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Local Regularity Setting

ﬁ\ l@ _Bx /I 0L

DW+wvw AW ==Vl . Q
Lw
OOAU“\A/"’O




il V\/u% 2, 60 . IZQ[‘D}
SQV\.éLLL
So
Z—‘

’l[ )
QM‘LJ O i[
L X |-
75 me S V‘?::ij
S\FSJD (L ({a
¢ the -
l\/l LM
4
2. /\

2[)
1

L. (&% -

we [/,

%L 03

A

4
—
(i‘éo\
:FCfr Owléj




3, Té/bi I Sc’mg/ckéwr;{a/

Sor Q/%cuv\/a

PGJCQ\AJC:J M&L (S 2=(>c}«6)=(o/oj

Oueshion.  To 2=0 s o regaler pod
Oé W Q In GLLL,U be’wés)
i b true W e;LM(@) 4




{o cszCCLCJQ Uu, /Df‘og&m
S Lodidy,



*@ 4 non- Féf"t U‘CQ/(
ol o émo&c@ cmcconk  solbion
W IRx J- —oo, 0 swcl thot



‘ ‘ CLV[C/CQM,{
E FGM’WZU:EJE% ymM/ founcled

(onS

W S %{ Cfass COO) OLM/ Qeaf\'wo\fﬁf’lré’_?

C«JVLOQ v }o oA

ORs
<

:DQCOL,%

D = Fee) s Txirie
Vme]@j/ 14 + £ 0



IJC ” Y ea Y2 CW\/IM/LQM%\
+o Wﬁ 428y T“Lék

M[yﬁ}:: j(x/vf) QCM ”E>O
Pl = P (e, ~t)






E W@&JCJ OL/)PFOCLCLL

_L, FD!U‘—-M, VUi — AT — V‘]=-—d(m
(or Q.0 — U VU’%-VV“’-VO/-—OAU_ >’

iy v = o R~ < 1o, oL
v, o= ©

FeC(R), F-oF




o Fde =- I,\\M SM(X)T)'W(X)T)JX
T'—s oo .
Q. R
Cy
Iu’[)‘,*)' < \X\_(_lr?

) S W (¥, t) 'U()clf)cfxlg -U:C—jl II’U(')%)“
R>

‘ L)

__9

.0 ¢






—_—

]

- /D+(\7—M'VU - AV — V(’i-_O
(01‘ D%U“M-ULY — UV YN | —-:0)

£AU‘ T = 0 LA @+
FU\ — (U“D & COO‘Z (/}23]

+ = 0

Co: (Uﬁ:{ ve (C(R") heo v—;oﬁ



S u,(oc){—)'v(\c)é)g(,x = Sw[:c)o)-m&)a/x
IR> X Y t = 0 @3

(2' s t —oe
"0

Jes

—>  U(xo)=0 (@d [MO/Iri)



Lo (¢ +Z)













How%@\‘)
W7\ ”5%/4 p c@\ \M\1 llvwlyi + \[Wl\l 109

5‘*{3 [ kLC/ %)I(l ,

O<t Lo



Pzr—{ju[ @aiwu M%Lazﬁ (U—k&:m"‘fwk )
| NS Ziaflur
ka—/(u,-w' -&0=Vl=0 7

W

/

-—

T L\/Js QCB/.NQ]%(LO\/\_ con  leo re AUt d%

I = OQNQ@QAM“—W =0

£ \’Zw% QSt[M«a{Z -
WH’\, [[(\r(.){;)uZ +9,§ gbv[lc[&,w

AO\:-JI\U'J?_;U“@@M> o ®

~ fw Mt
L




SO, o e /;/e,r{‘uf@eo{/ heat
Dt'lr— ARV OL'U‘ R

F = 36(\&‘0‘) + O[/((
and
ﬁ/(U\LU") == U U
UJW( EB
’U’l = W, L

27&0.7&[0%



3{:‘\)— +Q. 5 — AU = O wﬁ{»—(«— OK,\)-{:_O; U{ﬁ =W,y

= J\v@@um (et s

> Q2 )
Hawuﬂbf/ “rg ust use L_Fﬂ[om%‘iaj&m O(’qrvxw— e

wr(¥4) = g [ (¢-9,4) wly)dy -&SSV,!_{(K’J(’{"—(:2 My 2) e4,7) d %
R> Y ng

—
—

il






IZ ¢ e (KI%J i

cend.

EN
D%

KC(L [XI‘P] < YOZM)



E ﬁg/m&éafd egtﬁw_uﬁfl ¢

C

(K(’SJHJ[ < (ml:t)%

) o

Jxde < <
Q>






" Roncur 4,
2 LM&Q—— HD‘P:F fSOLf:/O‘\/L,

D{_'U\—EI\PVU‘ — AU :av73 /R3
o~ x 10 90[
[

OQ»U“O‘-—O
o, e G, (R

“ 'U_(') P) I[ = - ‘-6
il V!

( Sebw )

W

=




Proaf o] Thiorem A

4° ES-{:{,M,-JA/ (,é ll(v(-/é)nL \ia ((tr[.le)}lll

bowndduss o L0, o, = rt, ) o (7)%
2° %M%i Oﬁ/ SoLm@w cndl Wo@/wr
Jcec

@ + >>4

L U( €) H <
(’/ /-‘,9_ /éu_ 'LL

7°. I‘tu’uj\u’/m«_



[t bt aled Sty 4

G} % - fS% Sop~b
R -
A, ()= S \ﬂ;(—_—s—,@ 7 e [0, s

P
0 I 1y wee ),

IV +) \\/o < 0(P>< c(cd, Vs, P) 5 (ir)+ Zf)}

5&\: %«W{ﬂ;@é



3
O <¢<73p

—3+10¢ =3

“\YQ(.'){)“i =1 C(E Cg)&els B MS&(OCCJ)“O)Q)\E\ {‘5:

A CJCQ(S)QIS

—_
—_——




CMMW{-S 'L‘a Sfﬁbf?,

EW% eg%CmW(EZ

,"Jl[{l o("' =
%Y ot WU'(JL(Zé

_ vl et
Awrs Y = (v IL(

177 92

jl%\ 4,917 4y - f . g

[31290t) ’?1%7@
< ()S ( Jj - SQ(U-IZ\QNV\@_{{)\% S(ﬂu) IZIL 17(?#/}

> 171£g9() |2 > J(Jc)



Foon

lare

'L/(\.,L 21—u_a\/tlm4 "
%(f\ * BIW? = -H,
— M(W@M) -*U?:au(f:\r/tr@quqﬂ)

J
{_

“F(il%): “S@ e )A(; @)JNGK (&(ﬁ)k

= )f,’t (%,

0

vy = ]3] kvipoeul, )l

{4






M/PPX[ KS{‘LMQ/{& gco-r o

( 1st m)

D U= WYY UV —Vq = - Hor E/ 0&\7@‘—‘—0

4Ckct£ = i)

(U,l“l:zb =0

ASS&M JC[’L th

o
5 K (o, )R < TE
. LR;




s e [ A= (s + Gl ) ds 6.1

where f(t) := ||v(+,t)||1. Since F is compactly supported, can be reduced to
the following form:

F(8) < A+ cuca / w__;s\/gf(s)ds

Now, fix an arbitrary 7" > 0. Then, for any ¢ € |0, 7], we have
ft) < A+4eegM(T),

where M(T) = supy;<7 f(t). Hence,
M(T) < A+ 4eveqgM(T)

for any 7' > 0. Finally, we see that

.t & o
o Bl < 0= 7= —

for all t > 0. Therefore,

— 0

/ u(z, t) -v(z, t)de| <
R3

as t — oo. O

<o
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fore satisfies condition (1.3).
Equation (1.1) can be written as follows:

v — Av = div Fy, (5.2)

where
Fo=v®u+Vql-F.

We know from previous results that

Fy € Ly oo (Q4), div Fy € Ly(Q4). (5.3)

Since div div Fy = 0, we can apply the elliptic theory and conclude that
there exists a divergence free field A(-,¢) such that

rot A(-,t) = div Fy(-,t) (5.4)
in R* and the following estimate holds
IAG, )2 < K[ Fo(-, )2 (5.5)

for all t €]0,00[.



. "~ Taking into account the definition of the operator M, one
can go further and derive from (5.5)

”A(’t)"2 5 "K"(”v(a t) ® u("t)"2 + ”qv@}u('v t)]l"2 + "F(vt)”2) <
<|IKN+V3IMI)of-,t) @ ul- D) + h(t),
where h(t) = | K||[|F(-,t)]> and thus

[AG,8)la < NN+ V3IMI) (- )] + ht) (5.6)

4
%”v('



With the above A, let us consider the Cauchy problem
oB-AB=A (5.7)

B(-,0) =0. (5.8)
Problem (5.7), (5.8) has a unique solution defined for all positive t and B €
W3 (Qy) for all T > 0. Since A(-,t) is divergence free, so is B(-,t). Now, let

w = rot B. Then we can see that w is a solution to equation (5.2) and sinse
it V‘llllbll(‘S at t = 0, we can state that w = v.

= - = rot B s =



Now, let us analyse the Cauchy problem for B. It is easy to see that B
satisfies the energy identity

SONBCOIE+IVBCOE = A Babds.  (59)

R3

Taking into account the simple identity

lo( )2 = IVB(, t)]l2,

one can derive from (5.6) the following estimate

1 c

OB DNz + llo(- 1)llz < [1KII(1+ \/§||M||)ﬁllv(-,t)IIzIIB(-,t)Iler
+h(t)|| B(-,1)]]2-

Applying the Young inequality, we find

1 " c 1
SOUBCOIR < KNP+ VEIMI LI BCHI + Sh@)IBC, I +1)



Let us introduce the important constant

2
i ¢
= || K|*(1+ \/§||M||)25".
Then the previous inequality leads to

t

t
I1B(-,t)||3 < t’/@oxp ( —/T h,(.s')(l.s')(lT.

0

he = IKIIEC, 1,



Taking into account that F' is compactly supported in @), we have

IBC.t)lI3 < crt'

Ly (o
From here, it is easy to derive the following: ( l: ned” d"/La _.E[/L,Q,CU/I/L @/{’t & (S @ /
t
/ lv(-, )[3ds < cpt" (5.10) 4R L

We denote all the constant depending of F' and its support by cp. / +
Having estimate (5.10) in mind, let us go back to equation (5.2) multi- “ 6 ( é) l(

plying it by tv and integrating result over R*x]0,¢[, as a result, we find the
following differential inequality

t t

1 1

§t||v(!)||3 + / |Vu(-, s)|3ds = §||v(t)||3 + //sF(;I.',s) ~v(z, 8)ds <
0

0 ‘R.’i

t
< (',.‘(/ |v(-, s)||3ds + 1).
0

The latter, together with boundedness of ||v(:,?)||2, implies the bound

lo(-, )13 < ep(t + 1)1,



which, in turn, allows to improve the decay of |v(-,t)|;. To this end, we
are going back to (2.4) and (2.5). Indeed, by the assumption of the theorem
l < 3/4,

t t

1 _sps _ |
A(t)SC/ s”w (s+1) ldsﬁc/ s lds <
P Ji—s

t—s t—s
0 0

< d“%:ﬂﬂ—l.
Letting p = 6/5 + ¢, for sufficiently small positive ¢, we find

l(-, )l < e(vE)FH20-1,
This shows

'/v(-,f.) - u(-,t)d:r| < ('(\/Z)%”“'” -0
R.‘i

as t — 0o provided | < —: 0



