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Introduction: CMS Spread Options & Copulas
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CMS spread options are options on the spread between two swap rates observed at expiry and settled as a
% of notional.

V(t) =P(T)ET[(X(T) = Y(T) — K)*| F{]
To evaluate this, we require the joint distribution of X and Y in the T-forward measure.

Marginal-distributions in the T-forward measure

— The marginal distributions of X & Y are known in their respective swap-Annuity measures via standard swaption pricing
models such as SABR, calibrated to European Swaptions.
— These can be transformed to the T-forward measure using standard techniques, for example:
a) Represent the Radon-Nikodym derivative as a function of the swap rate
b)  Static replication of the payoff as a continuum of swaptions (as devised by Carr, Madan, 1998)

— ETIf(S) | P ] = s B4 [505 FS)R] = 20 EALR(S) F(S)IF:]

Copula function

— A function C:[0,1]? - [0,1] is defined as a (2-dimensional) Copula if:
- C(u,0)=C0,v)=0Vuvelo1]
- C(u,)=u; CL,v)=vVuvel01]

(Clup,vy) — Clug,v1)) — (Clug, vy) = Clug, 1)) =0V0<uy; <u; <land0<v; <v, <1

Joint-distribution
- Now, given marginal CDFs of X, Y denoted by Fy, Fy, a the joint-distribution of X, Y can be specified as:

Fxy(x,y) = C(Fx(x),Fy(y))

Vi) =[[(x - y)+ FXY (x y)dxdy which can be reduced to a single integral using conditioning.



Gaussian Copula & Implied Correlations

e The Gaussian Copula, parameterized using a correlation p, is defined as:
Co-(u,v) = P (®~1(w), ~1(v)) where @7 is a cumulative joint Normal distribution with correlation p, and @
is a cumulative standard normal distribution

e We define implied correlation p;,,,,, as the correlation required in a Gaussian copula to recover a given price
using a Gaussian Copula model to jointly distribute the CMS indices.

e The implied correlations of prices generated using a Gaussian Copula CZC, plotted as a function of strike will

be flat with level p, by definition.
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The joint-density charts above are illustrative, and assume Standard Normal marginal distributions.
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Power-Gaussian Copula & Implied Correlation Smiles

e The Power-Gaussian Copula, introduced in Andersen & Piterbarg [1], parameterized using p, 64, 65, is
defined as follows:

20192 (4, v) = ul=1y1-029P (9~ (ufr), d~1(v%2)) where @F is a cumulative joint Normal distribution with

PGC

correlation p, and @ is a cumulative standard normal distribution.

e Implied correlation p;,,, is defined as before - as the correlation required in a Gaussian copula to recover
the price derived from this Power-Gaussian Copula model.

e As one would expect, the Power-Gaussian allows us to generate an implied correlation smile.

e We characterize and rationalize the domain of smile shapes that this copula can generate.
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The joint-density charts above are illustrative, and assume Standard Normal marginal distributions.

We use p = 0.9 in each of these examples.

0,,= 6, =1,p = 0.9 is equivalent to a Gaussian
Copula so we have a symmetric (w.r.t X &Y)
density concentrated along the diagonal X=Y.

0, = 6, = 0.5 maintains symmetry, introduces a
strong decorrelation and fat tails.

0, = 1;6, = 0.5 implies “negative” skew on X-Y.
0, = 0.5;8, = 1 implies “positive” skew on X-Y.

This is consistent with the smile plots we see in
the next slide.



Power-Gaussian Copula & Implied Correlation Smiles (contd.)

e The four examples of PGC parameter sets generate the following implied correlation smiles:

e 0, =1;6, =0.5: The -ve skew in X-Y cheapens
high-strike options on X-Y, and hence the
positive slope.

Power-Gaussian Copula - 3y 30s2s implied corr
1.00

2 0.80 e 60, =0.50, =1:Asimilar argument explains the
S - — case when parameters are flipped.
E / e 0, =0.50, =0.5: The fat tails explain a

richening of the wings, and consequently the
concave implied correlations.

e v . e This chart relies on marginal CMS distributions
derived from calibrated SABR models.
e The skew injected by lowering 6, or 6, can be mathematically justified, and is an artifact of PGC.

e Reducing 6, or 8, richens options / decorrelates X & Y across strikes, the reason being two-fold.

JG Je - —_ .
Ch72 (u,v) = Cc(ul™01,v1792) P . (uf1,v%2), a product of Gaussian copulas.

1) Reduction of 6,& 6, lim 20192 (1, v) = €9 (u,v)C2.(1,1), which would make X & Y independent.
b2~

2) Divergence of 6; & 0,:, lim 065’6961’92 (u,v) = C2c(1,v)CE.(w, 1) = uv which describes independence.
1—>162—>

e Along with fat-tails (increasing decorrelation), this means “PGC" is limited to concave correlation smiles /
increase in spread smile convexity relative to a Gaussian Copula.

e Our goal in generalizing this Copula is to increase the model’s flexibility by allowing it to fit convex
implied correlation smiles.
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Generalized Power-Gaussian Copula — motivation & intuition

Motivation: Prior to the recent flattening of the yield-curve, the ATM correlation overpriced low-strikes,
increasingly so in the wings, which required a convex and decreasing implied correlation smile.

As noted in the previous slide, the Power-Gaussian Copula offers us two decorrelation levers:
1) Reduction of 8,4, 6, uniformly to increase dependence on the independence copula.
2) Divergence of 0,4, 8, to decouple the two variables.

Notice that the Power-Gaussian Copula is a product of two Gaussian Copulas with correlation p & 0.

We repurpose 1) by replacing €J; with C22, with p, being an extra parameter.

Cg%zcﬁbez (u,v) = ngc(ul_elvl_ez)Cg};(uel, 1792), verified to satisfy the Copula definition.

Product of Gaussian Copulas is discussed more generally by Vladimir Lucic [2] in the context of equity basket
options including spread options (albeit without attention given to the power-form).

When p, is set to a high value, it can induce a convex correlation skew & smile by increasing wing
correlation, as we are no longer using C2..

Parameter intuition:
— Divergence of 6,, 0, causes decorrelation across strikes.
— When p, < p, (e.g. PGQ), 6; < 6, decorrelates high strikes, 8, < 6, decorrelates low strikes, with a concave correlation skew & smile.

— When p, = p; we see a symmetric convex correlation smile where high and low strikes are pulled towards p,, p, respy. when 6; < 6,.
— When p; < py; 0; < 0, with |8; — 6,] sufficiently big so that pﬁ,ﬁ’{,‘ < min(pq, p2), We see a convex skew with +ve correlation slope.

— With the ordering of either p or 0 flipped, we would induce a -ve correlation slopes.

We look at a few examples in the next slide.
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Generalized Power-Gaussian Copula (convex smiles)

e In the examples below, we use p; = 0.95; p, = 0.95, and try different values of 6;;6,.
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e Symmetricin 6; & 6, because p; = p,

e When 6, =6, = 0.5 yield ~flat 0.95

correlations mildly decorrelated by
splitting u, v b/w identical copulas.

o Divergence of 6, and 6, give us

decorrelation, a bi-modal density, thin-
tails resulting in convex smiles.

e ATM strikes are the most decorrelated,

wings are stretched towards the Gaussians
represented by the two modes.

Joint-densities are generated using standard-normal
marginals, spread correlations use calibrated CMS

distributions.



Generalized Power-Gaussian Copula (s-shaped skew)

e In the examples below, we use p; = 0.9; p, = 0.99.

: — : X X e . e e p;=09;p, =0.99 with 6, = 6, = 0.5 gives
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0.94 R
— 0, = 6, prevents strong decorrelation.
P . : e A small divergence b/w 64, 0,, we induces
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: : : : e The inflections at the wide end of the
Joint Density - Rho1=0.9; Rh02=0.99; Theta1=0.7; Theta2=0.5 Joint Density - Rho1=0.9; Rho2=0.99; Theta1=0.5; Theta2=0.7 Wings are consistent with the increased

density at the far end of the plot.
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Joint-densities are generated using standard-normal
marginals, spread correlations use calibrated CMS
distributions.
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Disclaimer

These materials have been prepared by UBS AG and/or a subsidiary and/or an affiliate thereof ("UBS").

These materials are for distribution only under such circumstances as may be permitted by applicable law. They have not been prepared with regard to the specific investment
objectives, financial situation or particular needs of any specific recipient. They are published solely for informational purposes and are not to be construed as a solicitation or an
offer to buy or sell any securities or related financial instruments or to participate in any particular trading strategy. Options, derivative products and futures are not suitable for all
investors, and trading in these instruments is considered risky. The recipient should not construe the contents of these materials as legal, tax, accounting, regulatory, or other
specialist or technical advice or services or investment advice or a personal recommendation. Foreign currency rates of exchange may adversely affect the value, price or income of
any security or related instrument mentioned in these materials. No representation or warranty, either express or implied, is provided in relation to the accuracy, completeness or
reliability of the information contained herein except with respect to information concerning UBS, nor is it intended to be a complete statement or summary of the securities
markets or developments referred to in these materials or a guarantee that the services described herein comply with all applicable laws, rules and regulations. They should not be
regarded by recipients as a substitute for the exercise of their own judgment. Any opinions expressed in these materials are subject to change without notice and may differ or be
contrary to opinions expressed by other business areas or groups of UBS as a result of using different assumptions and criteria. UBS is under no obligation to update or keep current
the information contained herein, and past performance is not necessarily indicative of future results. UBS, its directors, officers, employees or clients may have or have had
interest or long or short positions in the securities or other financial instruments referred to herein and may at any time make purchases and/or sales in them as principal or agent.
UBS may act or have acted as market-maker in the securities or other financial instruments discussed in these materials. Furthermore, UBS may have or have had a relationship
with or may provide or have provided investment banking, capital markets and/or other financial services to the relevant companies. Neither UBS nor any of its directors, officers,
employees or agents accepts any liability for any loss or damage arising out of the use of all or any part of these materials or reliance upon the information contained herein.
Additional information may be made available upon request. Not all products or services described herein are available in all jurisdictions and clients wishing to effect transactions
should contact their local sales representative for further information and availability.

For further important country-specific information, please see the following link: ubs.com/sales-and-trading-country-information

UBS specifically prohibits the redistribution or reproduction of these materials in whole or in part without the written permission of UBS and UBS accepts no liability whatsoever
for the actions of third parties in this respect. © UBS [2022]. The key symbol and UBS are among the registered and unregistered trademarks of UBS. All rights reserved.

3¢ UBS \



