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Introduction

Introduction (summary)

Damped nonlinear Klein-Gordon equation
Consider the equation for u(t, x), t > 0, x € R,
O —

(DNKG) i —i—@ — Uxx +i (a_Z’OL_p_>_2 . constants)

Ultimate goal: global kehavior of solutions <« initial data

S)t@r_g and relations of solution sets of different

in

b L
known (easy)

. energy transfer between 2 solitons (non-trivial)

: soliton merger (much harder)
.
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Introduction

Types of solutions

(DNKG) is well-posed in the energy space

u(t))= (_u_(t), L_L(t)) € H:=H\(R) x@,

where the energy is decreasing by

[ LR Rl e
)i [ EEEEEEH QY o) —[allalp

The focusing nonlinearity produces various types of solutions.
@ Global and decaying solutions || a(t)|lz,=> 0 (t = o0)
@ Blow-up solutions 3T € (0,00), ||d(t)||yx — o0 (t = T —0)
had ———— e —

_1
© Stationary solution u = Q(x) := {pH sech? (p2 )}p_l

Q (Asymptotic) multi-solitons (@-solltons)

i(t) = Zj“’:‘ol(_w'@(x( G(£) +o(1) in 7 (t = )
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Introduction

Soliton resolution by Céte-Martel-Yuan (ARMA 2021)

established that the 3 types (decaving, blow-up and multi-soli ) exhaust
all solutions, as well as existence and detailed behavior of N-solitons

Gia1(t) — (1) ~ logt (¢t = o).

e

Soliton resolution along a ti ence was by Feireisl ('98). In the radial
g . . y
3D case, the resolution for all time was by Burg-Schlag-Rougel ('17).
The soliton resolution conjecture is for (undamped) nonlinear dispersive
equations. So far, there are essentially only two types of equations where
the resolution is known without size restriction or sequence in time:

—_——

© Completely integrable systems: needs decay in x and_generic spectra.
—_———————
@ Energy-critical wave equation (Duyckaerts-Kenig-Merle '13), etc.:

needs symmetry or obstacle, fixing soliton positions.
e —————

Cote-Martel-Yuan [CMY] is appar:a—ntly the only result with moving solitons
and for all initial data in the energy space.
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Introduction

Instability of the solitons

The two types of soliton resolutions have distinctive character: either the

solitons are very stable (integrable case) or unstable (energy-critical wave).
A—‘. #.
In this respect, (DNKG) belongs to the latter: Quis—astable, so are
N-solitons. Indeed, @ has exactly one unstable direction, namely the

. . . - . -
unique negative eigenvalue of the linearized operator

which produces a growing solution to the linearized evolution:

ﬁ _ \/4/i+oz + -0
2

— 4 al— Uy +u=pQPtu

(Q; Jis the unique kernel of L coming from the translation invariance.
All the other directions W

Hence {l-solitons have exactly N unstable directions.
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Introduction

Manifold of 2-solitons by Céte-Martel-Yuan-Zhao (arxiv)

One can expect that the set of Al-solitans forms a manifold of codim=_/N
This was proven for N = 2 by Céte-Martel-Yuan-Zhao (arxiv'19) in general
dimensions.

Let g € C([0,00); H) be a 2-soliton of (DKG) with
A1) =30 (G- G(0) (), (Ol <1 < |(0) - (o))

v
Denote the unstable directions and the orthogonal compliment by

Y )= (1Y (1, v)p(x — ¢(0), Y= (—1¥ (v, 1)p(x — ¢;(0)),
Vi)={peH oL Y], Y] ol <d},

where the orthogonality is in L2. Thenand 3G : y5 — [ 5, 6]
Lipschitz continuous, s.t. the solution u of (DKG) with ~

@YO @Ylu ZBS y(S )y 4j € [_67 6]

Our question: What happens fof{a # G(p
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Main result

Main result: Global dynamics around 2-solitons

As above, let u; be the 2-soliton, Y; be the_unstable directions, V;- be the
compliment, and(G)= (Gop, G1) be the graph of the 2-soliton manifold.

Then 3F =(Fg. F) : Vi x [—6,6] — [0, 6] Lipschitz continuous s.t. the
solution u of (DKG) with

7(0) = Z.(0)+ o+ aoYo+ a1 Y1, @€V, a€[-0,0]

”~

Q is a 2-soliton iff‘a = G(p))JCMYZ].
@ is a 1-soliton of the form (—lﬂ'@(x —¢(t)) +o(1) (t — o0),
iff a; = j@ 61-)) and a1_; < Gi_j(¢).

O is globaldecaymy iff a; < Fj(p, a1—;j) for both j =0, 1.
© blows up otherwise.

In short, (F;)is the graph of the 1-soliton manifold of g—lHQ, and the
2-soliton graph@is the corner joining them. The rest is separated by
them into two open sets corresponding to the decay and the blow-up.
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Graphs of soliton manifolds

Around a given 2-soliton wu, (with sufficient separation), consider
d(0) = 17*(0) +p+aYo+a Yy
—Z V(@ +2;Y)(x = 6(0)) +(0) +

2-solitons: (ap, a1) = (Go(¢), Gi(v)) [CMYZ].
1-solitons: aj = Fj((p, al_j), a—j < Gl_j(cp).

_sj\‘(‘Qo\ 2. Y

\ (_1_4/7—/—j

) 9,
8&(@» / / \e\\fﬂ& (-‘9\3
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Remarks

Comparison among N-solitons (1,2,3)

One may expect similar structures around N-solitons for every N € N.
However, the difficulty of proof, as well as complication of dynamics, is
quite different among N = (0,)1,2, 3.

Below solitons) E(u) < E(Q) |n this case, there are only decaying and

- . . O —————— .
blow-up solutioms~SphERe~nto those two regions is general and classical
S—— . il . . . . .
(cf. Payne-Sattinger '75). Even without damping for nonlinear dispersive
equations;the splitting into scattering and blow-up is standard since

Kenig-Merle '06 (at least for high powers p > 5).

¢Xround 1—so|iton9The codim-1 instability of the ground state is also
classical. ation for classification is that the solution loses
energy to] E(u) < E(Q) vhen it gets away from the soliton @, so that we
can reduce~i-tathe abeve case. Even without the damping, as soon as one
can preclude orbits returning close to @, a similar classification is proved,

e.g. for p > 5 in the even symmetric case (Krieger-N--Schlag '12).
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Remarks

2-soliton: energy transfer between the 2 solitons

due to soliton interactions of hat is not integrable in time.
The issue is possible etween the two growing modes. The

solution may be decompdsed as long as it stays close to 2-solitons

() = Y (W@ x — 6(0) +2(0)

LS \

This is more difficethan a mere i”ierposition of the 1-soliton instability,

so that |a(t)| + ||y(t)|| ~ the distance of &(t) and 2-solitons. For generic
choice of a(0), it grows exponentially by

2 L) [ig o] 2]

where M(t) ~ 1/t & L1(1 o0) due to the soliton interactions.
It changes the growth rate from e“+! such as t’e”+t, even for a single
mode. In the case of two modes, it can even change 'the direction”.
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Remarks

2-soliton: energy transfer between the 2 solitons

To prove the_corner-like structure, we need: if one of the unstable modes
is bigger ?in Ehe differen lutions), it will grow dominantly.

But the(O(1/t)Yinteractions could possibly transfer the growth from one

to the other. A simple-exagple:

-8 B8 - [ o)

The key observation to preclude such phenomena is

u(t) depends entirely on the remainder component®f u //whose behavior
differs within the neighborhood of 2-soliton u,. This is a difference from

the explicit ODE system for the motion of centers ¢;(t) given by [CMY].
StiII controlled thank to the symmetry of (DKG).

Kenji Nakanishi (RIMS) Global dynamics around 2-solitons June 15, 2021 11/17




Remarks

3-soliton: soliton merger

One may expect the same result and proof for N > 3, but actually one
needs to treat a much harder phenomenan: soliton merger.

This comes from the fact that the soliton interaction is repulsive because

of the sign alternating structure. Indeed, [CMY] also prm o
the same sign cannot survive because ofgmlnteractlon
In the p proof around 2-sglitons, it is essential that the solitons stay away
from each other. This is violated if we start near 3-solitons and the middle

soliton is destroyed by instability, since the other two have the same sign.
So we must consider initial data around 2-solitons with the same sign, e.g.

i0) = @@+ ) + (@0, | > 1> P

By the soliton resolutlon [CMY], as weII as stablllty of decay and blow-up,
we deduce that v must b&come 1-soliton for some a € R. Then the
symmetry implies that such & has to stay away from both 2-solitons and
1-solitons for some time, where the behavior must be something like 2

solitons merging into 1, but describing it seems difficult.
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Proof

Difference estimate around 1-solitons

The main ingredient of proof is the difference estimate for two solutions

starting from the neighborhgood of the 2-soliton. In the construction of
2-soliton manifold, we may assume that gne of them is 2-soliton |CMYZ]
For our result, we need to extend it to the case of 1-solitons.

Let u(®, u®) be two solutions starting near the 2-soliton u,:
I ————— “

79 (0) = . (0) + o) + a(()k) Yo + agk) Y1,
such that %) (t) :(Q:bx —¢(t)) + o(1) as t — oo. Then
ay) — o)~ 6(0) — #(0) I
— (FO() = @)Y (x — (1)) 2 (@ — aiP)e+ /2,

as long as the difference remains small (for appropriate@).
This implies the unigueness as well as Lipschitz continuity of the Qg-soliton

graph Fq. The existence, as well as-the—+emaining dynamics, follows from
the stability of decay and blow-up around Q, and superposition of them.

Kenji Nakanishi (RIMS) Global dynamics around 2-solitons June 15, 2021 13 /17




Proof

Construction of the 1-soliton rnanifolds (near 2-solitons)

The graphs aj = Fj(y, a1—;j) of 1-solitons are constructed using the above
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Proof

All-time dynamics around 2-solitons

For the difference estimate around the solution@ which goes from
2-soliton to 1-soliton, we need to know jts behavior for all t > 0. This
description may be of independent interest. It is more involved than
starting with 1-solitons, due to the soliton interactions.

Let u be any solution starting near the 2-soliton. Then we can decompose

i(e) =3, (~1V(Q+ () V)(x — (1)) + ()

S —
and 0 < 3d7T7; < 3dT, < dT3 < T,: maximal existence, with
F(t):= exp(—|co(t) — c1(t)|) measuring the soliton interactions,
Q0<t<Th = |a[ S|y 22: F J(unstable mode a is sleeping)
T <t <T 2 L F<Ta < Flﬂt
@ Ti<t<(M)—= lyll}+F STLS Inlln+ FY? fFise of 3D
Q@ TL<t<Ts = |y|n+FY?<al <4, (dominance by a)

for some absolute 0, > 0 (determining the neighborhood of 2-solitons),
provided that |a(0)| + [|7(0)|| + F(0)Y/? < 6.
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Proof

All-time dynamics around 2-solitons (continued)

i(t) =30 (“1Y(3+a()Y)(x — it

:> al N! H”Y||H+F l
+F S al S Iyl FH2

= Il + F72 5 Ja] <.

Moreover, €[0, To] s.t. for0 < t e have/ separate dynam/c
S -

|0rc| +[(0r —vi)al S ”7”7—[7 Vlln S e “tH’Y(O)HHa

for some constant 1 > 0. For T, I <t< T, we have oliton interactions

(9 — vs)a, — E(DG| «@ﬁs 1/F(T)] )

Iz S e TV (T) I +

for some constant Cp > 0. They are not bounded in L1(Ts, T>).
(For T, < t < T3, exponential growth implies L; bound.)
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Proof

Key estimate to preclude growth transfer

In the difference estimate, the key point is to preclude the possibility of
growth transfer from agp to a; through O(1/t) soliton interactions. The
main estimate is on the linearized equation around the solution u(®) during
. . - - - y. -

it is still around 2-solitons. For the (difference of) unstable modes it is

v
. 1
5(0)= 3 M(D)aule) + -
~——— )
with M(t) depending on u{%(t). By symmetry of (DKG), we obtain

.||v(t) St I+ FRE )

where F(t) = O(1/t) contribution is cancelled in the “even” part v + vf,
ﬁ

v(t) 2257(0)(1“) - Zl (~1YQ(x — Cj(t)) Vit —x + o(T2) + a(T2)).

v

~—

The proof relies on th omplete description of u(®)for 0 < t < Ts.
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