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Summary

(1) The analytical problem:

“Continuous functions nowhere di↵erentiable”

(2) The geometric problem:

“Evolution of vortex filaments (smoke rings)”

�t = cb

(3) The PDE problem:

• Schrödinger map

How does a corner evolve? And several corners?

• 1d–Cubic NLS: u0 =
P
j2Z

aj�(x� j)



(4) Is there a connection with turbulence?

Conjecture: Yes (Non–circular jets)

Multifractal formalism (Frisch–Parisi)

Intermittency



Riemann’s function

'R(t) =
1X

j=1

sin(tj2)

j2
(⇠ 1860)

• Hardy 1915 (H–Littlewood circle method)

Fractal behavior of the graph.

'D(t) =
1X

j=1

eitj
2

ij2
Duistermaat 1991

At tp,q = ⇡p/q p, q odd, the derivative exists and is �1/2

• Gerver 1960 (Riemann was wrong)
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• Multifractal (Frisch–Parisi conjecture) 6

• Ja↵ard

�(t) =
X

k 6=0

e⇡ik
2t

i⇡k2
, t 2 [0, 2]



Multifractal formalism

Spectrum of singularities (of a function f):

df (�) = H-dim E�

E� = {t0 2 [0, 2] : f is �-Hölder at t0}

i. e. sup {↵ : f 2 C↵(t0)}

��f(t)� P (t� t0)
�� < C|t� t0|↵

Example: Weierstrass functions

Wa,b(t) =
P
n 6=0

an cos(bnt) a < 1 < ab

• Nowhere di↵erentiable

• ↵ = � lg a/ lg(b) (monofractal)



• Antonia, Hopfinger, Gagne, and Anselment experiment 1984

• Frisch–Parisi: multifractal model

• Multifractal formalism (Frisch–Parisi conjecture)

df (�) = inf
p

�
�p� ⌘f (p) + 1

�

• Ja↵ard: (1996)

d'R(�) = 4� � 2 1
2  �  3

4

•
P
k

sin t(ck + d)2

(ck + d)2
c, d 2 Z

Multifractal formalism is true for 'R

Oskolkov 2013, Chamizo–Ubis 2013

⌘f (p) = sup
�
s : f 2 Bs/p,1

p
 



(2) The binormal curvature flow

(BF) • �t = �s ^ �ss = cb c : curvature b : binormal

(SM)

Ts = cn

ns = �cT + ⌧b

bs = �⌧n

Examples:

(i) Straight lines.

(ii) Circles.

• �s = T Schrödinger map Tt = T ^ Tss

(iii) Helices.



10



11







10
1

2

0.5

4

Trajectory X(0,t) for M=15, b:  = /10, t [0,Tfin], Tfin=4

0.5

6X 3

X1

8

0

X2

0

10

12

-0.5-0.5

-1-1

X(0,t)

X(s,0)

X(s,Tfin)

-0.35
-0.4
-0.45-0.58 -0.54 -0.5 -0.46

0.4

0.5



• Buttke 1988

• Peskin, Mcqueen 1994

• Jerrard, Smets 2011

• De La Hoz, Vega 2013, 2018

• Kumar, De La Hoz, Vega 2020



(BF)

(SM)

(NLS)

• �t = �s ^ �ss = cb c : curvature b : binormal

• �s = T Schrödinger map Tt = T ^ Tss

�(0, s) : skew polygonal line

T (0, s) : sequence of points Tj such that lim
j!±1

Tj = A±

 (0, s) =
P

aj�(s� j)
P
j
|j|1+ |aj |2 < +1

 = ↵+ i�

0

@
T
e1
e2

1

A

s

=

0

@
0 ↵ �
�↵ 0 0
�� 0 0

1

A

0

@
T
e1
e2

1

A

The PDEs

•  Hasimoto wave function 1d NLS (cubic focusing)



Hasimoto transformation:

�(s, t) = c(s, t)ei
R s
0 �(s0,t)ds0

⇥t�(s, t) = i

✓
⇥2
s� ± 1

2
(|�|2 +A(t)

�
�

◆

Z 1

�1
|�(s, t)|2ds =

Z 1

�1
|�(s, 0)|2ds =

Z 1

�1
c2(s, 0)ds

In our case

�(s, t) =
a⇥
t
ei

s2

4t ,

Z 1

�1
|�|2ds = +�.

c = c(s, t) curvature

� = �(s, t) torsion

Schrödinger equation

A(t) 2 R



Selfsimilar solutions: The ODE

�t = �s ^ �ss = cb

• �(s, t) =
p
tG

�
s/
p
t
�

• 1

2
G� s

2
G0 = G0 ^G00

• The curvature is constant c(s) = a0

• Given the angle of the corner ✓0, what is a0?

sin
✓

2
= e�⇡

a2
0
2 (Gutiérrez, Rivas, V. 2003)

• New approach with De la Hoz, 2018

If Z(⌘) = ⌘ bG(
p
⌘) then

Z 00 +

✓
1� a20

⌘

◆
Z = 0 ⌘ > 0.

• G(0) = 2a0 b(0) (trajectory of the corner)
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We consider distributions

f =
X

k2Z
↵k�k, �k(·) = �(·� k)

Their Fourier transform on R writes

f̂(⇠) =
X

k2Z
↵ke

�ik⇠
,

and in particular f̂ is 2⇡�periodic. Imposing

k{↵k}kl2,s :=
X

k2Z
(1 + |k|)2s|↵k|2 < 1

translates into f̂ 2 H
s(0, 2⇡).

We define

H
s
pF := {f 2 S 0(R), f̂(⇠ + 2⇡) = f̂(⇠), f̂ 2 H

s(0, 2⇡)}.







Refined analysis for some families of polygonal lines

Let n 2 N⇤, ⌫ 2]0, 1], ⇥ > 0.

lim
n!1

n(⇡ � ✓n) = ⇥,

and we suppose without loss of generality

�n(0, 0) = (0, 0, 0), @x�n(0, 0
±) = (sin

✓n
2
,± cos

✓n
2
, 0).

• In the NLS fixed point argument we use l1-spaces, take advan-
tage of the sizes of nonresonant phases, get better estimates
and a time of existence T > 0 independent of n.

From now on we focus on particular classes of initial data: polygo-
nal lines �n(0) with finite but many corners located at j 2 Z with
|j|  n⌫ , of same torsion !0 and angles ✓n such that



The initial data are the polygonal lines:



Theorem (a Frish-Parisi multifractal behaviour)

For the previous solutions with torsion !0 2 ⇡Q we have the follow-
ing description of the trajectory of the corner �n(t, 0), uniformly
on (0, T ):

n�n(t, 0)� (0,<(R̃(t)),=(R̃(t)))
n!1�! 0.

The function R̃ is multifractal, and its spectrum of singularities dR̃
satisfies the multifractal formalism of Frisch-Parisi:

dR̃(�) := dimH{t, R̃ 2 C�(t)} = inf
p
(�p� ⌘R̃(p) + 1),

⌘R̃(p) := sup{s, R̃ 2 B
s
p ,1
p },

a model for predicting the structure function exponents in turbu-
lent flows.

In the torsion-free case R̃(t) = �⇥R(4⇡2t)
4⇡2 , where R(t) =

P
j2Z

eitj
2
�1

ij2 is a complex version of Riemann’s non-di↵erentiable

function.



• Graph on [0, 2⇡] of Riemann’s function R(t) =
P
j2Z

eitj
2
�1

ij2 :

• The theorem gives a non-obvious non-linear geometric interpreta-
tion for Riemman’s function.

• R satisfies the multifractal formalism of Frisch-Parisi (Ja↵ard 96) is

intermittent (Boritchev-Eceizabarrena-Da Rocha 19), its graph has

no tangents and has Haussdorf di-

mension  4
3 (Eceizabarrena 19)

(at the end Riemann was right!!)
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