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Outline of this lecture

 Part 1: 2D Fourier Transforms
 Part 2: 2D Convolution

« Part 3: Basic image processing operations:

— Noise removal, image sharpening, and edge detection using
linear filtering
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2D Fourier Transform

« (General concept of signals and transforms
— Representation using basis functions

« Continuous Space Fourier Transform (CSFT)
— 1D CTFT -> 2D CSFT
— Concept of spatial frequency
— Separable transform
— Transform of separable signals

« Discrete Space Fourier Transform (DSFT) and DFT
— 1D ->2D

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing



Signal in 2D Space

« General 2D continuous space signal: f(x,y)
— Can have infinite support: x,y= (-infty,..., infty)
— f(x,y) can generally take on complex values
« General 2D discrete space signal: f(m,n)
— Can have infinite support: m,n= -infty,..., 0, 1,.., infty
— f(m,n) can generally take on complex values
« Each color component of a digital image is a 2D real signal with
finite support
— MxN image: m=0,1,...,M-1, n=0,1,...,N-1
— We will use first index for row, second index for column
— We will consider a gray scale image or a single color component only
— Same operations can be applied to each component
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Separable Signals

« Separability
— f(m,n) is separable if f(m,n)= f,(m) f,(n)
— f,(m): changes vertically
— fu(n): changes horizontally

« Separable image = Rank 1 matrix
— Rank 1 matrix = product of 1D column vector and 1D row vector

1 0 -1] [1
H=[2 0 -2|=(2(t 0 -1]=hnA]
10 -1 |1]
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Transform Representation of 1D Signals

« Transforms are decompositions of a function f(x) into some basis
functions @(x, u). u is typically the freq. index.
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FIGURE 4.1 The function at the bottom is the sum of the four functions above it
Fourier’™s idea in 1807 that periodic functions could be represented as aa weighted sum
of sines and cosines was met with skepticism.
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lllustration of Decomposition in Vector Space

f= G1¢1+02¢2+G3CD3 /
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Representation of 1D Signal Using An
Orthonormal Basis

. . Inner product of
 Orthonormal basis function two functions

1, U, =U, -+ Eachbasishas norm of 1
» Different bases are
O ul -+ uz orthogonal to each other
b

[ pr,u)p* ()l ={

 Forward transform

Projection of
f(x) onto ¢(x,u)

F(u)=< f(x),¢(xu)>= | f()¢ (xu)de 00

and ¢(x,u)
 |nverse transform

Representing f(x) as integral (limit of

f(x)= _[F (u)P(x,u)du sum) of ¢(x,u) for all u, with weight F(u)
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1D Continuous Time Fourier Transform

« Basis functions (complex sinusoidal or exponential)

u=frequency=

2
¢(x, u) — e] 7zux, U < (_ OO,+OO) # cycles per unit of x

®=27n u (radian freq.)
* Forward Transform

F(u)=F{f(x)}=]_ f(x)e /™ dx

* |nverse Transform
fE)=F {F@)}=[ Fue™ du

Here we use frequency (rather then radian frequency) to define FT. Inverse transform
does not need the factor of 1/2n
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Important Transform Pairs

fx)=1 < Fu)=0(u)
f(x)=e/27" o Fu)=6(u- fp)

) =cosQafy) & F)== (5 fo)+ 5w+ fy))

F()=sinQrfpr) & Fu)= 2ij(5<u ) =S+ fy))

1, |x| < Xy o F)= sin(2megu )

0, otherwise U

= 2x¢ smnc(2xgu)

o

sin(7t)
it

where, sinc(t) =
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FT of the Rectangle Function

F(u)= Sin(2/mégl) =2xg sinc(2xgu) Wwhere,sinc(t) = sn(7)
u it
f(x) 4 - )+ g2
-1 1 X ] -2 2 X ]

Note first zero occurs at ug=1/(2 xg)=1/pulse-width, other zeros are multiples of this.
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IFT of Ideal Low Pass Signal

 What is f(x)?

F(u)a
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Representation of FT

* Generally, both f(x) and F(u) are complex
* Two representations
— Real and Imaginary Fu)=Ru)+ jl(u)
— Magnitude and Phase

_ Jjo(u) A
F(u)= A@w)e’”™, where I(ul) ________________ F(u)

A(u) = \/R(u)2 +1(u)*, d(u) =tan™ d<) P
R(u) o)

* Relationship
R(u)=A(u)cosp(u), I(u)= A(u)sin@(u)
 Power spectrum

P(u) = A(u)* = F(u)x F(u)" =|F(u)|
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What if f(x) is real?

Real world signals f(x) are usually real
F(u) is still complex, but has special properties

F (u)=F(-u)
R(u)=R(—u),A(u) = A(—u), P(u) = P(—u) :even function
I(u)=—-I(—u),¢(u) =—¢(—u) : odd function

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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Properties of Fourier Transform

e Duality f(t)  F@)
Fit) < f(-u)

Fla f,(x)+a,f,(x)}= a,F{f,(x)} + a,F{ f,(x)}
Flaf (x)}=aF{f(x)}

* Linearity
« Scaling

e Translation
fx-x) © Fe ™, f(x)e™™ < Fu-u,)
) ®gx) = f(x—a)g(@)da
fN®gx) < Fu)G)

We will review convolution later!

« Convolution
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Two Dimension Continuous Space Fourier
Transform (CSFT)

« Basis functions (separable functions)

J2mux _j2avy

(2 2

o(x, y;u,v)=e
« Forward Transform

Fu) =Fifeon=[ [ feeme 0 axdy

* Inverse Transform

f(x,»)=F  {F(u,v)} = fw .Eo F(u,v)e””" "™ dudy

— Representing a 2D signal as sum of 2D complex exponential
signals
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lllustration of Spatial Frequency

f(x,y)=sin(107x) f(x,y)=sin(10rx—-207 y)
f,=51,=0,f,=50=0 f.=5f,=-10,f, =\/E,¢:atan(—2)

f,+ unit=1 cycle/image-width fx and fy are used to represent

f, +unit=1 cycle/image-height the spatial freq. instead of u,v.

Need two components to describe spatial frequency: either frequency in two orthogonal
directions (does not have to be horizontal and vertical) or amplitude and direction
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Example 1

f(x,y)=smn4nx+cosbry
F{sin 47} = ”sm Aroce ™) dxedy

dRhRRRRRRR D
dRhRRRRRRRD
IR R RN Y]
sRhRRRRRRRD
IR R RN ]
dRRRRRRRRRD
sRRRRRRRRRD

= jsin47vce‘j2””xdxj e *™dy
= jsm4me_jzmxdx5(v)

= L (G-2)-5u+2)50)
2j

_ L_(a(u —2,v)=6u+2,v))
2j

ui
o F(u,v)
where 5(x,y)=5(x)5(y)={oo’ x=r=0

0, otherwise B

Likewise, F{cos6ny}= %(5(14,\/—3) +0(u,v+3))

Recall F{ejzm‘ot} = &(u — ug)
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Example 2

f(x,y)=sin(2mx+3ny) = % (ej(zmm) — e_j(zmm)) V

F{ej(zmsﬂy) }: I j P PG D W ¥ /
4

2 )2 3y —j2
=J-ef Te dexje] Pe T dy

3 3 .
— — )= _ _ = X, Y]= hgrid(-2:1/16:2,-2:1/16:2);
=5 —15(v=2)=8u-1v=) X meshardc2: >
imagesc(f); colormap(gray)
Likewise, F {e‘j G }= o(u+1Lv+ i) Truesize, axis o
2 b 2
u A
Therefore, Fuv)
: 1 3 3 B
F{sm(27zx+37zy)}=—. ou-lL,v——)-o(u+1,v+-) e
2] 2 2 L1 [ T R
O L \Y

In this and following
example, x / u is vertical, y

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing /v is horizontal 19



A Little Teaser ©

f(x,y)=sin(107x)
f,=5.f,=0,f,=5¢=0

f, : unit=1 cycle/image-width
fy :unit=1 cycle/image-height

What is its 2D FT?

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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Properties of 2D FT (1)

* Linearity

Fla fi(x,p)+a, /(5 »)f=a F{f,(x, 0)} + a,F{f,(x, )}

 Translation / modulation
f(x=xp,y=y,) < F(u,v)e /270

£ (x, y)e/ 27t e By — Uy, V—V,)

« Conjugation

f*(xay) ~ F*(—M,—V)

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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Properties of 2D FT (2)

¢ Symmetry
f(x,y)isreal < ‘F (u,v)‘ = ‘F (—u,—v)‘

e Convolution
— Definition of convolution

[ @g(xy) =] f(x—a,y—p)g(a. fdadp

— Convolution theory

J(x,0)®gx,y) < F(u,v)Gu,v)

We will describe 2D convolution later!
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Separability of 2D FT and Separable Signal

« Separability of 2D FT
Fyif () = FAEAS(6G0)) = FAF, U (X, 0)) )

— where F,, F,are 1D FT along x and y.

— one can do 1DFT for each row of original image,
then 1D FT along each column of resulting image

« Separable Signal
— f(xy) = L(X)iy(y)
— F(u,v) = Fy(u)Fy(v),
* where F,(u) = F{fx(x)}, Fy(u) = F{fy(y)}

— For separable signals, one can simply compute two

1D transforms and take their product!
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Example 1

f(x,y)=sin(37x)cos(5ny)
fo(x)=sin3%) < F (u)— 1 (S(u—=3/2)-5u+3/2))
2j

() =cos(bm) < F,(v)= : (5(v 5/2)+8(v+5/2))
F(u,v) = Fx(u)Fy(v)

‘L(gw_%\huq 5@+%¢h~0+&ﬂ—EV+—)<ﬂ”+%V+_ﬂ
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Example 2

| X |< X0, VIS g
0, otherwise

1,
J ()= {

F(u,v)=4x,y,sinc(2x,u)sinc(2y,v)

X A
2
u
XO =2
Yo =1
1 1 y g
-2

. o
Is this signal separable’ w/ contrast enhancement through log mapping

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 25



Important Transform Pairs

 All following signals are separable and the relations can
be proved by applying the separability of the CSFT

f(x,y)=1 < Fu,v)=0u,v), whered(u,v)=0(u)d(v)

. « Constant &
f(x)=e?"I ) o Fu)=06(u-f,,v-f,)

impulse at
Fxy)=cosQa(frs fiy) = F)=—(8u=fuv= £+ 3wt fv+£) (0,0) freq.
f(x,y)=sinRa(fix+ f,y) < F(u)=i_(a(u—ﬁ,v-]g)-a(mﬁ,w,fz)) « Complex
2 exponential
Flry)= L x| < x|y < v - & impulse at
TV 00 otherwise a particular
_ . 2D freq.
Fasy) = ett) MG V) TP s ey sine (2 yv)

s 45V « 2D box & 2D

where sinc(t) = sin(7) sinc function
gt
1 X2 +y? w242 1 « Gaussian &
Sy exp {— 552 } < exp {— 2,32 }; = % Gaussian
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Rotation

« Let x=rcosf, y=rsinf, u=pcosw, v=psnao.
« 2D FT in polar coordinate (r, 0) and (p, ¢)

F(IO, ¢) _ “:O jozﬂ f(f‘, H)e—jZE(rCOSQpCOSQHFSin9psin¢)rdrd9
_ jjf(r, H)e—j27zrpcos((9—¢)rdrd9
* Property

f(r,0+6) < F(p,9+6,)

 Proof: Homework!
* Note: In this notation: x is horizontal index, y is vertical

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 27
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Example of Rotation

ECE-GY 6123:

Image and Video Processing

FIGURE 4.25

(a) The rectangle
in Fig. 4.24(a)
translated,

and (b) the
corresponding
spectrum.

(c) Rotated
rectangle,

and (d) the
corresponding
spectrum. The
spectrum
corresponding to
the translated
rectangle is
identical to the
spectrum
corresponding to
the original image
in Fig. 4.24(a).

From Gonzalez
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1D Fourier Transform For Discrete Time
Sequence (DTFT) (Review)

« f(n)is a 1D discrete time sequence
« Forward Transform 0 |
F(u)= ) f(me*™

/2

f=[ " Flu)e™ du

1/2

 |nverse Transform

* Representing f(n) as a weighted sum of many complex sinusoidal
signals with frequency u, F(u) is the weight

* F(u) indicate the “amount” of sinusoidal component with freq. u,
eJ2mun “in signal f(n)

» |ul| = digital frequency = the number of cycles per integer sample.
Period = 1/|u| (must be equal or greater than 2 samples-> |u|<=1/2)

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 29



Properties unique for DTFT

« Periodicity

— F(u) = F(u+1) = f(u+k), k= integers
— The FT of a discrete time sequence is only considered for u € (-
Y2, %2), and u = +V% is the highest discrete frequency

« Symmetry for real sequences

fm)y=f() < F)=F (-u)

= |F(u)
= |F(u)

Yao Wang, 2022

=|F(-u)

s symmetric

ECE-GY 6123: Image and Video Processing 30



Example

l, n=0,..,N-1
J(n)=

0, others
Hr ) ~ 2 .
F(u)= Ze—jZﬂnu _ |- /2N _ —jm(N-Du SI0 2mu(N/2)
0 | —e /2™ sin 27 (1/2)
f(n)

0 N-1 | : N=10

Digital sinc: There are N/2-1 zeros in (0, '2], 1/N apart

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 31



1D Discrete Fourier Transform (DFT)

« DTFT of N-pt sequence N-1 |
F(u)= ) f(n)e >
n=0

 N-pt DFT of N-pt sequence

g _ ol _k
F, (k)= Zf(n)e - (u- N]

 DFT is the sampled version of DTFT with samples at 0O,
1/N, ..., (N-1)/N, if f(n) has length <=N
* FFT: Fast algorithm for computing DFT

— Direct computation takes N*2 operations
— FFT takes ~N log(N) operations!

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 32



Discrete Space Fourier Transform (DSFT) for
Two Dimensional Signals

« Let f(m,n) represent a 2D sequence

« Forward Transform © o |
F(u,v)= Z Z f(m,n)e 77 mm)

m=—00 np=—~00

 |nverse Transform

Ve pliz J27m(mu+nv)
F(u,v)e dudv

f(m,m)= |

—1/2J-1/2

* Representing an image as weighted sum of many 2D complex
sinusoidal images e/27(mu+nv) for different u,v

u: number of cycles per vertical sample (vertical freq.)
v: number of cycles per horizontal sample (horizontal freq)

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 33



Spatial Frequency for Digital Images

Figure 2.1 Two-dimensional sinusoidal
signals: (a) ( fy. fy) = (5.0):

(b) ( fy. fy) = (5, 10). The horizontal and
vertical units are the width and height of
the image, respectively. Therefore, fy =5
means that there are live cycles along each
(b) TOW.

=+/125, ¢@=arctan(2)

If the image has 256x256 pixels, fx=5 cycles per width (analog frequency) -> u=5
cycles/256 pixels =5/256 cycles/sample (digital frequency)

When both horizontal and vertical frequency are non-zero, we see directional
patterns. fs is the frequency along the direction with the maximum change
(orthogonal to the lines)

Note that 1/u may not correspond to integer.

If u=a/b, digital period= b. Ex u=3/8, Digital Period = 8

s\\\\

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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Periodicity

F(u,v)= i i f(m,n)e /2r0mm)

* F(u,v) is periodic in both u, v with period 1, i.e., for all
iIntegers Kk, I
— F(u+k, v+l) = F(u, v)
— Only need to consider the rectangle area defined by (-1/2,1/2)
« To see this consider

e—j27z(m(u+k)+n(v+l))

_ e—j27z(mu+nv)e—j27z(mk+nl)

—j 27 (mu+nv)

= (&

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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Example: Delta Function

 Fourier transform of a delta function

F(u,v) = i i&(m,n)e_ﬂ”(m””v) =1

o(m,n) <1

— Delta function contains all frequency components with equal
weights!

* Inverse Fourier transform of a delta function

f(m,n)= I_O(')SS J-_O(')SS S(u,v)e’”" " ™ dudy = 1
1< o(u,v)

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 36



Example

J(m,n) =

F(u V) — le—j27z(—1*u—1*v) + 2e—j27r(—l*u+0*v) + le—j27z(—1*u+1*v)
5

—le

=2z (Fu=1*v) 28—j27z(1*u+0*v) _1e—j277(1*u+1*v)
= j2sin 27ue’”™ + j4sin 27+ j2sin 27ue
= j4sm 2muu(cos2zv +1)

1
0
—1

2
0
-2

—1

Note: This signal is low pass in the horizontal direction v,
and band pass in the vertical direction u.

Yao Wang, 2022
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20 40 60 80100
Yao Wang, 2022

Graph of F(u,v)

\
-0.2

i
-01

1
03

du =[-0.5:0.01:0.5];

dv =[-0.5:0.01:0.5];

Fu = abs(sin(2 * pi * du));
Fv =cos(2 * pi * dv);
F=4*Fu*(Fv+1)
mesh(du, dv, F);
colorbar;

Imagesc(F);
colormap(gray); truesize;

ECE-GY 6123: Image and Video Processing
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DSFT vs. 2D DFT

2D DSFT ® o |
Fuy)= Y Y flmn)e 2

n=—0o0 n=—00

2D DFT

<

-1 N-1
F(k,l) f(m,n)e—ﬂar(mk/Mml/N)

0 n=0

=
I

(MxN) point 2D DFT are samples of DSFT for images at u=k/M,
v=I/N, as longs M and N are equal to or greater than the height and
width of the image, respectively. Can be computed using FFT
algorithms. 1D FFT along rows, then 1D FFT along columns

— Total complexity:
« M*N log(N)+ N*M log(M) or 2M2log(M) for M=N

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 39



Display of DFT of Images

Imshow(img) MFimg=abs(fft2(img)), imshow(MFimg,[ 1)

SMFimg=fftshift(MFimg) LSMFimg=log(SMFimg+1):
imshow(SMFimg,[ ]) Imshow(LSMFimg,[ ])

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 40

fftshift to shift the (0,0) freq.
to center

Log mapping to enhance
contrast (boost low values!)




DFT of Typical Images

IF(u,v)| (obtained using 2D FFT)

How to interpret the DFT image? ff=abs(fft2(f));
Why is it bright at center and has imagesc(fftshift(log(ff+1)));
some line structures? Log mapping to enhance contrast

Fftshift to shift the (0,0) freq. to center

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 41
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DSFT of Separable Signals

« Separable signal:
— h(m,n)=h,(m) hy(n)

1 0 -1] [1
H=2 0 -2|=|2[1 0 -1]=hn!
10 -1 |1

— All the rows are scaled versions of each other, all the columns are
scaled versions of each other

— Image can be represented as the product of a 1D column vector and a
1D row vector

2D DSFT of separable signal = product of 1D DSFT of each 1D
component

— H(u,v)= Hy(u) Hy(v)
— Hy(u): 1D FT of h,
— Hy(v): 1D FT of h,

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing



Using Separable Processing to Compute
DSFT (Example 1)

« 3x3 averaging filter

1
H=;|1
1 1
 How to compute its DSFT?

* |s this signal separable?

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing



Solution

« 3x3 averaging filter

1 1 1]
— 1] 4
H=11 1 1
1 1 1.
* Recognizing that the filter is separable
111 1
H=1/9] 1 1 1%1/3'1 [1 1 1]1/3=h|h|T
111 1

1/3[1 1 1]<—>Hl(v)=(lejz’”+1+1e'j2’”)/3=(1+20032m/)/3

Hu,v)=H,(u)H,(v)=(+cos2mu)(1+cos2mv)/9

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing



Example 2

* A separable signal (filter)

1 0
e H=|2 0
1 0

1
—2
1

* Recognizing that the filter is separable

1 0 —1]
H=|2 0 =2
1 0 -1

2t 0 -1]=h.n!

1 0 -1l<=>F@) =1e/*"+0+(-1)e /*™=2jsin 27v
I 2 1]<-> Fx(u)=1e/*™+2+e /%™ =2+2cos2m
Fu,v)=Fx(u)Fy(v)=4j(+cos2mu)sin 2 v

Yao Wang, 2022

ECE-GY 6123: Image and Video Processing
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DSFT of Special Signals

« Constant <-> pulse at (0,0)

* Rectangle <-> 2D digital sinc

« Sinc <-> Rectangle (ideal low pass)

« Complex sinusoid with freq (ug,vg) <-> pulse at (ug,Vvy)

« Can be shown easily by making use of the fact that the
signal is separable

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing 48



What about rotation?

» No theoretical proof, however, roughly it is still true

« Rotation in space <-> Rotation in freq.

 Example:

e f(m,n)=6(m) (horizontal line) <-> F(u,v) = 6(v) (vertical line)
« What about f(m,n)= §(m-n) (diagonal line)?

— <->F(u,v)= §(u+v) (antidiagonal line!)
— Homework

Yao Wang, 2022 ECE-GY 6123: Image and Video Processing
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What you should know?

« General concept of signal decomposition / transform

— Representing a signal as a linear combination of chosen basis signals

— Orthonormal transform: the basis functions have unit norm and are orthogonal to each
other

— Forward transform: generating coefficients by inner product
Inverse transform: reconstructing signal by sum of weighted basis signals

« 2D signals
— Meaning of spatial frequency: represented by two orthogonal frequencies
* Horizontal and vertical, magnitude and direction
— Separable signals

*  Product of a 1D column vector and a 1D row vector
» All the rows are scaled versions of each other, all columns are scaled versions of each other

« 2D CSFT and DSFT and DFT

— Difference between CSFT, DSFT and DFT
* CSFT: continuous in space and frequency
« DSFT: discreate in space, continuous in frequency in (-1/2, V2)
« 2D DFT: discrete and finite length in space and frequency (equal to samples of DSFT for finite
length image)
— Many properties of 1D CTFT, DTFT, DFT carry over, but there are a few things unique to
2D
* 2D FT of separable signal = product of 1D FT
* Rotation in space <-> rotation in frequency plane
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