok (2008)) that

‘ PT\/T(?ZT,K) - L (ENT,Ka Ay 05 ANT) ”OO =op(1),
establishing the claim. Q.E.D.

Proof of Theorem 4.2

For bootstrap consistency, it suffices to verify whether the limiting distributions of
the sampling distribution ry7(Yyr — E[Y}]) and the limit of the bootstrap distribution
vt (Yar— Yyr) given the sample coincide. In what follows, we first consider the asymptotic
distribution of the truncated representation of the bootstrapped mean Yy, , defined in
(A.2) and let €yr ¢ € € denote the truncated version of the vector eyr = (¢ nr, ConTs - - - )
of spectral coefficients in (2.3), where the first K components of ¢yr x coincide with the
first K components of cyr, and all remaining coordinates are set to zero.

For pointwise consistency of the bootstrap with model selection, note first that the local
parameter with both g, + g, > 0 and g, > 0 can only be achieved at drifting sequences, so
that this case is irrelevant for pointwise convergence. In particular, we can without loss of

generality set g, = g =0 foreach k =1,2,.... By Lemma A.1(a), Q7 x — ANT.K £ 0s0
that qy, x — q % 0 along any converging sequence qyr.x — q, and A,, ;\g are consistent
for A,, A, whenever either g, + g, =0 or g, = 0, where convergence is pointwise.
Furthermore, the limit law £ is continuous with respect to the parameters (QVT,K, q,
0, A): Following the continuity argument in the proof of Theorem 4.1, the limit law

E*(Qw, K>, 0, A) is a weighted sum of independent, continuously distributed random
variables,

Sxi=aiWi+a, W, + -+ ax s Wiys

which depends on the parameters (QVT,K, q, 0, A) only through the coefficients ay, ...,
a3, which are in turn square roots or products of those parameters. Furthermore, as
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K — oo, the variance of S converges to 1so that >, , a; = 1. Therefore, at least one of

the coefficients ay, ..., a3 has to be strictly positive, w.l.o.g. a; > 0. The c.d.f. of S is
then given by
K+3
zZ— Z AWy
Fs(z) = /le k;iz Jwy () dw; ... f (Wky3) dwi,s,
1

with Fy, (-), fw, (-) denoting the c.d.f. and p.d.f. of W,. Since W, is continuously distributed

and a; > 0 by assumption, the c.d.f. Fg(-) varies continuously in ay, ..., ax.s, so that

E*(QVT’ ks q, 0, A) is indeed continuous in these parameters with respect to the KS metric.
Hence, together with the continuous mapping theorem, Lemma A.2 implies that

“P;/T(VNT(?X}T,K - ?NT)) - E*(ENT,Ka q, 0, Anr) ||oo _P> 0.

We can then use an approximation argument analogous to that in the proof of Theorem
4.1 to conclude that the distribution of the truncated version Yy, , of the bootstrap mean

can be made to approximate arbitrarily closely to that of Y7, by choosing K large enough,
so that

(B v (Vi — Far) — B v (Vi — r) |, = 001)
and

||£*(ENT,K7 q, 0, Ayr) — L(¢nr, q, 0, Anr) ||OO =op(1).

Hence, pointwise convergence for the bootstrap with model selection follows from Theo-
rem 4.1 and Lemma A.2 together with continuity of £*(€yr x, q, 0, A) in q, and the trian-
gle inequality. The analogous result for the pivotal bootstrap follows from Corollary A.1
together with the continuous mapping theorem.

For uniform consistency of the bootstrap without model selection, we first consider
convergent drifting sequences qur, cyr With limits q and ¢, respectively. We also let

Qnr i= (GeNTs QaNT + GeNT F+ QunT> Qo NT F+ Gent + Gunt> 0,0, ..0).

Lemma A.1(a) implies that q}; — qyr converges in probability to zero, and Aas ;\g are
consistent for A, and A, along such a sequence whenever ¢, = 0. Convergence for the
bootstrap without model selection along the convergent sequence qyr then follows from
the same arguments as for the pointwise case, noting that under Assumption 2.2(b), the
approximation error in (2.3) from truncation at K < oo can be controlled uniformly under
drifting sequences for cyr.

The conservative bootstrap is identical to the bootstrap with model selection ex-

cept in the event ba(Ka) =0 or Dg(Kg) = 0. For ﬁa(Ka) = 0, we have by inspection
A d A A d
that ./ 1\?:;, Zﬁil a;, — N(0,1), and for D,(«k,) = 0, we have /TA—fg Zil g, — N(O,1),

whereas the other components of the bootstrap distribution coincide with their analogs
for the bootstrap with model selection.

This establishes the claims of the theorem under any convergent sequences qur, cyr. 10
conclude the proof, it remains to show that it is in fact sufficient for uniformity to consider
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convergent subsequences for which the appropriately normalized parameters converge to
proper limits. Here we can adapt an argument from the proof of Theorem 1 in Andrews
and Guggenberger (2010), noting that the limiting sequences for the truncated version
spectral representation Yyr x and its bootstrap analog Yy, x in the proofs of Theorem 4.1
and Lemma A.2 are both indexed by finite-dimensional subvectors of ¢ and q. Since g, +
q¢+ gv + q. = 1, such a subvector of q can only take values in a compact set, and the norm

levrxll? < Zle ¢; < oo by Assumption 2.2. Hence, such a convergent subsequence for
these subvectors can be extracted from (quyr, cyr) by the Bolzano—Weierstrass theorem,
and the truncation error can then be made arbitrarily small by choosing K large enough.

Q.E.D.

Proof of Proposition 4.2

We can establish the refinements of this bootstrap procedure by establishing separate
Edgeworth expansions for the sampling and bootstrap distributions, using Theorems 2.2
and 5.1 of Hall (1992), and then showing that the first three cumulants of the bootstrap
distribution converge almost surely to those of the sampling distribution.

Since by assumption o2 + ag are bounded away from zero, the rate ryr is no faster

than min{N "2, T-'/2}. We therefore first focus on the contribution of Z%* + Z%*, and
then show that the contribution of the remaining terms is at most of the order (NT)~'/2.

Furthermore, according to our results in Lemma A.1, we have that A, £ 1 and Ag 21
whenever o2 > C > 0, and 05 > C > 0, respectively. In what follows, we assume without

loss of generality that both ¢ and ag are bounded away from zero.

Edgeworth Expansions

To obtain an Edgeworth expansion for the studentized version of Z]‘i,* + Zng,*, it suffices
to notice that a,, ..., ay and gy, ..., gr are i.i.d. draws from their respective marginal dis-
tributions, since «; and vy, are i.i.d. by Assumption 2.1. Hence, the smooth function model
in Hall (1992) directly applies, and since bounded moments of order 4 and Cramér’s con-
dition were assumed in this proposition, we can directly apply Theorem 2.2 in Hall (1992)
to obtain the Edgeworth expansion of the sampling distribution to order j = 2.

For the bootstrap distribution, note that by construction of the bootstrap procedure,
ai,...,ayand gy,..., g are i.i.d. draws from the respective empirical distributions of @;
and g,. We can therefore directly apply Theorem 5.1 in Hall (1992), where the remaining
regularity conditions are subsumed by the assumptions of this proposition.

Comparing Moments

We next need to establish that the first three cumulants of the bootstrap distribution
consistently estimate those of the sampling distribution: First note that the third moment
of a; under the sampling distribution is

E[&f] = <]E[af] + %E[alwi] + %E[wi]> (1 + O(I/N))’

where we used the fact that w;, is mean-independent of a;. By the assumptions of the

theorem and a central limit theorem, we then have

N

Exel(07)'] - Bla] = 5 26 - B[af]) = 0 (N 2).
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Hence, for the variables

R 1 N . 1 N
Wy =—=)» a and Wy':=——=)» a,,
YTUN ; YOOUN ; ’
we have that

B [(37) ] = B[0F)'] = N2 (B3 [(a2)'] ~ E[a]]) = Op(N ).

Similarly, for

1 . 1 &
wWE = and W5 = — "
N ﬁ th T ﬁ ;gt,b
we have that
Exr (W) ] = E[(W)] = T2 (B [(21)] - E[g3]) = 0p(T7).

By construction, W,\‘i and WTg and their bootstrap versions W]f,”* and WTg’* are indepen-
dent. For any weights sy, s,, we therefore have

E [ (oW + W) ] — E[(s W + : W) = Op (N~ v T,

We can apply this in particular to the case s; = A, and s, = A,, where A,, A, 5.

Taken together with the Edgeworth expansions of the sampling distribution and the
bootstrap distribution, this implies that the bootstrap distribution Z% + Z%; approx-
imates the sampling distribution of Z¢ + Z% at a rate ry2 = O(N~' v T~') under the
Kolmogorov metric.

Remainder

Finally, we need to assess the magnitude of the contribution of the remaining terms of
the representation of ryr (Y3, — Ynr). We already showed in the proof of Lemma A.2 that
the term

Zir+ Y el Zy' = Op((NT) 7).
k

Since the limiting distribution of Z%; + Z&; is Gaussian, its c.d.f. is Lipschitz-continuous,
so that

as well. The analogous conclusion holds for the sampling distribution. Taken together

with the rate of approximation for the leading term Z}‘(, + Z§ and its bootstrap analog,
this establishes the claim. O.E.D.

Yi. - Y, 28+ 787
P, (\/ﬁifﬁ NT) - IP;T<—NT + NT)

Ox
SNT,sel SNT,sel

— O((NT)™'?)

(o]
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