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Introduction
00000000

The elastic solid

1= Has a definite shape.
1= Deformed by external forces into a new equilibrium shape.

1= Reverts exactly to its original form on removal of external
forces.

== Stores all the energy obtained from the work done by
external forces during deformation.

1= This energy remains available to restore the body to its
original shape when these forces are removed.

1= Responds only to the total stress level at every instant of
time.
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The elastic solid

Example 1 (Wave Equation)

Utt—AUZO inQ,

under u = 0 on 912, the total energy

E(t) = %/Q(uf + \Vu]%dac

satisfies E'(t) = 0.
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The elastic solid

Example 1 (Wave Equation)

Utt—AUZO inQ,

under u = 0 on 912, the total energy

1
E(t) = 5/(1@+\Vu12}dx
Q
satisfies F’'(t) = 0. Hence E(t) = FE(0), Vt > 0.
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The elastic solid

Example 2 (Damped Wave Equation)

utthu+@:O in Q,

under © = 0 on 99, g(0) = 0 and g is increasing, we have

E'(t) = —/Qg(ut)utd:c <0.

So E(t) is decreasing.
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The elastic solid

Example 2 (Damped Wave Equation)

Utt—Au+@) —0 in©,

under © = 0 on 99, g(0) = 0 and g is increasing, we have

E'(t) = —/Qg(ut)utd:c <0.

So E(t) is decreasing.

Many stability results were obtained: Kopackova, Haraux,
Zuazua, Lasiecka, Guesmia, Soufyane, Messaoudi, Benaissa,
Tataru,...
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Newtonian viscous fluid

= Responds to a suddenly applied state of uniform shear
stress by a steady flow process.

1= Has no definite shape and flows irreversibly under the
action of external forces.

6/50

General Decay in Viscoelasticity: Overview and recent development



Introduction
[ee]e]e] Telele]e]

Viscoelastic Materials

= Other materials have properties which are intermediate
between those of an elastic solid and a viscous liquid.
1= The most interesting examples are polymers.

= A polymer can show all the features of a glassy, brittle
solid, an elastic rubber or a viscous liquid depending on the
temperature and time scale of measurement.

1= Polymers are usually described as viscoelastic materials.
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Viscoelastic Materials

8/50

General Decay in Viscoelasticity: Overview and recent development



Introduction
[ee]ele]e]e] le]e]

Viscoelastic Materials

1= This type of material possesses a characteristic which can
be referred to as a memory effect.

= That is, the material response is not only determined by
the current state of stress, but is also determined by all
past states of stress.

1= To understand this phenomenon, several early models were
introduced by Maxwell, Kelvin-Voight, Boltzmann (1874),
and Volterra (1909).
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Linear Kelvin-Voight Viscoelastic Model

U = diVS, S =aVu+ qut, CL,b > 0.

As a result:
uy — aAu — bAuy = 0.

(Viscoelastic or strongly damped wave equation)
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Linear Kelvin-Voight Viscoelastic Model

U = diVS, S =aVu+ qut, CL,b > 0.

As a result:
uy — aAu — bAuy = 0.

(Viscoelastic or strongly damped wave equation)
For Dirichlet boundary condition

E'(t) = —b/ Vg |*de.
Q

In fact:

E(t) <ce ™M ¢, A>0.
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Boltzmann Model

= In the isothermal viscoelasticity, the stress-strain relation is given by
t
o(t) = ope(t) — / g(t — m)e(r)dr
0

= g characterizes the mechanical properties of the material and is
referred to as relaxation functions and ¢ is the strain.

== [t can be considered to be the formulation of Boltzmann’s
superposition principle.
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Boltzmann Model

= In the isothermal viscoelasticity, the stress-strain relation is given by
t
o(t) = ope(t) — / g(t — m)e(r)dr
0

= g characterizes the mechanical properties of the material and is
referred to as relaxation functions and ¢ is the strain.

== [t can be considered to be the formulation of Boltzmann’s
superposition principle.

As a result we have

t
uy — opAu + / g(t — 7)Au(r)dr = 0.
0

(Viscoelastic equation)
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Literature Review

v" Dafermos (1970) discussed a certain one-dimensional
viscoelastic problem
1= established some existence results
1= proved that solutions go to zero as t goes to infinity
(smooth monotone decreasing relaxation functions)
1= no rate of decay has been specified.
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Literature Review

v~ Dafermos (1970) discussed a certain one-dimensional
viscoelastic problem
1= established some existence results
1= proved that solutions go to zero as t goes to infinity
(smooth monotone decreasing relaxation functions)
1= no rate of decay has been specified.
v" Hrusa (1985) considered

Ut — ClUgg + /0 m(t —s) (Y(uz(x,s))), ds = f(z,t)

1= proved several global existence results for large data
= proved exponential decay, for strong solutions, when
m(s) = e *® and 1) satisfies certain conditions. 12750
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Literature Review

v" Dassios and Zafiropoulos (1990) studied a viscoelastic
problem in IR? and proved a polynomial decay for
exponentially decaying kernels.
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Literature Review

v Dassios and Zafiropoulos (1990) studied a viscoelastic
problem in IR? and proved a polynomial decay for
exponentially decaying kernels.

v" Rivera (1994) considered equations for linear isotropic
homogeneous viscoelastic solids of integral type

1 For bounded domains: proved an exponential decay result
for exponentially decaying relaxation functions

= For IR™: showed that only the polynomial decay can be
obtained even if the kernel is of exponential decay.
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Literature Review

The viscoelastic problem
t
uy — Au+ /g(/, — 7)Au(7)dT + a(x)us + |u["u =0
0
u(z,t) =0, x€dQ,t>0
u(z,0) = up(z), w(z,0) =ui(z), x€q,

in @ C R" (n > 1) bounded with 92 regular, v > 0, g > 0 discussed by many
mathematicians.
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Literature Review

The viscoelastic problem

¢

uy — Au+ /g(t — 7)Au(r)dT + a(®)us + |u"u =0
0

u(z,t) =0, €0 ,t>0

u(z,0) = up(z), w(z,0) =ui(z), z€Q,

in Q@ € R"” (n > 1) bounded with 99 regular, v > 0, g > 0 discussed by many
mathematicians.
v Cavalcanti et al. (EJDE 2002) proved an exponential decay under
—&ig(t) < g'(t) < —&g(t), t>0,
191121 ((0,400)) is small enough and a: Q@ — R " such that
a(z) >ap>0 on 0#wcCQ,

with w satisfying some geometry restrictions.
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Literature Review

The viscoelastic problem

t

uy — Au+ /g(t — 7)Au(r)dT + a(®)us + |u"u =0

0

u(z,t) =0, €0 ,t>0

u(z,0) = up(z), w(z,0) =ui(z), z€Q,
in Q@ € R"” (n > 1) bounded with 99 regular, v > 0, g > 0 discussed by many
mathematicians.
v Cavalcanti et al. (EJDE 2002) proved an exponential decay under

—Gg(t) <g'(t) < —&g(t), >0,
191/ L1((0,400)) is small enough and a : Q@ — R* such that
a(z) >ap>0 on 0#wcCQ,

with w satisfying some geometry restrictions.
v Berrimi and Messaoudi (EJDE 2004) obtained the same result under weaker conditions
on g and w. In particular, they allowed w = () and the mechanical damping to besnonlinear. 14/50
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Literature Review

v Cavalcanti et al (MMAS 2001) studied

t
|t |Puge — Au — Augy + / g(t —7)Au(r)dr —vAu =0, p>0.
0

Isolution-dependenr densityl

1= global existence result for v > 0,

15/50
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Literature Review

v Cavalcanti et al (MMAS 2001) studied

t
|ug|Puge — Au — Augy + / g(t —7)Au(r)dT —yAur =0, p>0.
0

1= global existence result for v > 0,

= exponential decay for v > 0 were established.
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Literature Review

v Cavalcanti et al (MMAS 2001) studied

t
|ug|Puge — Au — Augy + / g(t —7)Au(r)dT —yAur =0, p>0.
0

== global existence result for v > 0,
= exponential decay for v > 0 were established.

v~ This last result has been extended to
t
lug|Puge — Au — Augy + / g(t — 7)Au(r)dr — yAuy = blulP~ u,
0

by Messaoudi and Tatar for both cases v > 0 (MSRJ 2003) then
for v =0 (NA & MMAS 2007). 15/50
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Literature Review

v" Messaoudi and Tatar (Ms. Ns. 2009) showed that the
exponential decay can be obtained under other conditions

+00
g(t) <0, / g(t)edt < +o00, a > 0.
0
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Literature Review

v Messaoudi and Tatar (Ms. Ns. 2009) showed that the
exponential decay can be obtained under other conditions

400
g(t) <0, / g(t)e™dt < +o00, a > 0.
0

v" Many other results have been established by Munoz Rivera,
Cavalcanti, Tatar, Alabau-Boussouira and Cannarsa,
Messaoudi, Mustafa, Kafini, Soufyane, Guesmia,
Said-Houari, Martinez, Park, Xiaosen and Mingxing ...
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General Decay

All results dealt mainly with either exponential decay

g'(t) < —ag(t),
or polynomial decay

g'(t) < —agf(t), 1<p<3/2

17/50
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General Decay

How about other rates of decay?

To answer this question, Messaoudi (2008) investigated the situation when

g'(t) < —€t)g(t), (3.1)

where ¢ is a positive function.
Consider

t
u — Au + / gt — 1) Au(r)dr =0
0

u(z,t) =0, x€IN,t>0 (3.2)
u(z,0) = ug(x), w(x,0) =wui(z), x €,
in a bounded domain 2 and ¢ > 0.
18/50
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General Decay

Hypotheses

(G1) g:RT — RT is a differentiable function and

+o0
4(0) > 0, 1—/ g(r)dr =1 > 0.
0
(G2) There exists a differentiable function £ such that
) >0, &(t)<o, Vit > 0.

g(t) < —€&(t)g(t), vt > 0.

19/50
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General Decay

Remark (1)

There are many functions satisfying (G1) and (G2). Examples of such
functions are

a
t T
9(t) 1+t
gt) = aeV 0<p<l.

v>1

for a and b to be chosen properly.
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General Decay

Remark (1)

There are many functions satisfying (G1) and (G2). Examples of such
functions are

a
o) = —— 1
g9(t) axg V7
g(t) = ae PP g < p <1

for a and b to be chosen properly.

Theorem 3 (Cavalcanti et al. 2001)

Let (uo,u1) € HY(Q) x L2(Q) be given. Assume that g satisfies (G1). Then
problem (3.2) has a unique global solution

ueCRy; Hy(R), u € C(Ry; L3())

20/50
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General Decay

The "modified” energy functional

B@) = (1= [ gmdr ) IVu@ 3+ Sul3 + Lo vuwe),  (3.3)
2 0 2 2

(o vu)t) = [ a(t =) Vu(t) = Vu(r)lar (3.)

21/50
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General Decay

The "modified” energy functional

B0)i= 5 (1= [ atr)ar ) IVl + Gl + oo V. 63)

(9o Vu)(t) = /O g(t = 7)[IVu(t) — Vu(7)|3dr. (3.4)

Theorem 4 (Messaoudi 2008)

Let (up,u1) € HE() x L%(Q) be given. Assume that g and & satisfy (G1)
and (G2). Then, for each tg > 0, there exist strictly positive constants K
and X\ such that the solution of (3.2) satisfies

@
E(t) < Ke Mo t@O% gy > ¢,

21/50
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Idea of proof

Let
F(t) == E(t) +e19(t) + eax(t), (3.5)

where €1 and &9 are positive constants and

U(t) - :/uutdaj

Q
) o= / ” /0 ot — 7)(ut) — u(r))drda.
9

22/50
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General Decay

Lemma 5

If w is a solution of (3.2), then the energy satisfies

E'(t) < =(¢' o Vu)(t) <0. (3.6)

N =

22/50
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General Decay

Lemma 5

If w is a solution of (3.2), then the energy satisfies

E'(t) < =(¢ o Vu)(t) <0. (3.6)

N =

Lemma 6

For e1 and g9 small enough, we have
a1 F(t) < E(t) < aoF (1) (3.7)

holds for two positive constants aq and as.

22/50
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Idea of proof

Lemma 7

Under the assumptions (G'1) and (G2), the functional

U(t) = / wuyda

Q

satisfies, along the solution of (3.2),

W(t) < fuell3 ~ éI\VU(t)H%JrC(gow)(t)- (3.8)

24/50

General Decay in Viscoelasticity: Overview and recent development



General Decay
0000000 e00000000000000000000000000

Idea of proof

Lemma 7
Under the assumptions (G'1) and (G2), the functional

U(t) = / wuyda

Q

satisfies, along the solution of (3.2),

W(t) < fuell3— %HVU(t)IIS C(g o Vu)(®). (3-8)

General Decay in Viscoelasticity: Overview and recent development
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Idea of proof

Lemma 8

Under the assumptions (G1) and (G2), the functional

t
x(t) = —/ut/ gt — 7)(u(t) — u(7))drdx
J 0
satisfies, along the solution of (3.2), for any § >0

X0 <= | [ oy =o| ulg - $(o' o 00 o

C
+ 8| Vull3 + 5 (9o Vu) ().

25/50
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Idea of proof

Lemma 8

Under the assumptions (G1) and (G2), the functional

x(t) := —/ut/O gt —7)(u(t) — u(r))drdx
Q

satisfies, along the solution of (3.2), for any § >0

X0 s[— [ oty ||ut||%} (o vut) 5o

Y

C
+ 8| Vull3 + 5 (9o Vu) ().

25/50
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Idea of proof

Since ¢ is positive and ¢g(0) > 0 then for any ¢y > 0 we have
t rto
/ g(s)ds > / g(T)dT = go > 0, ¥t > 1.
0 Jo

By using (3.5), (3.6), (3.8), (3.9), with suitable choice of constants we
obtain for ¢ > t,

| F'(t) < —BiE(t) + falg o Vu)(t), Vit > to. (3.10)

Multiply (3.10) by £(t) and recall Lemma 5

E)F(t) —Big(H) E(t) + B2(Eg o Vu)(t)
—Br€(H)E(t) — Bs(g" o Vu)(t)
—Br€(t)E(t) — KE'(t)

IAIN N

Then KE' )+ (@) F'(t) < —B1E(H)E(t) 26/50
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Idea of proof

Note
(KE(®)+£@)F() < KE'(t)+£(H)F ()
< —BiE()E®R)
Use L(t) = KE(t) + £(t)F(t) « E(t) (3.11)

to arrive at

L'(t) < —=XE()L(t), Vit >t

A simple integration leads to

t
L(t) < Ltg)e Mo 804wy > ¢,
Thus (3.11) yield

t
B(t) < Ce MuotMa gy >, (3.12)
27/50
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Idea of proof

Note
(KE(®)+£@)F() < KE'(t)+£(H)F ()
< —BiE()E®R)
Use L(t) = KE(t) + £(t)F(t) « E(t) (3.11)

to arrive at
L'(t) < =ME(t)L(t), vt >t
A simple integration leads to
t
L(t) < Lito)e M@ vt > ¢,
Thus (3.11) yield

E(t) < Ce Mot s g (3.12)

27/50
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General Decay

Remark (2)

The estimate (3.12) is also true for ¢ € [0, tp] by virtue of continuity and
boundedness of E(t) and &(t).

28/50
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General Decay

Example 9

Let
g(t) =ae " 0 < v <1,

where 0 < a < 1 is chosen so that f0+°° g(t)dt < 1.

20/50
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General Decay

Example 9

Let

g(t) =ae " 0 < v <1,

where 0 < a < 1 is chosen so that f0+°° g(t)dt < 1. Then
g (1) = —av(1+ 1) e 0" = —¢(t)g()

where £(t) = v(1 + t)*~! which is nonincreasing and £(0) > 0

20/50
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General Decay

Example 9

Let

g(t) =ae " 0 < v <1,

where 0 < a < 1 is chosen so that f0+°° g(t)dt < 1. Then
g (1) = —av(1+ 1) e 0" = —¢(t)g()

where £(t) = v(1 + )~ which is nonincreasing and £(0) > 0.
Therefore Theorem 4 gives

E(t) < Ce 1H",

20/50
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General Decay

Example 10

Let
a

g(t):m, v> 2,

where a > 0 is a constant so that f0+°° g(t)dt < 1.

av v

g'(t)= = —mg(t) = —£(t)g(t), (3.13)

where ¢(t) = 53 which is nonincreasing and £(0) > 0

30/50
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General Decay

Example 10

Let
a

g(t):m, v> 2,

where a > 0 is a constant so that f0+°° g(t)dt < 1.

av v

g'(t)= = —mg(t) = —£(t)g(t), (3.13)
where §(t) = 153 which is nonincreasing and £(0) > 0. Theorem
4 gives
c
Et) < ———.
() < (14t
30/50
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General Decay

Alabau-Boussouira and Cannarsa (C. R. Acad. Sci. Paris (2009)) considered Problem

t
uy — Au+ / g(t — 7)Au(r)dr =0
Jo
u(z,t) =0, x€d,t>0
w(z,0) = ug(x), u(z,0) =ui(z), =€,

(32)

in a bounded domain  and ¢ > 0, with

g () < —H(g(t), Yae t>0

= H is nonnegative measurable function on some interval [0, ko]
strictly increasing and of class C'' on [0, k1], for ki < ko
= H(0) = H'(0) =0
w H(s) > Hy >0, Vs e [k, ko
= (:c“ l;i(a;,-) = too, f(:c" ﬁ?f) <1
Under the above hypotheses and an extra condition of the form

. H(s)/s _ 1
i B Hy

they announced a decay result for the energy of (3.2), with an explicit rate of decay.

cent development
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General Decay

Alabau-Boussouira and Cannarsa (C. R. Acad. Sci. Paris (2009)) considered Problem

t
uy — Au+ / g(t — 7)Au(r)dr =0
Jo

u(z,t) =0, x€d,t>0
w(z,0) = ug(x), u(z,0) =ui(z), =€,

(32)

in a bounded domain  and ¢ > 0, with

g () < —H(g(t), Yae t>0

= H is nonnegative measurable function on some interval [0, ko]
strictly increasing and of class C'' on [0, k1], for ki < ko

= H(0) = H'(0) =0

w H(s) > Hy >0, Vs e [k, ko

= (:c“ l;i(a;,-) = too, f(:c" ﬁ?f) <1

Under the above hypotheses and an extra condition of the form

H(s)/s _ 1
lim inf —— >,
T () T2
they announced a dec: ult for the energy of (3.2), with an explicit rate of decay.

They also asked the question: how about

[/ < -€0rGw), >0 ] (3.14)

General Decay in
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General Decay

Mustafa and Messaoudi (2012) considered (3.2) under:
(A1) g:RT — R" is a differentiable function satisfying

+o0
g(0) >0, 1-— / g(s)ds =1>0.
0

(A2) There exists a positive function H € C*(R"), with
H(0) =0, and H is linear or strictly increasing and strictly
convex C? function on (0,7] for some r < 1, such that

g'(t) < —H(g(t)), Vt=>0.

32/50
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General Decay

Let (uo,u1) € HY(Q) x HY(Q) be given. Assume that (A1) - (A2) hold.
Then there ezist positive constants ki, ks, k3 and £y such that the solution of
(3.2) satisfies

|E(t) <k HD kit + ka) Vi o,| (3.15)

where

1
1
H(t) = ——d d Ho(t)=H(D(t
0= [ gt wd H® =HDW)
provided that D is a positive C' function, with D(0) = 0, for which Hy is
strictly increasing and strictly convex C? function on (0,7] and

e g(s) .
/0 mds < +o00. (3.16)

Moreover, if [01 Hi(t)dt < +oo for some choice of D, then we have the
improved estimate

1
1
< —1 b he: b)) = —ds.
E() <ksG 'kt +ks)  where  G(1) / T
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v Lasiecka, Messaoudi and Mustafa (2013) used iteration
calculation to extend the range of the optimality in case of the
polynomial decay.
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v Lasiecka, Messaoudi and Mustafa (2013) used iteration
calculation to extend the range of the optimality in case of the
polynomial decay.

v" Cavalcanti et al (2016) characterized the energy decay by
the solution of a corresponding ODE and obtained the
optimality for the maximal range.
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Messaoudi and Al-Khulaifi (2017) considered

t
up — Au + / g(t — 7)Au(r)dr =0
0

u(z,t) =0, €I ,t>0
U(JJ,O) = Ug(l‘), ut(x,O) = U1($), T E Q7

(3.2)
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under:
(A1) g:RT — IR" is a differentiable function satisfying

+oo
g(0) >0, 1-— / g(s)ds =1>0.
0
(A2) There exists a differentiable function £ such that

) >0, €t <0, V>0

gt) < —EMgP(t), 1<p<3, Vt>0.
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Theorem 12

Let (ug,u1) € HE(Q) x L*(Q) be given. Assume that g satisfies
(G1) and (G2). Then for each ty > 0, there exist strictly
positive constants K and \ such that the solution of (3.2)
satisfies, for all t > tg,

E(t) < Ke Mo 80 p=1, (3.17)
1
1 2p—2
E(t) <K . : p>1.  (3.18)
1+ fto =k
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Theorem 12

Moreover, if

u/m+oo
0

then

_1

1
1+ ftz g

2p—2 3
dt < 400, 1<p<—=, (3.19
)dT] 00 P<y (3.19)

1

1 p—1
, p>1. (3.20)
-

Elt) <K oo ffo Y
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Example 13 (Revisited)
Let

a
)= —— 2
g() (1+t)u’ V> bl

where a > 0 is a constant so that f0+°° g(t)dt < 1.
v+1

/0=~ = () e, 620

where p = Y < %, b > 0.

v
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Example 13 (Revisited)
Therefore the condition (3.19), with £(¢) = b, yields

+00 1 21,%2 ;
— t < .
/0 <b2p—1t+ 1) oo

and hence by estimate (3.20) we get

C C
B®) < (1+t)p%1 )

which is the'optimal decay rate.
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Mustafa (2017) considered (3.2) under

Hypotheses

(C1) g: Rt — R is a differentiable function and

+oo
g(0) >0, 1-— / g(t)dr =1>0.
0

(C2) There exist a differentiable function ¢ and a C2-function H
which is ether linear or strictly increasing and strictly
convex on [0, r] with H(0) = H'(0) = 0 such that

g'(t) < —£(t)H(g(t)), Vi > 0. 39/50
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Theorem 14

Let (ug,u1) € HE(Q) x HY(Q) be given. Assume that (C1) - (C2) hold.
Then there exist two positive constants k1 < 1 and ko such that the energy
functional of (3.2) satisfies

i

E(t) < koHt <k1/ ()f(s)ds) ,
g t(r

where

H(t) = /t?" slj’is) ds r < g(0).

Proof: Very technical and combines some new ideas with others from the
proof of Theorem 11.
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Corollary 15
Under the conditions of Theorem 1/, with

g'(t) < =€(t)g"(t), 1<p<2
the energy functional of (3.2) satisfies

E(t) < ke R lot@ds p—1
. 1
p—1
E(t)gk(l—l—/ E,(s)ds) , l<p<2.
0

Remark 3: This latter result of Mustafa extended the range of p from
[1,3) to [1,2). So, the result of Al-Khulaifi and Messaoudi (2017) is only

special case.
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(O <—€0HE®), t20)

VE=a>0,H(s)=s",1<p<3 = ¢(t) < —agP(t), Vt>0.
(Most of the work before 2008.)
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v ¢&=1and H is convex = ¢'(t) < —H(g(t)), Vt=>0.
Guesmia 2011, Mustafa and Messaoudi 2012.
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Open Questions

v Case of "super” exponential

g(t) =be " v >1.

v Case when &(t) changes sign.
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Comments & Questions

THANK YOU FOR YOUR
ATTENTION
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