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Is it possible to price compound derivatives using just a calculator?

Research question

Related literature

N If so, can we also price an American call on an asset that pays a discrete known
for dividend?

distributi
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Compound
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® Carr and Torricelli (2021) propose a class of distributions consistent with

Related literature risk-neutral pricing for which the pricing of vanilla options is elementary

® We wish to investigate whether such elementary pricing can be extended to
the pricing of compound options

® Compound options are used for:

® the pricing of options on levered equity (Geske 1979b, Toft and
Prucyk 1997)

® the modelling of the firm's equity in structural models of default
(Geske 1977, Hull et al. 2004, Geske et al. 2016)

® the evaluation of American claims (Roll 1977, Geske 1979a, Whaley
1981, Prekopa and Szantai 2010)

® the pricing of some exotic derivatives (Carr 1988, Buraschi and Dumas
2001, Barone 2013)
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We say that a positive random variable X follows a Dagum distribution, i.e.
X ~D(m,p,q), with m>0, p>0, g >0 if its PDF and CDF are

_1_4
-p| " q
o1+ ()7 X\

fx(x;m,p,q) = = +—"—— (—)
Dagum, skew-logistic q X m
:nd SbinghrMaddala 1
stributions o —p]— 3%

Fx(x;m,p,q) = [1+ (;) }

® m controls the location of X and EX = mif p > 1; if 0 < p < 1 the mean
does not exist as the integral diverges

® p controls the precision (that is p~1 controls the dispersion)

® g controls the skewness of In X: for 0 < g < 1 odds moments are positive,
for g > 1 odds moments are negative, for g = 1, In X is symmetric
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Skew-logistic and Singh-Maddala distributions

A random variable Y is skew-logistically distributed, i.e. Y ~ SL (y, 0, a), with

n€ER,o>0, a>0,and PDF and CDF

and

—a—1
a _ _
fy(yip,o,a) = —exp (*%) (1 +exp (f%))

Fy(yip 0,0) = (1 + exp (7%>>7a

X ~D(m,p,q) < InX ~SL(Inm,1/p,1/q)

The Singh-Maddala random variable Z ~ SM (A, v, k) with A >0, v > 0, K > 0,
has PDF and CDF given by

and

F. Maglione

fZ(Z; )‘779"{) =

F () )y

z A

Fz(z; M\, v, k) =1 — [1+ (;)W]*f

X ~D(m,p,q) <= 1/X ~SM(1/m,p,q)
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We will refer to conjugate-power Dagum (CPD), conjugate-power skew-logistic

fescarch question (CPSL) and conjugate-power Singh-Maddala (CPSM) random variables.
Related literature These variables are defined via D (m, p, ), for which we further assume that
An alternative
distribution fo 11
asset prices - — = 1.
Dagum, skew-logistic P q
and Singh-Maddala . . X L. X .
distributions that is the dispersion and skew parameters of the Dagum distribution are Hélder
Married put conjugate. Letting
Compound 1 1
married put b:=- ¢ (07 1) s 1—b==¢ (07 1)
American call on P q

with known

dividend we have X ~ CDP (m, b) = D(m,1/b,1/(1 — b)).

References ® as p=1/b > 1, the mean of the conjugate-power Dagum is finite and equal
tom

® given g = 1/(1 — b) > 1, the conjugate-power skew-logistic random variable
is negatively skewed

® Carr and Torricelli (2021) show that the Dagum distribution exhibit mild
excess kurtosis
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Conjugate-power Dagum asset prices:
Assumptions

F. Maglione

filtered probability space (2, F, (Ft),>q ,P) satisfying the usual conditions
and representing a financial market

no-arbitrage conditions in the economy and that there exists an equivalent
martingale measure Q ~ P

similarly to Carr and Torricelli (2021), we assume that a zero risk-free
interest rate is paid

St 2 CPD (So, b(T)), with So > 0 and b(T) € (0,1)

b(T) is referred as the bewilderment function as it controls the dispersion of
the distribution. Also, it must to be increasing with respect to the maturity
with lim7 o b(T) =0

Carr and Torricelli (2021) propose to link the bewilderment function to the

volatility via
b(T)=1/1—exp(—02T)
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We need to show that the distribution of St under Q is actually risk-neutral. If
Sr £ cpD (S0, b(T)), let b(T) = b for convenience and

Research question
Related literature

An alternative

o0
distribution for EQ(S7) = / uf_éQ(u) du
0

asset prices

Dagum, skew-logistic
and Singh-Maddala

_1qb=2
b
distributions 1 o 1
> 1-—b |: + (50 ] u )
Married put = u —_— du
Compound 0 b u So

married put 1 1 1 b—1
American call on = —Sob ub + Sob

asset with known

discrete dividend

b 1 b—1
=0+5/S,° =5

1 b—1 b—1
as limyroo <u% +5¢ = limyroo U 5 = limypoo 1/ub =0, given b € (0, 1).

References

Hence, the conjugate-power Dagum CDF is risk-neutral.
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: Married put

Payoff of a married put written struck at K > 0, with maturity 7 > 0

Married put

Letting the Radon-Nikodym derivative 1 =

MP1(S,K, T) = max{St, K} = Stls; >k + Kls <k,

Using risk-neutral valuation, the price of this claim is

MPo(S, K, T) = E@(MP1(S, K, T)) = E® (S7ls, >k + Kls, <x)

=E? (Stls,>k) + KQ(ST < K)

dQ _ St
pricing equation follows

Trivially,

F. Maglione

MPo(S, K, T) = SoE? (n71s,>k) + KQ(ST < K)

= SQ (St > K) + KQ(ST < K)

C0(57K’ T) = MPO(S7K7 T) -K
p()(s7 K7 T) = /WP()(S7 K7 T) - 50

2-4 June 2022 — The Peter Carr Memorial Conference
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Married put: Log-normal asset prices

It is well known that if RA

0,7 = R% :=1InSt —InSp, is distributed as

REZN (W(T),0(T)?)
then ~ R
RESN (431, 0(T)?) = ((T) + o(T12,o(TY?)

that is the change of measure translate into shifting the mean of the distribution
of log-returns. Hence

K 2
In§+%T
oVT

whith ®(-) the CDF of a standard Normal. Such formula is obviously not
elementary.

So o2
nZ2+5T

Tt @

MPo(S,K, T) = So® + Ko
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To price the married put, Q(S7 < K) is nothing but the CDF of St under Q.
To obtain the distribution of St under Q notice that

Research question
Related literature

An alternative ~ I uf;@(u; So, b)du
distribution for QST <x)=NQ(ST<Xx)=r—2—"
o (St ) (@(sr ) fo‘x’ uf;@(u; So, b) du

Married put X Q i
married put SO

given that Sy is the risk-neutral mean of St and A : [0,1] — [0, 1] is the Lorenz
curve applied to the risk-neutral CDF F;Q.

In financial terms, the Lorenz curve relates the share measure distribution

function F;Q to the risk-neutral measure distribution function F;Q. Essentially,
calculating the Lorenz curve of the risk-neutral CDF allows to calculate
probabilities under the measure that has S as a numéraire.
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Married put:

prices

Solving the integral

That is St under the spot measure is distributed as a conjugate-power Singh

Maddala random variable, i.e. St £ cpsm (S0, b(T)),

F. Maglione
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The price of a married put under the conjugate-power Dagum model is
elementary

Research question

Related literature

An alternative MPO(S K T) = Q( T2 ) + KQ(ST < K)

distribution for
b(T)—1
ke ()
So

50
Compound

married put # 1 b( T)—l B ﬁ L
American call on _ SW 50( ) L KB L5, (M L K~ &D
0 S E— -

asset prices

+K

Married put = S(]

b(T)—1

asset with known = + | K&m-1 T
discrete dividend —t
b(T b(T
Sy S,

References

1 1N\ A7)
= (50"(” + KW)
3)
as shown in Carr and Torricelli (2021).
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married put

Compound married put

Let T, > T; and K> < Ki. The payoff of the compound married put is defined as

K; T
mer, (5.(3) - (T2)) = MPr. (MPr, (5. K To). 3, T)
= max{MPr,(S, K2, T2), K1 }.

Using risk-neutral valuation,

Ki Ty ) 2 K1 Ty
wes (5. (1) (7)) =22 (e (. (1) (7))
=E¢ (’V’PH(S’ Ka, Tz)ﬂMPrl(s,Kz,Tz)ZKl)
+ KiQ(MP, (S, K2, T2) < Ki).

As the married put is an increasing function of its argument, there exists a critical
value Kx > 0 such that

MPTI(S, Kz, Tz) § K1 <~ 57’1 § K

F. Maglione 2-4 June 2022 — The Peter Carr Memorial Conference 14 / 29
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Therefore,

MP, (5, (2) , (%)) =EQ (MPTl(S, Ko, TQ)ILSHZK*) @
+ KIQ(STl < K*).

The value K is model-dependent and in the case of log-normal asset prices must
CO"'_PZ“"dt be computed numerically. We show that in the conjugate-power Dagum setting is
martied pu .
: elementary instead.

In the following we must assume T := T; = T2/2, which we refer as symmetric
compound married put.

The reason for such restriction is that the bewilderment function is not a
pre-specified function, but only require to vanish as the time-to-maturity vanishes
and to be bounded in (0,1). As it depends on the size of time intervals [0, T7]
and [Ty, T2] only, the only way to work with identical bewilderment functions is
to assume symmetry in the time steps.
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Let T := T1 = T2/2. Under the assumption of log-normality, log returns are idd

Research question normal random variables such that
Related literature

A Q LA Q 2
An alternative R[o,-r] ~ R[Tm.] ~N <H«Q(T)70( T) )
distribution for
asset prices By the reproductive property of the normal distribution, it also follows that the
Married put total return is
Compound A A A Q 2
martied put R[072T] = R[o,r] + R[T,zr] ~N (HQ(2T)70(2T) )
UL and
di dividend s, oT S, >
References MP, (S Ki U — Sod IaniJrg 2 In%—f—o T. 1

T 2T)) T T T T vt V2
In%—l—cﬁ% In%—I—azT 1
Fhay [ T2 M T [ (5)
oV'T oV2T 2
In¥s 4 52T
So 2
+ Ko | ———
ovT

where ®5(-, -, p) is the bivariate CDF of a 2-dimensional standardized Gaussian
random vector with correlation p.
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Symmetric compound married put:
Conjugate-power Dagum asset prices

Let R[g = ‘Z—OT|50 and R[GT o) = ‘?—TT|ST and assume a multiplicative random
walk with iid factors such that

Q Q
R[ﬁ,r] 2 R[GT,zT] ~ CPD (1, b(T)).

Unlike what happens in the case of log-normal asset prices, there is no such
reproductive property for either sums or products of Dagum distributions, i.e.

RS .11 =R§ RS JCPD (1, b(2T
0,211 = Rio, 71 X R 2m7#CPD (1, b(2T)) .
Hence
1 1 b(2T)
MPo(S, K, 2T) # (Sob(ZT) + Kb(zﬂ)
but

1 1 b(T)
MP1(S,K,2T) = (s;”’ + Kb(T))

Nonetheless, the price can still be computed analytically.

m
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Let b(T) = b. The critical K, is defined via
Research question
1 1\ b
Related literature 2 2
(K*b + K2b) = Ki,
An alternative
distribution for
asset prices and elementary
Married put 1 1 b
— b _ Kb
Compound K = Kl Kz

married put

American call on
asset with known

discrete dividend The first expectation in (4) can be expressed as

References

oo
E® (MP1(S, K2,2T)1s, >k, ) :/ MP7(u, K2,2T)f&(u) du
> K.

(6)
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Technical result

Theorem
Given random variable X ~ CPD(u, b) with PDF f, it follows

1

I(u,m,b,a):/:ox[1+ (%)73]bf(x;u,b)dx
o (4)P R (1 b2 bbb () (D)),

with m > 0 and Fi(a; b1, bo; c; x, y) the Appell hypergeometric function of the

first kind. Moreover, if 4 = m
19 b
I(u,b,a):/ x |1+ (7) ] f(x; p, b) dx
a ©

:a(g>% 2F1 (l—b;2—2b;2—b;—(g>%)7

where 2F1 (e, B;7; x) is the hypergeometric function. Finally, if u = m and
b=1/2

I(u,a):me

1+ (%) _2} ’ f(x; 1, 1/2) dx = ptan™! (g) .
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Research question . . I\ b1
Related literature EQ (MPT(S, Ko, 2T)1$7—2K*) — sob (Klb _ bi)
An alternative
distribution for 1 1
asset prices SOE Kzg
Married put X Fi|1=b;2—b,—b;2—b; 1 10 1 1
b b b b
Compound K2 - Kl Kz - Kl
married put and the risk-neutral probability of the St < K, is
2enet with fmomn Ko\ -3\ 1 aNI=b 1 1 i bl
discrete dividend @(ST < K*) =[1+ <?) — (Klb _ K2b> (SOb + Klb _ K2b)
0

References

The price of the symmetric compound married put is

1 1 1\ b-1
o (5.(2)- () - (s )

5 5
54 K, @)

X F |1—-b;2—b,—b;2—b;
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Symmetric compound married put:
Conjugate-power Dagum asset prices

If the symmetric compound married put is issued at-the-money, that is
So = Kz < Ki, the pricing formula in (7) simplifies as

1 1 1\ b1
MPqy (s, (g) , (27;)) =5p (Kl" - sob> x
1

Sb 2b—1 1
X oFy |2=2b,1—b;2—b; —0— | + K ° (Klbfs
S¢ — K

Coim

e

If furthermore, b =1/2 , its price is elementary and equal to

Ki T _ -1 So /K2 _ g2
MPO (57 (SO> ’ (27-)) . = Sotan \/ﬁ + Kl SO
=1/2 1 0

There is no such a parametrization for the Black-Scholes model such that the
price of the compound married put (or option) is elementary.
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m

Compound married puts and compound
options

Compound married puts can be linked to compound call-on-calls and put-on-calls.

For the call-on-call

e (1) (7))

max{max{s7 Ko}, Kl}

= max{max{S, Ko} — Kl,O} + K1

- max{max{s ~ Ka,0} — (K1 — Kz),O} Ky

compound call struck at K1 — K3
on call struck at K>

cn (6(57 Kz, T2), K1 — Ko, Tl) + Ki1.
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Compound married puts and compound
options

For the put-on-call

MP, (s, (2) , (%)) = max{max{S, KQ},Kl}
= max{Kl — max{S, Kg},O} + max{S§, K>}

= max{(K1 — K2) — max{S — Kg,O},O} + max{S, K2}

compound put struck at K1 — K>
on call struck at K>

= b7, (<(S, Ko, o), Ki = Ko, T1) + MPT, (S, Ko, To)
Thus, to ensure no arbitrage
K: T
MPq (57 (K;) ) (Ti)) = (C(Sv Kz, T2), K1 — Ko, T1> + Ki
= po(c(S, Ko, To), Ko — Ko, Ta ) + MPo(S, Ko, T2)

must hold.
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Letting 0 < D < K3 representing the discrete dividend, Whaley's decomposition
of the American option price is

Co (S, Ko, T2) = (57 Ky, T1) + (S, K>, TQ)
(a) (b)
—ca(c(S,Ki+ D — Kz, T1), Kz, T2)
(c)

(8)

American call on

asset vith known (a) long a European call option with exercise price K. (to be determined) and
iscrete dividen .
maturity Ti;

(b) long a European call option with exercise price K2 and maturity Tp;

(c) short a compound call-on-call whose mother option is a European option
with exercise price K2 and maturity T which is written on a European
option with exercise price Ky + D — Ky and maturity T;.

Roll (1977) shows that the value Kj is defined implicitly via
cr, (Ks, K2, T2) = Ki + D — Ka,

F. Maglione 2-4 June 2022 — The Peter Carr Memorial Conference 24 /29
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American call with known dividend:
Conjugate-power Dagum asset prices

Let T = T1 = T2/2 (i.e. the dividend is paid half-way through the option
maturity) and b= b(T).

The value of K, is found solving
1\ b
(K"—i—K") —Ko=Ki+D—- K>

that is L .

(Ki + D)b — K} = K}
Letting p = 1/b € IN\ {1} and factoring the difference of powers

p—1 .

D> (Ki+ D7 K] = Kp

j=0
If be {1/2,1/3,1/4,1/5} (or, equivalently, p € {2,3,4,5}), the Abel-Ruffini
theorem ensures the existence of K, elementary obtainable as a function of
polynomials. For example,

K? 4K3 -D3 D
K, = —f—forb_1/2 K=/ —2— — = forb=1/3
2D 3D 2

F. Maglione 2-4 June 2022 — The Peter Carr Memorial Conference 25 /29
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American call with known dividend:
Conjugate-power Dagum asset prices

Rewrite (8) in terms of married put prices, that is

Co(S,K2,2T) = MPy (S, Ky, T) — Ki + MPy (S, K2,2T) — K>

K. +D T
— MPy (s, (K* +D-— Kz) ’ (ZT)) + (K + D)

If K = Sp (American option is at-the-money) and b = 1/2 (K, is elementary as
well as the function for pricing the ), then the price becomes

Sz — D2
2D

52+ D? T
_ D
MPqy | S, 2 s ] (2—,—)
— 90

2
co(s,so,zr)‘bﬂﬂ: ( ) +5§+250750+D

S3+
2D

b=1/2
To have an elementary compound married price, we need to further impose
S3+D?

2D

The solution of (9) such that early exercise is possible (i.e. D < Ky = Sp) is
D, = (2 —+/3)Sy =~ 0.27S5.

—S=S <<= D?-45D+SZ=0. (9)
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Research question
2
Related literature D=D, S2_p2 T
_ 0 * 2, g
An alternative CO (5’ SO’ 2T)‘ - - + S0 + SO SO + D*
b=1/2 2D, 2
distribution for
asset prices > 3
2
Married put _ 50 tan_l 50/ (50 + D*) _ Sg
Compound 2D,
married put
. 2
American call on S2 + D2
asset with known _ L _ 52
discrete dividend 2D, 0

References 5 5 2 5 2 2
— SO_D* +52_ SO+D* _ g2
2D, 0 2D, 0
52 4+ D2\ 2
+ S (cotl (so/ (g) - 53) - 1) + D
2D,

in which we use cot~!(x) = m/2 — tan~1(x).
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American call with known dividend:

Conjugate-power Dagum asset prices

As

A $+03\° o
\/< T )+50— ( oD )—50_(2—\/§)50_D*

2 2 2
cot™?! So/ (M) —Sg = cot™! <\/T

and

2D,

3

the price of such American option is stunningly simple and equal to

Go (S, S°’2T)‘:EZ = (3-1)s+20.
- (3 + g - 2\@) So
~ 0.585

which is elementary!

F. Maglione
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American call on
asset with known
discrete dividend

Conclusions

F. Maglione

We show how to price symmetric compound married puts, call-on-calls and
put-on-calls when price ratios are iid conjugate-power Dagum random
variables.

Such distribution is consistent with risk-neutral pricing and allows for
negative skewness and mild excess kurtosis.

We show that, if the compound married put is issued at-the-money and
b =1/2, its price is elementary; there is no such parametrization under
log-normality (or other known distribution) for which such a result is
obtained.

We show how to price an American call written on an asset that pays a
known discrete dividend under the conjugate-power Dagum distribution,
thus providing an alternative to the well-known Roll-Geske-Whaley formula.

We show that the pricing of such American option also reduces to an
elementary function under a given parameter combination.
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Related literature
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It can be shown that (Gradshteyn and Ryzhik 2014)

- 1 b—1
Fo(z) = (1—b) {leb / 070 (14 28e) (1402 de
0

1 b—1
+/ t=b (1+z*%t) (1+t)b_2dt:|
0 (10)
1
-F (1—b,l—b,2—b,2—b;—z‘E,—1)
1-b
2—b
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Provided that

x 2 v 8 cpsMm (1, b(T))

the distribution of Z under the spot measure is

F?(z):/0 FY (2) 500 dx

I e

x%_l dx>

1-b

b

T e

(/OO (1 +X%)b72x%_1dx
0

and that the survival function is equal to

F. Maglione

Flz)=F

(1—b 1—b2—b2—b;—z%,—1)

1—-b _1-0b (2

z b A

2—b
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Given the results in (10) and (11), it is possible to price a two-period married put
as

MPo(S, K,2T) = So0 (Sor > K) + KQ (S,7 < K) = SoF 2 (5 ) + KF2 (K)

So
K\ b
_50|: <1b1 b2*b,2*b;f(f) ,1>
So

1-b

1
1-b/(K\ & K\ 5
o (= Fi(2-b1-b2—b3—b— -1
+27b(50) 1< (50) )}
K\ b
G—bl—bZ—b2—b—() ,—Q
So

1—b 1
1—b K\ K\#
+7b(—) "R 2—b,1—b72—b,3—b;—(—>b,—1
2—b \ 'Sy So

A very interesting result is the price of the at-the-money two-period married put
with b =1/2, that is

4@ e
MP) (S, 50,2T) |1/, = So (FZ(1)|b:1/2 + F?(l)‘bzl/z) =25

+ K
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