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Navier-Stokes Equations
• The Three-dimensional Case
* Global existence of the weak solutions
* Short time existence of the strong solutions
* Uniqueness of the strong solutions

• Open Problems:
* Uniqueness of Leray-Hopf weak solutions.
* Global existence of the strong solution.



Large Scale Oceanic  
Circulations 











Typical Scales in the Ocean
• horizontal distance  

• horizontal velocity 

• depth  

• Coriolis parameter   

• gravity 

• density  

m/s 10 ~ U -1

1/s 10 ~ f 4 -

m 10 ~ L 6

m 10 ~ H 3

2m/s 10 ~ g
33

0 kg/m 10 ~ ρ



Calculating the typical values

• Typical vertical 
velocity

• Typical pressure

• Typical time scale

 m/s 10 ~  UH/LW 4 -=

Pa 10 ~ H g    P 7
0ρ=

s 10 ~ L/U  7=Τ



Scale Analysis of Vertical Motion –
The Ideal Case
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Hydrostatic Balance
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• Introduced by Richardson  (1922) for 
weather prediction

• J.L. Lions,  R. Temam,  S. Wang (1992) 
Gave some asymptotic derivation of the 
PE.

• J. Li and E.S. Titi (2017)  Rigorous 
justification of the PE, with global in time 
rate of convergence.



Results
• C. Cao and E.S.T. [Annals of Mathematics

(2007)]. [arXiv March 1, 2005].

* The global existence of the weak solutions
(Galerkin method/announced)

* The global existence and uniqueness 
of the strong solutions.





















Rigorous justification of PE with horizontal 
viscosity













A Tropical Atmosphere Model with Moisture 
• Frierson-Majda-Pauluis(2004)



Relaxation Limit Model



Resutls Concerning the Tropical 
Models with Moisture





















Primitive Equations with a 
Moisture Model

• Coti-Zelati-Huang-Kukavica-Temam-Ziane
(2015)



Compressible Primitive Equations
[X. Liu and E.S.T.]

• Global existence and uniqueness of the 
compressible PE with small data. 

• Convergence of the compressible Navier-
Stokes to the compressible PE as the 
aspect ratio tends to zero.

• Convergence of the compressible PE to 
the incompressible PE as the Mach 
number tends to zero.
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