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Transform Representation (1D)

* Represent a vector f as the weighted combination of some basis
vectors h, . Weights t, are called transform coefficients

* An N-dimensional vector needs N non-linearly dependent bases
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One Dimensional Linear Transform

« Let CN represent the N dimensional complex space.

 Let ho, h1, ey

vectors in CN.
* Any vector f € CN can be represented as a linear
combination of hy, hy, ..., hy4:

2

f=>#(k)h, =Bt,

e
Il

0

where B
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=[h,,h,,....h, ], t=

o)
(1)

[ {(N-1)
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hy.¢ represent N linearly independent

— t=B'f = Af

f and t form a transform pair



Inner Product

* Definition of inner product =
<f.f,>=ff, :Zfl (n) f,(n)
. h |

Orthogonal  _ f.f,>=0
« 2-Norm of a vector  |f| =<f,f >=f"f :Nz_‘l f(n)l

« Normalized vector: unit norm €] =1

* Orthonomal = orthogonal + normalized
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Orthonormal Basis Vectors (OBV)

1 k=1

+ {h,, k=0,...N-1} are OBV if <hk,h,>=5k,,={0 e

« With OBV
N-1 N-1
<h,,f>=<h,, > t(kh, >=> t(k)<h,h, >
k=0 k=0
e
H
e=| M lfZBYF = Af
LI

B =B”,or B"B=BB"” =1.  Bisunitary
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Definition of Unitary Transform

 Basis vectors are orthonormal

 Forward transform N-1 ,
t(k)=<h,f>= th(n) S (n),
n=0

hy
hH
t= 1 f =B"f = Af
hl;
 |Inverse transform MvEN
N-1
f(n)=> (k) (n), AH = (4")T
k=0 A" = AT if A is real
N-1
f=>t(kh,=h, h - h, [t=Bt=A"t
k=0
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Example: 4-pt Hadamard Transform

1/2 1/2 1/2 1/2
1/2 1/2 —1/2 —1/2
h0: - 9h1: ahzz 9h3:
1/2 —1/2 —1/2 1/2
/2| |-1/2 172 |-1/2
— rtO:
2 t, =2
f = = <
3 t,=0
4] =1
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1D DFT as a Unitary Transform

1 27
F(k)=ﬁ2f(n)e N k=0,1,..,N-1;
0
1 N-1 j27z@
f(n)y=——=)> Fk)e ", n=0,1,...,N-1.
VN o
1 jzn@
N b Or .
/N Forward transform:
_ F(k) = hilf
.21 k Inverse transform:
7N f=z hy F(k) = HF
, ,k=01,.,N—-1. g
. (N=D)k H = [hy hy_1]
e] A
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Example: 1D DFT, N=2

N =2 case : there are only two basis vectors:

h, h,=—

o k]
exp(]27z§0) 1 N
: ,h
NI

_
2

exp( j27z§1)

.
if f = {2 , determine ¢,, ¢,

Using ¢, =<h,,f >, we obtain

3

fy :%[HBD=%(1*1+1*2):—2,z

1
L2

4

Verify:¢,h, +¢h 3t : f
erify : + =—| |—= = =
00T a1 2] =1 |2

1

|

|

1
—1
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Np)

(1*¥1-1%2)=

-1

V2
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Another Example: 1D DFT, N=4

W
thc 1 1 1] [ 1
exp(j27r —1) 111 il g o
. 1 | - )
N:4case:us1nghk=5 ]? yields: hozal;hIZE Jl ;hzza 1 ;h3:§ {
exp(j2mr—2) — _
2 _1_ __]_ _—1_ _] |
exp(j2z—3)
_ 4 "]
2 i | 1
4 0 =52+4+543)=T; 1,=-(2-4/-5+3j)=->(G+));
f= = 2 2 2
1
5 ,=—(2-4+5-3)=0; l(2+4] 5-3)=-1(- /)
14-G+)-G-H ] [8]
14-3B+))j+3-))j 16
Verify: t0h0+t1h1+tzh2+t3h3:% 14 ((3 ])J) 23 ];J :% 20 =t
+(3+)+(B—
14+G+))j-G=-nj] [12]
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1D Discrete Cosine Transform (DCT)

Basis Vectors: P

) CO{ % } Forward Transform : T(k) = Z_(; F(n)h, (n)

where a(k) = i k=0 Inverse Transforms : /(1) = NZ:IT(k)h (n)
k=1,.,N-1 ’ k

P =

Vector Representation N = 4 case:

C (1, )] C (1) (2 )] (3 )]
cos| —krx cos| — 7 cos| — 7 cos| — 7z
8 8 8 8
3 1] [0.5 3 0.6533 6 0.5 9 0.2706
s gk 11| |05 1187 )| | 0.2706 1 COS(g”J ~0.5 1 COS(g”J ~0.6533
h, =a(k) yields: hy=—| |= ;hy == = shy, =, |— = ;hy == =
5 211 |05 2 5 —0.2706 2 (10 ) -0.5 2 (15 ] 0.6533
cos| —krx COS| — 7 COS| — 7 COS| — 7
8 1| 105 8 ~0.6533 8 0.5 8 —0.2706
7 7 14 21
cos| —krx cos| — 7 cos| — cos| — 7
i | 87 )] L8 L8 )]
2 1
4 to==Q2+4+5+3)=7; £ =(2-3)*0.6533+(4-5)*0.2706 = —0.9239;
f= 5 = 12

ty=—(2-4-5+3)=-2; £;,=(2-3)*0.2706+ (5—4)*0.6533 = 0.3827.
3
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Two Dimensional Transform

« Decompose a MxN 2D matrix F=[F(m,n)] into a linear
combination of some basic images, H, ;=[H, (m,n)], so
that:
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Transform Representation of an Image Block

\

s

Inverse transform: Represent a block of image samples as the superposition of some
basic block patterns (basis images)
Forward transform: Determine the coefficients associated with each basis image
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2D Transform Can be Treated as 1D Transform

* Arrange each image block into a vector

« Arrange each basis image as a vector using the same
order

« But this does not take advantage of special properties
of Separable Transform
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Separable Unitary Transform

Let h, k=0, 1, ..., M-1 represent orthonormal basis
vectors in CM,
Let g, I=0, 1, ..., N-1 represent orthonormal basis

vectors in CN,
Let H, =h,g,’, or H, ,(m,n)=h,(m)g,(n).
Then Hy, will form an orthonormal basis set in CMN,

ECE-GY 6123: Image and Video Processing 16



Example of Separable Unitary Transform

 Example 1

ho{l/ﬁ}hl{ 1/:2 }

1//2 —1/+2
H —hh - 1/2 1/2 H —hh - 1/2 —-1/2
00T 2 12 T 2 —1/2
7 1/2 1/2 7 1/2 -=1/2
H,,=hh; = H,, =hh =
-1/2 -1/2 -1/2 1/2
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Recall the 1D DFT basis are:

using H,,

Ho,o =

Yao Wang, 2021

Example: 4x4 DFT

1 1 1 1
1 ' -1 -
hO:l ;l’llzl ] ;h2:l ;l’l?’:l ]
201 2| -1 2| 1 2| -1
1 —J -1 J
=h,(h,) yields:
111 1 -1 = 1 -1 1 -1 1 —j -1
111 11 j -1 - 11 -1 1 -1 111 —-j -1
H0,1 = . .| Ho,z - > 03— . .
11 1f 41 j -1 — 41 -1 1 -1 411 —j -1
111 -1 = 1 -1 1 -1 1 —j -1
11 1 R 1 -1 1 -1 1 -5 -1
JooJ T 1 -1 -j 1 1 —j Jj —J 1y 1 -j -l
’H1,1 == . . aHl,z == 9H1,3 - . .
-1 -1 -1 4/-1 —j 1 4/-1 1 -1 1 4/-1 j 1 —j
=] —J -7 1 j -1 -J J —J J -; -1 j 1
1 1 1 1 -1 —j 1 -1 1 -1 1 —-j -1
-1 -1 -1 1|-1 - 1 -1 1 -1 1 -1 j 1 -
5 H2,1 = . . Hz,z - > Hz,3 = . .
11 1 41 j -1 —j 41 -1 1 -1 401 —j -1
-1 -1 -1 -1 - 1 -1 1 -1 1 -1 j 1 -
11 1 1 -1 —j 1 -1 1 -1 1 - -1
B A IR | L —lH N =F o -] ] y=; -1 g1
sz — 77 . Lo p 2 T sz 3 — 77 . .
-1 -1 -1 40-1 —j 1 4/-1 1 -1 1 4 -1 j 1 —j
g7 J -1 =j 1 Jo=J J —J o1 =j -1

ECE-GY 6123: Image and Video Processing 18



ForF =

—_— O O
N = = N
N N W N

0
1

-1

Example: 4x4 DFT

, compute T},

Using 7, , =<H, ,,F > yields,e.g,

1
TO,O =< HO’O,F >= Z

Yao Wang, 2021

—_— e

11101 22 o0
11 1/{0 1 3 1 1 18
, =— (142424040 +143+1+0+1+2+1+14+2+2-1)=—
11 100 1 2 1 4 4
11 1|1 2 2 -1
1 —j -1 jT[t 22 o0
-1 ; 1 —-j; (01 3 1 1 1
, =—(U+27-2—-j+34+j+j-2—-j-1-2j+2—j)=—(1~J
N G UH2j =234 j+ j=2=j=1-2j+2=j)=— (1))
-1 ; 1 —j| |1 2 2 -1

ECE-GY 6123: Image and Video Processing
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Example: 8x8 DCT

2N

Hy j(m,n) =a(k)a(l) CO{M} CO{ @n+Dix

1 —
where a(k) = {\/\/;:]]i k= llj:(])\f—l

i
LE LLI

Ll LEGR LR L

I!! | .:!
LI L BB LR BB

Low-Low

lﬁ

PRI e -3 e s
" o _m

Basis Images:

wAd BN

LLLE IRL L) NE LW

i
o

D=dctmtx(8);
Basis43=D(:,4)*D(3,:)’;

LE!LER

Low-High

- ]
s |
-
|
-
b |
- .
=
.
R
=
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High-Low

High-High

20



Hadamard Transform:

Example:

D=hadamard(8);

reindex=[1,8,4,5,2,7,3,6];

D(reindex,:)=D;
Basis43=D(:,4)*D(:,3)’;

Vao Wah ro;ngmy Reibman

Basis images

m
|
|
|
|
|
|
I
_—
I
I
|
I
I
I
I
I
I
I
I
—_—

[
]
]
L
L
L
I
I
]
L
I
I
]
I
I
I
I
I
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Property of Separable Transform

 When the transform is separable, we can perform the
2D transform separately.
— First, do 1D transform for each row using basis vectors g,

— Second, do 1D transform for each column of the intermediate
image using basis vectors h,.
— Proof:

M-1N-1

T(k,ly=Y > H, (m,n)F(m,n)= Zh (m)z g, (n)F(m,n) = Zh (m)U(m, 1)

m=0 n=0

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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DCT on a Real Image Block

>>imblock = lena256(128:135,128:135)-128
imblock=

54 68 71 73 75 73 71 45

47 52 48 14 20 24 20 -8

20 -10 -5 -13 -14 -21 -20 -21 >>detblock =dct2(imblock)

-13 -18 -18 -16 -23 -19 -27 -28 detblock=

24 22 22 26 24 33 30 23 31.0000 51.7034 1.1673 -24.5837 -12.0000 -25.7508 11.9640 23.2873
29 13 3 24 -10 42 41 5 113.5766 6.9743 -13.9045 432054 -6.0959 35.5931 -13.3692 -13.0005
16 26 26 -21 12 -31 -40 23 195.5804 10.1395 -8.6657 -2.9380 -28.9833 -7.9396 0.8750 9.5585
17 30 50 -5 4 12 10 5 35.8733 -24.3038 -15.5776 -20.7924 11.6485 -19.1072 -8.5366 0.5125

40.7500 -20.5573 -13.6629 17.0615 -14.2500 22.3828 -4.8940 -11.3606
7.1918 -13.5722 -7.5971 -11.9452 18.2597 -16.2618 -1.4197 -3.5087
-1.4562 -13.3225 -0.8750 1.3248 10.3817 16.0762 4.4157 1.1041
-6.7720 -2.8384 4.1187 1.1118 10.5527 -2.7348 -3.2327 1.5799

Note that low-low coefficients are much larger than high-high coefficients

We subtract 128 from original image block to shift the mean to zero

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Energy Distribution of DCT Coefficients
in Typical Image Blocks

106 . . .
Variance of each coefficient is

determined by the average of
the square of this coefficient in

105 = all blocks of an image

- Zig-zag ordering

— //// Ed
1 N

DCT coefficient variance

10° E

| | | | | £
10 20 30 40 50 60 / / /

Coeflicient index in zigzag order / /

~N

Ny
N
N
N
Y
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Images Approximated by Different
Number of DCT Coefficients per Block

Original

With 8/64
Coefficients

Yao Wang, 2021

ECE-GY 6123: Image and Video Processing

With 16/64
Coefficients

With 4/64
Coefficients
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Properties of Unitary Transforms

s=[s,]: signal vector; t=[t,]: transform coefficient vector; u,: Basis vectors
forward transform: ¢, = (ug,s) or t=[U] Hg — [V]s

inverse transform: S = Z i, = [UJt = [V] =
keN

If s 1s a random vector, than t 1s also a random vector

1. The mean vectors n, = E{S} and n, = E{7 } are related by

n =[Vln,,  n,=I[Vl'n, 9.1.11)

The covariance matrices [C];, = E{(S — n,)(S — nS)H} and [C], = E{(T —
n,) (T —n,)H} are related by

[C], = [VIICL[V]",  [C], = [VI"[CL[V]. (9.1.12)

From Wang, et al, Digital video processing and communications, 2002.
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Properties of Unitary Transforms

2. The total energy of the transformed vector equals that of the sample vector. This
is true both for a given realization and the ensemble average; that is,

Yoi= 3 (9.1.13)

neN keN
Y o = Y 0 (9.1.14)
neN keN
where or = El(S, —as )2} and o k = E{(T,— n; )%} are the variances of

S, and Tk, respectively. (This property is equivalent to Parseval’s theorem for the
Fourier transform.)

From Wang, et al, Digital video processing and communications, 2002.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Properties of Unitary Transforms

3. Suppose that we use only the first K < N coefficients to approximate s, with the
approximated vector bemg Sk = Z r—1 tku; then the approximation error signal
isex =s—8g =S i—K+1 tux. The approximation error energy for a given s is

N
lexlI> =) "et= > . (9.1.15)

neN k=K+1

The variance of £x = S — S x over the ensemble of S is

N
BlieelV= Y. o= ). 0 (9.1.16)

neN k=K+1

Because the sum of all coefficient squares or variances is a constant (Equa-
tion (9.1.13) or (9.1.14)), the approximation error for a particular signal vector is
minimized if one chooses K coefficients that have the largest values to approx-
imate the original signal. Similarly, the mean approximation error is minimized
by choosing K coefficients with the largest variances.

From Wang, et al, Digital video processing and communications, 2002.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Example: 4-pt Hadamard Transform

1/2 1/2 1/2 1/2
1/2 1/2 -1/2 —1/2
hO: 9h1= ’h2: >h3: )
1/2 —1/2 -1/2 1/2
_1/2_ _—1/2_ | 1/2 ] _—1/2_
(1] t, =
2 t, =—2
f= =
3 t,=0
_4J t, =1

Energy preservation: ||f||3 = 1% + 22 + 32 + 42 = 30, ||t||5 = 5% + (=2)%2403 + (=1)%=

Suppose we use only the two basis with largest (in magnitude) coefficients to reconstruct the signal:

-1

S h_51 1 1 1 1
f=toho +tihi =517~ =35 ~5171 T 32|-1
1 1

|e||§_1 t2+ti=1
Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 29
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Pop Quiz

 What do we mean by orthonormal transforms

« What properties do the orthogonal transform bases
satisfy

 How do you obtain the transform coefficients
 How do you form 2D transform bases from 1D bases?
 How do you perform 2D separable transform?

* What will be the sum of squared errors of the
reconstructed signal from K largest coefficients?

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 30



Pop Quiz (w/ answers)

What do we mean by orthonormal transforms

— Representing a signal by a weighted average of transform bases
What properties do the orthonormal transform bases satisfy

— Different bases are orthogonal to each other. Each has a unit norm
How do you obtain the transform coefficients

— Taking the inner product of the signal with each transform basis
How do you form 2D transform bases from 1D bases?

— Using outproduct of every two 1D bases

How do you perform 2D separable transform?

— Perform 1D transform of every row using the 1D row transform bases, then 1D
transform of every column of the intermediate image using the 1D column
transform bases.

What will be sum of squared errors of the reconstructed signal from
K largest coefficients?

— The sum of squares of the remaining N-K coefficients

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 31



Outline

« Unitary transform: from 1D to 2D
— + Optimal transform: KLT=PCA

« Transform coding framework

« JPEG image coding standard

« JPEG 2000 image coding standard

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Why do we want to use transform?

« Compression: With a well design set of basis vectors, only a few
coefficients of typical image blocks are large, and coefficients are
uncorrelated. Each image block can be represented by its quantized
transform coefficients!

« Feature dimension reduction: Using a few large coefficients rather
than original samples.

« Denoising: Noise typically contribute to small coefficients at all
frequencies, but real data typically have significant coefficients only
at low frequencies. We can suppress noise by setting small high
frequency coefficients to zero.

 Just as DFT, we could attenuate different DCT coefficients to
achieve different filtering effect (but the convolution property does
not hold for DCT)

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 33



Transform design

« What are desirable properties of a transform for image
and video?

— Decorrelating

« Good for compression: one can entropy code each coefficient
independently without losing efficiency;

« Good for feature reduction: each feature reveal independent info.

— High energy compaction — Only a few large coefficients, rest are
zero or negligible

— Easy to compute (few operations)
— Separable — compute 1-D transform first on rows, then on
columns. So we only consider design of 1-D transform bases.
* What size transform should we use?
— Entire image? Small blocks?
— 2-D (on an image) or 3-D (incorporating time also)?

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Karhunen Loeve Transform (KLT) =
Principle Component Analysis (PCA)

» Basis vectors in directions with largest variance =
eigenvectors (principle components) of the signal
covariance matrix.

« Coefficients are completely uncorrelated ©

« Best energy compaction ©

— Sort coefficients from largest to smallest in expected squared
magnitude; then the sum of the energies of the first M
coefficients is as large as possible

« No computationally efficient algorithm @

* Requires the knowledge of the mean and covariance
matrix of the signal vector. ®

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 35



Karhunen Loeve Transform (KLT)

« KLT: Using eigenvectors of signal covariance matrix [C]; as
transform bases, ordered based on the eigenvalues

Clsdy = Agd,. with (. ) = Ok, 1-
sk k \“ks U/

— Resulting transform coefficients are uncorrelated
— The coefficient variances are the eigenvalues

— K-term approximation error = The expected square error of
representing a vector with first K coefficients = sum of last N-K
eigen-values

— It can be shown that among all possible unitary transforms, KLT
yields the least K-term approximation error, for all K=1,2,...,N.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 36



Example

« Consider 2x2 image blocks with inter-sample correlation as shown below.

o Q O (]}
{ Pr 3
O B v
5 P
O Q o)
( D
o Q a O

Ph — /J‘[ pu— /.',/’.'d o ,’)2,

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Example Continued
(Convert 2x2 into 4x1)

 Correlation matrix

« DCT basis images

[C)s = E

—lt 2 12

I 11
2|1

I
I

« Equivalent 1D transform matrix

Yao Wang, 2021

A
B
&
D

FPh
Pu
Pd

|

(A8 €

/’d—

o

U] =

D]

e p— p— —

ECE-GY 6123: Image and Video Processing

C AA
(-.B A
C CA
(-,1 VA

("AB
Cpp
Cen
Con

Cac
Cac
Ccc
Coc

C AD
Cep
Cen
Cop
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Example

« Determine the KLT for the 2x2 image block in the previous example

I
Ph
Lo
| Pd

[CL; =67

Determine the eigenvalues by solving:

Fh
|
Pd
i

Pu
P
I
#Fh

d i
P
“h

l —

Ph = Pd = P.Pd = pP~.

det([C], — A[I]) =0

A ={(1+ 02 1 =02,01 =03 A -p)lol

(same as the coefficient variances with DCT)

Determine the eigenvectors by solving

Resulting transform is close to the DCT !

([C], = A[1])he =0

DCT is a good transform for images, with energy compaction close to KLT!
DCT is a fixed transform (does not depend on the signal statistics) and can be computed fast.

N Ahmed, T Natarajan, KR Rao, “Discrete Cosine Transform”, IEEE Transactions on

Computers 23, 90-93

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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What if | don’t know the covariance matrix?

« Using samples to form the covariance matrix

Given samples fi, k = 1,2,....K

1
Mean py = Ezlk{=1 fr

Covariance matrix Cr = % ka1 (Fe = ue) (e — ue)"

Let F be the sample matrix, consisting all the mean removed
samples 1n its columns,
F=|fi—-wk=12,.. K]
Covariance matrix
Cr=~FF"

T K

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Feature Dimension Reduction by PCA

« Given a set of samples in a dataset, each represented by a raw
signal vector of dimension N

« Want to find a reduced feature representation of dimension K

» Principle component analysis (PCA) = KLT using the sample
covariance matrix

— The eigenvector corresponding to the largest eigen value corresponds
to the direction with largest variance.

 Features = first K transform coefficients

« Feature dimension reduction is an important problem in machine
learning.

« PCA s a linear feature reduction method.
* There are other more powerful non-linear transformations.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 41



Signal Independent Transform Bases

« Suboptimal transforms — many available!

— Discrete Fourier Transform (DFT): complex values;
» convolution in space = multiplication in coefficients;
* not best in terms of energy compaction.

— Discrete Cosine transform (DCT): real values only
* nearly as good as KLT for common image signals
— Hadamard and Haar: basis functions contain only
+1,0,-1
* Very fast computation
« Has blocky artifacts with k-term approximation

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing

42



Pop Quiz

How do you determine the optimal transform (KLT)?

What are its properties?
What are the difficulty of using KLT in practice?

Why do we use DCT for images?

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Pop Quiz (w/ Answers)

How do you determine the optimal transform (KLT)?

— Find the covariance matrix
— Find the eigen vectors of the covariance matrix

What are its properties?

— Decorrelate the original signal components (i.e. transformed
coefficients are uncorrelated, or the covariance matrix of the
transformed vector is diagonal

— Maximize the energy minimization: having the minimal K-term
approximation error among all transforms, for K=1,2,..,N

What are the difficulty of using KLT in practice?
— Signal dependent, no fast algorithm to compute the transform
Why do we use DCT for images”?

— Very close to the KLT corresponding to the covariance matrix of
common image signals.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 44



Outline

« Unitary transform: from 1D to 2D
* Optimal transform: KLT=PCA
== e« Transform coding framework
« JPEG image coding standard
« JPEG 2000 image coding standard

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Block Diagram of Transform Coding

o
l Transform C ncl'l"ulf ient

l coefficients  indides
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bit stream
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Quantizer
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Yao Wang, 2021

Channel

This is essentially how JPEG works!

Binary

-

decoder

Quantized

coeflicients

Inverse

quantizer

Inverse
transform

Output
samples
S,

JPEG uses 8x8 DCT, and Runlength+Huffman

coding for binary encoding.

ECE-GY 6123: Image and Video Processing
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Scalar Quantization

» Purpose of quantization: to convert the continuous range (requiring infinite
number of bits) to a finite number of quantized bins, each bin represented
by a single quantized/reconstruction value

o

21
1 1 )
I I I I I I I | >/

bg b s b3 by bs bg b bg

2 5 B4 85 8 &7 88
I l I

02 £
,.’ll’llll SN

Quantization levels: L

Boundary values: b,

Partition regions: B, =[b,_,,b;)
Reconstruction values: g,

Quantizer mapping: Q(f)=g,, if fe€B,

Quantization index : g, is indexed by [

L possible indices can be described by log, (L) bits
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Function Representation of Quantization
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Uniform Quantization

Yao Wang, 2021

QCf)
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e s s —
|
I
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7= - — Jmi q
& ! ! Q(f):{MJ*q—f-é-i-ﬁmnA
i ! q 2
P Tl kit D b e : I
| | |
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o ¢ ox g Alternatively, centered at the mean value:
' I I I I
Lo b1
83 f——————- I : : | :
i i1l Lo f—f + 4
o I a2y I mean 2
o i i ! ! E E i Q(f)zl ‘*q+fmean
| | | 4 | | | | g
| >
bg by by by by bs by by by :
Jimin Jmax (fmean — g’ fmean + g) is quantized to fmean

All bin sizes are equal. g= quantization interval or quantization step size
Quantization error is in the range (-q/2, q/2).
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Lossless Coding (Binary Encoding)

« Binary encoding is a necessary step in any coding system
— Applies to
 original symbols (e.g. image pixels) in a discrete source,

» or converted symbols (e.g. quantized transformed coefficients) from a continuous
or discrete source

» Binary encoding process (scalar coding)

Binary Encoding

T (bit length /)

Probability table
Pi

Bit rate (bit/symbol):  R=>" plail(a;).

a;eA

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 50



Binary Encoding Methods

« Fixed length coding
— N levels represented by (int) log,(N) bits.
— Ex: simple binary codes

« Variable length coding

— more frequently appearing symbols represented by shorter
codewords (Huffman, arithmetic, LZW=zip).

« The minimum average number of bits required to represent a
symbol is bounded by its entropy.

R(F) = H(F) = lower bound

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 51



Entropy of a RV

« Consider RV F={f,f,,...,f«}, with probability
p=Prob.{F= f,}
« Self-Information of one realization 1, : H,= -log(py)

— p=1: always happen, no information

— P, ~0: seldom happen, its realization carries a lot of
information

« Entropy = average information: H(F)=->" ps(filog, ps( f).
feA

— Entropy is a measure of uncertainty or information content,
unit=bits

— Very uncertain -> high information content

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Huffman Coding

» |dea: more frequent symbols -> shorter codewords

Step 1: Arrange the symbol probabilities p(ay). [ =1.2. .. .. L, in a decreasing order
and consider them as leaf nodes of a tree.

Step 2: While there is more than one node:

(a) Find the two nodes with the smallest probability and arbitrarily assign 1
and O to these two nodes.

(b) Merge the two nodes to form a new node whose probability is the sum of
the two merged nodes. Go back to Step 1.

Step 3: For each symbol, determine its codeword by tracing the assigned bits from the

corresponding leaf node to the top of the tree. The bit at the leaf node is the
last bit of the codeword.

« Can be applied to one symbol at a time (scalar coding), or a group of symbols

(vector coding), or one symbol conditioned on previous symbols (conditional
coding)

» The resulting bit rate is away from the entropy bound by 1 bit at most!
H(F)< R(F)< H(F)+1.
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Huffman Coding Example:
Scalar Coding

Codeword Codeword

Symbhol Probability length
l
B 0.5000 2 [2 |
I
“h” 0.2143 0 “o]™ h
| 0 :
“c 0.1703 0 0.5000 “001™ 3
2
“d 0.1154 O 02857 “«000" 3

Bit rate R = |.7857 Entropy H, = 1.7707

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Huffman Coding Example:
Vector Coding

— Reordered
Symbol  Probability  symbol  Probability Codeword Length
“ag” 03125 “m” 03125 ' 11 2
“ah” 00038 “ab® 00038 ' b “011" 3
“ac®  0.0625 bat 00804 ' | —— “1001" 4
“ad” 00313 “Bb 00670 —) 13 o 2096 0 “1011” 4
hat 00804 “a” 00639 —9J- 50 L “1010” 4
bhT 0.0670 “a” 00625 “0011" 4
b 00402 "’ 00532 ' 1 “0001" 4
“bd” 00268 it 00433 —1 Aolé 0 “0101” 4
“ed” 00639 o 00402 — 08D 0100 4
b 00319 A A 00361 —Jl 5 001”5
w032 Afey 00319 — e ST
“ed” 00213 Wt 00313 — 000632 “00100° 5
“da” 004330\ “ha" 00268 — . 000015
“dbt 00216 “dh” 00216 — 210484 “00000™ 5
“de” 0014 f  ed 03— “100001" 6
“dd” 00361 “de® 0.0144 — 010357 1000007 6

Ry = R/2 = 175015,
R? = 35003 H, = 34629

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Outline

« Unitary transform: from 1D to 2D
* Optimal transform: KLT=PCA
« Transform coding framework
==+ JPEG image coding standard
« JPEG 2000 image coding standard

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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What is JPEG

« The Joint Photographic Expert Group (JPEG), under both the
International Standards Organization (ISO) and the International
Telecommunications Union-Telecommunication Sector (ITU-T)

— Www.jpeg.org

» Has published several standards
— JPEG: lossy coding of continuous tone still images
« Based on DCT

— JPEG-LS: lossless and near lossless coding of continuous tone still
images
« Based on predictive coding and entropy coding

— JPEG2000: scalable coding of continuous tone still images (from lossy
to lossless)

 Based on wavelet transform
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The 1992 JPEG Standard

» Contains several modes:
— Baseline system (what is commonly known as JPEG!): lossy
« Can handle gray scale or color images (8bit)

— Extended system: lossy

« Can handle higher precision (12 bit) images, providing progressive
streams, etc.

— Lossless version

« Baseline system

— Each color component is divided into 8x8 blocks

— For each 8x8 block, three steps are involved:
* Block DCT
» Perceptual-based quantization
« Variable length coding: Runlength and Huffman coding

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Quantization of DCT Coefficients

« DC coefficient is predicted from the DC of the previous
block, and the prediction error is quantized.

« Use uniform quantizer on the DC prediction error and
each AC coefficient

 Different coefficient is quantized with different step-size
(Q):
— Human eye is more sensitive to low frequency components
— Low frequency coefficients with a smaller Q
— High frequency coefficients with a larger Q
— Specified in a normalization matrix
— Normalization matrix can then be scaled by a scale factor

« JPEG bit allocation does not intend to minimize MSE!

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Default Normalization Matrix in JPEG

121121141926 58] 60|55

141 13|16 ] 24 |40 | 57| 69 | 56

14 | 171 22129 51 | 87| 80 | 62

I8 | 221 37 | 56 | 68 | 109|103 77

49 1 64 | 78 | 87 [103 121 120]101

Actual step size for C(i,j): Q(i,j) = QP*M(i,j)

Note that the stepsize for the DC coefficient is for the prediction error for DC, not the original

DC value
Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Example: DCT on a Real Image Block

>>imblock = lena256(128:135,128:135)-128
imblock=

54 68 71 73 75 73 71 45

47 52 48 14 20 24 20 -8

20 -10 -5 -13 -14 -21 -20 -21
-13 -18 -18 -16 -23 -19 -27 -28
-24 22 22 26 -24 -33 -30 -23
29 -13 3 -24 -10 -42 -41 5
-16 26 26 -21 12 -31 -40 23
17 30 50 -5 4 12 10 5

>>dctblock =dct2(imblock)

dctblock=

31.0000 51.7034 1.1673 -24.5837 -12.0000 -25.7508 11.9640 23.2873
113.5766 6.9743 -13.9045 43.2054 -6.0959 35.5931 -13.3692 -13.0005
195.5804 10.1395 -8.6657 -2.9380 -28.9833 -7.9396 0.8750 9.5585
35.8733 -24.3038 -15.5776 -20.7924 11.6485 -19.1072 -8.5366 0.5125
40.7500 -20.5573 -13.6629 17.0615 -14.2500 22.3828 -4.8940 -11.3606
7.1918 -13.5722 -7.5971 -11.9452 18.2597 -16.2618 -1.4197 -3.5087
-1.4562 -13.3225 -0.8750 1.3248 10.3817 16.0762 4.4157 1.1041
-6.7720 -2.8384 4.1187 1.1118 10.5527 -2.7348 -3.2327 1.5799

In JPEG, “imblock-128" is done before DCT to shift the mean to zero

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Example: Quantized Indices

>>dctblock =dct2(imblock)

dctblock=
31.0000 51.7034 1.1673 -24.5837 -12.0000 -25.7508 11.9640 23.2873

113.5766 6.9743 -13.9045 43.2054 -6.0959 35.5931 -13.3692 -13.0005
195.5804 10.1395 -8.6657 -2.9380 -28.9833 -7.9396 0.8750 9.5585
35.8733 -24.3038 -15.5776 -20.7924 11.6485 -19.1072 -8.5366 0.5125
40.7500 -20.5573 -13.6629 17.0615 -14.2500 22.3828 -4.8940 -11.3606
7.1918 -13.5722 -7.5971 -11.9452 18.2597 -16.2618 -1.4197 -3.5087
-1.4562 -13.3225 -0.8750 1.3248 10.3817 16.0762 4.4157 1.1041
-6.7720 -2.8384 4.1187 1.1118 10.5527 -2.7348 -3.2327 1.5799

Yao Wang, 2021

>>QP=1;
>>QM=Qmatrix*QP;
>>qdct=floor((dctblock+QM/2)./(QM))

qdct =

9 1 -1 2 0 1 0 O

4 1 -1 0 -1 0 0 O
3 -1 -1 -1 0 0 0 O
2 -1 0 0 0 O 0 O
o 0 0 0 0 0 O O
o 0 0 0 0 0 O O
0o 0 0 0 0 0 0 O

Only 19 coefficients are retained out of 64

ECE-GY 6123: Image and Video Processing
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Example: Quantized Coefficients

%dequantized DCT block
>> iqdct=qdct.*QM

iqdct=
32 55 0 -32
108 12 -14 38
196 13 -16 0
42 -17 -22 -29
36 -22 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Yao Wang, 2021

40 0 0
58 0 0
0 00
000 Original DCT block
000 getblock=
000 310000 51.7034 1.1673 -24.5837 -12.0000 -25.7508 11.9640 23.2873
0 00 1135766 6.9743 -13.9045 43.2054 -6.0959 35.5931 -13.3692 -13.000
000 1955804 10.1395 -8.6657 -2.9380 -28.9833 -7.9396 0.8750 9.5585
35.8733 243038 -15.5776 -20.7924 11.6485 -19.1072 -8.5366 0.5125
40.7500 -20.5573 -13.6629 17.0615 -14.2500 22.3828 -4.8940 -11.360¢
7.1918 -13.5722 -7.5971 -11.9452 18.2597 -16.2618 -1.4197 -3.5087
(14562 -13.3225 -0.8750 13248 103817 16.0762 4.4157 1.1041
67720 -2.8384 4.1187 1.1118 10.5527 -2.7348 -3.2327 1.5799
ECE-GY 6123: Image and Video Processing 63



Example: Reconstructed Image

%reconstructed image block

>> gimblock=round(idct2(iqdct)) Original image block
gimblock= imblock=
58 68 85 79 61 68 67 38 54 68 71 73 75 73 71 45

45 38 39 33 22 24 19 -2 47 52 48 14 20 24 20 -8

21 2 -11 -12 -13 -19 24 -27 20 -10 -5 -13 -14 -21 -20 -21
8 19 31 26 20 -35 -37 -15 13 -18 -18 -16 23 -19 -27 -28
31 217 21 20 -16 -39 41 0 24 22 22 26 24 33 -30 23
33 3 -1 -14 -11 37 -44 1 29 .13 3 24 -10 -42 41 5

3 54 30 6 16 11 -7 23 17 30 50 -5 4 12 10 5

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Yao Wang, 2021

Coding of Quantized DCT Coefficients

DC coefficient: Predictive coding
— The DC value of the current block is predicted from that of the
previous block, and the error is coded using Huffman coding
AC Coefficients: Runlength coding

— Many high frequency AC coefficients are zero after first few low-
frequency coefficients

— Runlength Representation:
» Ordering coefficients in the zig-zag order
« Specify how many zeros before a non-zero value
« Each symbol=(length-of-zero, non-zero-value)
— Code all possible symbols using Huffman coding
« More frequently appearing symbols are given shorter codewords
* One can use default Huffman tables or specify its own tables.

Instead of Huffman coding, arithmetic coding can be used to
achieve higher coding efficiency at an added complexity.

ECE-GY 6123: Image and Video Processing
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Example: Run-length Coding

qdct =

2 5 0 2 0 -1 0 0 Zig-zag ordering of DCT coefficients:
9 1 -1 2 0 1 0 0 — Y
4 1 -1 0 -1 0 0 0 Fivd: E
3 -1 -1 -1 0 O O O d 2 / /
2 -1 0 0 0 0 0 0 / // £d
O 0 0 O O 0 o0 o0 //
O 0 0 O O 0 o0 o0 7

NAA N

0

00 0 0 0 0 0 7 Z| 7 Z g

Run-length symbol representation:
{2,(0,5),(0,9),(0,14),(0,1),(1,-2),(0,-1),(0,1),(0,3),(0,2),(0,-1),(0,-1),(0,2),(1,-
1),(2,-1), (0,-1), (4,-1),(0,-1),(0,1),EOB}

EOB: End of block, one of the symbol that is assigned a short Huffman

codeword
Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 66



Coding of DC Symbols (not required)

 Example:
— Current quantized DC index: 2
— Previous block DC index: 4
— Prediction error: -2

— The prediction error is coded in two parts:

« Which category it belongs to (Table of JPEG Coefficient
Coding Categories), and code using a Huffman code (JPEG
Default DC Code)

— DC= -2 is in category “2”, with a codeword “100”
* Which position it is in that category, using a fixed length
code, length=category number

— “-2” is the number 1 (starting from 0) in category 2, with a
fixed length code of “01”.

— The overall codeword is “10001”

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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JPEG Tables for Coding DC (not required)

TABLE 8.17
JPEG coefficient
coding categories.

TABLE 8.18
JPEG default DC
code (luminance).

Yao Wang, 2021

DC Difference
Range Category AC Category
0 0 N/A
=11 1 1
-3,-2,2,3 2 2
=l —4.4 7 3 3
=15....; —8.8 15 4 4
—3 g 10,1643 5 3
—63 —32,32 63 6 6
=127 —64. 64 127 7 7
=255 —128,128 293 8 8
=511,..., —256, 256 511 9 Y
-1023...., —312.512. ..., 1023 A A
=2047,..., -1024,1024,..., 2047 B B
—4005,...,-2048,2048, ..., 4005 ¢ C
=8191,..., —4096, 4096, ..., 8191 D D
—16383,...,—8192,8192, ..., 16383 E E
-327617,.... —16384.16384,.. .. 32767 F N/A
Category Base Code Length Category Base Code Length

0 010 3 6 1110 10

1 011 4 7 11110 12

2 100 5 b} 111110 14

3 00 5 9 1111110 16

4 101 7 A 1111110 18

5 110 8 B 11111110 20

ECE-GY 6123: Image and Video Processing
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Coding of AC Coefficients (not required)

« Example:
— First symbol (0,5)
 The value ‘5’ is represented in two parts:

« Which category it belongs to (Table of JPEG Coefficient Coding
Categories), and code the “(runlength, category)” using a Huffman
code (JPEG Default AC Code)

— AC=5is in category “3”,
— Symbol (0,3) has codeword “100”

« Which position it is in that category, using a fixed length code,
length=category number

— “5” is the number 5 (starting from 0) in category 3, with a fixed length
code of “101”.

— The overall codeword for (0,5) is “100101”
— Second symbol (0,9)

« ‘Q’in category ‘4’, (0,4) has codeword ‘1011°,’9" is number 9 in
category 4 with codeword ‘1001’ -> overall codeword for (0,9) is
10111001’

— ETC

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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JPEG Tables for Coding AC (Run,Category)
Symbols (not required)

Yao Wang, 2021

Run/ Run/
Category Base Code Length Category Base Code Length

0/0 1010 (= EOB) 4

0/1 00 3 8/1 11111010 9
0/2 01 4 8/2 ITT111111000000 17
0/3 100 6 8/3 IT11111110110111 19
0/4 1011 8 8/4 IT11111110111000 20
0/5 11010 10 8/5 ITT1111110111001 21
0/6 111000 12 8/6 IT1T111110111010 22
0/7 1111000 14 8/7 IT11111110111011 23
0/8 1111110110 18 8/8 ITTT111110111100 24
0/9 1TT1111110000010 25 8/9 I111111110111101 25
0/A 1T11111110000011 26 8/A 1111111110111110 26
1/1 1100 5 9/1 111111000 10
1/2 111001 8 9/2 1111111011111 18
1/3 1111001 10 9/3 IT11111111000000 19
1/4 111110110 13 9/4 1T11111111000001 20
1/5 11111110110 16 9/5 IT1T111111000010 21
1/6 11T11111110000100 22 9/6 1T11111111000011 22
1/7 1T11111110000101 23 9/7 1T11111111000100 23
1/8 1T11111110000110 24 9/8 1111111111000101 24
1/9 1T11111110000111 25 9/9 IT11111111000110 25
1I/A 1T11111110001000 26 9/A 1111111111000111 26
2/1 11011 6 A/l 111111001 10
2/2 11111000 10 A/2 IT11111111001000 18
2/3 1111110111 13 A/3 IT11111111001001 19
2/4 1T11111110001001 20 A/4 1111111111001010 20
2/5 1T11111110001010 21 A/S IT11111111001011 21
2/6 1T11111110001011 22 A/6 1111111111001100 22
2/7 1T11111110001100 23 AT 1TT1111111001101 23

ECE-GY 6123: Image and Video Processing

TABLE 8.19

JPEG default AC
code (luminance)
(continues on next

page).
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JPEG Performance for B/W images

65536 Bytes 4839 Bytes
8 bpp 0.59 bpp
CR=13.6
ytes

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 71




JPEG for Color Images

Yao Wang, 2021

Color images are typically stored in (R,G,B) format

JPEG standard can be applied to each component separately
— Does not make use of the correlation between color components

— Does not make use of the lower sensitivity of the human eye to
chrominance samples

Alternate approach
— Convert (R,G,B) representation to a YCbCr representation
* Y:luminance, Cb, Cr: chrominance

— Down-sample the two chrominance components
« Because the peak response of the eye to the luminance component occurs
at a higher frequency (3-10 cpd) than to the chrominance components
(0.1-0.5 cpd). (Note: cpd is cycles/degree)
JPEG standard is designed to handle an image consists of many
(up to 100) components

ECE-GY 6123: Image and Video Processing 72



RGB <-> YCbCr Conversion

Y| [ 0299 0587 0114 [[R] | 0 |
C,|=/-0.169 —0.331 0.500 |G |+|128
C.| | 0500 -0.419 -0.081) B| |128

R| [1.000 —-0.001 1402 || Y
G|=/1.000 -0.344 -0.714|C, —128
B| [1.000 1.772  0.001 || C -128

Note: Cb ~ Y-B, Cr ~ Y-R, are known as color difference signals.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing



Chrominance Subsampling

N NN A
o N6 o
o N6 o
o 0 0 A
4:4:4

For every 2x2 Y Pixels
4 Cb & 4 Cr Pixel
(No subsampling)

Yao Wang, 2021

0 o2 O N (0 o
0 62 O N 60 0
0 o2 O f 60 e
N o2 O N (6 o
4:2:2 4:1:1

For every 2x2 Y Pixels For every 4x1Y Pixels
2 Cb & 2 Cr Pixel 1 Cb & 1 Cr Pixel

(Subsampling by 2:1 (Subsampling by 4:1
horizontally only) horizontally only)
® v pixel A b and Cr Pixel

4:2:0 1s the most common format

ECE-GY 6123: Image and Video Processing

® & 0 ¢
A A
® & 0 o
® O 6 o
A A
® & 0 o

4:2:0
For every 2x2 Y Pixels
1 Cb & 1 Cr Pixel
(Subsampling by 2:1 both
horizontally and vertically)
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Coding Unit in JPEG

4 8x8 Y blocks 1 8x8 Cb blocks 1 8x8 Cr blocks

Each basic coding unit (called a data unit) 1s a 8x8 block in any color component.
In the interleaved mode, 4 Y blocks and 1 Cb and 1 Cr blocks are processed as a
group (called a minimum coding unit or MCU) for a 4:2:0 image.
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Default Quantization Table

. AT P
For luminance For chrominance
6 (11| 10| 16| 24|40 |51 |6l 17 |18 |24 |47 |99 |99 |99 |99
121214 19|26 [ 58 | 60 | 55 18 121 |26 |66 (99 |99 |99 |99

4 | 13|16 |24 | 40 | 57 | 69 | 56 24 (26 |56 |99 |99 [99 [99 |99

wli17l 2205187 80l6| |47 |66 |99 |99 |99 99 |99 |99

18 | 22 [ 37 | 56 | 68 | 109|103 77 [ |99 |99 |99 |99 199 199 199 199

dl3slssles | g1 1gl113] 92 99 (99 |99 199 |99 (99 [99 |99

b |

49 | 64 | 78 | 87 103|121 120 (101 |99 |99 |99 |99 |99 |99 |99 |99

99 (99 199 |99 |99 [99 [99 |99

T2 192195198 (1121100103 99

The encoder can specify the quantization tables different from the default ones as part of the header information
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Performance of JPEG

* For color images at 24 bits/pixel (bpp)
— 0.25-0.5 bpp: moderate to good
— 0.5-0.75 bpp: good to very good

— 0.75-1.5 bpp: excellent, sufficient for most
applications

— 1.5-2 bpp: indistinguishable from original

— From: G. K. Wallace: The JPEG Still picture
compression standard, Communications of ACM,
April 1991.

« For grayscale images at 8 bpp
— 0.5 bpp: excellent quality

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 77



JPEG Performance

J""’x“‘(" P

WG
RANAROONNARIER L
R
v

487x414 pixels,

Uncompressed, 600471 Bytes,24 bpp 487x414 pixels

41174 Bytes, 1.63 bpp, CR=14.7
85502 Bytes, 3.39 bpp, CR=7

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Pop Quiz

 How does JPEG work? Describe the main steps
 How were the quantization stepsizes determined?
 How are the quantized coefficients coded?

 How do you achieve different compression ratios? (file
sizes)?

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 79



Pop Quiz (w/ Answers)

How does JPEG work? Describe the main steps

— Divide an image into blocks, code each block using transform coding
(DCT transform, quantize coefficients, code the coefficients using
runlength+Huffman coding)

How were the quantization stepsizes determined?

— Based on the human visual system sensitivity to different spatial
frequency

How are the quantized coefficients coded?

— First convert the coefficients to a runlength representation and then
code each pair of (runlength, non-zero value) using a predetermined
Huffman codeword

How do you achieve different compression ratios? (file sizes)?
— By scaling the default quantization matrix by a scalar

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 80



JPEG Pros and Cons

* Pros e Cons

— Low complexity —
— Memory efficient —

— Reasonable coding —
efficiency _

Single resolution

Single quality

No target bit rate

Blocking artifacts at low bit rate
No lossless capability

Poor error resilience

No tiling

No regions of interest

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 81



Outline

« Unitary transform: from 1D to 2D

* Optimal transform: KLT=PCA

« Transform coding framework

« JPEG image coding standard
==« JPEG 2000 image coding standard

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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JPEG2000 Features

« Improved coding efficiency
« Full quality scalability

— From lossless to lossy at different bit rate
« Spatial scalability
* Improved error resilience
* Tiling
« Region of interests
 More demanding in memory and computation time

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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Why do we want scalability

 The same image may be accessed by users
with different access links or different display
capability
— High resolution monitor through High speed
Corporate Intranet

— Small portable device through Wireless modem

* Non-scalable:

— Have different versions for each desirable bit rate
and image size

e Scalable

— A single bit stream that can be accessed and
decoded partially

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing
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What is Scalability?

Decoded frames in hybrid spatial/SNR layers
SP(0) SP(1) SP(2) SP(M — 1)

* e

-
- ——— ==
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T e e s g

J

Bit stream

Figure 11.7 N x M layers of combined spatial/quality scalability. Reprinted from I. Sodagar,
H.-1. Lee, P. Hatrack. and Y.-Q. Zhang, Scalable wavelet coding for synthetic/natural hybnd
images, IEEE Trans. Circuits Syst. for Video Technology (March 1999), 9:244-54. Copyright
1999 IEEE.
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Quality Scalability of JPEG2000

A 17. Example of SNR scalability. Part of the decompressed image “bike” at (a) 0.125 b/p, (b) 0.25 b/p, and (c) 0.5 b/p.

Figures in this slide are extracted from: A. Skodras, C. Christopoulos, T. Ebrahimi, The JPEG2000 Still
Image Compression Standard, IEEE Signal Processing Magazine, Sept. 2001.

Same spatial resolution, increasingly smaller quantization stepsizes
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Spatial Scalability of JPEG2000

A 18. Example of the progressive-by-resolution decoding for the color image "bike.” From [skodras01]
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How J2K Achieves Scalability?

e Core: Wavelet transform

— Yields a multi-resolution representation of an original
Image

o Still a transform coder

Yao Wang, 2021

— Block DCT is replaced by a full frame wavelet
transform
* Also known as subband or wavelet coder

— Wavelet coefficients are coded bit plane by bit plane

— Spatial scalability can be achieved by reconstructing
from only low resolution (coarse scale) wavelet
coefficients

— Quality scalability can be achieved by decoding only
partial bit planes

ECE-GY 6123: Image and Video Processing
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Wavelet Transform for Images

Li4

HL4

LH,

HH,

A 4. The subband labeling scheme for a one-level, 2-D wavelet

transform.

Yao Wang, 2021

Lis|HLg
HL,
LHa| HH.
a|Fhs HL,
LH, | HH.
LH, HH;

A 6. The subband labeling scheme for a three-level, 2-D wavelet

transform.

ECE-GY 6123: Image and Video Processing
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1 Stage Decomposmon 4 Sublmages

FIGURE7.7 A

four-band split of  E— —
the vase in Fig. 7.1

using the subband

coding system of

Fig. 7.5.

LH

HH

From [Gonzalez and Woods 2008]
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FIGURE7.8 (a) A
discrete wavelet
transform using
Haar basis
functions. Its local
histogram LT P
variations are also
shown;

(b)—(d) Several
different
approximations
(64 X 64,

128 X 128, and
256 X 256) that
can be obtained
from (a).

-Ir‘-vg-

From [Gonzalez and Woods 2008]
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Common Wavelet Filters

« Haar: simplest, orthogonal, not very good
« Daubechies 8/8: orthogonal

« Daubechies 9/7: bi-orthogonal, most commonly used if
numerical reconstruction errors are acceptable

« LeGall 5/3: bi-orthogonal, integer operation, can be
implemented with integer operations only, used for
lossless image coding

 Differ in energy compaction capability

« Want to use a transform that can compact the energy
into as few coefficients as possible
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Table 3. Daubechies 9/7 Analysis
and Synthesis Filter Coefficients.

Analysis Filter Coetticients

Low-Pass Filter h, (1)

High-Pass Filter h, (1)

Yao Wang, 2021

0 0.6029490182363579 1.115087052456994
+1 | 0.2668641184428723 | —0.5912717631142470 Tag:,‘;t‘};elseiscguesr/ 20’;'}232'&:“‘1
+2 | -0.07822326652898785 | —0.05754352622849957 Analvsis Filter Svnthesis Filter
7 Coefficients ‘Coefficients
+3 [ —0.01686411844287495 | 0.09127176311424948
" : Low-Pass | High-Pass | Low-Pass | High-Pass
*+4 | 0.02674875741080976 : Filter h; (1) | Filter hy(1) | Filter g; (i) | Filter gg(1)
Synthesis Filter Coefticients 0 6/8 1 1 6/8
1 Low-Pass Filter g; (1) High-Pass Filter gg(i) +1 | 2/8 ) 1/2 ~2/8
0 1.115087052456994 0.6029490182363579 +2 | —1/8 ~1/8
— / /
+1 | 0.5912717631142470 —0.2668641184428723
+2 [ —0.05754352622849957 | —0.07822326652898785
+3 [ —0.09127176311424948 | 0.01686411844287495
+4 :
0.02674875741080976

ECE-GY 6123: Image and Video Processing
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Comparison of Different Filters

= 3 From [Gonzalez and Woods 2008]

FIGURE 8.42 Wavelet transforms of Fig. 8.23 with respect to (a) Haar wavelets,
(b) Daubechies wavelets, (¢) symlets. and (d) Cohen-Daubechies-Feauveau biorthogonal

Yao Wang, 2021 wavelets 94



Impact of Filters and Decomposition Levels

Yao Wang, 2021

Filter Taps
Wavelet (Scaling + Wavelet) Zeroed Coefficients

Haar (see Ex.7.10) 242 469%
Daubechies (see Fig. 7.6) 8 + 8 51%
Symlet (see Fig. 7.24) 8+ 8 51%
Biorthogonal (see Fig.7.37) 17 + 11 55%
Scales and Filter Approximation Truncated Reconstruction
Bank Iterations Coefficient Image Coefficients (%) Error (rms)

1 256 X 256 5% 1.93

2 128 X 128 93% 2.69

3 64 X 64 97% 3.12

4 32 X 32 98% 3.25

5 16 X 16 98% 3. 27

TABLE 8.12
Wavelet transform
filter taps and
zeroed coefficients
when truncating
the transforms in
Fig.8.42 below 1.5.

TABLE 8.13
Decomposition
level impact on
wavelet coding
the 512 x 512
image of Fig. 8.23.

From [Gonzalez and Woods 2008]

ECE-GY 6123: Image and Video Processing
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JPEG2000 Codec Block Diagram

Source
Image Data

Reconstructed
Image Data

—b{ Compressed Image Data

Forward o .

Transform —®  Quantization ™ Entropy Encoding
(a)

Inverse ] Inverse . , ;

Transform Quantization Entropy Decoding

L 4
Store
or Transmit

‘_

Compressed Image Data

L

(h)

A 2. General block diagram of the JPEG 2000 (a) encoder and (b) decoder.

* Quantization: Each subband may use a different step-size. Quantization can be
skipped to achieve lossless coding
* Entropy coding: Bit plane coding is used, the most significant bit plane is coded

first. Uses sophisticated context-based arithmetic coding

» Quality scalability is achieved by decoding only partial bit planes, starting from the
most significant bitplane (MSB). Skipping one bit plane while decoding = Increasing
quantization stepsize by a factor of 2.

Yao Wang, 2021
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Lossless vs. Lossy

« Lossless * Lossy
— Use LeGall 5/3 filter — Use Daubechies 9/7 filter
— Use lifting — Use the conventional
RGB->YCbCr

implementation

— Use an integer version of
the RGB->YCbCr
transformation

— No quantization of
coefficients

transformation

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 97



Preprocessing Steps (not required)

Tiling DWT on Each Tile

] 1
1 1
i i
q . T T &
] ]
1 ]
] 1
i \

Image DC Level | ! Component i _[¥ - = =

Compone? ™| Shifting i Transformationt

i T = s

A 3. Tiling, dc-level shifting, color transformation (optional) and DWT of each image component.

» An image is divided into tiles, and each tile is processed independently
« Tiling can reduce the memory requirement and computation complexity
» Tiling also enable random access of different parts of an image

* The tile size controls trade-off between coding efficiency and complexity
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Dividing Each Resolution into Precints (not

required)
]
{ 01

[ 213k, | |7
/M | gh \

Tile Component

N\

Precinct

A 9. Partition of a tile component into code blocks and precincts.

« Each precint is divided into many code blocks, each coded independently.
» Bits for all code blocks in the same precint are put into one packet.

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing




Scalable

Yao Wang, 2021

Bit Stream Formation (not required)

Image Component

Tile

Precinct

Code Block

Note: H Stands for Header

I
| H I | Layer
; ™,
/
i By
| H I I | Packet
L] |:| Coded Code Block

Code Stream

A 11. Conceptual correspondence between the spatial and the bit stream representations.

ECE-GY 6123: Image and Video Processing
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Coding Steps for a Code Block (not required)

« The bit planes of each code block are coded
sequentially, from the most significant to the least
significant

« Each bit plane is coded in three passes

— Significance propagation: code location of insignificant bits with
significant neighbors

— Magnitude refinement: code current bit plane of coefficients
which become significant in previous bit planes

— Clean up: code location of insignificant bits with insignificant
neighbors

« Each pass is coded using Context-Based Arithmetic
Coding

— The bit of a current coefficient depends on the bits of its
neighboring coefficients (context)

— The current bit is coded based on the conditional probability of
this bit given its context
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Region of Interests (not required)

» Allows selected regions be coded with higher accuracy

Yao Wang, 2021

— Ex; faces

o

P

’i>
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5| 59|

o
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|

A 13. Wavelet domain ROl mask generation.
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Error Resilience (not required)

« By adding resynchronization codewords at the
beginning of each packet, transmission errors in one
packet will not affect following received packets

« The context model for each coding pass in a codeblock
can be reset to enhance error resilience

» Packet size and codeblock size and context model
reset periods can control tradeoff between coding
efficiency and error resilience
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Coding Results: JPEG vs. JPEG2K

(a) (b) (c)

A 20. Image “watch” of size 512 x 512 (courtesy of Kevin Odhner): (a) original, and reconstructed after compression at 0.2 b/p by
means of (b) JPEG and (c) JPEG 2000.

From [skodrasO1]
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Another Example

(a) (b)

A 2]. Reconstructed image “ski” after compression at 0.25 b/p by means of (a) JPEG and (b) JPEG 2000.

From [skodrasO1]
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JPEG2000 vs. JPEG: Coding Efficiency

46 =
% =
40 =

; Z=

= P

= W/l

7
=i

24

PSNR (dB)

I’ ~

0 0.5 1 1.5
bpp
+J2KR = J2KNR +JPEG +~VTC

A 19. PSNR results for the lossy compression of a natural image
by means of different compression standards. From [skodras01]

J2K R: Using reversible wavelet filters; J2K NR: Using non-reversible filter; VTC: Visual texture coding for MPEG-4 video
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Pop Quiz

 \What is the main difference between JPEG and
JPEG2K?

 How does JPEG2K achieve spatial scalability and
quality scalability, respectively?

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 107



Pop Quiz (w/ Answers)

 \What is the main difference between JPEG and
JPEG2K?

— JPEG use block wise transform, JPEG2K uses a frame wise
transform (wavelet)
 How does JPEG2K achieve spatial scalability and
quality scalability, respectively?
— Spatial scalability is afforded by the multiresolution
representation of wavelet transform

— Quality scalability is obtained through bit plane coding. Higher
quality is obtained by transmitting/decoding more bit planes (=
smaller quantization stepsizes).

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing 108



Summary

Orthonormal transform

— Properties of orthonormal transform

— 2D separable transform from 1D transform

— Example transforms, DCT
KL transform

— Decorrlating signal components

— Maximizing energy compaction

— How to determine the KLT transform bases?
Transform coding: general principles

— Transform -> quantization -> binary encoding
JPEG standard: block wise DCT

— Simple, but has blocking artifacts at lower bit rates
JPEG2000 standard: wavelet transform

— Naturally enable spatial and temporal scalability

Yao Wang, 2021 ECE-GY 6123: Image and Video Processing

109



Reading Assignment

* Reading assignment:
— [Wang2002] Sec. 9.1 (Transform coding)
— [Gonzalez and Woods 2008] “Digital Image Processing,” Chap 7
(Wavelet transforms), Chap 8 (Image compression)
* Optional readings

— [Wang2002] Wang, et al, Digital video processing and
communications. Sec. 8.1-8.4 (Sec. 8.3.2,8.3.3 optional), 8.5-8.7
(Basics of compression)

— G. K. Wallace: The JPEG Still picture compression standard,
Communications of ACM, April 1991.
— A. Skodras, C. Christopoulos, T. Ebrahimi, The JPEG2000 Still Image

Compression Standard, IEEE Signal Processing Magazine, vol. 18,
pp. 36-58, Sept. 2001. (An excellent tutorial of JPEG2K)

— B.E. Usevitch, “A tutorial on modern lossy wavelet image
compression: Foundations of JPEG 2000,” IEEE Signal Processing

Mag., vol. 18, pp.22-35, Sept. 2001.
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Written Homework (2)

1. For the 2x2 image S given below, compute its 2D DCT, reconstruct it by retaining

different number of coefficients to evaluate the effect of different basis images.

a) Determine the four DCT basis images.

b) Determine the 2D-DCT coefficients for S, Tk,I, k=0,1;1=0,1.

c) Show that the reconstructed image from the original DFT coefficients equal to the original
image.

d) Modify the DCT coefficients using the given window masks (W1 to W5) and reconstruct
the image using the modified DCT coefficients. (for a given mask, “1” indicates to retain
that coefficient, “0” means to set the corresponding coefficient to zero) What effect do you
see with each mask and why?

9 1 10 0 1 0 0 0 0 10
S= W, = W, = W, = W, = W, =
19 0 0 0 0 10 0 1 0 1

2. For the same image S as given in Prob. 1, quantize its DCT coefficients using the
quantization matrix Q. Determine the quantized coefficient indices and
quantized values. Assuming the mean value of the DCT coefficient is 5, and
the mean value for the AC coefficients is 0. Also, determine the reconstructed

image from the quantized coefficients. F 3}

13 5
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Written Homework (3)

3. Describe briefly how JPEG compresses an image. You may want to break down your
discussion into three parts:
a) How does JPEG compress a 8x8 image block (three steps are involved)
b) How does JPEG compress a gray-scale image
c) How does JPEG compress a RGB color image
4. Suppose the DCT coefficient matrix for an 4x4 image block is as shown below

(dctblock).

a) Quantize its DCT coefficients using the quantization matrix Q given below, assuming
QP=1. For the DC coefficient, first predict it from the DC value of the previous block
(which you can assume = 1200), and then quantize the prediction error. Determine the
quantized coefficient indices and quantized values.

b) Represent the quantized indices using the run-length representation. That is, generate a
series of symbols, the first being the quantized DC index, the following symbols each
consisting of a length of zeros and the following non-zero index, the last symbol is EOB

(end of block).

1.3676  -0.0500 -0.0466 0.0912 | 16 10 24 51
0.0134 -0.0033 0.0877 0.0071 14 16 40 69

detblock =1.0e+003 * , = ,
-0.0086 -0.0207 0.0036 0.0019 © 18 37 68 103

| -0.0046  0.0086 0.0044 0.0085 | |49 78 103 120 |
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