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)Enercﬁ- aitwol  wWave maps equa.t\bml

"Definition”  An application ¥ : R — ST ©R®
15 a  wave map. »{- it s a critieal ?o{n't o.‘, the L.o.ﬁra,ncjm

2(¥) =2 (R ¥~ 1e) dxa.

Notural Cbna.lo? of Linear waves w a Nonlinear, geometric setting.

Euler- Lo:cjm,nae eciua,tf,on, :
N Htx)- AR =~( I3, ¥t~ | 7T &) Ft,=).

Local well- posedness  and 3[05&[ Well- posedness «Y—Or small data :
Klanerman, SeLberj) Sterbenz, Tataru, Tao, ... (l‘j%-— 2002)



) Ec'uiva,rfant Wave mops

e Studs the i\Jna.m{cs (l.onj tuime bd'la.\lfor) o{— Laxgo_ solutwons |

but onl.j in a sSpecal case :
VY (t) r 036, rsin 9) = (St'r\ 1'% () cos (I:G)) Sy (t,r) Sth(lze)) cos \'/(‘l:,r)) .

Herc) ke {'; 2,---} 5 the _equivarionce deﬁrce , telk, re (O) o)
Equai’ion '-For \l/ :
I (NMk) g{z‘l’ (t)")'-g:-‘l’(t;")‘ “,!‘gr \'/(t,r)-i- Zkr’- sin (Qxy(t,r))ﬂ O \

Laﬂra,nsn'an : i = JT SS ((gt Y)z"' (9;- \V)z- Eﬁ&?‘) rdrdt

E(\ersa : E(‘Vo; \iﬂ,):: ‘)‘\"S (\kz-‘- (QrYoY"" E:f'_:;—ﬁ) rde
L [ —) ! )

kinetic patential



LScaJ.fnS wnvariance and c;—iﬁcahtj
‘{- Y Solves (NMk) and A> O, then
Ya (t) “) = 'Y( ) ;) Solves (Uﬁk) as well.

MOrcover) E( Ya) \l’;\) = E(\V) ‘l’) AP energy -~ cribial

‘)robh.m.

Note : % A< 4 ; then o is Concentrated
and evolves %a.st .

LOCCLL ‘Hleorj, small data. ‘H\eorﬂl

T:'nersj norm : "(\yo) \yo)ne = | %“Lz + ”%"’H. )

\ \Vol\:; - S V2 rdr, "xy‘,llz -S ((9 \yo) + -—: e >rdr .
I small = Uy IF = E (%) -

Finite ene sectors gmu‘ (‘Y«n\l’o E(y )‘V’
' "jj ? { ) Lim \::(:)\r m, lmx \Yo(")"“T }

-0



‘fo’\ (\l/o)\'./°>e£=£o)o \K’E ("VO)\.YO.)E €Q)|
) S A 7 S
S —
N\/ = T3

Theorem (5"\0,{'01\-5&\.\»4& 1994, k=1 '
Planchon — Starker — Tahvildar Zadeh 2003 k22 )

'Equa.kion (\o\lNk) s [oud.lj we,\L—posed in eegch %x‘m‘tc
encrgj sector; 1 the sense o{. st‘ronﬂ solutions .

Linearsation around =0 9,:\“_— :Y‘_-"_l’arq,,_+-';—';%=0.
l% Vv 15 small, the nonlinear e,ﬂiecb become neﬂll‘jikle. r?or larje times:

Theorem | E(w, W) is  small enOuﬂh, then  exists 5\0\:0\\\5 and

Lim l\ (Y(JC)/ gf‘)’&))‘(m-"-* \Yi (t), Qt Yf (f)) ”E =0 (m’mf\)

to*oo

These results are Consequences of  Strichartz estimakes .




yStCL’Cionar\tj solutions  ("solitons”)
Miumisers of E:

* on &,.. > constunt functions
x o0 Epmy —= (mIT+2arctan (rk/;\*) 0), A>0
xk on €y~ (m¥- 2arctan '/,‘k) 0), A>O
¥ on other sectoers o~ ﬁ

We dendte Q(r):= Qa.rcl:n.n.(r")) Q,‘:= Q(+/1) -f-or >0,

. l{ej S'o!e, 1,'r\, ‘Hle descrf\)‘l‘tbr\, 0-‘» J('.he djnamths O,‘— I,O.tje So‘.bd:lbni.



lseﬂuenﬁal, soliton resoluhbn.S

"Theorcwm (Cate- Kenig — Lawrie— Schlag 12, Cate 13, 'Jxa,-Kerua lb')
Let Y o Ainite QUEMGY  wWave map tor keil,Z}.

1) I} Ti <o, then there exst mleZ, Ne N, t.—> T,,
O< Ay << Vg << - << Ay << o=k, Wotar->wé€ =1 1]

and (\\/o*) \.[/o*)e EoL such that

N
lim | (), v (&) — T+ Z 4yt ¥ =0.

2) I-Y- T+=oo) then +there exist méZ, NGNO) t.— o,
Q< Ay << Az << << Ay << tn, 25 we -1
and Vo solution o‘f. the Nl.inear wave eCIuat{on. such thak

Lin || (e, § ) = (mT + 2 ;@ + 3 (8, v () =0
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Corollary (CKLS)
I (y¥) €€ and E(y,§) <8k, then vy scatters.

M N—




Kemark s

% |l the Hau-—up (ase, -fundo,menta.\. earlier resulks

o{ Christodoulou )
¥  Outside o{ the Ldjht Cone, Conve
-

ez
(+) 7/%

C.Onve.rsen(.e
4?0( COﬂt- HVY\& E =
NxE(Q)

E=E (\\’o*> “.’Oﬂ

3
% Generalizes o anLLe{I,Z,...}.

>

Shatah- Tahvildare Zadeh and Struwe

rser\oe wn continuous time

connvergence
&o‘- Conk: time

E =E‘_(\V,_,\h_)

—>
-

then the decom

EOPOS_I_M T—CS{'C)

\«‘-) n "H’\Q C\.‘DOVQ I'CSuH:) N= 1) or ‘-\‘:12,:-":‘“,

osition holds —g-or Continuous +ime. !

Do these clec.ompasil-ions hold 11 continuous *time unCondL‘Honall%?




Soliton Kesolution ijed.'ureJ

r'_'rheomnr\. ('.Dujd:a.er‘b- \Ccm's—- Martel— Merle March 202')

Let v o finite eergy vave map for k=1

D 1§ T <o, then there exist mleZ,Ne N,

O< A\ @< Npl<< ... << WyB) << To= % , Wptar-->24€ {-1, l}
and (w* JX)€ EoL oud thak

N
tLL—r‘)lT+ " (Y(t)’ Y(t)) - GYOT"’ J; Lj O’XJ'({:)"- \l/o*> \'i,o* )na = o

2) § T.=ce, then there exist m€Z, NEN,,

| 0< A< AW<<.. << \gW<< ) s e f-1 13
and ~y,_  solution of ’che linear wave equation.  such that
égt” | (), )= ( m7r+Z’L ety (6), ) =0




Kemarks
% The -Firs‘l‘ result o{- this 'bjpe ~s:or & model
Wwhich ¢s not Com?le‘telj {nfejrabk Was obtained

bsj Duyckaerts, Kemﬂ and Merde n 2012
-f-or the enera\rc_r{’c@al -‘—ocus(ns wawe Qc‘uo:tion.
With  the pover nonlinearity, {ntroducing
the method of eneqy _channels.

% %ene:-al(zad 4+ all odd dimension w2019

bﬂ the same authors
* T"\e »Froo.g. o%— ’HML lCLS"Z' ‘H\eorem : Qherﬁj C.}‘\a.hnel&

Our  conkribution Vs to prove, using rather different ideas,
thak the lost sult holds for any ke§1,2,3 ..



Soliton Kesolution ijec‘ture)

T heorem (D,— Lawfft, Jvm( 202\)

Let Y o Hinite QEMGY wWave map tor ketl 2,3,...i

1) T <9, then there exist m,leZ, Ne N,

O< A\ W< Npl)e< . << N )<< To-t , Wuas-->2 € §=1 ]
and (i JYX)€ EpL sukh that

N
éﬁ;‘i “ (Y(t)) “f’(f)) ~ T+ JZ; L Qmj(a"' \I/: ) \k,*)ne =0

2) l{ T, =00, then +there exist m€Z, NeN,,
O< A )<< Q)<< ... << AW << ) 2,1, 1 € {-—l X
and ap,_  solution of ’che linear Wave equafion  such that
Lin. I (), (k) = (mﬂ'-\-Z’L Qo+ (), vy )| =

’-'



Temarks
% The radidd critial Yan3~ Mls equakion 45 closely
related %o the Q-ec‘uivc\ﬁwct Wove waps equakin
and Could also be treaked by our method.
%  No solukions wibh N>4 howe been constructed for k=1
For k2, IJ. ond J.—Lamwrie (onstructed
and studied the “do—bubble solubions’.
Prior constructions include Kn’ﬁer~ Sdnlag —Takaru  tor kef),25
and  Kaphael- Kodnianski, Kodnianski- Sterbenz, (N=4)
% The soliton resolution (Pmblem. \5 tnspired
bb the t'heor3 o.} Com{)lddj x'v\teﬁra\a\m 93sfems

and numercal Simulakions |



) Main ideas o% the ?roog-
The desired decom?ositiom holds %or o time sec[uem.e.
We need to prevent  the ‘K’O\\M“S scenario:

close to -‘a,v &rom, close to
mulbi—bubblle. ANAAD muti- bubble SN mudi- bubble
Oorvx—{(\]ura.hbr\ "Collision.” (,on-‘-\'aurnk{om Con%x'tauvuh'on.
{ A

" collisvon.  (ktme) nterval”
We need a no-returm lemma.
* lnsin'red lna @udcka.er‘\'b’ Nere, Nakanishi— "xhlaa,
Krieger— Nakanishi—Schlag for single soliton which 5 lineardy unstable.
% Here, nter—soliton interadions 1’)10,3 a similar vole
a> lear {ns’cabcliha in those orks ( cf- 3 - Lawnk )\7)




[\/in‘al \'derd:ikg\
|-ﬁ— Y 15 A Smookh wWaNg map, thea

div, _ ( ¥d A, ~ 37 RY) -3 @&% s\'“?‘b):-r(%)z

We estimake the bou,nda,rn terms
-grom. above and the spa.ce- time

integral  of v (Q.b)* from. below. 1

” “\o\'\‘Zor\{'a.l,” boun&md,: << 5|>C\h'0l sm]&«l
SS @{4})1 vdedt * 2 collision durakin
( "Compad:ness Lemma”)

re.mo.(n(n% \)our\dara . {Snorc —for now I

collision  duration = spa,{{al scale €

T~

aV



\ |nterior and exterior bubbles \
Lt Kefl2,., N}, [eb)elT,T,), O<e<n.
Ne say La,b) s o cdision odenal withe N-K exterior bubbles i}:
x d(a) s¢g, d)sg, D celab): d(c)zrt

whee d(k) is the distance o& \.y(f) o (b= bubble
+ vadviotvon )

* A e = ?K.(k) sudh thak wn the rcsx‘on ?Z?K(t)
'\.\/(‘E,r) % €£- dose  to [(N‘K)— bubble «+ \"'G.dfa;\t{Or\] X

NQ now sek W to be the smallet number suckh that

there exist >0, & sequence  €n—>0
and G Sequence of collision intervals [a_.\ ) b,A
C,orrespondfns Yo these ?Qra,me,’cevs €n, N and K.



LLemma 4C = C(\{/) 20 and >0 such that
i-@ [CL, b:‘ Collision irterval with Para,me’(efs (S)rl ) K),
theaa  b-a > C mn (}4&(@), )-(K(b)))
where Py, 15 the scale 0‘- the K-th bubble.

(proo& L‘- not, K would not be smallest Possiblo..
A /

/
/

1 A \
not QnMAj"\‘hme Yo evolve ..

[ fK-"‘ (k)

N T

}*K.

1\J



C‘Dni\)a.;.tn ess  Lemma \

Let f“>o and W & sequence of Wave maps ot bounded energy
Wa c\zf-ined on the time wntervak [O S’m]
5u.ﬂ>osg D &>+ sSudh that
fa Rega
Lim S (e (1,9)° Fdedt =O.

n->00 Y“-o o

“Then, up to ?cus(n% Yo a Subsec,ue.nte ;D € [Q fn]
and 4 << 5 sR such that w(b)
Converges to o mulbi-bubble dor O<rsrw 7
Croo Quite relaked to the exish‘ns Proo-}s
o.‘. sec‘umtiaL soliton  resolukion (C”ote ) ){a-Kem"%)J
based on the %&houri—-gémrd P_@%i\e decomposih’org.




Modulaxion \

¥ Near @, and b, v vs close to a mulki-bubble
and  the analyss aboe does ndt apply.
* ln this case, the main djnam{c,o.\. wformakion
are the scales of the bubbles

¥ \,\]Q O|5|:a.t'r\_ d»’«“evex\ﬂm\ {ne.c‘u&Ul—\'e.s on  these scales -
L ‘Xj-w << ‘X,- << Qjﬁ
-\

" 2 A 2 A"

%X Ervor bounded by the enerqy of attradive intRrachions.
% The wfluence  of the exterior bubbles and radiakion
can e%w‘a‘al\tl be nealedec\ 195 enlarjima En -

% Refined wodulabion parameters : Raphael-Szeftel N, J-Lawne '1F .



” Lemama. ”

H d stasts Growing at t,, then V4,2t

dl) dt < Cod&) M () i k22

d) st s CodltYFlogdk) p(E) i k4.

Y gt

The —?{ncd. S’G:P vs o P&rﬁﬁor\ [Q—n) 'On,] o

L | \ 1 : { L
P odulabon.  wemedade | Collision | inermedale modwlakon - - ¢
b . d>29-0| d>¢
oun Q"ﬁ
boun S ( '\V)z\‘dr ~ M
boundacy |3 @, F

<< )‘LK. QbSOI'bed

J§ Gueede




modulgkion I

it\ﬁf\v\‘z&m‘[

Collisvon.

ivxirr«u&jot:[
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ln the situakinn below, M ~const:

< bd term. << durotion

———— —— — — — — o —— — — —_—

gS Ca)c\k)zrdr 2 M

.~ - — —\A7

bd derm << My




