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Introduction

Prandtl system

1904, Prandtl:

09U+ UdxU+ Vo, U—05U+0xp =0,

oxU+09,V=0, (t,x,y)eRxRxRy, (1.1)
Uly=0 = V|y=0=0 and limy_ . U(t,x,y) = w(t,x), ’
Ult=0 = Up,
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Prandtl system

1904, Prandtl:

09U+ UdxU+ Vo, U—05U+0xp =0,

oxU+09,V=0, (t,x,y)eRxRxRy, (1.1)
Uly=0 = V|y=0=0 and limy_ . U(t,x,y) = w(t,x), ’
Ult=0 = Up,

@ U and V represent the tangential and normal velocities of the boundary layer flow,

@ (w(t,x),p(t,x)) are the traces of the tangential velocity and pressure of the outflow on
the boundary, which satisfy Bernoulli’'s law:

Otw + wdxw +dxp = 0. (1.2)
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Introduction

There is no horizontal diffusion in the U equation of (1.1), the nonlinear term
V0, U(~ —ydxUd, U) loses one horizontal derivative in the process of energy estimate, whether
or not the Prandtl system with general data is well-posed in Sobolev spaces is still open.
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@ E and Enquist (CPAM 1998): constructed a class of initial data which generate solutions
with finite time singularities in case the solutions exist locally in time;
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Introduction

There is no horizontal diffusion in the U equation of (1.1), the nonlinear term
V0, U(~ —ydxUd, U) loses one horizontal derivative in the process of energy estimate, whether
or not the Prandtl system with general data is well-posed in Sobolev spaces is still open.

@ E and Enquist (CPAM 1998): constructed a class of initial data which generate solutions
with finite time singularities in case the solutions exist locally in time;

@ Gérard-Varet and Dormy (JAMS 2010): the ill-posedness in Sobloev spaces for the
linearized Prandtl system around non-monotonic shear flows;

@ Gérard-Varet and Nguyen (2012), Guo and Nguyen (2011): The nonlinear ill-posedness in
the sense of non-Lipschtiz continuity of the flow.
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Introduction

Positive results for the following classes of data:

Under a monotonic assumption on the tangential velocity of the outflow:

@ Oleinik (1963): first introduced Crocco transformation and then proved the local existence
and uniqueness of classical solutions to (1.1).

@ Xin and Zhang (2004): with the additional “favorable" condition on the pressure, obtained
the global existence of weak solutions to this system.

@ Alexandre, Wang, Xu and Yang (JAMS, 2015), Masmoudi and Wong (CPAM, 2015): by
ingenious use of the cancelation property of the bad terms containing the tangential
derivative, proving the existence of local smooth solution to (1.1) in Sobolev space via
performing energy estimates in weighted Sobolev spaces.
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Positive results for the following classes of data:

Analytical data:

@ Sammartino and Caflisch (CMP, 1998): local well-posedness result of (1.1) with data
which is analytic in both x and y variables;

@ Lombardo, Cannone and Sammartino (Siam JMA 2003): removed the analyticity in y
variable;
The main argument used in above papers is to apply the abstract Cauchy-Kowalewskaya
(CK) theorem.

@ Gérvard-Varet and Masmoudi ( Ann. Sci. Ecole Norm. Sup. , 2015): for a class of data
with Gevrey regularity. W. X. Li and T. Yang (JEMS 2020) with non-degenerate critical
points. This result was improved to be optimal in sense of by Dietert and Gérvard-Varet in
(Ann. PDE, 2019);

@ Zhang and Zhang (JFA: 2016) the long time existence for Prandtl system with small

analytic data and an almost global existence result was provided by Ignatova and Vicol in
(ARMA, 2016).
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Oleinik and Samokhin: open problem 4 on page 500 of Mathematical
models in boundary layer theory, 1999:

“It has been shown in Chapter 4 that under certain assumptions the
system of nonstationary two-dimensional boundary layer admits one
and only one solution in the domain
D={0<t<T,0<x<X,0<y < o} either for small enough T and
any X > 0 or small enough X and any T > 0. What are the conditions
ensuring the existence and uniqueness of a solution of the
nonstationary Prandtl system in the domain D with arbitrary X and 77"
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Introduction

It has also pointed out by Grenier, Guo, and Nguyen in a serious papers,
in order to make progress towards proving or disproving the inviscid
limit of the Navier-Stokes equations, one must understand its behavior
on a longer time interval than the one which causes the instability used
to prove ill-posedness.
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Set up of the problem:

w(t,x) in (1.1) to be &f(¢t) with f(0) = 0, then (1.2) = dxp = —&f'(t).
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Set up of the problem:

w(t,x) in (1.1) to be &f(¢t) with f(0) = 0, then (1.2) = dxp = —&f'(t).

Let 3 € C[0,e0) with x(y) = { (1) :I}’: E f we denote W %€" U —ef(1yx().
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Set up of the problem:

w(t,x) in (1.1) to be &f(¢t) with f(0) = 0, then (1.2) = dxp = —&f'(t).

1 ify>2

def
0 ify<i, we denote W =" U —ef(t)x(y)-

Let € C[0,e0) with X(y) = {
Then W solves

oW + (W +ef(1)x(y)) 0« W+ Vo, (W +ef(t)x(y)) — W =em,
KW+9,V=0, (tx.y)eRyxRE,

Wly—o = V|y=0=0 and limy_, . W(t x,y)=0,

W(i=o = U,

(1.3)

where B2 %1 R and m(t,) %" (127 (0 + (01" ().
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We introduce u® via

afu57a}2/u‘s:8m(t7y)7 (tvy)€R+XR+a
Usly—o =0 and limy_, . u%(t,y) =0, (1.4)
Us‘t:() =0.
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Introduction

We introduce u® via

afu57a}2/u‘s:8m(t7y)7 (tvy)€R+XR+a
Usly—o =0 and limy_, . u%(t,y) =0, (1.4)
Us‘t:() =0.

dgf

We set u def W—ufand v =" V.Then (u,v) verifies

oru+ (u+ u +ef(t)x(y)) oxu+ voy, (u+ u® +f(t)x(y)) —Bf,u =0,
xu+9dyv=0, (t,x,y)€RyxRZ,

uly—o =V|y=0=0 and limy_. u(t,x,y) =0, (1.5)

def
ul=o =tp = Up.
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Introduction

Due to dxu+0d,v =0, @ so that u = d,¢ and v = —9x@. Then by integrating the u equation of
(1.5) with respect to y variable over [y, ),

01+ (u+ U +ef(t)x(v)) 9x9
+2 7 (3y (u+ us +ef(Dx(y'))0x0) dy’ — 32 = Q(t, ),

for some function Q(t,x).
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for some function Q(t,x).

Yet since we assume that ¢ decays to zero sufficiently fast as y approaching to 4-eo, we find that
Q(t,x)=0.
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Due to dxu+0d,v =0, @ so that u = d,¢ and v = —9x@. Then by integrating the u equation of
(1.5) with respect to y variable over [y, ),

01+ (u+ U +ef(t)x(v)) 9x9
+2 7 (3y (u+ us +ef(Dx(y'))0x0) dy’ — 32 = Q(t, ),

for some function Q(t,x).

Yet since we assume that ¢ decays to zero sufficiently fast as y approaching to 4-eo, we find that
Q(t,x)=0.

9@+ (u+ u® +ef()x(y)) Ix@

+2 [ 3y (u+ s +ef(t)x(y')) 9x9) dy' — 59 =0, (16
dyPly=0=0 and limy =@(t,x,y) =0, ’
0lt=0 = Po.
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In order to globally control the evolution of the analytic band, we introduce

Gd:efu_A'_L(P and gd:efayG:aqu’_Lu_l'_ ¢

200 20" T2l a7
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Introduction

In order to globally control the evolution of the analytic band, we introduce

Gd:efu_A'_L(P and gd:efayG:aqu’_Lu_l'_ ¢

200 20" T2l a7

The quantities G and g is inspired by the function g d:ef oyu+ ZLDU, which was introduced by
Ignatova and Vicol (ARMA, 2016, also by Masmoudi and Wong CPAM 2015), where they

(5
basically proved that the weighted analytical norm of g(t) decays like (f) @3 )7, which decays
faster than the weighted analytical norm of u itself. We observe that g —g = %. One novelty of

this paper is to prove that the analytical norm of g is almost decays like <t>’% .
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Introduction

In order to globally control the evolution of the analytic band, we introduce
G def ¢

y @
t 2(t)

u+==¢ and gd:efoG:Byu—i- %u—l—

200 @ a7

The quantities G and g is inspired by the function g d:ef oyu+ ZLDU, which was introduced by
Ignatova and Vicol (ARMA, 2016, also by Masmoudi and Wong CPAM 2015), where they

(5
basically proved that the weighted analytical norm of g(t) decays like (f) @3 )7, which decays
faster than the weighted analytical norm of u itself. We observe that g —g = %. One novelty of

this paper is to prove that the analytical norm of g is almost decays like <t>’% .

0:G—05G+ (1) "G+ (u+ v +ef(t)x(y)) 9xG+vd, G
+v0y (U5 +ef()x(y)) — 3 (1)~ vay (y9)
+<—}t’>f;°(ay(u+us+sf(t)x(y/))ax(p) dy' =0, (1.8)
Gly—o=0 and limy_ . G(t,x,y) =0,

def
Gli=o=Go = w+ 5%0.
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Main results

Theorem (M. Paicu and P. Zhang, Arch. Ration. Mech. Anal., 241,
Letd >0 and f € H'(R ) which satisfies

1

a® [Coigroirirona+ ([ 0HEO+EOR @) <w o9

2
Let up = 9y, o satisfy up(x,0) =0, [;° uody = 0 and ||eyT 910 (g, uo)Hg%_0 < oo. We assume

moreover that Gy = ug + %(po satisfies
72 3| Dy |
e € XGQHT;%‘OSCQ (1.10)

for some ¢y sufficiently small. Then (1.4) has a solution u® and there exists €y > 0 so that for
€ < g9, the system (1.5) has a unique global solution u which satisfies

2 5 2 s 2
057080l i 1ol <o Fn] . 11
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Main result

Main result

Furthermore, for any t > 0, there hold

2

|Dx‘u(f)||$%_0 + H<t/>%e8y7

2

[0 fedn edi>lain)] o+ 1) Fed

and

2
146)% &30 81941 u(1)

grotl0)

forany ye (0,1).

2‘Dx‘ay [

o210

L3( t/2t’BZ 0y

L
< clle’ em“(‘Po-,Uo)H@l,ov @.12)

3| Dx |
< 8
VGl oy < Clle™ Gl

5 Y

)i o5 o310, u|

1
12(t/2,t;82°)

2
% 9D
<Cllew ™Gl _y,. (213)
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Main result

@ In Zhang-Zhang (JFA 2016) and Ignatova-Vicol (ARMA, 2016), only a lower bound of the
lifespan to the solution was obtained. Xie and Yang (2019) obtained similar result for MHD
boundary layer

@ E and Enquist (CPAM 1998): if u(0,y) = 0 and ap(y) = —dxuo(0,y) is nonnegative and
of compact support such that

E() <0 win £@% ["(J@,a07-jF0)v<o @)

Then any smooth solution of (1.1) does not exist globally in time.
For small initial data up(x,y) =nd(x,y), we have ap(y) = —Madxd(0,y) and

Ea) =" [ a2 e [ @on) a.

which can not satisfy E(ag) < 0 for 1] sufficiently small except that dx9,¢(0,y) = 0.
However, in the later case, due to the fact that the solution decays to zero as y
approaching to +eo, we have ag(y) = 9x0(0,y) = 0, which implies E(ap) = 0 so that
(2.14) can not be satisfied in both cases.
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Main result

@ The idea of closing the analytic energy estimate, (1.11), for solutions of (1.5) goes back to
a paper by Chemin (2004) who introduced a tool to make analytical type estimates and
controlling the size of the analytic radius simultaneously. It was used in the context of
anisotropic Navier-Stokes system (Chemin-Gallagher-Paicu Ann of Math. 2011) which
implies the global well-posedness of three dimensional Navier-Stokes system with a class
of “ill prepared data", which is slowly varying in the vertical variable, namely of the form
€x3, and the B;AL}(]R3) norm of which blow up as the small parameter goes to zero.

@ We mention that in our previous paper with Paicu-Zhang-Zhang (Adv. Math. 372 (2020)),
we used the weighted analytic norm of d, u to control the analytic band of the solutions,
which seems more obvious than the weighted analytic norm of g, which is defined by (1.7).
Since there, we worked on Prandt type system in a strip with homogenous boundary
condition so that we can use the classical Poincaré inequality to derive the exponential
decay estimates for the solutions. Therefore we have a global control for the analytic band.
Here in the upper space, by using another type of Poincaré inequality, (3.17), which yields
decay of a sort of weighted analytic norm to d, u like (t)~ 4 as the time t going to co. Yet
this estimate can not guarantee the quantity: fom(t)% lleVo,us(t)| 1.0, to be finite,
which will be crucial to globally control the analytic band of the solutions to (1.5).
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Outline of the proof

Functional spaces

Dka=F (92 “ENa),  Ska=7F " (x(27*E))a), (3.15)
where a(E,y) = F&(a)(€,y), and x(t), ¢(t) are smooth functions such that

3 8
Supp(pC{TER/ nggg} and v1>0, Y o(27%1) =1,
kez,

4
SuppxC{‘rER/ IT\Sg} and 1)+ Y o2 *1) =1.
k>0
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Outline of the proof

Functional spaces

Dka=F (92 “ENa),  Ska=7F " (x(27*E))a), (3.15)
where a(E,y) = F&(a)(€,y), and x(t), ¢(t) are smooth functions such that
3 8 ko
Supp(pc{reR/nggg} and \ﬂ:>0,k€%(p(2 T) =1,

4
SuppxC{‘rER/ IT\Sg} and 1)+ Y o2 *1) =1.
k>0

Definition

Lets inR. Foru in S} (R2 ), which means that u is in 5'(R%.) and
satisfies limk—,— || Shul| 1~ = 0, we set

def|

lullgso =" || (sz”AkuHLi)kez”ﬂ (z)

@ Fors< i, we define BS°(R2) el

<4 {ue SHRE) | [lull gso < oo}

@ [flis a positive integer and if { — < s</{ + , then we define BS°(R?.) as the subset
of distributions u in S},(R?.) such that ou belongs to BS~0(RZ.).

v
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Outline of the proof
Definition

Letp € [1, +oo] and To, T € [0, ++oo]. We define [P(Ty, T; B>°(R)) as the completion of
C([To, T]; S(R?)) by the norm

- d_ef ks T h P %
Ielizcr raeey ' X 2°( [ I1kaol o)

with the usual change if p = . In particular, when Ty = 0, we shall denote

def S
HaHZ’;,(Q;s,O) = HaHZp(o’T;,Bs,o) for simpilicity.
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Outline of the proof
Definition

Letp € [1,+eo] and To, T € [0, +-0]. We define LP(Ty, T; BSO(R2.)) as the completion of
C([To, T]; S(R?)) by the norm

oI=

def % v h
lallir, rasoy = X 2%( [ Iaka(0)l o)

keZ

with the usual change if p = . In particular, when Ty = 0, we shall denote

def S
HaHZ’;,(Q;s,O) = HaHZp(o’T;,Bs,o) for simpilicity.
”

Letf(t) € L}O c(R+.) be a nonnegative function and to, t € [0,<]. We define

f 1
lallzp . (aso 2 e IRGINEGISR (3.16)
[}

When ty = 0, we simplify the notation HaH[g (B50) 35 Ha||Zf,(q;s-0)-
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Outline of the proof

Outline of the proof

def y

LetW(t,y) =
RY x R4 which decays to zero sufficiently fast as y approaching to 4. Then one has

G0) and d be a nonnegative integer. Let u be a smooth enough function on

;
/ [9yu(X,y)[2e?Y dXdy > —— / lu(X,y)Pe?Y dX dy. (3.17)
RI xRy 2(t) JRI xR,

Proof
Similar to Ignatova-Vicol (ARMA, 2016):

| N

2 2
[ @X9)ei® oy = [ @) (x.p)eiT ay
JRy JRy

el 1
:—2/ yu(X,y)oyu(X,y)e*® dy—f/ Y2 (X,y)e* dy.
Ry 2(t) Jr,
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Outline of the proof

2 2

2 1
/ Pe?m dXdy-i——/ y2u e‘”> dXdy = 72/ yuB ue4 dX dy
RY xR 2(t) RdeR+

1 1/2 P 1/2
<2 — “ X 2 LIONG) ¢
< (2(1‘) /Rdeer e’ d dy) < <t>/RdeR (oyu)“e* d, dy)

1 y? y2

€— 2u2e*M dX dy +2(t / 9,u)2e*® dX d
—2(t) /Rdxmy y+2(1) RdXR+( v) v
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Outline of the proof

2 2

2 1
/ Pe?m dXdy-i——/ y2u e‘”> dXdy = 72/ yuB ue4 dX dy
RY xR 2(t) RdeR+

1 1/2 P 1/2
<2 — “ X 2 LIONG) ¢
< (2(1‘) /Rdeer e’ d dy) < <t>/RdeR (oyu)“e* d, dy)

1 y? y2

€— 2u2e*M dX dy +2(t / 9,u)2e*® dX d
—2(t) /Rdxmy y+2(1) RdXR+( v) v

O

o’

By virtue of Lemma 3.1, we get, by using a standard argument of energy estimate to the system

(1.4), that

y2

[[e® S(f)HL2<C<f> (3.18)
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Outline of the proof

2 2

2 1
/ Pe?m dXdy-i——/ y2u e‘”> dXdy = 72/ yuB ue4 dX dy
RY xR 2(t) RdeR+

1 1/2 P 1/2
<2( —= “ X 2 40 dx
< (2(1‘) /Rdeer e’ d dy) < <t>/RdeR (oyu)“e* d, dy)

1 d e

€— 21Pe*® dXdy +2(t / 9,u)2e*® dX d
—2<z>/RdeJ y+2l) [, | @u)el axay.

O

o’

By virtue of Lemma 3.1, we get, by using a standard argument of energy estimate to the system

(1.4), that

y2

[[e® S(f)HL2<C<f> (3.18)

2
Yy
which can not guarantee that the quantity f;(t)% le®® 9y us(t)]| 2 dt is finite.
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Outline of the proof

Let u°(t,y) = dyy°(t,y). And we define y* through

oy — 2y =eM(t,y), (t,y) Ry xRy,

Wy—o=0 and limy s iay®=0, (3.19)
Y=o =0,
where
def ©
Mm(t,y) %" - / (1 =20/ ) /' (£) + KX (¥), (3.20)

so that min (1.3) equals to d,M, and M(t, y) is supported on the interval [0,2].
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Outline of the proof

Let u°(t,y) = dyy°(t,y). And we define y* through

oy — 2y =eM(t,y), (t,y) Ry xRy,

Wly=o=0 and lim, , .y =0, (3.19)
¥olt=0 =0,
where
def *
m(ty) = - [T a0 @y r O+ 0L ), 8.20)
y
so that min (1.3) equals to d,M, and M(t, y) is supported on the interval [0,2].
Let def
e Yy
G =+ vy 3.21
U+ 2<t>\V (38.21)
S 2 s -1as ; def y
0iG°—0;G°+(1)'G° =¢eH with H= m+ oM.
GSly—o=0 and lim, .. G(t,y) =0, (3:22)
G®lt=0 =0,
With G® being determined by (3.22), by virtue of (3.21) and y°|,—o = 0, we obtain
_A gy W2 N def
vty =e T [[eT W @ty oy and w(ty) Eo,e(ty). (3.23)
0

Ping ZHANG Global existence and decay of solutions to Prandtl system with small ana



Outline of the proof

As in Chemin (2004); Chemin-Gallagher-Paicu (Ann of Math. 2011) etc, for any locally bounded
function ® on Rt x R, we define

us(t,x,y) = Tijx(e‘b("‘i)ﬁ(t,é,y)). (3.24)
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Outline of the proof

As in Chemin (2004); Chemin-Gallagher-Paicu (Ann of Math. 2011) etc, for any locally bounded
function ® on Rt x R, we define

us(t,x,y) = Tijx(e‘b("‘i)ﬁ(t,é,y)). (3.24)
def ) ) )
Let () = 1+t, the phase function ® is defined by

o(t,8) 2 (5-20(1) 8] (3.25)
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Outline of the proof

As in Chemin (2004); Chemin-Gallagher-Paicu (Ann of Math. 2011) etc, for any locally bounded
function ® on Rt x R, we define

us(t,x,y) = Tijx(e‘b("‘i)ﬁ(t,é,y)). (3.24)
def ) ) )
Let () = 1+t, the phase function ® is defined by

o(t,8) 2 (5-20(1) 8] (3.25)

Let G and G® be determined respectively by (1.7) and (3.21), we introduce a key quantity 8(t) to
describe the evolution of the analytic band to the solutions of (1.5):

{ 8(t) = (07 (116¥9, G (D)5 +££(D1 "1l 2 + 1€¥3, Co ()] 3 o)

(3.26)
0]t=0 = 0.
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Outline of the proof

As in Chemin (2004); Chemin-Gallagher-Paicu (Ann of Math. 2011) etc, for any locally bounded
function ® on Rt x R, we define

us(t,x,y) = Tijx(e‘b("‘i)ﬁ(t,é,y)). (3.24)
def ) ) )
Let () = 1+t, the phase function ® is defined by

o(t,8) 2 (5-20(1) 8] (3.25)

Let G and G® be determined respectively by (1.7) and (3.21), we introduce a key quantity 8(t) to
describe the evolution of the analytic band to the solutions of (1.5):

{ é(t):<t>%(\|e‘"asz(1)HLg+£f(t)|\e‘“x’HLe+|\e“’ayG¢(t)\|lB%_o)., (3.26)
0]t=0 = 0.

the weighted function W(t, y) is determined by

def 2
V(t,y) = 0k (3.27)
which satisfies
AV(t,y) +2(9y ¥ (t,y))? =0. (3.28)
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Outline of the proof

Let ® and W be defined respectively by (3.25) and (3.27). Then under the assumptions of
Theorem 1.1, there exist positive constants ¢y, €y and A so that for u® determined by (3.23) and
€ < g, the system (1.5) has a unique global solution u which satisfies sup;c(o ) 8(f) < 2%, and

le¥ o

oy o3yl

2
b0y S Clle’s &¥uol] s . (3.29)

L=(R4 Bz

Moreover, for G given by (1.7), there exists a positive constant C so that for any t > 0 and
y€ (0,1), there hold

2
1K) F e bl o) +IEVF Bty ro < Clle™ &P (g0, o))
2
H< >4ewG¢HL°°(R+ Q;z +H 4ewa.VG¢HL2 t/ZtQ%O)SCHe%ea‘DX‘GOH 1,07 (3'30)
)3 6™ ol g by + 1) F 7Byl < clle’s HOrlgy|

149-
L2t/2t’32 U= B2
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Outline of the proof

Proposition

Let f(t) € H'(R..) and satisfy (1.9). Then for G being determined by (3.22), one has
1
| w41e*a, e 0l z et < cce (3.:31)

for the constant Cs given by (1.9).
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Outline of the proof

Proposition

Let f(t) € H'(R..) and satisfy (1.9). Then for G being determined by (3.22), one has
1
| w41e*a, e 0l z et < cce (3.:31)

for the constant Cs given by (1.9).

In what follows, we shall always assume that t < T* with T* being determined by

7 % supl 1> 0, 8(t) < B/A1. (3.32)
So that by virtue of (3.25), for any t < T*, there holds the following convex inequality

&(1,E) < P(t,E—n)+d(t,m) for VEMER. (3.33)
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Outline of the proof

Proposition

Let @ be a smooth enough solution of (1.6). Then there exists a large enough constant A so that
for any nonnegative and non-decreasing function h € C'(R ) and any ty € [0, t] with t < T*,
one has

1£)% ¥ ol < Ce’s 0

\
L°° ’BZ [)) = (pOHQ;%,o? (334)

and

1w
the (Pd)HL“(t 1B )+the ay(pd)sz(fowﬁ’B%"o) (3.35)
l :
<|[|nze¥go(0)ll 3+ (Ve Polliz mboy
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Outline of the proof
Proposition

Let @ be a smooth enough solution of (1.6). Then there exists a large enough constant A so that
for any nonnegative and non-decreasing function h € C'(R ) and any ty € [0, t] with t < T*,
one has

1£)% ¥ ol < Ce’s 0

!
(s 0) = ®oll 100 (3.34)

and

1
172 ¥ 9ol +(|nze¥dy 90|,

1
= (ty,1:83°) 2(19,1;82°0)

(3.35)

1w
< ||h2e %(fo)\lﬁ.ﬁ”ﬁe ‘P“’”px £820)

y

Let u be a smooth enough solution of (1.5). Then there exists a large enough constant A so that
forany t < T*, we have

2
()% ¥ay uo < Cllem ™ (g0, w0) [ 3o (336)

()% e usll,.. R(t/2550)

320
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Outline of the proof

Let G be determined by (1.7). Then there exists a large enough constant A so that for any
t< T*, we have

5 v ne v
1) ¥ Goly 10 ) e ol n

Coy 2 a0 (3.37)
& / / I by
+ [0, Go (!l 3 o < Clle’s 121Gl -
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Outline of the proof

Let u and ¢ be smooth enough solutions of (1.5) and (1.6) respectively on [0, T*), For any
t < T* with T* being defined by (3.32), we deduce that

t t ,
00 < [ ()4 (1¥9,G(1) g + Y0y Co(!)], 3 o) o+ [ e gt (0 .
Notice that Supp ' C [1,2], one has

, 1 1
€Y% N2 < 2T |Yll,2 < €2 1%l 25

from which, Proposition 3.1 and Proposition 3.4, we infer

2
() < C(|le’s ef"’\f’x‘eo|\@%0 +eG) for t< T (3.38)
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Outline of the proof

Let u and ¢ be smooth enough solutions of (1.5) and (1.6) respectively on [0, T*), For any
t < T* with T* being defined by (3.32), we deduce that

t t / 1
00 < [ (1)} (10,6 (1) iz + %2, Go(1)] 3 ) f +& [ 1€ 20 (Yot
Notice that Supp ' C [1,2], one has
, 1
16¥ % 15 < &2 |12l 5 < €2 |1Xl2,

from which, Proposition 3.1 and Proposition 3.4, we infer

2

6(t) < C(|le's P/ Go|| 1, +eG) for t<T". (3.38)
B2

In particular, if we take ¢y in (1.10) and &g so small that

Cla+e(r) < (3.39)

5
20"
Then

)
sup B(t) < — for €<eg.
te[0,7+) 20
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Outline of the proof

Lemma

Let G°(t,y) and W(t,y) be defined respectively by (3.21) and (3.27). Then for any t > 0, one
has
v 5
[[(¢)%e G|l g 12y < CEINE) 3 Al m, 12, (3.40)

and

7
/ 1Y% 6¥a, (V)| of SRV HIR g, o) + IV F HlZe g, ). @)

for H given by (3.22).
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Outline of the proof

By taking Le inner product of the G° equation of (3.22) with eV G*, we obtain

(B,GS\ez“’GS> —(a§GS|e2“’GS) +<t>"\|eWGs(t)Hf€:S(H|e2“’GS)

12 12 2’
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Outline of the proof

By taking Le inner product of the G° equation of (3.22) with eV G*, we obtain
(a,GS\ez“’GS) - (B§GS|e2“’GS) O MY ()% =¢ (H|e2“’GS)

12 12 2’

(B;GS|GZWGS) :1 d

2
=zl el f/]R+ Y0, V|G¥[2 dy.
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Outline of the proof

By taking Le inner product of the G° equation of (3.22) with eV G*, we obtain

(B,GS\ez“’GS> —(a§GS|e2“’GS) +<t>"\|eWGs(t)Hf€:S(H|e2“’GS)

12 12 2’

(B;GS|GZWGS) :1 d

2
=zl el f/]R+ Y0, V|G¥[2 dy.

Due to G°|y—0 =0,
v v 2 v
_ (a}%GS|e2 GS)L% =|le ayGSHLé"'z/]RJf e®Y0,w0,G°G® dy

1
>5leva, % —2 [ @ w2icay.
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Outline of the proof

By taking Le inner product of the G° equation of (3.22) with eV G*, we obtain

(a,GS\ez“’GS) o (B§GS|e2“’GS) 07 e =¢ (H|e2“’GS)L% .

(revire) = 3 2l - [ avietay.
Due to G°|y—o =0,
- (a§<3s|e2"’c;S)Le =[e¥a,c°|% +.2/]R+ Y9, V9,G°G° dy

1
>5leva, % —2 [ @ w2icay.

&0+ 1e¥0, 6 (@) + 0 [l & (o) <elle¥ e

2 dt|
(3 42)
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Outline of the proof

Applying Lemma 3.1 for d = 0 yields

|e¥9,G5(1)]

1
%> m”ewGs(f)Hf%
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Outline of the proof

Applying Lemma 3.1 for d = 0 yields

|e¥0,G%(

sl el

| \UGs

He G¢

Dl

||L2

2dt
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Outline of the proof

Applying Lemma 3.1 for d = 0 yields

|e¥0,G%(

1
EHEWGS(’)Hief

| \UGs

He G¢

% <eleve (D)l YHO 2

2dt‘

He\UGs

He‘“Gs t)HL2 < eHe‘“H(t)HLz,
and
d 5 5
(03] ,) <e? [l HD -

Integrating the above inequality over [0, t] gives rise to (4.77).
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Outline of the proof

9l a0, + ¥, 0%

07l @ (0l

QaQHJHQM )72 le¥ @ (1)) (3.43)

(e HOIE + 0" e GO
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Outline of the proof

9l a0, + ¥, 0%

07l @ (0l

<2£(t)2He“'H Oz (02 (0] 2 (3.43)

(e HOIE + 0" e GO

Multiplying the above inequality by (t)g and then integrating the resulting inequality over [t/2, ],

't
/, ()% 63,65 (1)| % of <|(t/2) % e G¥(t/2)||%
2
5 t 3 t 7
+§/%(t')g”e“’65(t')”ie dt’+82/l<t’>;||ewH(t’)Hi€ a
5In2

7
<ﬂn£[€(1)xt]H Jie e t)HL 1+7)+82”<t/>4eWHHi?(L§)
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Outline of the proof

Proof of Proposition 3.1 In view of (1.3) and (3.20), both m and M are supported in [0,2] for
any t > 0, so that we observe from (3.22) that

t
163, G¥[[22 2y + / I(#)eva,Go(t)|[% o < cche. (3.44)
2
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Outline of the proof

Proof of Proposition 3.1 In view of (1.3) and (3.20), both m and M are supported in [0,2] for
any t > 0, so that we observe from (3.22) that

t
163, G¥[[22 2y + / I(#)eva,Go(t)|[% o < cche. (3.44)
2

While for any t > 1, we fix an integer N; so that 2M—1 < t < 2M  which implies t/2 < 2M~1.
Then we deduce from (3.44) that

t ; t 1 t 5 1
N STAj S (4 / =2 gl 2 AT Se\[12 44 2
L0k eva,e@ylgal <( [, ) 2ar) (/t/2<t>2||e 8,6 (1) % ot )

Nt
<C2 72 (Ge.

Ping ZHANG Global existence and decay of solutions to Prandtl system with small ana



Outline of the proof

Proof of Proposition 3.1 In view of (1.3) and (3.20), both m and M are supported in [0,2] for
any t > 0, so that we observe from (3.22) that

t
163, G¥[[22 2y + / I(#)eva,Go(t)|[% o < cche. (3.44)
2

While for any t > 1, we fix an integer N; so that 2M—1 < t < 2M  which implies t/2 < 2M~1.
Then we deduce from (3.44) that

t ; t 1 t 5 1
N STAj S (4 / =2 gl 2 AT Se\[12 44 2
L0k eva,e@ylgal <( [, ) 2ar) (/t/2<t>2||e 8,6 (1) % ot )

Nt
<C2 72 (Ge.

For any j € [0, N; — 2], we have

oj+1 .
/ ()30, G5(!) | p ot < C27E Gre.
5 :
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Outline of the proof

Proof of Proposition 3.1 In view of (1.3) and (3.20), both m and M are supported in [0,2] for
any t > 0, so that we observe from (3.22) that

t
163, G¥[[22 2y + / I(#)eva,Go(t)|[% o < cche. (3.44)
2

While for any t > 1, we fix an integer N; so that 2M—1 < t < 2M  which implies t/2 < 2M~1.
Then we deduce from (3.44) that

t ; t 1 t 5 1
N STAj S (4 / =2 gl 2 AT Se\[12 44 2
L0k eva,e@ylgal <( [, ) 2ar) (/t/2<t>2||e 8,6 (1) % ot )

Nt
<C2 72 (Ge.

For any j € [0, N; — 2], we have

oj+1 .
/ ()30, G5(!) | p ot < C27E Gre.
5 :

t 1
[0k 10,60 o <23 [ 6%, 605 o
of+1

¢ i Ni—2 1
L OGOl g ol + X, [ (1), (0) o

j=0

<cce(1+ iz*%) < CGe.
=0
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Outline of the proof

0190 — Oy o -+ AO(1)| Dr|@o + [(u+ u® +eF(1)%(¥))0x 0l

°° s , , (3.45)
+2/y [0y (u+ u® +ef(t)x(y ))ax(p}q,dy =0.
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Outline of the proof

9190 — Ay Po +AB(1)| Dhlgo + [(u+ u° +f()X(¥))9x9lo

o R , , (3.45)
2 [ By (-t +ef(00)oxe) o & =0.
y
By applying the dyadic operator Ah to (3.45) and then taking the Li inner product of the
resulting equation with %i(t)e ZWAh(pq, we find
h(t) (6" A} (990 —dyy90) | € Ak(p¢)L2 +28(1)A(t) (e”|Dn Afo | ewAk%)
+h(t)( AR[(u+u® +£f(1)x(y)9x9]o | ewAk(Ptb)Lz (3.46)

+2ﬁ(r)(e‘“/y AL [0y (u+ e +ef(D(/))3:0] o & | €Y Alga) 2 =0.
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Outline of the proof

t
/ M) (¥ Ak (990 — 3y 00) | €¥ Algo) 2
> 2 (Inde¥ oo (), — 10t ¥ Ao (), (3.47)

- [ H Ol Mooty o + ¥ Aldy00 g )
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Outline of the proof

t
/ M) (¥ Ak (990 — 3y 00) | €¥ Algo) 2
> 2 (Inde¥ oo (), — 10t ¥ Ao (), (3.47)

- [ H Ol Mooty o + ¥ Aldy00 g )

t
[ MO (¥ Ab(u+ v + e )(r))s0l | € Algo) 2 |
o (3.48)
o2 |t eV g

t)(me)‘
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Outline of the proof

t
/ M) (¥ Ak (990 — 3y 00) | €¥ Algo) 2
> 2 (Inde¥ oo (), — 10t ¥ Ao (), (3.47)

- [ H Ol Mooty o + ¥ Aldy00 g )

t
[ MO (¥ Ab(u+ v + e )(r))s0l | € Algo) 2 |
o (3.48)
o2 |t eV g

t)(me)‘

t
/r h(t’)|(e\v/ "0, udx e dy’ |e“’Ak(pq,)Li|dt’§d,32*kuh%e‘1'(p¢”%2 (5 (3.49)
0 y 1 t

ot
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Outline of the proof

t
/ M) (¥ Ak (990 — 3y 00) | €¥ Algo) 2
> 2 (Inde¥ oo (), — 10t ¥ Ao (), (3.47)

- [ H Ol Mooty o + ¥ Aldy00 g )

[ HOI (e B+ o+ ())s0lo | & Blg) s | o
o (3.48)

Sd!327k”h§ ew(Pth%z )(931.0)‘

t _ 1
/roh(t/”(ew/y AR[2yudxg]e dy’ |e“’Ak(p¢)L2 ot < a2 anze‘v%H% ) (3.49)

o t;

16(1) (" |Drl Akgo | €Y Akgo) > AO(1)2" " Ak (D) - (3.50)
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Outline of the proof

LRI [ Ao ety ool o 8 | ¥ Algs) 5 |
0
(3.51)

t. 1 B 1
<2 [o(e)nt e oo (V)] of < o2 It gelZ (yro.
K to.1:0(t)
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Outline of the proof

L)1 [ Ak ey ool o & | o Ahge) 1 |

(3.51)
kil
<2 ['8(0)Int " Bloo (P o < cF2 K[t onlE, oy
+ t0.t:0(1)
1% ¥ Aol 1z ) +2012" / 8(t) 12 &¥ Ao ()], of
JFthewAh y(P®HL2 (to.tiL2) < th ewAk(Pw(fo)Hii (3.52)

+ [ WIS Bhoa(?) 12 of + Oz 1100l iy
fo + 0:1:6(t)
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Outline of the proof

Taking f, = 0 and /i(t) = ()2 in (3.52), we obtain

1 t, 1
140)* " Aol 2 +2632° [ O(0)](0) Aboo(O)] o

2 304 pb |2 - TV
< |l e Akgo > +cdf2 ¥ |[(1)%e (pd,H%fé(!)(W_o).
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Outline of the proof

Taking f, = 0 and /i(t) = ()2 in (3.52), we obtain

1 t 1
140)* " Aol 2 +2632° [ O(0)](0) Aboo(O)] o

2 810x Ao |2 - v
< |l e Akgo > +cdf2 ¥ |[(1)%e (pq,”%fé (#19)"

(1)

Nl w ni w N
6V e 0ol 30, + VIR e 00liz, o
2 , (3.53)
< 't HOlg] o +VEIE) e Galz (aro

£6(1)
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Outline of the proof

Taking f, = 0 and /i(t) = ()2 in (3.52), we obtain

1
H<t’>4e‘“A‘k‘(P¢H27(L2)+2cx2k L8y Algo (2 o

1
< e’ eE‘DX‘AktpoHLi +Cdi27|(1) ¥ 9ol 1%

Y,e(!)({BWIO).
1
H(f'ﬂew(PoHZm(g%.o)JrV2€7~H< yie¥ <P4>HL2 25 0(50)
' P 1 (3.53)
<o’ ¥ lqoll_y o+ VEI(t)4 e 00 llzz. (g0
B2 1.6(t)
()% ¥ 9ol <Cle eS‘D*‘%H (3.54)

L"“'BZ 0y =
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Outline of the proof

For any nonnegative and non-decreasing function i € C'(R..),

t 1
/t MOl (" Dhludcle | € Aloo) g [af S o2 "Iz ol (o) (359)
Jlo to.:6(1
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Outline of the proof

For any nonnegative and non-decreasing function i € C'(R.),
t 1
/t (1) (e¥ Ak [udxolo | eWA*kl(p¢)L2+ |at' < dfe||hz 9‘"<P¢H%z (510 (3.55)
Jlo to.:6(1
By applying Bony's decomposition in the horizontal variable to udy @, we write

U0 = )@+ T3 ou+ R"(U,0x9).
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Outline of the proof

For any nonnegative and non-decreasing function i € C'(R.),
t 1
/t (1) (e¥ Ak [udxolo | eWA*kl(p¢)L2+ |at' < dfe||hz 9‘"<P¢H%z (510 (3.55)
Jlo to.:6(1
By applying Bony's decomposition in the horizontal variable to udy @, we write

U0 = )@+ T3 ou+ R"(U,0x9).

t
[ B (¥ A [T200] o | 0¥ Aloo) o |a
0

t 1 1
< Y /r lIsh_ ue (1)l |22 9WA2/ax<P¢(f/)HL§ |7z e“AQ%(t’)HLi dt'.
|k —k|<a”lo

Ping ZHANG Global existence and decay of solutions to Prandtl system with small ana



Outline of the proof

For any nonnegative and non-decreasing function i € C'(R..),

t
/t W(t)| (" Ak[udxolo | e Akgo) 2 | o' < df2 12 e ol (3.55)
Jlo

0.t

ap B0

By applying Bony's decomposition in the horizontal variable to udy @, we write

U0 = )@+ T3 ou+ R"(U,0x9).

t
/t ﬁ(t,)‘(ewAHTL}}ax(P]q, | eu’Akq)q,)L2 | at
0
m? / 18 _suo (¢) 121172 ¥ Al dx0o (¢ 2 112 € Algw ()2 '
Ik Zk|<4
3 3 oo
Hez‘”A Ud>(f)HL°° 2) <Hez‘1’/ Aha yuo(t')dy’ HL""(Lz
y
3 © 7 7
{eﬂ’(/ oty HLmH‘98‘1'A23yL1¢(t’)\|L2+ (3.56)
y

Sek(t)27 2 (1)71e"3, Go (0] o-

~
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Outline of the proof

ISk uo(t SEDY 2% || Abus( t)HLT(Lﬁ)
TR

1 .
<7169y Go (1)l 3 0 < O(F)-
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Outline of the proof

ISk uo(t SEDY 2% || Abus( t)HLT(Lﬁ)
TR

1 .
<7169y Go (1)l 3 0 < O(F)-

t
/{ h(t’)|(ewA2 [T‘l}ax(p}q) | ewA2¢®)Li ‘ ot
vl

1

S T 2([8onte Aos Oz of)* ([ 60)I1% ¥ Aot o)

|K'—k|<4

=

ki W
Sdfz Hth (PG)H%Z ()((31.0)~
t.£:0(1

(8.57)
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Outline of the proof

t
[ MO\ AL [T gt | € Bhoo) 2 |
)

o 1
< Y [0 sl 00! iy | Al o (¥ oz 1E ¥ Blga ()2 o

~

|k —K|<a”lo
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Outline of the proof

t
[ MO\ AL [T gt | € Bhoo) 2 |
)

b 1
< ¥y tHﬁ2e‘US,}:/_1ax(p¢(t/)HL%(L;O)HAZ/Uq;(t’)HL:?(LE)the‘“AQq)q,(t/)HLidt/:
Ik k| <4”To

t
[ B (¥ AL[TE gt | 0¥ Algo) 2 |
Y lo

,k, 1
Lot s 200 ()l InE e Aloa )z of
\k’ k\<4

’ 1
,L 2
SR GIIRERENGTNY

\k/ k\<4

/e (t)|n2ev Al <pa>(t)H )
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Outline of the proof

t. 1
([ 812 S 2o () gy )
to v(Ly

ML / 8(¢)Int ¥ Algo (1) o ) (3.58)

/Sk’

K 1
<dg27 ||h2 e¥ o o
K I ? HLfo»f:é(l)(gm)
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Outline of the proof

t 1
([ 812 S 2o () gy )
fo ViTh

ZZZ/MrWJN%UH r)* (3.58)

/<k’

<dk/22 the (P¢HL2 ) )310)
46(

t P
/hh(ﬂ”(ewAz[Tgmu}q,|QWA1;%)L2+\d,/5d§z k“hzew%H%;ré“)(W), (3.59)
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[ W) AR w00 € 00) s o

fo

K
<2z /HAM%( I LZ)HHZG“’A'Z@X(Pw(t)HLz the"’Akq’m(t’)HLz+ af
k' >k—3

g2t Y 2f /e(r)\mze“’A 00(!)]z 11 0¥ Ao (1) 2
K >k—3 “

1
<ot ¥ 2% / 0(¢)l10 e Alvgo()]2 o) ? / 6(¢)]10# & Algo(t)2 of )

k'>k—3

t
[ B B4R (0.0 | ¥ Ale) s o

o

_k _K 1
< di2 z( Y de2 z)\|h2e‘“<p¢|\%2 (19 (3.60)
K'>k—3 10-:6(1)

— 1
SdR2 M| ne ew(P¢H%2 ’ )(g;1.0)~
10.6:8(t
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Outline of the proof

n(t) (¥ Ak (drue —dyy us) \e"’A';ud,)Lz+ +10(t)h(t) (¥ | Dn| Aluo | eWAT(Uq,)Li
+h(t) (e AR[(u+ v +ef(H)x(1) Ixtlo | ¥ Afus) 2 (3.61)

+ (1) (e¥ AR [vay (u+u* +ef(x(y)] o | €¥ Afus) 2 =0.
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Outline of the proof

n(t) (¥ Ak (drue —dyy us) \e"’A';ud,)Lz+ +10(t)h(t) (¥ | Dn| Aluo | eWAT(Uq,)Li
+ (1) (e¥ AR[(u+ v +ef(Dx(y)) Oxo | e“’A*k‘Uo)Li

(3.61)
+nh(t)(e¥ AR [vay (u+u +ef()x(¥)] o | 9WA2U¢)L2+ =0.

h(f) (e‘“Aﬂ (aqu;. —any¢ + <f>71 Gq>) ‘ ewAl}:ch)Li

+28(t)h(t) (e” | Dn| Al Go | e‘"AﬂG‘p)Li +h(t) (e | Dn| AL [VA, Glo | e“’A‘;Gq,)Lg+

+h(t) (e AR [(u+u® +ef(t)x(y)) 9xGl | e“’A‘k‘Gq,)Lz+ (3.:62)

R0 (" A2y (4 +ef) v - S {07 v, (0] | € AkGe) 2

OOy [ Ay (00 e (00() 1014 8 | o ALGa) i =0
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Recent progress

Global small analytic solutions of MHD boundary layer

equations

Two-dimensional MHD boundary layer equations in the upper space

R% def {(x,y):xeRyeR,},

Oy — 35U1 + U10x Ut + U0y Uy + Oxp = b10xby + b2dy by,
B,b1 — K8§b1 + uq axb1 + Uzayb1 = b1aXU1 + bgayU1 s

Oy Uy -‘rayUg =0, dyby +ayb2 =0,

utly—o0 = tzly—0 =0, dybi]y—0 = b2ly—0 =0,

Iimy%+m u = U17 |imy*)+w b1 = B17

Utli=0 = U1 9, bili=0 = b1,

(4.63)
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Theorem (Ning Liu and Ping Zhang, JDE, 281 (2021), 199-257)

Letk €]0,2[, B, = 1 =1, and €,8 > 0. We assume that the far field states (U, B)
0 otherwise,
satisfy
IHedP(uB)|. 5 +|[(07d(Qu,aB,UB) s <e (4643
Lm(]R+;rBh2) L2(R+;’Bh2)
/ (i 72I(u.B)| ,ar<e. (4.64b)
0 3

Let the initial data (uo, bo, o, Wo) Satisfy the compatibility condition: uy|y—o = dybg|y=0 =0,
Jo updy =[5 body =0, and

2
i
He e eleX‘(Umbo-,(Po,Wo)H@%,o <eo and He 2 eB‘DX‘(GOvHO)HQ;%.o < \/57 (4.65)

where Gy def up + ﬁ(pg and Hy d_—efbo + %()\VO' Then there exist positive constants A, ¢

and €y(A, ¢, k, ) so that fore < €y and k 9ef xz-x) — 6]0 1/4], the system (4.63) has a unique

global solution (u,b) which satisfies supe[o . 8(t) < 2,“
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He‘U(u,b)@Hzm(g%VO) +\@Heway(u.,b)<p\|zz($1_o < He ] eSIDx (o, bO)H 10 +Cve. (4.66)
t t

Furthermore, for any t > 0 andy €]0,1[, there hold

th—cegV L +h—ce ¥
H<T>2 e (U,b)‘bHZT(B%_U)‘F H< > ) (U b)¢H~[2 t](gg%»o) (4.67a)
2 50y
< C(lle™ e">*!(uo, bo, 90, Wo) | 3 o + V),
I(e)'th=*e¥ (g, H)4>H~ (5% +H< )”’“"Ee‘”ay(G,H)e»\lZ2 (540 (4.67b)

(54
2
2 510
<Cve(1+|eTé ‘(Uo-,bO)HT;%‘o)’

1+ h—ce YW 1+he—ce yW
I 47 (Dol gy IO Ry Bholyy 0 (4670
2

2
< CVE(1+]leT es‘”“(Uo,bo)H@%.o)-
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Recent progress

The global well-posedness in the optimal Gevrey class

For a clear presentation, we shall take UE = 0 and PE = C in the rest of this paper, so that (u,v)
solves

OtU+ udyu+ vayufa}z,u =0, (,x,y)eRyxRxRy,
OxUu+09,v =0,

u =0 — 0 | u=20
( ) V) ‘y Ty ’

u‘t:O = UO(Xﬁy)'
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Recent progress

The global well-posedness in the optimal Gevrey class

For a clear presentation, we shall take UE = 0 and PE = C in the rest of this paper, so that (u,v)

solves
OtU+ udyu+ vayufa}z,u =0, (,x,y)eRyxRxRy,
OxUu+09,v =0,
B o (4.68)
(u,v)]y=0 =0, yiTwu =0,
Ult=0 = uo(x. ).
Let (§) = def (1 +§2) we denote
1
@00 98F SIDIE i 51— 5—26() and fp I @000, (4.69)
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Recent progress

The global well-posedness in the optimal Gevrey class

For a clear presentation, we shall take UE = 0 and PE = C in the rest of this paper, so that (u,v)

solves
OtU+ udyu+ vayufa}z,u =0, (,x,y)eRyxRxRy,
OxUu+09,v =0,
. 4.68
()0 =0, Im_u=o0, (“.68)
ult=0 = to(x,y)-
Let (§) = def (1 +§2) we denote
1
@00 98F SIDIE i 51— 5—26() and fp I @000, (4.69)
and the weighted anisotropic Sobolev norm
def < AUty 1Al £, 112 LI def y*
Mg = L ([ ORI )" win wen € T w)
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Theorem (Chao Wang, Yuxi Wang and Ping Zhang)

Let uy = 9,Qq satisfy up(x,0) =0 and [y” ugdy = 0. Let Gy dzefuo + gtpo. For some sufficiently

small but fixedm € (0, &), we denote

def, . 1-n 3-n 51
E(t) =||(t) U¢\Izg,o+\|<f> T yuslZs0 +(t)F Goll?a0
Hy v M @.71)
n 9 11n
146 53y Go 250 + ()T B G0 +111) "+ 3Gll2z0,

and

d:ef| 1

2 S 2 E=l 2
D(1) =[|(6) 3yU¢I\H171_0+H<f> 3 ayu‘DHH‘30+H<t> 3 ayG¢H,_,3,.o

i (4.72)
=] o 11
)T B Gol2go + 110 % G g0 + 1) 7 3G g0
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Theorem (Chao Wang, Yuxi Wang and Ping Zhang)

We assume moreover that

|\u¢,(0)\|2H%5'0 +E(0) < €. (4.73)
v

Then there exists €9, o > 0 so that fore < €9 and A > Lo, 0(t) in (4.69) satisfies
SUP{e[0,00) o(t) < %, and the system (4.68) has a unique global solution u which satisfies

t
E(t)—l—cn/o D(t')d <Ce® VteR. (4.74)
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(1) As in [Dietert and Gérard-Varet 19], there is a loss on the Gevrey radius of the solution u.

25 11 g
Moreover, we need ug (0) € Hy: °(R2.) in order to guarantee that ue(t) € HZ *(R2.).
These loss of regularities is due to the instabilities.

(2) Compared with [Paicu-Zhang19] with analytic data, here our smallness condlition can not
be presumed only on the initial data of the good quantity, G. Moreover, the decay of
Gevrey solutions has a loss of % in (4.74). We do not know if we could get rid of this loss
or not.

(3) The main idea to prove (4.74) is to combine the method in [Dietert and Gérard-Varet 19],
which is based on both a tricky change of unknown and appropriate choice of test
function, and the time weighted energy estimate method in [Paicu-Zhang19].
Furthermore, as in [PZ19], we shall use the faster decay estimate of the good quantity, G,
to control the Gevrey radius of the solutions, which will be one of the crucial step to
construct the global solutions of (4.68) with optimal Gevrey regular data.
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Step 1. New formulation of the problem
By applying Bony’s decomposition and e®(:0x)

(udxt)e = THIxue + —— ( ) DXU (DX)BXU¢+(T§XUU+ Rh(u,axu))¢+f1,

(4.75)
S(t
(vyu)o = Ty Vo + T)Oyto + — = () TayDXU/\(DX)va, + R (v,dyu)e +fo,
where the remainder terms fi, f, are defined by
def , 4 h (1)
f1 = (Tuaxu)q;fTuaXU.@fT /\(DX)B Up,
dof 50 (4.76)
e
= (T} Vo~ T} Vo — —= TayDXu/\(DX)Vq, +(Tyu)e — THOy Uo.

Here and in the sequel, we always denote Dy d_ef 1 8
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Let d(t,E) d:efS(t)(@% .Lets€ R ando > 2. Then one has

I(T30xf)e — Thoxfollns < C5(t)|\a¢\|Hng¢HHS+% : (4.77)
h
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Let d(t,E) d:efS(t)(@% .Lets€ R ando > 2. Then one has

(T30x1)e — Thdxfo|lns < C8(1)l|a0 e ol etk (4.77)

o’

Lemma

LetscR, 6> 5 and D, %710, Leto(1.8) L€ 5() (&) %, and AE) %Te(1+-82) % Then i

0 < d(t) <L, one has

S(t
(TRt )o — Thdeto — 078 ND)utollg < Cullaollgllollg- (478
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. 1
0t U 4»)\,9<DX>E ugp + TL}JBXU@ + T‘}}aqu) + TgyUV¢

()(

7B, A(Dx)0x o + T3 DXU/\(DX)Vq,) Hup =1,
OxUe +0dy Ve =0, (4.79)

(to, vo)ly=0 =0, yﬂmwu‘b =0,

1
5(Dx) 2
U¢|t:o:e<"> up,

where the source term f is given by

f=—f—fh—f wih fgdgf(T§XUU+F?h(u7BXu)+th(v,ayu))¢. (4.80)
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To construct the global small solution of (4.68) with Gevery 2 regularity in x variable, we need
first to modify the definitions of the auxiliary functions H, ¢, which are first introduced by Dietert
and Gérard-Varet in (Ann. PDE, 2019) In order to do it, let W(t,y) = 8<t> and h(t) be a positive
and non-decreasing smooth function, we define the operator

£ %5, 1201y (D) + Thax+ 0, + 6(') 75 JN(D)3x — %, (4.81)

and its adjoint operator in L2(7(t)e?V) is given by

*d_ef 71 _ hyx
c®g -t L <t> A1) (D) — (T8 o
@yt g ) () %0 noya, (T8~ By + 51)"
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We now introduce the function H via

L/ Hdz:é(t)/ Ugpdz,
y y

4.83
dyHly=0 =0, H|y—+=0, (4.83)
H|t=0 =0,
and ¢ by
L0 =6(t)H,
q"y:O =0, ¢‘y~>+m =0, (4.84)
Oli=r =0.
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We have the following remark concerning the definitions of H and ¢ :

(1) The reason why we need the function £(t) in the adjoint operator L* given by (4.82) is for
the purpose of deriving the decay estimates of the solutions H, ¢ and u.

Ping ZHANG Global existence and decay of solutions to Prandtl system with small ana
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We have the following remark concerning the definitions of H and ¢ :

(1) The reason why we need the function £(t) in the adjoint operator L* given by (4.82) is for
the purpose of deriving the decay estimates of the solutions H, ¢ and u.

(2) In (4.83) and (4.84), we define H and ¢ via [,” Hdz and [," ¢ dz (instead of J§ Hdz and
foy 0 dz as in [DG19]) is to make the solutions H and ¢ decay faster as y approaching to .
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We have the following remark concerning the definitions of H and ¢ :

(1) The reason why we need the function £(t) in the adjoint operator L* given by (4.82) is for
the purpose of deriving the decay estimates of the solutions H, ¢ and u.

(2) In (4.83) and (4.84), we define H and ¢ via [,” Hdz and [," ¢ dz (instead of J§ Hdz and
foy 0 dz as in [DG19]) is to make the solutions H and ¢ decay faster as y approaching to .

(3) We have the additional 6(t) before J; ue dzin (4.83) and H in (4.84) is for the purpose of
controlling the Gevery radius of the solutions H and ¢ simultaneously with their norms.
This idea goes back to [Ch04] where Chemin introduced a tool to make analytical type
estimates and controlling the size of the analytic radius simultaneously to classical
Navier-Stokes system.
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Applying 9y to the first equation of (4.83) yields

: = 3(t =
O(t)up = LH— rg;yuax/ Hoz + T} H— % TgyDXuA(DX)aX/ Hdz, (4.85)
y y
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Applying 9y to the first equation of (4.83) yields

: = 3(t =
O(t)up = LH— rg;yuax/ Hoz + T} H— % TgyDXuA(DX)aX/ Hdz, (4.85)
y y

Whereas by taking dy to the first equation of (4.83) and using the fact v = f;° dyudz, we find

8(H)ve :Lax/deer T s /‘dez
y y
3(1)

2

(4.86)

- Tahva+ TngXuA(DX)ax/y Hdz.
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In the process of the estimates, we shall use the formulas (4.85) and (4.86), and thus the time
derivative of 8(t) gets involved in. This makes the evolution equations for 8(t) as in all the
previous references like in [PZ5], which is defined via

{ 6(t) = ()% 16" 3,Go (D) 3 o- ws)
0]t=0 =0.

to be impossible here.
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Recent progress

In the process of the estimates, we shall use the formulas (4.85) and (4.86), and thus the time
derivative of 8(t) gets involved in. This makes the evolution equations for 8(t) as in all the
previous references like in [PZ5], which is defined via

{ 6(t) = ()% 16" 3,Go (D) 3 o- ws)
0]t=0 =0.

to be impossible here.

Fortunately, we observe that what we really used in [PZ5] is the time decay estimate of
He"’aqu,(t)HB%D. Motivated by this observation, for some 3 > 1, we define

{é(t) =ez ()7, (4.88)
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Thank you for your attention!
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