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Rayleigh Bénard Convection /
Boussinesq Approximation

« Conservation of Momentum
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The Navier-Stokes Equations
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Plus Boundary conditions, say periodic in the box

Q=[0,L]



Navier-Stokes Equations

* The Three-dimensional Case
* Global existence of the weak solutions
* Short time existence of the strong solutions
* Unigueness of the strong solutions

* Open Problems:
* Unigueness of Leray-Hopf weak solutions.
* Global existence of the strong solution.



Large Scale Oceanic
Circulations
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Rayleigh Bénard Convection /
Boussinesq Approximation

« Conservation of Momentum
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Bénard Convection/Boussinesq
Approximation
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Typical Scales in the Ocean

6
* horizontal distance [L~10"m

* horizontal velocity U ~ 10'1 m/s

- depth  H~10"m

- Coriolis parameter £ ~10"*1/s

©gravity g ~10 m/s’
* density 0O, ~10° kg/m3



Calculating the typical values

* Typicalvertical W =UH/L ~10"* m/s

velocity
. Typical pressure  P= p, gH~10’ Pa

« Typical timescale T=L/U~ 10" s



Scale Analysis of Vertical Motion —
The ldeal Case
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Hydrostatic Balance
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The Primitive Equations of Large
Scale Oceanic and Atmospheric
Dynamics

OV, +(vy, -V, )V, +wo_ v, —|—VHp—|—f/€><vH
= A,Apvy + 4,0 vy

0.p+gl=0
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* Introduced by Richardson (1922) for
weather prediction

« J.L. Lions, R. Temam, S. Wang (1992)

Gave some asymptotic derivation of the
PE.

« J.Liand E.S. Titi (2017) Rigorous
justification of the PE, with global in time
rate of convergence.



Results

« C. Caoand E.S.T. [Annals of Mathematics
(2007)]. [arXiv March 1, 20095].

* The global existence of the weak solutions
(Galerkin method/announced)

* The global existence and uniqueness
of the strong solutions.



Primitive equations with full dissipation

Global weak: Lions — Temam — Wang (Nonlinearity 1992A,
1992B, J. Math. Pures Appl. 1995);

Conditional uniqueness:

o z-weak solutions: Bresch et al (Differential Integral Equations
2003),
e continuous initial data: Kukavica—Pei—Rusin—Ziane

(Nonlinearity 2014),
e certain discontinuous initial data: Li-Titi (2015)

Local strong: Guillén-Gonzalez, Masmoudi and
Rodriguez-Bellido (Differential Integral Equations 2001);

Global strong (2D): Bresch — Kazhikhov — Lemoine (SIAM
J. Math. Anal. 2004);

Global strong (3D): Cao — Titi (arXiv 2005/Ann. Math.
2007), Kobelkov (C. R. Math. Acad. Sci. Paris 2006),
Kukavica — Ziane (C. R. Math. Acad. Sci. Paris 2007,
Nonlinearity 2007), Hieber—Kashiwabara (Arch. Rational
Mech. Anal. 2016)



Mathematical justification of the hydrostatic
approximation (small aspect ratio limit)




Hydrostatic approximation

In the context of the large-scale ocean and atmosphere, an
important feature is

the depth

the width
several kilometers

Aspect ratio =

I~

several thousands kilometers
< 1.

Aspect ration goes to zero —

Hydrostatic Approximation




Formal small aspect ratio limit

Consider the anisotropic Navier-Stokes equations

V-u=0,.

where u = (v, w), with v = (v!,v?), and M is a domain in R?.
Suppose that 1 = O(1) and v, = O(c?). Changing of variables:

{ v-(x,y,z,t) = v(x,y, ez, t).

we(x,y,z, t) = w(x,y, cz. t),
p-(x.y.2,t) = p(x.y, 22, 1),

for (x,y,z) € M x (0, 1).



Formal small aspect ratio limit (continue)

Then u. and p. satisfy the scaled Navier-Stokes equations

Orve + (uz - V)ve — Ave + Vyp- =0,
Vy-v.+0d,w. =0. in M x (0,1).

Formally, if (v-,w., p-) — (V, W, P), then ¢ — 0 yields

VHV—\—aZWIO IHMX(O]_)
0,P = 0|, (Hydrostatic Approximation),

{ 0.V +(U-V)V - AV + VP =0,

where U = (V, W).



Formal convergence

Formally

Or Ve + (V: ' VH)VE + w:0;ve — Av. + Vyp- =0,
(SNS)? Vv + 0w = O,
52(01“‘/‘/-: + v - Vgwe + w0, w; — AWE) + dzp- = 0.

le—=0"

Otv+ (v -Vy)v+wid,v — Av + Vyp =0,
(PEs) Vy-v+09d,w=0,
dzp = 0.



Weak to strong (H! initial data)

Theorem (Li-Titi 2015)

Given a periodic function vy € H!, such that
Vy - (f_ll vodz> =0 and [, vodxdydz = 0. Let (v-, w:) and

(v, w), respectively, be an arbitrary weak solution to (SNS) and
the unique global strong solution to (PEs), with initial data vg.
Then, we have the following strong convergences

(ve,ew:) — (v.0). in L%°(0, 00; L%(2)).
(Vve,eVwe, w.) — (Vv,0.w), in L%(0,00; L2(Q)).

and the convergence rate is of the order O(¢e).




Strong to strong (H? initial data)

Theorem (Li-Titi 2015)

Given a periodic function vp € H?, such thatVy - (f_ll vdz) =0

and |, vodxdydz = 0. Let (ve,w:) and (v, w), respectively, be the
unique local strong solution to (SNS) and the unique global strong
solution to (PEs), with initial data vg.

(i) There is a positive constant g depending only on norm
|vol| g2, such that, for any € € (0, 2q), the strong solution (v., w.)
exists globally in time.

(ii) The following strong convergences hold

(Ve ewe) — (v, 0), in L(0, 00; HY(RQ)),
(Vve,eVw., w.) = (Vv,0,w), in L?(0, c0; HY(Q)),
w. — w, in L(0,00; L?(Q)),

and the convergence rate is of the order O(s).




Global Regularity of the Primitive Equations
with Horizontal Viscosity & Diffusion Mixing

Cao-Li-Titi [CPAM 2015]

« Global Regularity of PE with Horizontal Viscosity and
Horizontal Diffusion
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Rigorous justification of PE with horizontal
viscosity

+ J. Li, E.S.T. and G. Yuan (2021)

When the vertical viscosity scales like £*~2,
for « > 2. Then the solutions of the scaled
three-dimensional Navier-Stokes converge
to the PE equations with horizontal viscosity,
and the convergence rate is 0(e” ) with g =
min(2,a — 2).

e Forthecaseofa =2 J. Liand E.S.T.



Tropical atmosphere

@ In the tropics, the wind in the lower troposphere is of equal
magnitude but with opposite sign to that in the upper
troposphere, in other words, the primary effect is captured in
the first baroclinic mode (cos(wz/H)).

@ For the study of the tropical-extratropical interactions, where
the transport of momentum between the barotropic and
baroclinic modes plays an important role, it is necessary to
retain both the barotropic and baroclinic modes.




Because of the above two, we impose an ansatz of the form

(g) (x,y.z.t) = (z) (x.y.t) + V2cos(rz/H) ( V) (x:y:t)

P1

and correspondingly

(‘g) (x.y,z,t) = V2sin(rz/H) (‘2’) (x.y. 1)

which carry the barotropic and first baroclinic modes of the
unknowns.



Barotropic-baroclinic interaction system

Using the above ansatz, and performing the Galerkin projection
to PEs in the vertical direction (Frierson—-Majda—Pauluis

(Commum. Math. Sci. 2004)), one has

[ Oiu+ (u-Vu—Au+Vp+V.-(vev)=0,
V-u=0,. (1)
Otv + (u-V)v— Av+(v-V)u =V,

| 00 +u-VO -V .-v=>5,

L

in R?, where u = (uy, up) is the barotropic velocity, and

v = (v1, ), p and 0, respectively, are the first baroclinic modes of
the velocity, pressure and the temperature, Sy is the temperature
source.



Remarks

@ The subsystem of (1) for (u, v) “looks like" the
Magnetohydrodynamics (MHD), but V- v =0 is not

preserved by the system, i.e. v is compressible;

@ The subsystem of (1) for (v, #) is the linearize compressible
Navier-Stokes equations around (0, 1);

@ The corresponding inviscid system of (1) has one derivative
loss for (u, v), and thus one can not close the energy estimate
at finite order derivatives (need appeal to infinite order
derivatives).




The moisture equation (for the tropical atmosphere)

For the tropical atmosphere, following Frierson—-Majda—Pauluis
(Commum. Math. Sci. 2004), we use the following large-scale
moisture equation:

Orq+u-Vg+ QV . -v=—P,

where @ is the described gross moisture stratification, and P is
the precipitation, given by

M | =

where 0 < ¢ << 1 is the convective adjustment time scale
parameter, o and g are constants, with g > 0.



A Tropical Atmosphere Model with Moisture
* Frierson-Majda-Pauluis(2004)

hu+ (u-Vu—Au+Vp+ V- (v®wv) =0,
V-u=0,
1

0w+ (u-V)v—Av+ (v-V)u = H—&V(Te — Qe),

atTe—I—U'VTe—(l—Q)V'”U:O,

Oge +u-Vge +(Q+ )V -v=— q.



Relaxation Limit Model

ou~+ (u-Vu—pAu+Vp+ V- (v®v) =0,
V-u=0,
1

0iv + (U ' V)U — ,UAU+ (U ’ V)u — 1 —I—OéV(Te — QG)v

8tTe—|—U'VT€—(1—Q)V'U:O,
0th+u'VQG+(Q+Oé)V'U§07
ge < 0,

Otge +u- Vg +(Q+a)V-v=0, a.e. on {g <O0}.



Resutls Concerning the Tropical
Models with Moisture

* Global regularity and justification of the
relaxation limit of the linearized version of
the inviscid model [Majda-Souganidis
(2010)].

» Global well-posedness and justification of
the nonlinear relaxation limit of the viscous

model. Explicit rate of convergence Ve
[Li-Titi (2015)]



A MOISTURE MODEL FOR WARM
CLOUDS



Phase and phase changes

Mixing ratios: q; = 2L, j € {v,c,r}.

Pd

Saturation mixing ratio: g,
Water vapor ¢,

Threshold of auto-conversion: q:;_c

Condensation S,

,\(:onection by falling rain S,

Cloud water ¢ ) ( i:{ain water ¢,

Auto-conversion S,. (9. > q,,



Assumptions on qys and source terms

The saturation mixing ratio qys = qys(p, T) satisfies:
@ nonnegative and bounded;
@ Lipschitz in the temperature T, uniformly in the pressure p.

Source terms:

Se, = C., T(qf)ﬁ(qu —qy)", 5 e (0,1),
Scd = Ccd(qv — qu)qC + Ccn(Qv — qu)+ ;
Scr — Cchch
Si:c = Cac(Qc — q;c)+:
L
ST — _(Scd — Sev):
p

where C., Cer, Coc, Ceg. Cen, L, and ¢, are positive constants.



The moisture system with temperature

Moisture balances and thermodynamic equation (Klein—Majda

(Theor. Comput. Fluid Dyn. 2006)):

Dq,

Dt

Dq.

5 y Dt

dr

Dt T g_paz(pqr)
DT RTH

Dt ot

where, for f € {qy, gc, qr, T},

Sev — Scd + DCquV ’
Scd — Sac — Ser + D dc ;

Sac + Scr T Sev + qu dr,

L (Sy—5.)+DTT,

Cp

% = O¢f + uOxf + vO, f 4+ wOp,f,

2
Dff = eApf + I/fap ((%) 0pf> :



Boundary conditions

Domain and boundaries:

po . pressure on the ground (bottom); p;: pressure at the top,
M = M’ x (p1,po), M’ C R? bounded,
o = M' x{po}, (bottom), T1=M" x{p1}, (top)
o= OM' x (p1,po), (lateral boundary).

Boundary conditions:

lo: OpT =aor(Teo—T), 0Opqj = aoj(qroj — Gj) -
F1: 8PT:O, "qu: :
Fe: OnT =aur(Toe — T).  Onqj = arj(qrej — qj).

where agj, agj, a1, T and Tpo, The, groj. Gpej are nonnegative,
sufficiently smooth, and uniformly bounded.



Global well-posedness

Theorem (Global well-posedness) (Hittmeir—Klein—Li—Titi
Nonlinearity 2017)

Let (7o, 9v0,9c0, 9ro) € LN H! be nonnegative and given
velocity field (v, w)

(vi ) € LE(L3) N L2(HY) 0 Li(L%),
Vh-vh+8pw:0: vh-nh+wnp:0, on OM.,

2 3
~+-<1 reRo] o€3.00]

—> 7! global solution (T, q,, qc, q,), satisfying

(T,qv:qc, qr) € L°(LX) N L?(H)%):
(T qv: qC: Q'r) E C([OT]: Hl):
(81' T 8tq’v': atQC:anr) c L%(Lg()




Uniqueness

Recall the equation for g,

Dagq,
Dt

= Sey — Scqg + D% q,

where S, is given by

S, = CeVT(qf)"j)(qu —qy)", B€(0.1].

J

Energy estimate to the difference system for (q,.q:.qc. T)
does not lead to the uniqueness !!




Observations for the uniqueness

We will introduce

L
QIQV‘\’QM H:T__(QC+Qr):
p

and use (Q, gc, gr, H) as the new unknowns.

Remark: advantages of the system (Q, g, gr, H)

@ in the system for (Q, qc, qr, H), the fractional power
nonlinearity S., appears only in the equation for g,;

@ in the equation for g,, the monotonicity of S., w.r.t g,

guarantees the uniqueness So, = CEVT(q:)-ﬁ(qVS —qv)":

5 3
(91 —a,2)(9r1 —qr2) > 0|




Coupling microphysics to the primitive equations

Theorem (Global well-posedness) (Hittmeir—Klein—Li—Titi 2019)

Assume that ug, 7o, 9,0, 9c0, Gr0 € Hl(M) and
TO:QVO:QCO: gdro € LOO(M): with To, qv0, 9c0, gro = 0 in M and
fpil V- ugdp =0 on M.

Then, the coupled microphysics dynamical system with the
primitive equations has a unique global in time solution

(u. T,qv.qc.q,), satisfying:

T: QV:QC:qr 2 O and T QV:QC:Qr e LOO(OT’ LOO(M))
u: T qv:qC:qr E C([OT]:H]-(M))OL2(O7'; H2(M))
atuzaszath:ath:atqr S LQ(OT’ LQ(M))

for any T € (0, ).




Primitive Equations with a

Moisture Model

» Coti-Zelati-Huang-Kukavica-Temam-Ziane
(2015)



Compressible Primitive Equations
[X. Liu and E.S.T.]

» Global existence and uniqueness of the
compressible PE with small data.

« Convergence of the compressible Navier-
Stokes to the compressible PE as the
aspect ratio tends to zero.

« Convergence of the compressible PE to
the incompressible PE as the Mach
number tends to zero.



Thank You!
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