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Motivation

* Traffic 1s inherently a driven non-equilibrium system.

* Non-equilibrium: flux (flow) # 0.
* Non-equilibrium stationary state: flux # 0 and constant in time.

* Exhibits collective phenomena in the presence of a disorder.

 Self-organization.
* Power-law coarsening behavior.
e Order-disorder transition.



Newell’s Car-following model

dx;(t) ; :
d J;—t = V(Si(t — Ti)) Vi, i=12,..N
V( ) B vf, s = SC
> = w, max{S; 's — 1,0} s< S,

T : delay time; vy: free-flow speed; S;: jam gap;
S.: critical gap; wy,: back-wave speed

V(s)

Fig.1: A schematic of Newell’s model. Black line is
V(s) for a particular choice of v, §; and wy,. Shaded

arca encompasses all possible V' (s).

Vs, S;, wp are drawn from beta distributions:

pa(A) = C(A _Amin)“_l(Amax — AV (4)

: min apmax
I(x) = 1 if x €[A ,A_]
0 otherwise
A= Uf, Sj,Wb
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Fig.2: Examples of beta distribution.




T = 0 case

dx;(t)
dt

=V(s;(t)) vi, i=12,..,N Vr€I[90,110] km/hr;
p; € [110,170] veh/km

vy, s>S. Wwp€[1030] km/hr

V(s) =

wp max{S;'s — 1,0} s< S,
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Fig.3 : position-time diagram of vehicles. (a) 0 < t < 0.1hr, (b) 1hr <t < 1.1hr,(c) 5hr <t < 5.1hr



Relaxation to stationary state
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Fig.4: Speeds of vehicles Vs time.
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Fig.5: Gaps of vehicles Vs time.



Power-laws 1n kinetics: Platoon size

* Average platoon size (N,) ~ t*

* Finite size scaling:

« t~L°

N~ ()

po,(vr) = C(vp —vf" M) (wprex — )" (4)
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Fig.6: (N.) Vs time t in scaled units for various densities.

Scaled curves corresponding to the same density collapse
2

onto single curve indicating (N.) ~ t3.



Power-laws 1n kinetics: speed

° (v = v}"m) ~ t %

* Assuming
(v _ v}nm> ~ [ —Zy (

wegota =1and z, =
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Stationary State Gap Distribution
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Fig.8: Distribution of gaps in the stationary state p(s) for
density p (= %) < pc. p(s) has two components py,(s)
and p,(s)(inset). Histograms show p(s) determined from
the simulation. The solid line is pg ;n(s).

« p(s) = pp(S) + pg(s)

* pp(s) = penn(Se) forlarge N. Where py.13(S,) is the
critical gap distribution of the leader.

*  py(s) is a Gaussian with mean u =~ L(l — P(S)p) +
(s), and variance N({(s*), — (s)3) where (s),, =
fspp (s)ds.

* The phase transition happens when the head of the
platoon meets its tail i.e., u becomes L independent i.e.,

pe =1/(Sp)-



T # 0 case

dx;(t)

17 — V(Si(t — T )) Vi, [ = 1,2, ,N vf = [60,80] km/hr;
V(s) = °r S =S p; € [110,170] veh/km
- -1
wp max{Sj's =10} s< S wy, € [30,40] km/hr
Sj .
T; = — for each driver.
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How does T affect the dynamics?

vI(t =ty) = v/

f

G

ey of vit=ty) =vi<v
s(t=ty) =S, m 0 f f
Bl e )

xI[t = to]
1. Position of the leader at any time:

' [t] = 2'[to] + vi(t —to).
2. Position of the follower at any time:

ot [t] = xt[to] —I—/t V[st[t' — 7]]dt.

3. Position of the follower at t € [ty, tg + T)
o [t] = ' [to] +vi(t —to) t € [to,to+T)

4. Gap of the follower at t € [ty, ty + T)
s'[t] = 2'[t] — " [to]
=SS! —vf(t—to) tE[to,to+T)

x'[t = to]
5. Gap of the follower at t € [ty + T, ¢y + 2T)
f f
s [t] = S — vg (¢ — to)

fi

Vf Wy o,
torg (¢ (o)

> telto+ T, to+ 27)

6. Repeating Ad infinitum
st[t] = St — wf (t — to)+

2. (Z;)—:T):Jg (12’? >(t — (to+n7)" B[t — (to + n7))

n=1
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Formation of Stop-Go Waves
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Fig.12: (Left) x Vs t plot and (right) v Vs t plot of seven vehicles. A perturbation in the speed of the leader (car 1) gets
amplified as it moves upstream and becomes a stop-go wave at some point.
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Self-organization happens in 7 # 0 case also
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Fig.13: x Vs t plot in the stationary state. Stop-go waves start somewhere in the middle and move upstream until the

end of the platoon where they get dissipated. s



* The power-laws are same as 1n the T = 0 case:
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Fig.14. Gap ahead of the largest platoon grows as ~ t#+1
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Fig.15. Average speed decays as ~ t ut1
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Stationary state gap distribution
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Fig.16: p(s) Vs s for various track lengths after the stationary state is reached. p,(s) has

two peaks; The left most peak 1s because of stopped vehicles.



Platooning phenomenon when passing 1s allowed:
Ben-Naim Krapivsky model

* Let 7 be the mean escape time and let F;,(v) be the desired (free-flow) speed distribution.
o Let f;0.5(v, t)dvdt is number of platoons per unit length moving with speed in (v, v + dv)
led by a vehicle whose desired speed is v.

o Let g(v, vgps, t)dvdv,esdt is number of vehicles per unit length moving with speed in (v, v + dv)
whose desired speed is in (Vgeg, Vges + AVges)-

* Equations for kinetics: of degiv’t) _ Faes(v) = faes(v,t) faes(v,t) / ’ dv' (v — ') faes(V', 1)
N T s/ . 0 /

NV
escape term collision term

89(1)8’: ’t) — _M -+ (’U — v’)fdes(’l), t).fdes(vla t)

+faes(V', 1) / dv" (v" —v")g(v,v",t)

v

—g(v, v, t)/ dv" (V" — V") faes(v", 1)

6/20/22
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Ben-Naim and Krapivsky model: stationary state

T — 0 limit (Passings dominate collisions)
e Stationary state:

Pelt) Juelt) g o) [ o ) ) =0

e To firstorderint

fdes(V) = Fyes(v)(1 — 7 /OU dv' (v — V') Fges(v'))

Thus, majority of vehicles move with their
desired speeds and there is no platoon formation.

Alternatively, the above limit occurs if the desired
speed v of a vehicle is less than a characteristic
speed v* given by v*~t~1/(#+2)

6/20/22

Large t limit (Collisions dominate over passings)

vehicles with v, < v* still experience free-flow

vehicles with desired speed v,,4 > v* experience congestion
and form platoons behind those with v,,, < v*.

pt1
average platoon size: A~th+2; F,,o ~ v#

This result corroborates with no passing limit case (7 = )
u+1

where A ~ t#+2 and A — o in stationary state
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Fdes(v)
faes(v) ~ r—1/24(n—2)/2
7 =1/ (u+2) u—1

* speed distribution of cars:
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Fig.22: Speed distribution in the stationary state
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1.0

Large 7 limit (Collisions dominate over passings)

v << 0¥
u>0,v>>0"
©<0,v>>v*

u>—1,v<v*
u<0,v>>0"
pw=>0,v>>0"
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Summary: platooning phenomenon

 Single lane traffic and no passing:

The system self-organizes and reaches a stationary state in which all the vehicles follow the slowest vehicle forming a single giant
platoon.

Average platoon size ~tZ_:; where P(vs)~(vy — v}”i")ﬂ v - v}”i"

Average speed ~t_ﬁ

Pp($)~Dic13(Sc), the critical gap distribution of the slowest vehicle.

The gap distribution of vehicles in the platoon p, (s) has information about the critical density. Essentially, p. ~ { [sp,(s) ds}_l.

The self-organization and the coarsening behavior in T # 0 case (z < S;/w) are the same as in 7 = 0 case.

 Single lane with passing:

Vehicles with desired (free-flow) speed more than v* ~ 7=/ (#+2) experience congestion and form platoons behind vehicles with

desired speed v < v*

Average size of the platoon depends on the lane changing rate and the expoenent of desired speed distribution in the low speed limit as

A ~ Tt/ (n+2)
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