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1 - Introduction

Singularities in the Keller-Segel system



Introduction

m The Keller-Segel system:

Oru = Au—V - (uVP,), u
in RY. (KS)
0=A%, + u,

m Modeling features:

- Mathematical Biology: the chemotaxis phenomena, [Patlak '53], [Keller-Segel '70],
[Nanjundiah '73], [Hillen-Painter '09]; Astrophysics: the gravitational interacting
massive particles in a cloud, [Othmer-Stevens '90], [Stevens '00]), [Chavanis '08],
[Hillen-Painter '08]; related to the miscroscopic description of the dynamics of
particle systems in kinetic theory, [Chalub-Markowich-Perthame-Schmeiser '04]; etc.

- Competition between dispersion of cells (diffusion) and aggregation;

- Rich model from mathematical point of view, [Horstman '03 & '04],
[Calvez-Carrillo-Hoffmann '16], [Biler '20], etc. The cross diffusive terms like
V - (uV®,) lead to substantial difficulties compared to the standard theory of
parabolic systems.
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Introduction

Basis features

The Keller-Segel system: | O,u =V - (Vu — uV(Du)

5= log |x| for d =2,
b, = —Kgxu, Kg(x)=

@ X777 for d > 3.

- mass conservation: M = / uo(x)dx = / u(x, t)dx;
JRrI Rd
- scaling invariance: u,(x,t) = %u(%, %) b, (x,t) = ¢u<§, ,%2)

5
4 .. g
- L2-critical: un/ =

supercritical for d > 3: / U, = 7d72/ u;
Rd R

1
- variational structure: F(u) = / u(ln u— iq)u) (entropy or free energy):
Rd

N\Q

]-'() 7/ ulVliegu — Vo,[> <0.
dt d
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The 87 problem in the 2D case

m If M < 8m: global existence + spreading, [Blanchet-Dolbeault-Perthame '06]. The
proof mainly relies on the free energy functional F(u) and the Log HLS inequality.

m If M=28r and fR2 |x|?u < 4-o0: blowup in infinite time,
[Blanchet-Carrillo-Masmoudi '08]. Constructive approaches by [Ghoul-Masmoudi
'18] (radial), [Davila-del Pino-Dolbeault-Musso-Wei '20] (full nonradial):

lu(t)||Lee ~ cologt as t— +oo.
m If M > 8n: blowup in finite time, [Childress-Percus '81], [Jager-Luckhaus '92],
[Nagai-Senba '98], [Senba-Suzuki '03]:

s . d 2 m
| — Mign—m).
(virial identity) o /R2 [x|“u(x, t)dx o (87 )

Constructive approaches in the radial setting by [Herrero-Veldzquez '96],
[Raphaél-Schweyer '14]:

V2 108(T—0)]

lu(®)l= ~ G a5 t—T.
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Introduction

A numerical simulation for d = 2

A numerical simulation of blowup for the 2D Keller-Segel system

Oru = Au—V.(uVD,), —Ad,=u.
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Underlying problem

Existence and Stability of blowup solutions.
Ou=V-(Vu—uve,), —Ad, =u in R
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The two dimensional case Statement of the result

2 - The two dimensional case:
Statement of the result
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Finite time blowup for the 2DKS du=V - (Vu—uVod,)

- Type | does not exist, [Senba-Suzuki '11]: d;u = Au — Vu.Vo, + v,
- Type II: "A dominates 0;" ~~ profile, unknown blowup rates.

,—(Theorem 1 ([Collot-Ghoul-Masmoudi-Ng., 2021).} N\

m There exists a set O C L' NE, where £ = {u: Zk o 10OV ul| 2 < 400}, of
initial data wo (not necessary radially symmetric) such that

1 x — a(t) - 8
u(x, t) = () {Q( ) >+€(x,t)} ;o Qx) = T+ P2

where a(t) — 3 € R? and 21:0 l(y)¥V e(t)||2 — 0 as t — T, and X is given

by either
log(T — ¢
At) ~ 26~ 2T Ttexp |~ VBT =D} (c1)
V2
or , ,
A(t) ~ c(u)(T —t)2|log(T —t)| 27D, £ > 2 integer. (C2)

m Case (C1) is stable and Case (C2) is (£ — 1)-codimension stable.

\.
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Comments du=V - (Vu—uVd,),—Ad, =u in R?

m Existing results: formal level (numerical observation, formal matching asymptotic
expansions) and in the radial setting to remove the nonlocal structure difficulty, i.e.
u(x, t) = u(r,t),

m) = [ ude, u) =270, oo =~ =,

r

Oty = l8,(r8,u — ru@,d),,) — Orm = (9,2m —
r 2r

Refs: [Herrero-Velazquez '96 & '97], [Velazquez '02], [Schweyer-Raphael '14],
[Dyachenko-Lushnikov-Vladimirova '13],

m The new result: full nonradial setting, refined description of the stable blowup
mechanism, new (unstable) blowup dynamics, a nature approach via spectral
analysis/robust energy-type method, a step toward a classification of all possible blowup
behaviors, ...
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The two dimensional case Existing formal/rigorous analysis

2 - The two dimensional case:
Existing formal/rigorous analysis
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Existing formal/rigorous analysis

The two dimensional case

Oru=V-(Vu—uVed,),—Ad, =u in R?

Formal analysis

m Formal analysis via matched asymptotic expansions [Velazquez '02]: working with the

self-similar variables
X 7=—log(T —t),

U(X, t) = LW(Z3 T)? zZ = —F
Tt VT —t

orw=V_. (VW - WVCDW)—%V - (zw)

v(r) ~ Coe VE

Fig 2: Understanding of the matched asymptotic expansions
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The two dimensional case Existing formal/rigorous analysis

1
Matched asymptotic expansions |9,w =V - (Vw — wV®,,) — EV - (zw)

. 1
m Inner approximate solution:  w'"™(z,7) = WP(S’ T)7

V29.P =V - (VP — PV®p) +o(T)V - (yP), o =vv, —
- Expanding P P(y,7) = Q(y) + o(7) T1(y) + T2(y,7), where
LT =-V-(0Q), 4T =10.Ti—o*(r)V-(yT1) + lot.

Lof =V - (VF — FVOq — QVPy).

- Inner expansion: for v < |z| < e,

2

inn 81/2 40 5 g
w'(z,7) = WfoJT[Ionglogl/fZ]+;+/Ot-
Q oTy T2
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The two dimensional case Existing formal/rigorous analysis

1
Matched asymptotic expansions |9,w =V - (Vw — wV®,,) — EV - (zw)

od 4
m Outer approximate solution: w®* = O(v?), ﬁ ~ NE for |z| — 0,
z z
4 owt 1
ar out — A out _ o *V . out = )Z; out.
w w+ 7] 8|z| 5 (zw ) w

- Expanding w®:  w = 12W) 4+ v, v Wh, where WL =0, #Ws =2W,.
- Outer expansion: for v < |z| < e,

ou 8 2 |og4 ~
w t(Z’T):VQ{W+| ‘2:|+V7 [ E ‘2+Iog|z\—f— > E}ﬁ—lot
—_———
Wy Wa

m Matching expansions yields the leading ODE:

5 o? 3 logd v
orlogy+ gor+ 75 =~ (3 + 5~ 5

) v, = |v(1)= Coef\/é

m Analysis of the stability was formally done by [Velazquez '02] at the linear level.
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The two dimensional case Existing formal/rigorous analysis

Existing rigorous analysis |9;u =V - (Vu— uV®,), —Ad, = u in R?

m Rigorous analysis via modulation techniques [Schweyer-Raphael '14]: working with the
blowup variables:

X ds 1

1
u(x,t) = 2 viy,s), y= Y@ e ()\(t) >0 unknown),

v = Av = V- (vW0,)=bV - (W) | b=—Ac\.

m Approximate solution:
v¥®(y: b) = Q(lyl) + bTx(|y]) + S2(lyl; b),

LT =V.(yQ), %S =b’V.(yT1)+ bs Ty + lot.
Improving S, in the blowup zone |y| ~ % leads to the leading ODE (mr, ~ c1Inr)

2 [log(T—1)]

m Control of the remainder ¢ = v — v®”: based on the special structure

Loe =V - (QV.tte), Me= % — b..

Requirement: radial + L* smallness 4 a complicated treatment for bV.(ye).
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The two dimensional case A new framework for blowup analysis

2 - The two dimensional case:
A new framework for blowup analysis
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The two dimensional case A new framework for blowup analysis

Strategy of the new constructive proof |d;u =V -(Vu—uVd,) in R?

m Self-similar variables:

U(X7 t): %W(ZvT)7 z =

o-w=V-(Vw—-wVod,) — %V - (zw)

m Linearized problem: w(z,7) = Q.(z) + n(z,7), where Q.(z) = %Q(f) and 7 solves
Ofn:f"n+<ﬁf%>v-(z@,)—v~ <n¢n), v — 0 unknown,
v

v 1
L'n=V"- (Vn —nVoe, — Q.VP,) fEV - (zn)

=Zyn

- Structure of .4y’:

L=V -(QV.M"n), M'n= Qi — o,

(" comes from the linearization of the energy functional F around Q).
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The two dimensional case A new framework for blowup analysis

Key properties for the linear analysis: radial sector

m In the radial sector, the (nonlocal) operator £ becomes a local operator through the
partial mass setting, i.e. ( = |z|, m¢(¢ fg r)rdr,

v 1 v v 17) 7] . 1 L 1
Z f=zac(@7 me), | p= Cac( 2¢) M—éwaﬁ = ¢~ 5C0co.

m [Collot-Ghoul-Masmoudi-Ng., '21]: &7 is self-adjoint in Lw,, , its eigenvalues are

2
spec(#”) = q « —1—n—|—i—|—(’) ! neN —ﬁ
pecl: o mr 2lnv [Inv|? ’ W = Q

The eigenfunction ¢, , solving <7" ¢, = ., @n, is defined by

n

0O =D e 2T (0) oty T =T, To=éEdemo.

Jj=0

Proof: Schrodinger type operator ~ discreteness, Sturm comparison principle ~~
uniqueness, matching asymptotic expansions + implicit function theorem ~~ (ap,u, ¢, ).
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The two dimensional case A new framework for blowup analysis

Key properties of the linear analysis: nonradial sector

m First expression:

/ 1 . v v f
L =L fF — EV.(zf) with A f =V - (QV.A"f) and A#"f = o by,
The operator .%y is self-adjoint in L? with respect to the inner product
(f, &) yv = / f"g dz, (positivity) — dz.
JR2 JRr2 1/

m Second expression:

L= HF—VQ, -V, with HF = Lv. (w,,Vf) +(2Q, - 2)F.
w

v

_ 1z
'y

Qu
m The well-adapted scalar product and coercivity [Collot-Ghoul-Masmoudi-Ng., '21]:

The operator 77 is self-adjoint in qu with w, = £

v v |Vf]? _lz?
LY(f\/p)#” (F\/p) < —c pdz| p=e % .
R2 R2 QI/
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The two dimensional case A new framework for blowup analysis

1
Approximate solution Ohw=V-(Vw—-wVd,) — EV - (zw)

m The approximate solution: for £ > 1 integer,

8C¢n,v
c .

w(2,7) = Qu(2) + ac(7) [e.(l2]) = vou(l2))]  with @n, =

modification driving the law of blowup

A suitable projection onto g, and compatibility condition, we obtain the leading ODE

Vr 1 e V3
{ =1, stabl — = _—— = =G 2
( » stable) v anu T [Inv|? Y o€

vy 1-7 l a-or ¢
{>2 tabl —_=— =C 2 210
(¢ > 2, unstable) 5 3 +4|n1/ v ve T

m The linearized equation: ¢ = w — w?,

Ore = £"c + Error + SmallLinear + Nonlinear.
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The two dimensional case A new framework for blowup analysis

Control of the remainder Ore = %LYe+ Error + - -
m Decomposition: ¢ =% 4+t , £2(¢) = 6‘%,
Orm. = 'm. +mg+---, Oret =Lt ...,

m For the radial part, we use the spectral gap

(mg,%"m5>szy < OCN+11VHmSHi2” for me L ¢ny, n=0,..N.
= Wy
[§ <

— | Lt < —lmele +
ar me sz% = me LZ‘“"C" ||nV|2

m For the nonradial part, we use the coerivity of .Z” and the well-adapted norm

e

Haﬂ\g:/zaﬂ/wz”(gﬂ/ﬁ) dZN/ZTp dz.
R R v

d —ZKT
= | ZletlE < —cllet i+ Ce | 0<r <.
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The two dimensional case A new framework for blowup analysis

A significant issue in the nonlinear analysis

m The perturbation € can be large near the origin due to the present of the resonance
V.(zQ,), and the sole Lf,u orthogonality conditions do not allow for a dissipation type
estimate here.

m The idea is to slightly modify the decomposition according to the new parameter U ~ v:

w=Q;+ a [W,D — 900,,;} + &,

and impose the local orthogonality condition

/ EV.(zQp)x,, = 0.
R2

m The spectral structure of the perturbation operator in the radial sector:

ﬂ—:% —;10%7

remains the same, and the spectral gap still holds true.

V. T. Nguyen (NYUAD) Singularities in the Keller-Segel system



Higher dimensional cases

3 - Higher dimensional cases:
Collapsing-ring/Traveling blowup solutions
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Higher dimensional cases Collapsing-ring/Traveling blowup solutions

Collapsing-ring/Traveling blowup solutions for d > 3

m Basis features: mass conservation, scaling symmetry u, (x, t) = vu(yx,~v%t),

Li-supercritical: [, uy =777 [y, v
m Radial setting: r = |x|, my(r,t) jo ¢itde,
d— O,(umy
d—1 2Ormy,
Oemy = 0r2mu - ——0my, + %
r rd—

m Collapsing-ring/traveling solutions blow up in finite time:

— R(t)
A(t)

m Blowup solutions with arbitrary mass My < 400, different from the 2D case.

my(r,t) = lVloQ( ), 0<At) < R(t) =0 ast— T,
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Higher dimensional cases

Collapsing-ring/Traveling blowup solutions

Traveling blowup solution in the partial mass setting

The partial mass equation:

1 9,
8tmu - 8Emu - Larmu + mudd rlnu'
r re—

~{ Theorem 2 ([Collot-Ghoul-Masmoudi-Ng., 2021]).}

m There exists a set O C W (R..) of initial data m,(0) such that

mu(r,£) = M(2) {o(rM’f)“)) +me(r, t)] QO =

£
2

€
2

where [|me(t)||wroo@,) —0ast— T,

Rd—l %
HM ~0, A=—r, R(t) ~ [(d/2)M(T — t)]?.

m The constructed solution is stable under small perturbation in O.
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Higher dimensional cases Formal derivation of the blowup law

3 - Higher dimensional cases:
Formal derivation of the blowup law
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Higher dimensional cases Formal derivation of the blowup law

Formal explanation of the blowup law
The equation in the radial setting:

d—1 1
O = 3,2u + fa,u + F@,(u my).

Total mass My ~ [luflz~ x A x R~ B2 — X~ R and A< R

In the neighborhood r ~ R(t), 9%u > %4 —> dau = Ou + 20, (um,

Traveling wave solution: u(r,t) = W(€), € =r — R(t) = —RW = W + i

1 W(0) =0, muw(0) ~ My = Ry ~ = = R(t) ~ ci(T — )4 and A(t) ~ co(T — )7
X2(#)
i
« it
<«
[t
i <«
<«
/ '\ /'/ \‘\
R(t) ST
P

Fig 3: Collapsing-ring/traveling blowup solutions.
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Higher dimensional cases Formal derivation of the blowup law

Traveling shock solutions in the partial mass setting

The partial mass equation:

d-—1 wOrmy
Ormy, = Ofmu - ——0my + %.
r rd—

M(t)

R(t)

Fig 4: lllustration of a traveling shock solution to the partial mass equation.
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Higher dimensional cases Formal derivation of the blowup law

A numerical simulation for d = 3

1
Fig 5: (horizontally zoomed solution) The initial data m,(r,0) = MQ (rl\lﬂle) , where
M

1.
M =27 and e = 0.7. With e = 0.7, the theoretical blowup time is T = > ~ 0.343. Maple
solver gives an approximation of the blowup time by saying "could not compute solution
for t > 0.32: Newton iteration is not converging".
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Higher dimensional cases Ideas of the analysis

3 - Higher dimensional cases:
Ideas of the analysis
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Renormalized variables

m Hyperbolic inviscid variables:

r dr M
my(r,t) = M()mu($,7), C= 5. =&
me 1 d—1
orm,, = (Cdl — 2C> (?me + v <8§mw — Cacmw>
R, 1\ .. M, R
+ (5 +3) cocme = g v =T

m Blowup variables: | my (¢, 7) = my(§,s), & ¢t ds _ 1

1 R- 1 M.
Osm,= agmv + myOe¢m, — E@gmv + (ﬁ + 5) Oem, — ﬁmv

1 d—1 R-
+ ((1+5V)d_1 - 1) my,dem, — umagmv + (W” + V,—) £Ocm,.

V. T. Nguyen (NYUAD)
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Linearized equation
<
e2
_ -
2

m Linearized equation: m, = Q + mq, where
1+e
mqOe mq v,

Q- 3Q'+QQ =0, Jlim Q) =0, Q)
(14 pg)d—1

- R‘r

dsmq = .,g()mq + (?

where % is a self-adjoint operator in Lf,o with wo = Q_Zeg
o+ Q. %Q =o,

1\, M
+5)0:Q - 7 Q+ Limg) +

1
foi@?*(ﬁ*@

m Orthogonality conditions:
meQ'x,wodé =0 = <mq7=%mq>L§JO < _50qu‘|,2%07

/—1/1/

/ MGX | 10g (5 — 4 Iogl/|)d§ =0 = 3¢ € (|logvl|,6|logr|) s.t me(¢*)=0
0

and

Singularities in the Keller-Segel system
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Higher dimensional cases Ideas of the analysis

Modulation equations and Bootstrap regime

m Solution decomposition:

inn __ out __ (1 _ )
Mg = MgXy 105> Mg = Mg Xliogv] )

m Modulation equations:

RT 1 inn ou
‘W*i‘ SImi e, + v+ and S [10emg™ s + 0.

i

m Bootstrap estimates: for 0 < K1,k <« 1,
Imallinn < Ke™™7,  [|0gmG"||e < VKve™™,

where
Imqllin = —(mg", Zomg iz, \Im'""\|H1~

m Improve estimates:

d

%quuiznn < _COqu||i2nn +Cv- Hd«frnOUtHLOc + CV27
and m"(¢, 7) = mg* (¢, s),

*HOCWMHLW < —*HacmomHLoo + ...
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4. Conclusion & Perspectives
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Conclusion & Perspectives

Conclusion and Perspectives

m Existence/Stability of blowup solutions via constructive approaches.

m Adaptability and Flexibility for studying singularity formation in other nonlinear problems,
especially for wave-type equations.

m Interesting problems:

e multiple-collapse phenomena/ interaction-collision of multi-solitons;
e classification of blowup dynamics (rates & profiles);

e Numerical methods for blowup problems (detection, rates & profiles).
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