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Introduction

Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.
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Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.

@ 3D dimensionless Boussinesq approximation model:
U +U - VU — vl AU — v;0,,:U + Qes X U + Vp = Tes,

V.uU-=o, 1)
atT+U'VTfﬁhAhTfﬁzazzT:07
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Introduction

Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.

@ 3D dimensionless Boussinesq approximation model:
U +U - VU — vl AU — v;0,,:U + Qes X U + Vp = Tes,

V.uU-=o, 1)
atT+U'VTfﬁhAhTfﬁzazzT:07

U=W,w), V=_(~uv), V=_>0D73,0;), An =0« + Oyy.
@ vy > 0,1, > 0, dimensionless, horizontal and vertical viscosity.
@ kn > 0,k, > 0, dimensionless, horizontal and vertical diffusivity.

o Q € R, dimensionless, rate of rotation in Coriolis force.
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Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.

@ 3D dimensionless Boussinesq approximation model:
U +U - VU — vl AU — v;0,,:U + Qes X U + Vp = Tes,

V.-U=0, (1)
atT+U'VTfﬁhAhTfﬁzazzT:07

U=W,w), V=_(~uv), V=_>0D73,0;), An =0« + Oyy.
@ vy > 0,1, > 0, dimensionless, horizontal and vertical viscosity.

@ kn > 0,k, > 0, dimensionless, horizontal and vertical diffusivity.

Q) € R, dimensionless, rate of rotation in Coriolis force.

For planetary scales oceanic and atmospheric dynamics, the vertical scale (a few
kilometers for ocean, 10-20 kilometers for atmosphere)
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Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.

@ 3D dimensionless Boussinesq approximation model:
U +U - VU — vl AU — v;0,,:U + Qes X U + Vp = Tes,

V.-U=0, (1)
atT+U'VTfﬁhAhTfﬁzazzT:07

U=W,w), V=_(~uv), V=_>0D73,0;), An =0« + Oyy.
@ vy > 0,1, > 0, dimensionless, horizontal and vertical viscosity.

@ kn > 0,k, > 0, dimensionless, horizontal and vertical diffusivity.

Q) € R, dimensionless, rate of rotation in Coriolis force.

For planetary scales oceanic and atmospheric dynamics, the vertical scale (a few
kilometers for ocean, 10-20 kilometers for atmosphere) is much smaller than the
horizontal scales (several thousands of kilometers).
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Introduction

Derivation

@ In the atmospheric and oceanic dynamics, the Boussinesq approximation model is
accepted as the fundamental model that governs their motion.

@ 3D dimensionless Boussinesq approximation model:

OU +U - VU — DU — 10U + Qes x U+ Vp = Tes,
V-U=0, (1)
BT +U - VT — kpAnT — k0T = 0,

oU=(V,w),V=_(u,v), V=_(07y,0:), An = O + Oyy.

@ vy > 0,1, > 0, dimensionless, horizontal and vertical viscosity.
@ kn > 0,k, > 0, dimensionless, horizontal and vertical diffusivity.
e Q € R, dimensionless, rate of rotation in Coriolis force.

@ For planetary scales oceanic and atmospheric dynamics, the vertical scale (a few
kilometers for ocean, 10-20 kilometers for atmosphere) is much smaller than the
horizontal scales (several thousands of kilometers).

o Consider system (1) in a thin domain D, := {(x,y,2): 0 < z < ¢, (x,y) € R*}.
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Introduction

Derivation

@ Following Azérad-Guillén [1] and Li-Titi [42], take vy = ky = 1 and v, = K, = €°.

@ By rescaling, consider

VE(X7y7 Z, t) = V(X,y,GZ, t)) WE(X7.y7Z7 t) = %W(X7y7 €z, t)7
Pe(X:%Z: t) = P(X:% 62, t)7 TE(X,%L t) = 67—(X7y7 627 t)

for (x,y,z) € D= {(x,y,2): 0< z < 1,(x,y) € R?}.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



Introduction

Derivation

@ Following Azérad-Guillén [1] and Li-Titi [42], take vy = ky = 1 and v, = K, = €°.

@ By rescaling, consider

VE(X7y7 Z, t) = V(X,y,GZ, t)) WE(X7.y7Z7 t) = %W(X7y7 €z, t)7
Pe(X:%Z: t) = P(X:% 62, t)7 TE(X,%L t) = 67—(X7y7 627 t)

for (x,y,z) € D= {(x,y,2): 0< z < 1,(x,y) € R?}.

@ Scaled Boussinesq equations

OVe + Ve - ViVe + we0; Ve — AV + QVE + Vipe = 0,
Vi Ve+ 0we =0,

E(0:We + Ve - Vawe + weOzwe — Awe) + 0zpe = T
OtTe + Ve - VpTe+ w0, Te —AT. =0

)

inD:={(x,y,2) :0< z<1,(x,y) € R?}. Here V" = (—ve, uc).
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Introduction

Derivation

@ Taking formal limit € — 0%, and suppose that (V, we, p, T.) converges to
(V,w, p, T) in a suitable sense, we derive 3D dimensionless primitive equations
(PEs):

OV +V ViV +wd,V — AV + QY + V,p =0,
azp = T7

Vi-V+0.w=0,

OT+V -ViT+wo, T —AT =0,

®3)

inD:={(x,y,2) : 0 <z <1,(x,y) € R*}.
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@ Taking formal limit € — 0%, and suppose that (V, we, p, T.) converges to
(V,w, p, T) in a suitable sense, we derive 3D dimensionless primitive equations
(PEs):

OV +V ViV +wd,V — AV + QY + V,p =0,
azp = T7

Vi-V+0.w=0,

OT+V -ViT+wo, T —AT =0,

®3)

inD:={(x,y,2) : 0 <z <1,(x,y) € R*}.
@ Introduced by Richardson (1922) for weather prediction.
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Introduction

Derivation

@ Taking formal limit € — 0%, and suppose that (V, we, p, T.) converges to
(V,w, p, T) in a suitable sense, we derive 3D dimensionless primitive equations

(PEs):
OV 4V -ViV+wdV—AV+QVt+V,p=0,
Op=T,
B (3)
ViV +0,w=0,

O:T+YV -VuT +wo. T —AT =0,

inD:={(x,y,2) : 0 <z <1,(x,y) € R*}.
@ Introduced by Richardson (1922) for weather prediction.
o J.L. Lions, R. Temam, S. Wang (1992) Gave some asymptotic derivation of the PE.
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Introduction

Derivation

@ Taking formal limit € — 0%, and suppose that (V, we, p, T.) converges to
(V,w, p, T) in a suitable sense, we derive 3D dimensionless primitive equations
(PEs):

OV +V ViV +wd,V — AV + QY + V,p =0,
azp = T7

Vi-V+0.w=0,

OT+V -ViT+wo, T —AT =0,

®3)

inD:={(x,y,2) : 0 <z <1,(x,y) € R*}.
@ Introduced by Richardson (1922) for weather prediction.
o J.L. Lions, R. Temam, S. Wang (1992) Gave some asymptotic derivation of the PE.

@ Rigorous justification of the derivation first by Azérad-Guillén [1] in a weak sense,
then by Li-Titi [42] in a strong sense with error estimates in terms of e.
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Introduction

History

o Global existence of weak solutions in 3D by Lions, Temam and Wang [39, 40, 41].

o Uniqueness of weak solution in 2D by Bresch, Guillén-Gonzéalez, Masmoudi and
Rodriguez-Bellido [10], while remains open for 3D.

@ Local existence of strong solution in 2D and 3D by Guillén-Gonzélez, Masmoudi and
Rodriguez-Bellido [26], global existence by Bresch, Kazhikhov and Lemoine [11].
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o Global existence of weak solutions in 3D by Lions, Temam and Wang [39, 40, 41].

o Uniqueness of weak solution in 2D by Bresch, Guillén-Gonzéalez, Masmoudi and
Rodriguez-Bellido [10], while remains open for 3D.

@ Local existence of strong solution in 2D and 3D by Guillén-Gonzélez, Masmoudi and
Rodriguez-Bellido [26], global existence by Bresch, Kazhikhov and Lemoine [11].

o Global existence of strong solution in 3D first by Cao and Titi [18], and later by
Kobelkov [31], Kukavica and Ziane [35, 36] for different boundary conditions, Hieber
and Kashiwabara [28] for some progress towards relaxing the smoothness on the
initial data by using the semigroup method.
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Introduction

History

o Global existence of weak solutions in 3D by Lions, Temam and Wang [39, 40, 41].

o Uniqueness of weak solution in 2D by Bresch, Guillén-Gonzéalez, Masmoudi and
Rodriguez-Bellido [10], while remains open for 3D.

@ Local existence of strong solution in 2D and 3D by Guillén-Gonzélez, Masmoudi and
Rodriguez-Bellido [26], global existence by Bresch, Kazhikhov and Lemoine [11].

o Global existence of strong solution in 3D first by Cao and Titi [18], and later by
Kobelkov [31], Kukavica and Ziane [35, 36] for different boundary conditions, Hieber
and Kashiwabara [28] for some progress towards relaxing the smoothness on the
initial data by using the semigroup method.

o Global well-posedness of the 3D PEs with full viscosity and partial diffusivity by Cao
and Titi [19], Cao, Li and Titi [13, 14].

o Global well-posedness of the 3D PEs with only horizontal viscosity and partial
diffusivity by Cao, Li and Titi [15, 16, 17].
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Introduction

History

@ For the inviscid PEs with zero temperature and without rotation (also called the
hydrostaic Euler equations), finite blowup established by Cao, Ibrahim, Nakanishi
and Titi [12], Wong [45].
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History

@ For the inviscid PEs with zero temperature and without rotation (also called the
hydrostaic Euler equations), finite blowup established by Cao, Ibrahim, Nakanishi
and Titi [12], Wong [45].

e For 2D inviscid PEs with zero temperature and without rotation (the 2D hydrostaic
Euler equations) subject to physical boundary conditions, linear ill-posedness around
certain shear flow in Sobolev space by Renardy [44],
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History

@ For the inviscid PEs with zero temperature and without rotation (also called the
hydrostaic Euler equations), finite blowup established by Cao, Ibrahim, Nakanishi
and Titi [12], Wong [45].

e For 2D inviscid PEs with zero temperature and without rotation (the 2D hydrostaic
Euler equations) subject to physical boundary conditions, linear ill-posedness around
certain shear flow in Sobolev space by Renardy [44], nonlinear ill-posedness in
Sobolev space by Han-Kwan and Nguyen [27].

@ Local well-posedness of the inviscid PEs with either real analyticity or some special
structures on the initial data
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Introduction

History

@ For the inviscid PEs with zero temperature and without rotation (also called the
hydrostaic Euler equations), finite blowup established by Cao, Ibrahim, Nakanishi
and Titi [12], Wong [45].

e For 2D inviscid PEs with zero temperature and without rotation (the 2D hydrostaic
Euler equations) subject to physical boundary conditions, linear ill-posedness around
certain shear flow in Sobolev space by Renardy [44], nonlinear ill-posedness in
Sobolev space by Han-Kwan and Nguyen [27].

@ Local well-posedness of the inviscid PEs with either real analyticity or some special
structures on the initial data by Brenier [8, 9], Grenier [25], Kukavica, Masmoudi,
Vicol and Wong [33], Kukavica, Temam, Vicol and Ziane [34], Masmoudi and Wong
[43].
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Introduction

Three-dimensional inviscid PEs

e With To =0, T = 0 for any smooth solution.

@ Focus on the 3D inviscid PEs with T =0, i.e., the hydrostatic Euler equations with
rotation:

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



Introduction

Three-dimensional inviscid PEs

e With To =0, T = 0 for any smooth solution.

@ Focus on the 3D inviscid PEs with T =0, i.e., the hydrostatic Euler equations with
rotation:
OV +V-VV+wd,V+ QY +Vp=0,

azp:07 (4)
V- V+0,w=0

inD:={(x,y,2) : 0< z<1,(x,y) € R*}, subject to

le:O,l = 0 (5)
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[ll-posedness

Without rotation

@ For Q2 = 0, with initial data
UO(XJ:Z):UO(X’Z)» VO(X7YaZ): VO(X7Z):O7 (6)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



[ll-posedness

Without rotation

@ For Q2 = 0, with initial data
UO(XJ:Z):UO(X’Z)» VO(X7Y7Z): VO(X7Z):07 (6)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only , and that v = 0 is a solution, system (4)
reduces to
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[ll-posedness

Without rotation

@ For Q2 = 0, with initial data
UO(XJ:Z):UO(X’Z)» VO(X7Y7Z): VO(X7Z):07 (6)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only , and that v = 0 is a solution, system (4)

reduces to
Uy + uux + wu, + px =0,
,Dz = 07 (7)
ux +w, = 0.

Consider in the domain T x [0, 1], subject to

u, w are periodic in x with period 1, w/|,—01 = 0. (8)
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[ll-posedness

Without rotation

o For Q =0, with initial data
UO(XJ:Z):UO(X’Z)» VO(X7Y7Z): VO(X7Z):07 (6)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only , and that v = 0 is a solution, system (4)

reduces to
Uy + uux + wu, + px =0,
,Dz = 07 (7)
ux +w, = 0.

Consider in the domain T x [0, 1], subject to

u, w are periodic in x with period 1, w/|,—01 = 0. (8)

@ Any shear flow (U, W, P) = (U(z),0,0) is a steady solution to system (7).
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).

@ The perturbation (u, w, p) around this shear flow satisfies
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).

@ The perturbation (u, w, p) around this shear flow satisfies
Uy + Ulx + UTix + Wiz + wU' + px = 0,

52 =0, (9)
Ux + w, =0,
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).

@ The perturbation (u, w, p) around this shear flow satisfies
e + Ulx + Ul + wii; + wU' + px =0,
p: =0, (9)
Ux + w, =0,
and its linearization about the zero steady state solution is
U + Ulix + wU' + px = 0,
pz =0, (10)

Uy +w, = 0.
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).

@ The perturbation (u, w, p) around this shear flow satisfies

U+ Uy + Ul + Wi + wU' + pc =0,
52 = O» (9)
EX + Wz = 07

and its linearization about the zero steady state solution is

U+ Ul +wU +px =0,
P =0, (10)

Uy +w, = 0.

o Renardy [44] showed that for certain shear flow U(z) (U is odd and U~? is
z—1/2

integrable, for example, U(z) = tanh(*;

) with d small), the linearized system
(10) has solutions of the form
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).

@ The perturbation (u, w, p) around this shear flow satisfies

U+ Uy + Ul + Wi + wU' + pc =0,
52 = O» (9)
EX + Wz = 07

and its linearization about the zero steady state solution is

U+ Ul +wU +px =0,
P =0, (10)

Uy +w, = 0.

o Renardy [44] showed that for certain shear flow U(z) (U is odd and U~? is

integrable, for example, U(z) = tanh(z%dl/z) with d small), the linearized system

(10) has solutions of the form T(x, z, t) = e*™* e T (z),
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).
@ The perturbation (u, w, p) around this shear flow satisfies

U+ Uy + Ul + Wi + wU' + pc =0,
52 = O» (9)
EX + Wz = 07

and its linearization about the zero steady state solution is

U+ Ul +wU +px =0,
P =0, (10)

Uy +w, = 0.

o Renardy [44] showed that for certain shear flow U(z) (U is odd and U~? is
integrable, for example, U(z) = tanh(z%dl/z) with d small), the linearized system
(10) has solutions of the form T(x, z, t) = e*"** e’ T (z), where Roy = Mk for

some A € R and A # 0.
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).
@ The perturbation (u, w, p) around this shear flow satisfies

U+ Uy + Ul + Wi + wU' + pc =0,
52 = O» (9)
EX + Wz = 07

and its linearization about the zero steady state solution is

U+ Ul +wU +px =0,
P =0, (10)

Uy +w, = 0.

o Renardy [44] showed that for certain shear flow U(z) (U is odd and U~? is
integrable, for example, U(z) = tanh(z%dl/z) with d small), the linearized system
(10) has solutions of the form T(x, z, t) = €™ el (z), where Rox = Ak for
some A € R and A # 0.

@ Such Kelvin-Helmholtz type instability implies that the inviscid PEs is linearly

ill-posed in any Sobolev space,
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[ll-posedness

Without rotation

@ Denote by (u,w,p)=(U+0, W+ w,P+p)=(U(z) + 1, w,p).
@ The perturbation (u, w, p) around this shear flow satisfies

U+ Uy + Ul + Wi + wU' + pc =0,
52 = O» (9)
EX + Wz = 07

and its linearization about the zero steady state solution is

U+ Ul +wU +px =0,
P =0, (10)

Uy +w, = 0.

o Renardy [44] showed that for certain shear flow U(z) (U is odd and U~? is
integrable, for example, U(z) = tanh(z%dl/z) with d small), the linearized system
(10) has solutions of the form T(x, z, t) = €™ el (z), where Rox = Ak for
some A € R and A # 0.

@ Such Kelvin-Helmholtz type instability implies that the inviscid PEs is linearly

ill-posed in any Sobolev space, and in any Gevrey class of order s > 1.
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fo(k, z)| < e~°!¥ with § > 0.
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fio(k, z)| < e7°!* with § > 0. Such localization condition corresponds to
Gevrey class of order s = 1 in x variable.
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fio(k, z)| < e7°!* with § > 0. Such localization condition corresponds to
Gevrey class of order s = 1 in x variable. This suggests that the suitable space for
the well-posedness of solutions to the inviscid PEs is Gevrey class of order s =1,
which is the space of analytic functions.
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fio(k, z)| < e7°!* with § > 0. Such localization condition corresponds to
Gevrey class of order s = 1 in x variable. This suggests that the suitable space for
the well-posedness of solutions to the inviscid PEs is Gevrey class of order s =1,
which is the space of analytic functions.

@ The Prandtl equations have similar structure as PEs. It is shown by Gérard-Varet
and Dormy [24] that its linearization around a special background flow has unstable
solutions of similar form, but with Ro« ~ AVk for k > 1 arbitrarily large and some
positive A € Ry.
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fio(k, z)| < e7°!* with § > 0. Such localization condition corresponds to
Gevrey class of order s = 1 in x variable. This suggests that the suitable space for
the well-posedness of solutions to the inviscid PEs is Gevrey class of order s =1,
which is the space of analytic functions.

@ The Prandtl equations have similar structure as PEs. It is shown by Gérard-Varet
and Dormy [24] that its linearization around a special background flow has unstable
solutions of similar form, but with Ro« ~ AVk for k > 1 arbitrarily large and some
positive A € Ry. This implies that the optimal order s for Prandtl equation is s = 2,

which is consistent with the local well-posedness results by Dietert and Gérard-Varet
[21] and Li-Masmoudi-Yang [38].
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[ll-posedness

Without rotation

@ To establish local well-posedness, up should be strongly localized in Fourier, typically
for which |fio(k, z)| < e7°!* with § > 0. Such localization condition corresponds to
Gevrey class of order s = 1 in x variable. This suggests that the suitable space for
the well-posedness of solutions to the inviscid PEs is Gevrey class of order s =1,
which is the space of analytic functions.

@ The Prandtl equations have similar structure as PEs. It is shown by Gérard-Varet
and Dormy [24] that its linearization around a special background flow has unstable
solutions of similar form, but with Ro« ~ AVk for k > 1 arbitrarily large and some
positive A € Ry. This implies that the optimal order s for Prandtl equation is s = 2,
which is consistent with the local well-posedness results by Dietert and Gérard-Varet
[21] and Li-Masmoudi-Yang [38]. This shows that the linear instability of the
inviscid PEs is “worse” than that of the Prandtl equations.

@ Based on the linear ill-posedness, Han-Kwan and Nguyen [27] established nonlinear
ill-posedness of system (9) in any Sobolev space.
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[ll-posedness

With rotation

o For Q # 0, with initial data
UO(X7}/az) = UO(X7 Z)v VO(X7Y7 Z) = Vo(X,Z), (11)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only, system (4) reduces to

ur + uux +wu, — Qv+ pe =0,
Vi + U vy + wv; + Qu =0,

12
by =0, (12)
ux +w; =0.
Consider in the domain R X [0, 1], subject to
W|Z:0,1 =0. (13)
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[ll-posedness

With rotation

o For Q # 0, with initial data
UO(X7}/az) = UO(X7 Z)v VO(X7Y7 Z) = Vo(X,Z), (11)

under the ansatz and assumption that the unique smooth solution remains a
function of the spatial variables (x, z) only, system (4) reduces to

ur + uux +wu, — Qv+ pe =0,
Vi + U vy + wv; + Qu =0,

12
by =0, (12)
ux +w; =0.
Consider in the domain R X [0, 1], subject to
W|Z:0,1 =0. (13)

@ Notice now v = 0 is not invariant, unless up = 0. This leads to the trivial solution.
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[ll-posedness

With rotation

o Consider the steady state background flow (U, V, W, P) = (U(z), —x, 0, —%Q2x2)
to system (12).
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[ll-posedness

With rotation

o Consider the steady state background flow (U, V, W, P) = (U(z), —x, 0, —%Q2x2)
to system (12). Here U(z) is the same as in Renardy [44], for example,

U(z) = tanh(Z22).
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[ll-posedness

With rotation

o Consider the steady state background flow (U, V, W, P) = (U(z), —x, 0, —%Q2x2)
to system (12). Here U(z) is the same as in Renardy [44], for example,
U(z) = tanh(Z22).

o Consider perturbation (4, v, w, p) around this steady state background flow

Uy + Uty + Uty + wi, + wU' + px — Qv =0,

Vi + uvx + Uvi + wv, =0,

14
5 =0, (14)
Ux + w, =0,
with boundary conditions
W|z=01 =0,
=01 (15)

u,v,w,p are periodic in x with period 1.
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[ll-posedness

With rotation

@ Assume system (14) is well-posed, then by uniqueness, if vo = 0, then v = 0. This
reduces system (14) back to system (9), where the rotation is not involve.
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[ll-posedness

With rotation

@ Assume system (14) is well-posed, then by uniqueness, if vo = 0, then v = 0. This
reduces system (14) back to system (9), where the rotation is not involve.
@ Since system (9) is both linearly and nonlinearly ill-posed in any Sobolev spaces, and

linearly ill-posed in any Gevrey class of order s > 1, it follows that for arbitrary
Q # 0, these ill-posedness results still hold. ([29], Ibrahim-Lin-Titi, 2020).
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Local well-posedness of inviscid PEs

Introduction

@ 3D inviscid PEs:

OV +YV-VV+wdV+QVt +Vp=0,
8.p =0, (16)
Vi-V+0w=0

inD:={(x,y,2) :0< z<1,(x,y) € T}, subject to

{V, w are periodic in (x, y, z) with period 1, (17)

W‘Z:O,l =0.
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Local well-posedness of inviscid PEs

Introduction

@ 3D inviscid PEs:

OV +YV-VV+wdV+QVt +Vp=0,
8.p =0, (16)
Vi-V+0w=0

inD:={(x,y,2) :0< z<1,(x,y) € T}, subject to

V, w are periodic in (x, y, z) with period 1, (17)
W‘Z:O,l =0.
e “Equivalently”, we consider system (16) in T®, subject to
V, w are periodic in (x, y, z) with period 1,
. . . . (18)
Vis even in zand w is odd in z.

o After finding the solution in T3, one can restrict the solution in
D:={(x,y,2):0<z<1,(x,y) € 'Jl‘z}.
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Local well-posedness of inviscid PEs

Introduction

@ The local well-posedness in the space of analytic functions was established by
Kukavica-Temam-Vicol-Ziane [34], giving a time of existence that shrinks to zero as
the rotation rate || increases toward infinity.
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Local well-posedness of inviscid PEs

Introduction

@ The local well-posedness in the space of analytic functions was established by
Kukavica-Temam-Vicol-Ziane [34], giving a time of existence that shrinks to zero as
the rotation rate || increases toward infinity.

@ This is counter intuitive to the established results about the 3D fast rotating Euler,
Navier-Stokes and Boussinesq equations by Babin-Mahalov-Nicolaenko [2, 3, 4, 5],
where the limit of fast rotation leads to strong dispersion and averaging mechanism
that weakens the nonlinear effects and hence allows for establishing the global
regularity result in the Navier-Stokes case, and prolongs the life-span of the solution
in the Euler case.
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Local well-posedness of inviscid PEs

Introduction

@ The local well-posedness in the space of analytic functions was established by
Kukavica-Temam-Vicol-Ziane [34], giving a time of existence that shrinks to zero as
the rotation rate || increases toward infinity.

@ This is counter intuitive to the established results about the 3D fast rotating Euler,
Navier-Stokes and Boussinesq equations by Babin-Mahalov-Nicolaenko [2, 3, 4, 5],
where the limit of fast rotation leads to strong dispersion and averaging mechanism
that weakens the nonlinear effects and hence allows for establishing the global
regularity result in the Navier-Stokes case, and prolongs the life-span of the solution
in the Euler case.

@ see also Embid-Majda, [20, 22, 23, 32] and references therein. In
Chemin-Desjardines-Gallagher-Grenier [20], they study in the whole space.
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Well-posedness strategy

@ As a first step we aim at improving the local well-posedness result of
Kukavica-Temam-Vicol-Ziane [34].
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Well-posedness strategy

@ As a first step we aim at improving the local well-posedness result of
Kukavica-Temam-Vicol-Ziane [34]. That is, showing the short time of existence is
independent of Q.
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Well-posedness strategy

@ As a first step we aim at improving the local well-posedness result of
Kukavica-Temam-Vicol-Ziane [34]. That is, showing the short time of existence is
independent of Q.

@ Then we will show the effect of the rotation rate Q on the life-span of the solution in
the spirit of the work of Babin et al. for the 3D Euler equations.
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Local well-posedness of inviscid PEs

Notations and preliminaries

e For f € L*(T%), the Sobolev norm:
o 1/2
Il = (Do @+ RPOIRP) (19)
kez3

@ Denote by A =+/—A, subject to periodic boundary conditions.
@ For s > 1, r > 0, Gevrey class of order s (see [37]) is

— U D H(TY), (20)

7>0
where
TAL/s r r TAL/s
D(e™" : H(T?) == {f € H(T?) : ||e™" fllur < o0}, (21)
AV K[2r 27KV oy 2 12 1/2
le = (D (1 +[k|e IAd™) (22)
kez3

@ When s = 1, G*(T®) corresponds to the space of analytic functions.
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Local well-posedness of inviscid PEs

Notations and preliminaries

@ 2D Leray projection Pyf := f — VA, 'V, - .
Here, ¢ = A;lw denotes the solution of the elliptic problem:
App =1 and fTQ ¢dxdy = fw Pdxdy = 0.
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Local well-posedness of inviscid PEs

Notations and preliminaries

@ 2D Leray projection Pyf := f — VA, 'V, - .
Here, ¢ = A;lw denotes the solution of the elliptic problem:
App =1 and fTQ ¢dxdy = fw Pdxdy = 0.

o Pof := [ f(x,y,z)dz.
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Local well-posedness of inviscid PEs

Notations and preliminaries

@ 2D Leray projection Pyf := f — VA, 'V, - .
Here, ¢ = A;lw denotes the solution of the elliptic problem:
App =1 and fTQ ¢dxdy = fw Pdxdy = 0.

o Pof := [ f(x,y,z)dz.

o f := Pyf the barotropic mode, f := (I — P,)f the baroclinic mode.
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Local well-posedness of inviscid PEs

Notations and preliminaries

@ 2D Leray projection Pyf := f — VA, 'V, - .
Here, ¢ = A;lw denotes the solution of the elliptic problem:
App =1 and fTQ ¢dxdy = fw Pdxdy = 0.
o Pof := [ f(x,y,z)dz.
@ f := Pof the barotropic mode, fi= (I — Po)f the baroclinic mode.
o Decomposition: f = Pof + (I — Po)f = f+ f. For r >0, 7 >0,

2 T2 N2
Iflli2 = [Ifllz2 + [1f[lz2,

_ . (23)
lle™ Fllr = lle™ Fllir + lle” Fllf
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Local well-posedness of inviscid PEs

@ Recall
OV +V-VV+wdV+QVt+Vp=0,

9.p =0, (24)
ViV + 0w =0.
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Local well-posedness of inviscid PEs

@ Recall
OV +V-VV+wdV+QVt+Vp=0,

9.p =0, (24)
ViV + 0w =0.

o Integrating the first equation in T® and integration by parts, thanks to boundary
conditions, we obtain

Vdx + Q de—o (25)

T3
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Local well-posedness of inviscid PEs

@ Recall
OV +V-VV+wdV+QVt+Vp=0,

9.p =0, (24)
ViV + 0w =0.

o Integrating the first equation in T® and integration by parts, thanks to boundary
conditions, we obtain

Vdx + Q de—o (25)

T3

o Assume [i; Vodx =0, then [; Vdx = 0 for any time t > 0.
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Local well-posedness of inviscid PEs

o Recall
OV +V-VV+wdV+QVt+Vp=0,
0.p =0, (24)
Vi-V+90.w=0.

o Integrating the first equation in T® and integration by parts, thanks to boundary

conditions, we obtain

Vdx + Q v dx = 0. (25)

T3

Assume [1; Vodx =0, then [; Vdx = 0 for any time t > 0.

This assumption is just for mathematical simplicity. One can show the same result
without this assumption.
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Local well-posedness of inviscid PEs

@ Idea: try to eliminate pressure terms, use Leray Projection.
e Vy-V#0,butV,-V= —fT8zwdz:0.
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Local well-posedness of inviscid PEs

@ Idea: try to eliminate pressure terms, use Leray Projection.
e Vy-V#0,butV,-V= —fT8zwdz:O.

o Apply P4Po and | — Po to the first equation in system (24), thanks to the boundary
condition, we have the decomposition of the dynamics to the barotropic (V) and

baroclinic (V) modes:
oV +By(V- th) +PoPo (Vi D)V 4+ V) =0
atv+v-vhv+vvhv+v-vhv- Po(V- ViV + (vh-ﬁ)ﬁ) (26)
(fo Vi - V(x,y,s )ds)azf/JrQle =0

in T3, subject to

V(x,y), V(x,y, z) are periodic in T* and are even in z;
V=0 = Vo = PoVo, Veo = Vo = (I — Po)Ve; (27)
Vi Vo=0.
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Local well-posedness of inviscid PEs

Theorem 1 ([30], Ghoul-Ibrahim-Lin-Titi, 2020)

Assume Vo, Vo € D(e™* : H'(T*)) with r >5/2, 70 > 0, and [., Vodxdy =0, V-V, = 0.
Let Q € R be arbitrary and fixed. Then there exist non-increasing function 7(t)

7(t) = 70 — 2tC(1 + €™ Vo2 + |€™* Vo), (28)

and time
70

T: — = >
142G (1 4+ (e Vol[r + le™*Voll3)

independent of €2, such that there exists a unique solution

0, (29)

(V,V) € L=(0, T; D(e”™* : H'(T?))) N L2 (0, T; D(e” ™ : HH/2(T?)))

to system (26)—(27) on [0, T]. Moreover, the unique solution (V, V) depends
continuously on the initial data in the norm ||e”®* .|| ,,_1/2, with some 7 < 7.

Note: thanks to (23), we have similar result for system (24).
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Blowup of solutions without rotation

@ When Q2 = 0, as before, consider

U + U ux + wu; + px =0,
pZ = 07 (30)
ux +w, = 0.
in R x [0, 1], subject to
W|Z:0,1 =0. (31)

@ In both Cao-Ibrahim-Nakanishi-Titi [12] and Wong [45], the authors restrict system
(30) on the interval {(0,z) : 0 <z <1},
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Blowup of solutions without rotation

@ When Q2 = 0, as before, consider

U + U ux + wu; + px =0,
pZ:Oa (30)

ux +w, = 0.

in R x [0, 1], subject to
W|Z:0,1 =0. (31)

@ In both Cao-Ibrahim-Nakanishi-Titi [12] and Wong [45], the authors restrict system
(30) on the interval {(0,z) : 0 <z <1},

@ In [12], the authors considered the periodic and symmetric boundary condition in x
variable. In [45], the author considered some additional conditions on the initial data
without periodic setting. Denoting by W(z,t) = w(0, z, t), they found that W
satisfies

1
Wi — (W,)? + WW,, + 2/ (W,)’dz =0, W(0,t)=W(1,t)=0. (32)
0
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Blowup of solutions without rotation

@ When Q2 = 0, as before, consider

U + U ux + wu; + px =0,
pZ:Oa (30)
ux +w, = 0.

in R x [0, 1], subject to
W|Z:0,1 =0. (31)

@ In both Cao-Ibrahim-Nakanishi-Titi [12] and Wong [45], the authors restrict system
(30) on the interval {(0,z) : 0 <z <1},

@ In [12], the authors considered the periodic and symmetric boundary condition in x
variable. In [45], the author considered some additional conditions on the initial data
without periodic setting. Denoting by W(z,t) = w(0, z, t), they found that W
satisfies

1
Wi — (W,)? + WW,, + 2/ (W,)’dz =0, W(0,t)=W(1,t)=0. (32)
0

o Both works [12, 45] first assume there exists a smooth solution to system (30), then
established that the smooth solution to (32) blows up in finite time.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020 23 /39



Blowup of solutions with rotation

@ When Q # 0, we have
ur + uux +wu, — Qv+ pe =0,
Ve + U vy + wv, + Qu =0,
p1:07
ux +w, = 0.

(33)

in R x [0, 1], subject to
le:O,l =0. (34)
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Blowup of solutions with rotation

@ When Q # 0, we have
ur + uux +wu, — Qv+ pe =0,
Ve + U vy + wv, + Qu =0,
p1:07
ux +w, = 0.

(33)

in R x [0, 1], subject to
le:O,l =0. (34)

o Consider periodic boundary condition in x variable, and assume ug, vp are odd in x
(notice this is invariant). Denoting by V/(z,t) = —v(0, z, t) and
W(z, t) = w(0, z, t), we find that V and W satisfies
Vi — W,V + WV, + QW, =0,
Wee — (We)? + WWe, + 2 [1(W;)?dz — QV +Q [ V(z)dz = 0, (35)
W(o,t) = W(1,t) =0.
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Blowup of solutions with rotation

@ When Q # 0, we have
ur + uux +wu, — Qv+ pe =0,
Ve + U vy + wv, + Qu =0,
p1:07
ux +w, = 0.

(33)

in R x [0, 1], subject to
W|Z:0,1 = 0. (34)

o Consider periodic boundary condition in x variable, and assume ug, vp are odd in x
(notice this is invariant). Denoting by V/(z,t) = —v(0, z, t) and
W(z, t) = w(0, z, t), we find that V and W satisfies
Vi — W,V + WV, + QW, =0,
Wee — (We)? + WWe, + 2 [1(W;)?dz — QV +Q [ V(z)dz = 0, (35)
W(o,t) = W(1,t) =0.

o If V(z,0) = Q, then V(z,t) = Q by uniqueness. Then the equation of W is reduced
to (32). Therefore, smooth solutions to system (33) can form singularity in finite
time ([29], Ibrahim-Lin-Titi, 2020).
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Blowup of solutions with rotation

o The initial data in Wong [45] can be analytic, and therefore, the existence of the
solution is guaranteed by the local well-posedness result.

@ Specifically, we find an example:
1
w(x,z) = N~z + g)sin x, w(x,z) = —Qsinx (36)
with A > 0, and the corresponding upper bound on the blowup time is %.
@ Here since fol uo(x, z)dz = 0 and v is independent of the z variable, the baroclinic

mode of the initial data is (uo, 0), and the barotropic mode of the initial data is
(O, Vo).
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Blowup of solutions with rotation

@ When |Q] > 1, and when \ = \Tll this implies a smallness condition on the
baroclinic (uo, 0) ~ ﬁ while the whole initial data satisfies (uo, vo) ~ |Q2|. The
guaranteed blowup time in this case satisfies 7 ~ |Q|.
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Blowup of solutions with rotation

@ When |Q] > 1, and when \ = \Tll this implies a smallness condition on the
baroclinic (uo, 0) ~ ﬁ while the whole initial data satisfies (uo, vo) ~ |Q2|. The
guaranteed blowup time in this case satisfies 7 ~ |Q|.

@ It remains interesting to know whether for arbitrary € there exists a blowup solution

with initial data (uo, vo) whose barotropic and baroclinic modes are both of order 1.
Moreover, to estimate the corresponding blowup time 7 as || — oo.
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Blowup of solutions with rotation

@ When |Q] > 1, and when \ = \Tll this implies a smallness condition on the
baroclinic (uo, 0) ~ ‘1?‘ while the whole initial data satisfies (uo, vo) ~ |Q2|. The
guaranteed blowup time in this case satisfies 7 ~ |Q|.

@ It remains interesting to know whether for arbitrary € there exists a blowup solution
with initial data (uo, vo) whose barotropic and baroclinic modes are both of order 1.
Moreover, to estimate the corresponding blowup time 7 as || — oo.

@ Observe that if the blowup time 7 ~ 1 as || — oo, this would imply that fast
rotation does not prolong the life-span of the solution to the 3D inviscid PEs unless,
as it has been noted above, a smallness condition on the size of the baroclinic mode
is met.
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Long time existence without the effect of rotation

o Observe that when the baroclinic mode V = 0, the 3D inviscid PEs will reduce to
2D Euler equations which governs the dynamics of the barotropic mode.
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Long time existence without the effect of rotation

o Observe that when the baroclinic mode V = 0, the 3D inviscid PEs will reduce to
2D Euler equations which governs the dynamics of the barotropic mode.

@ 2D Euler equations is global well-posed in the space of analytic functions. (By
Levermore-Oliver [37]).
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Long time existence without the effect of rotation

o Observe that when the baroclinic mode V = 0, the 3D inviscid PEs will reduce to
2D Euler equations which governs the dynamics of the barotropic mode.

@ 2D Euler equations is global well-posed in the space of analytic functions. (By
Levermore-Oliver [37]). Recall also the result of Barods-Benachour [6] about the
short time well-posedness of the 3D Euler in the space of analytic functions.
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Long time existence without the effect of rotation

o Observe that when the baroclinic mode V = 0, the 3D inviscid PEs will reduce to
2D Euler equations which governs the dynamics of the barotropic mode.

@ 2D Euler equations is global well-posed in the space of analytic functions. (By
Levermore-Oliver [37]). Recall also the result of Barods-Benachour [6] about the
short time well-posedness of the 3D Euler in the space of analytic functions.

o Idea: the smaller the analytic norm of Vo the longer time of existence of the 3D
inviscid PEs.
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Long time existence without the effect of rotation

o Observe that when the baroclinic mode V = 0, the 3D inviscid PEs will reduce to
2D Euler equations which governs the dynamics of the barotropic mode.

@ 2D Euler equations is global well-posed in the space of analytic functions. (By
Levermore-Oliver [37]). Recall also the result of Barods-Benachour [6] about the
short time well-posedness of the 3D Euler in the space of analytic functions.

o Idea: the smaller the analytic norm of Vo the longer time of existence of the 3D
inviscid PEs.

@ This result does not take advantage of the rotation.
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Long time existence without the effect of rotation

Theorem 2 ([30], Ghoul-lbrahim-Lin-Titi, 2020)

Assume Vo € D(e™” : H™Y(T?)), Vo € D(e™” : H'(T%)), with r > 5/2, 7o > 0, and

sz Vodxdy =0, V- Vo = 0. Let Q € R be arbitrary and fixed. Suppose

le™*Vo||yris < M for some M >0, and ||e™*Vy || < € for some e > 0. Then there are
constants Cyy > 1 and C, > 1, such that if T = T (70, €, M, r) satisfies

/T KOs = 12 (37)
i 2¢’

where K(t) = C,T;p(c’t), then the unique solution obtained in Theorem 1 exists for
t € [0, T]. In particular, from (37), T 2 In(In(In(1))) — oo as € — 0*.

@ As a corollary of Theorem 2, the solution to 3D inviscid PEs converges to the
solution to 2D Euler equations in the space of analytic functions provided that
HeTOAVoHHr — 0.
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The effect of rotation on the life-span of the solution

@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.
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The effect of rotation on the life-span of the solution

@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.
@ From Theorem 2, one can see that controlling the baroclinic mode Vis the key to

prolong the life-span.
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@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.
@ From Theorem 2, one can see that controlling the baroclinic mode Vis the key to
prolong the life-span.

o Idea: further decompose the baroclinic mode V to see the dispersion and averaging
mechanism effect due to rotation.
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The effect of rotation on the life-span of the solution

@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.

From Theorem 2, one can see that controlling the baroclinic mode Vis the key to
prolong the life-span.

o Idea: further decompose the baroclinic mode V to see the dispersion and averaging
mechanism effect due to rotation.

For the operator J]} = TJL, J = (2 Bl)
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The effect of rotation on the life-span of the solution

@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.

@ From Theorem 2, one can see that controlling the baroclinic mode Vis the key to
prolong the life-span.

o Idea: further decompose the baroclinic mode V to see the dispersion and averaging
mechanism effect due to rotation.
0

o For the operator JV =Vt 7= (1

Bl). It has eigenvalues £/, with

1

. . 1
corresponding eigenvectors 7 (:Ff)'
We define

=

N—
~_—

Sl

Povi={(I- PO)V,% (I.

and

Py = ((- PV, % (E,>>% (jl) = %(17 —ivh). (39)
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The effect of rotation on the life-span of the solution

@ Goal: show fast rotation prolongs the life-span of the solution to the 3D inviscid PEs.

@ From Theorem 2, one can see that controlling the baroclinic mode Vis the key to
prolong the life-span.

o Idea: further decompose the baroclinic mode V to see the dispersion and averaging
mechanism effect due to rotation.

o For the operator JV 1=V, 7 = (? Bl). It has eigenvalues =+i, with
ding < vore 1 (1
corresponding eigenvectors ﬁ :FI .
We define
. AW Ly s s
P.V = <(/ PV, 5 <,)>ﬁ <,) = S(V+ivh), (38)
and

Py = ((- PV, % (E,>>% (jl) = %(17 —ivh). (39)

o Similar ideas and projections for 3D rotating Euler equations can be found in
[22, 32].
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The effect of rotation on the life-span of the solution

@ Decomposition of V:
V=PV+PYV+PYV (40)

satisfies

PLPiY = PV, PoPoV = PV, PLP+V = PoP+V = P1PV =0. (41)
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The effect of rotation on the life-span of the solution

@ Decomposition of V:
V=PV+PYV+PYV (40)

satisfies

PLPiY = PV, PoPoV = PV, PLP+V = PoP+V = P1PV =0. (41)

o Applying P+ to the baroclinic mode in (26),

DPLY + Pi(ﬁ-v9+17-vV+Vvﬁf Po(V-VV + (V- V)V)
2 - (42)
—(/ V- V(X s)ds)@ZV) T iQPLY =0.
0
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Long time existence

With effect of rotation

o Denote by Vy = e MMP.V, V_ = pP_V.
Vi =— emt(m SVVs = Po(Vi - VY4 + (V- V)Vy) — (/ v. V+(X',s)ds)8zv+>
0
— 1 - N o
_ (v YV (Ve V)V I'Vl)) B e—““i(v, AR

- e*'m(v_ SVVy = Po(Vo VY + (V- V)Vy) — (/Z V. V_(x’,s)ds)82V+>.
0
(43)
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Long time existence

With effect of rotation

o Denote by Vy = e MMP.V, V_ = pP_V.
Vi =— emt(m SVVs = Po(Vi - VY4 + (V- V)Vy) — (/ v. V+(X',s)ds)8zv+>
0
— 1 - N o
_ (v YV (Ve V)V I'VL)) B e—““i(v, AR

- e*"ﬂf(v_ SVVy = Po(Vo VY + (V- V)Vy) — (/Z V. V_(x’,s)ds)82V+>.
0
(43)

@ By taking complex conjugate, one can find the evolution for V_.
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Long time existence

With effect of rotation

o Denote by Vy = e MMP.V, V_ = pP_V.
Vi =— emt(m SVVs = Po(Vi - VY4 + (V- V)Vy) — (/ v. V+(X',s)ds)8zv+>
0
— 1 - N o
_ (v YV (Ve V)V I'VL)) B e—““i(v, AR

. z
- ef'm(v_ SVVy = Po(Vo VY + (V- V)Vy) — (/ V. V_(x’,s)ds)82V+),
0

(43)
@ By taking complex conjugate, one can find the evolution for V_.
@ For the barotropic mode,
8.V + Py(V - VV) + 7B, Py (v+ YV, 4 (V- v+)v+)
(44)

e 2p, py (v_ SVV_ 4 (V- v_)v_) =o.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V,,V_,V to be V,,V_, V.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V+,V,,V£o be V., V_, V. Taking limit Q — oo
formally, we obtain the limit equation of V is

0V +Pp(V-VV) =0, (45)

which is the 2D Euler equations.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V+,V,,V£o be V., V_, V. Taking limit Q — oo
formally, we obtain the limit equation of V is

0V +Pp(V-VV) =0, (45)

which is the 2D Euler equations.

@ The limit equation of V4 is
OVi = (V- V)Va — (Ve V)V V), (46)

which is a linear transport equation with an additional stretching term.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V+,V,,V£o be V., V_, V. Taking limit Q — oo
formally, we obtain the limit equation of V is

0V +Pp(V-VV) =0, (45)

which is the 2D Euler equations.

@ The limit equation of V4 is
Vi =—(V-V)Ve — %(vi VYV £V, (46)

which is a linear transport equation with an additional stretching term.

@ System (45)—(46) is globally well-posed in Sobolev spaces and in the space of
analytic functions.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V+,V,,V£o be V., V_, V. Taking limit Q — oo
formally, we obtain the limit equation of V is

0V +Pp(V-VV) =0, (45)

which is the 2D Euler equations.

@ The limit equation of V4 is
OVe = ~(V-V)Va — (Ve - V)(V V), (46)

which is a linear transport equation with an additional stretching term.

@ System (45)—(46) is globally well-posed in Sobolev spaces and in the space of
analytic functions.

@ Take the difference between the original system and the limit system (45)—(46), and
establish some energy estimates.
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The effect of rotation on the life-span of the solution

@ Denote by the formal limits of V+,V,,V£o be V., V_, V. Taking limit Q — oo
formally, we obtain the limit equation of V is

0V +Pp(V-VV) =0, (45)

which is the 2D Euler equations.

The limit equation of V. is

Love wy(v+ivh, (46)

OV =—(V-V)Vi — 5

which is a linear transport equation with an additional stretching term.

System (45)—(46) is globally well-posed in Sobolev spaces and in the space of
analytic functions.

@ Take the difference between the original system and the limit system (45)—(46), and
establish some energy estimates.

There are some nonlinear terms requiring the smallness in Sobolev norms of the
baroclinic mode of the initial data. We call such initial data “well-prepared”.
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Long time existence
With effect of rotation

Theorem 3 ([30], Ghoul-lbrahim-Lin-Titi, 2020)

Assume Vo € D(e™* : H™3(T?)), Vo € D(e™* : H™*(T%)), with r > 5/2, 70 > 0, and
fT2 Vodxdy =0, V-Vo=0. Let M >0 and § > 0, then there exist constants C,, > 1,

~ exp(Crt)
Cm,-, > 1, G, > 1 that define the function K(t) := Mo Suppose that Qp € R is

given satisfying |Q0] > Croe% D), and that ||e™*Vo|| s + [|€* Vo[ yriz < M, with
Vol s S |Q 1. Then there exists a time T = T (7o, ||, M, r) > 1 satisfying

Cr e = Q) (47)

such that for all |Q2| > || the unique solution obtained in Theorem 1 exists on the
interval [0, T]. In particular, from (47), T = In(In(In(In|Q0[))) — oo, as || — oo.
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The effect of rotation on the life-span of the solution

@ To emphasize the difference between smallness in analytic norm and in Sobolev
norm, consider

Vo = ae™™, ks #0, (48)
with k| = [75 1 In|Q|] and |a] = (In]Q))7 % ~". Then
[Vollpses < [Vollra ~ 1217, |€™4 Vo] yrsz ~ 1.
@ This implies that the initial data is oscillatory in space.

@ One can construct a sequence of initial data
{(170)9} _ Ck(n)eik(ﬂ)»x’ (49)

where |k(Q)| = [75 " In|Q[] and |cqq)| = (In]Q])~"?|Q| . Then as |Q| — oo, we
have nontrivial result such that with initial condition ||e™*(Vo)a||yr+2 ~ 1, the
solution exists in analytic space on [0, 7] satisfying T — oo, as || — oco.
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Thank you!

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14,



References |

(1

[2]

[3]

[4]

5]

6]

[7]

[8]
9]

P. Azérad and F. Guillén, Mathematical justification of the hydrostatic approximation in the primitive
equations of geophysical fluid dynamics, SIAM J. Math. Anal., 33 (2001), 847-859.

A. Babin, A. Mahalov, B. Nicolaenko, Regularity and integrability of 3D Euler and NavierStokes equations
for rotating fluids, Asymptot. Anal. 15:2, 103-150 (1997).

A. Babin, A. Mahalov, B. Nicolaenko, Global regularity of 3D rotating NavierStokes equations for
resonant domains, Indiana Univ. Math. J. 48:3, 1133-1176 (1999).

A. Babin, A. Mahalov, B. Nicolaenko, On the regularity of three-dimensional rotating Euler-Boussinesq
equations, Mathematical Models and Methods in Applied Sciences. 9:7, 1089-1121 (1999).

A. Babin, A. Mahalov, B. Nicolaenko, Fast singular oscillating limits and global regularity for the 3D
primitive equations of geophysics, Math. Model. Numer. Anal. 34, 201-222 (1999).

C. Bardos and S. Benachour, Domaine d’analycité des solutions de I'é quation d’Eulerdans un ouvert de
R", Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 4 (1977), 647-687.

C. Bardos, M. C. Lopes Filho, Dongjuan Niu, H. J. Nussenzveig Lopes, and E. S. Titi, Stability of
two-dimensional viscous incompressible flows under three-dimensional perturbations and inviscid symmetry
breaking, SIAM J. Math. Anal., 45:3 (2013), 1871-1885.

Y. Brenier, Homogeneous hydrostatic flows with convex velocity profiles, Nonlinearity, 12(3):495-512,
1999.

Y. Brenier, Remarks on the derivation of the hydrostatic Euler equations, Bull. Sci. Math.,
127(7):585-595, 2003.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



References I

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

D. Bresch, F. Guillén-Gonzélez, N. Masmoudi and M.A. Rodriguez-Bellido, On the uniqueness of weak
solutions of the two-dimensional primitive equations, Differential Integral Equations, 16 (2003), 77-94.

D. Bresch, A. Kazhikhov and J. Lemoine, On the two-dimensional hydrostatic Navier-Stokes equations,
SIAM J. Math. Anal., 36 (2004), 796-814.

C. Cao, S. Ibrahim, K. Nakanishi and E. S. Titi, Finite-time blowup for the inviscid primitive equations of
oceanic and atmospheric dynamics, Comm. Math. Phys., 337 (2015), 473-482.

C. Cao, J. Li and E. S. Titi, Local and global well-posedness of strong solutions to the 3D primitive
equations with vertical eddy diffusivity, Arch. Rational Mech. Anal., 214 (2014), 35-76.

C. Cao, J. Li and E. S. Titi, Global well-posedness of strong solutions to the 3D primitive equations with
horizontal eddy diffusivity, AJ. Differential Equations, 257 (2014), 4108-4132.

C. Cao, J. Li and E. S. Titi, Global well-posedness of the 3D primitive equations with only horizontal
viscosity and diffusivity, Comm. Pure Appl. Math., 69 (2016), 1492-1531.

C. Cao, J. Li and E. S. Titi, Strong solutions to the 3D primitive equations with only horizontal
dissipation: Near H' initial data, J. Funct. Anal. (2017), http://dx.doi.org/10.1016/j jfa.2017.01.018.

C. Cao, J. Li and E. S. Titi, Global well-posedness of the 3D primitive equations with horizontal viscosity
and vertical diffusivity, arXiv:1703.02512v1 [math.AP] (2017)

C. Cao and E. S. Titi, Global well-posedness of the three-dimensional viscous primitive equations of large
scale ocean and atmosphere dynamics, Ann. of Math., 166 (2007), 245-267.

C. Cao and E. S. Titi, Global well-posedness of the 3D primitive equations with partial vertical turbulence
mixing heat diffusivity, Comm. Math. Phys., 310 (2012), 537-568.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



References ||

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

J.-Y. Chemin, B. Desjardines, |. Gallagher and E. Grenier, Mathematical Geophysics. An introduction to
rotating fluids and the Navier-Stokes Equations, Oxford lecture series in Mathematics and Its
Applications, Vol. 32. Clarendon Press, Oxford, 2006.

H. Dietert and D. Gérard-Varet, Well-posedness of the Prandtl equations without any structural
assumption, Ann. PDE 5:8 (2019). https://doi.org/10.1007 /s40818-019-0063-6

A. Dutrifoy, Examples of dispersive effects in non-viscous rotating fluids, J. Math. Pures Appl. (9) 84
(2005) 331-356.

P.F. Embid and A.J. Majda, Averaging over fast gravity waves for geophysical flows with arbitrary
potential vorticity, Comm. PDE 21 (1996), 619-658.

D. Gérard-Varet and E. Dormy, On the ill-posedness of the Prandtl equation, J. Amer. Math. Soc. 23:2
(2010), 591-609.

E. Grenier, On the derivation of homogeneous hydrostatic equations, M2AN Math. Model. Numer. Anal.,
33(5):965-970, 1999.

F. Guillén-Gonzalez, N. Masmoudi and M.A. Rodriguez-Bellido, Anisotropic estimates and strong
solutions of the primitive equations, Differ. Integral Equ., 14 (2001), 1381-1408.

D. Han-Kwan and T. Nguyen, lllposedness of the hydrostatic Euler and singular Vlasov equations, Arch.
Ration. Mech. Anal., 221 (2016), no. 3, 1317-1344.

M. Hieber and T. Kashiwabara, Global well-posedness of the three-dimensional primitive equations in
LP-space, Arch. Rational Mech. Anal., 221 (2016), 1077-1115.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020 37 /39



References IV

[29]
[30]
[31]
[32]

[33]

[34]

[35]

[36]

[37]

[38]

S. Ibrahim, Q. Lin and E. S. Titi, Finite-time Blowup and lll-posedness in Sobolev Spaces of the Inviscid
Primitive Equations with Rotation, in preparation.

T.E. Ghoul, S. Ibrahim, Q. Lin and E. S. Titi, On the effect of rotation on the life-span of analytic
solutions to the 3D inviscid primitive equations, in preparation.

G. M. Kobelkov, Existence of a solution in the large for the 3D large-scale ocean dynamics equaitons, C.
R. Math. Acad. Sci. Paris, 343 (2006), 283-286.

Y. Koh, S. Lee and R. Takada, Strichartz estimates for the Euler equations in the rotating framework, J.
Differ. Equ. 256, 707-744, 2014.

|. Kukavica, N. Masmoudi, V. Vicol and T. Wong, On the local well-posedness of the Prandtl and the
hydrostatic Euler equations with multiple monotonicity regions, SIAM J. Math. Anal., 46(6):3865-3890,
2014.

|. Kukavica, R. Temam, V. Vicol, and M. Ziane, Local existence and uniqueness for the hydrostatic Euler
equations on a bounded domain, J. Differential Equations, 250(3):1719-1746, 2011.

I. Kukavica and M. Ziane, The regularity of solutions of the primitive equations of the ocean in space
dimension three, C. R. Math. Acad. Sci. Paris, 345 (2007), 257-260.

I. Kukavica and M. Ziane, On the regularity of the primitive equations of the ocean, Nonlinearity, 20
(2007), 2739-2753.

C.D. Levermore and M. Oliver, Analyticity of solutions for a generalized Euler equation, J. Differ. Equ.
133, 321-339 (1997).

W. Li, N. Masmoudi and T. Yang, Well-posedness in Gevrey function space for 3D Prandtl equations
without structural assumption, arXiv:2001.10222.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020



[39]
[40]
[a1]
[42]
[43]
[a4]

[45]

J. L. Lions, R. Temam and S. Wang, New formulations of the primitive equations of the atmosphere and
appliations, Nonlinearity, 5 (1992), 237-288.

J. L. Lions, R. Temam and S. Wang, On the equations of the large-scale ocean, Nonlinearity, 5 (1992),
1007-1053.

J. L. Lions, R. Temam and S. Wang, Mathematical study of the coupled models of atmosphere and ocean
(CAO 111), J. Math. Pures Appl., 74 (1995), 105-163.

J. Li and E.S. Titi, The primitive equations as the small aspect ratio limit of the NavierStokes equations:
Rigorous justification of the hydrostatic approximation, J. Math. Pures Appl., pages 1-31, 2018.

N. Masmoudi and T. Wong, On the H* theory of hydrostatic Euler equations, Arch. Ration. Mech. Anal.,
204(1):231-271, 2012.

M. Renardy, lll-posedness of the hydrostatic Euler and Navier-Stokes equations, Arch. Ration. Mech.
Anal., 194(3):877-886, 2009.

T. K. Wong, Blowup of solutions of the hydrostatic Euler equations, Proc. Amer. Math. Soc. 143 (2015),
no. 3, 1119-1125.

Edriss S. Titi () Inviscid Primitive Equations with Rotation January 10-14, 2020 39 /39



	Introduction
	Derivation of primitive equations
	History
	Three-dimensional inviscid PEs

	Ill-posedness
	Without rotation
	With rotation

	Local well-posedness of inviscid PEs
	Introduction
	Notations and preliminaries
	Local well-posedness of inviscid PEs

	Blowup of solutions
	Without rotation
	With rotation

	Long time existence
	Without effect of rotation
	With effect of rotation


