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Many models in sciences and engineering aim at describing the dynamics
of multiple agents subject to internal and external forces.

The manipulation of these forces allows to control the systems’ dynamics
in order to perform desired tasks.

= A convenient description of the configuration of multi-agent
(multi-particle) systems is achieved by means of probabilistic
or material densities.

= The time evolution of these densities is governed by kinetic
models.

= Optimal control theory provides the mathematical tools to
formulate and solve control problems.

= Ensemble optimal control problems represent the natural

framework for designing control mechanisms and objectives

for systems governed by kinetic models.
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Applications

" Stochastic Modelling

S &P stock price index

coating and mixing of powder, ©ORCPE

collective motiop, ©STIR

Optimal control of stochastic and multi-particle systems
to perform given tasks

fusion reactor, ©ITER

space propulsion, ©SPARC




Dynamical models

1. Deterministic models:

2. Stochastic drift-diffusion-jump models:
dX(t) = a(X(t),t)dt + o (X(t),t) dW(t) + dP(t)
3. Piecewise-deterministic processes:

X(t) = as@e(X(t),t), te€0,00)

Most macroscopic evolution systems in, e.g., biology, climate, CFD,
economics, ecology, finance, physics, etc., represent the emergent
equations from the microscopic underpinnings of the models above
(J. Hopfield).




Left: Trajectories of a drift-diffusion-jump model: a(x,t) = —4x,0 = 2,
and initial condition X(0) = 0.

Right: Trajectories of a PDP process: a; (x,t) = —4x + 2,

az(x,t) = —4x — 2, and initial condition for both states X(0) = 0.

In general, the initial condition X(0) = X; is given by means of a
distribution function fy(x). In this case, also with deterministic models we
obtain an ensemble of trajectories.
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Density functions

Consideration of all possible trajectories of a multi-particle system is an
overwhelming task. For this reason, L. E. Boltzmann introduced the
concept of material density f(x, t).

In the non-interacting case, if fy(x) represents the initial density
(configuration) at time t = 0, then the evolution of this density is
modelled by

=

the Liouville equation ‘ [, T)

Orf (x, 1)+div (alx, ) F(x, 1) = 0 /\
i f (X, t)+adwv (a(x, X, =Y ;‘
with drift @ and initial =
condition f(x, 0) = fo(x).

This fundamental result of statistical mechanics leads to the kinetic

equations with applications in, e.g., space propulsion, electronic devices

and materials, high-temperature plasma, etc..
CEEr o




Role of the drift

The Liouville equation d;f + div (a(x, t) f) = 0is the fundamental
continuity equation; the first in the hierarchy of kinetic models.
Take the dynamics
X(t) = sin(X(t))

X(0) = Xo ~ N (u, %),
pw=0anda = 0.5.

Notice that a(x, t) = sin(x) = — & cos(x) = —VU(x) where
U(x) = cos(x). The function U can be interpreted as a potential.
Compare with moments’ equations in the case X(t) = [A(t) X(t) + b(t)]:

a(t) = A u(®) + b, () = SOAD T +A®D) ().
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A control mechanism

Optimal control applications require to identify a control mechanism in
the model. We focus on time-dependent controls:

a(x,t;uy,us) = ag(x,t) + ay ur(t) + axua(t)x.

ao(x, t) € RY smooth vector field, a;,as € R, uy(t), us(t) € RY

Moment equations: Define m(t) as the mean, v(t) as the variance.

Choose a(x, t; uy, us) = uy(t) + us(t) x, and fy as normal Gaussian
distribution.

From the Liouville equation, we obtain

m(t) = ur(t) + m(t) ua(t), m(0) = mg
v(t) = 2v(t) ua(t) v(0) = vo.

where
m(t) = [xf(x,t)dx and v(t) = [(x = m(t))*f(x,t) dx
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Ensemble cost functional

The particles should follow a
desired trajectory xp(t), t €
[0, T], reach a target position
xratt=T.

Ensemble control approach:
define “attracting” potentials

0(x; t) = O(]x —xp(t)])
p(x) = @(|x —xr[)

Ensemble cost functional:

J(f,u) = /OT /]Rd O(x,t) f(x,t)dxdt + /]Rd eX)fFx, T)dx + k(u).
'




Cost of control

control

For time-dependent controls:

L2: standard control cost.

time

H': includes time-derivative of the control

(minimum attention control); turning control on —
atinitial time and off at terminal time. —J H ]

control

L': sparse controls (minimum action control)

Cost function:

v T 9 T v T
n(u):i/o lu(o)| dt+5/0 lu(t)|dt + 5/0

2

d dt

a“(t)




An ensemble control problem

A Liouville ensemble optimal control problem:

min J(f,u) := / dﬁxt) f(x, t)dxdt—l—/ o(x) f(x, T)dx

u€Uag R
2
/\u |dt+6/ lu(t)] dt + ~ / Gu(o)| dt
; : _ i d
subject to Oef (x,t) + div(a(x, t;u) f(x,t)) =0 !nR x [0,T]
f(x,0) = fo(x) in R4

with the set of admissible controls

Ugg :={u = (u1,u2) € Ux Ulug < u(t) <up, t€0,T]},

U= HY([0,T];RY) or U = L2([0, T}; RY).
v, 0,v>0,7v+0+v>0,us <0,up >0




Results with Liouville model

= Foru € Ugyq there exists a unique solution
f e c([0, T]; HP(RY)) of the Liouville initial-value problem.

= The control-to-state map G, u — f = G(u) is Fréchet
differentiable

= The ensemble optimal control problem admits at least one
solutionin Ugy.

« In the case v = 0, with the Lagrange multiplier g, and
A € 9(||u]|ir), the optimality system is given by

Of + div (a(x, t;u)f) = 0, firo = fo
—th S CI(X,t;U) Vq = —97 q|t=T = -0

('yuf—i- Xj + /d div<%f> gdx, vj — uj) >0 veEUy
R j 12(0,7)

See later sections. & e



= Strong stability conserving Runge-Kutta method of second
order in time and Kurganov-Tadmor scheme in space.

= In addition for the adjoint equation: second-order Strang
splitting.

= Proved L! stability, second-order accuracy, positivity

preserving.

= Projected semi-smooth Newton method.

See later sections.

S. Roy and A. Borzi, Numerical investigation of a class of Liouville control problems, Journal of Scientific Computing, 73
(2017), 178-202.

J. Bartsch, A. Borzi, F. Fanelli, S, Roy, A theoretical investigation of Brockett’s ensemble optimal control problems Calculus of
Variations and Partial Differential Equations, 58 (2019), 162.

J. Bartsch, A. Borzi, F. Fanelli, S. Roy, A numerical investigation of Brockett’s ensemble optimal control problems,
Numerische Mathematik, 149 (2021), 1-42.

E\i‘?ﬁ"}‘frﬂ
WURZBURG 12/69



Another ensemble control problem

In many physical systems, the density f is defined in the phase space
spanned by position x € Q € RY and velocity v € RY, Q = Q x R¢.

In this statistical framework, the time evolution of f can be governed by
the following kinetic model (Vlasov+collision)

Of(x,v,t) + v - Vif(x,v,t) + u(x) - V,f = C[f](v,t)
f|t=0 = va

f(X, VJ)‘BQX]R‘LX(O,T] = f(X7 V- 2”(” ’ V)7t)

with specular reflection space boundaries; RZ := {v € RY|v - n(x) < 0},
and space-dependent control field u € H} () is a force field (control), and
C|[f] is the collision term.

We can define an ensemble optimal control problem with the functional:

;
J(f,u) ::/0 /QH(X, v, t) f(x, t)dxdt + /ng(x,v) fx,v,T) dx+%||u||f,1.
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The Keilson-Storer model

We consider the Keilson-Storer (KS) collision model:
Clfl(v,t) :== /f(w,t)A(W, v)dw — f(v,t‘)/A(v7 w) dw,

It has a gain - loss structure. We have A(v, w) := Age(~8w=7"") and
v € [—1,1],Ap, B > 0. For post-collision velocity holds
w~ N (v, (28)7).

= 7 < 1: weak collisions, Brownian motion

= v~ 0 :strong collision, Bhatnagar-Gross-Krook (BGK) operator
= collision frequency 2 = Ag\/7/B

= detailed balance: A(w, v) f¢9(w) = A(v, w) f*9(v)

= equilibrium solution f¢9(v) is the Maxwellian distribution

= Ap and 3 related to the background density and temperature
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lts with kinetic K

= Well-posedness of the control-to-state map

= Existence of optimal controls

= Monte Carlo solution of the kinetic model and of its adjoint
= Nonlinear conjugate gradient method

See later sections.

J. Bartsch, G. Nastasi, A. Borzi, Optimal Control of the Keilson-Storer Master Equation in a Monte Carlo Framework, Journal
of Computational and Theoretical Transport, 50 (2021), 454-482.

J. Bartsch, A. Borzi, MOCOKI: A Monte Carlo approach for optimal control in the force of a linear kinetic model, Computer
Physics Communications, 266 (2021), 108030.
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Stochastic models and PDFs

Consider a continuous-time continuous-space stochastic process with
X:T x Q — R,and Range(X) = R. Since different random variables are
labelled by different t in T = [0, +00), we can denote the probability
density function (PDF) of the random variable X att € T with f(-, t).

Similarly, we denote with (-, t2]v1, t1) the conditional probability density
function of X (t2,w) given the occurrence of the value v; of X(t;,w) with
f(Vl, tl) > 0.

For a Markov process, we have f(v,t) = [, f(v,t|z,0) fy(z) dz, and
continuity implies the following |dent|ty

f(v,7|z,t) :/f(v,r|r,s)f(r,s|z,t)dr
R

where 7 > s > t. This is the Chapman-Kolmogorov equation for the
conditional PDFs
We have [, fo(x)dx = 1,and so [, f(x,t)dx =1,t > 0.
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Einstein, Smoluchowski, ...

With the Chapman-Kolmogorov equation and specification of the
probability space (2, F, P) for the random variable X (t, -) with t fixed, one
can (re-)obtain the evolution equations for the density.

In the deterministic case, we obtain the Liouville equation.
In the case of stochastic drift-diffusion-jump processes, we have

Of (x, t)+div(a(x, t) fx, t)) = %23X2xf(X7t)+)\/[f(X—y,t)—f(X, t)lgly)dy.
R

where P, is exp distributed in time with A\e =2, \ the rate of jumps,
whose amplitude is distributed according to g = g(x).
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Fokker-Planck, Kolmogorov, ...

For piecewise-deterministic processes, we have

Ocfs(x, t) + div(as(x, t) fi(x,t)) = Z Qqi(x) fi(x, 1), s=1,...,S,

qs ifj #£s,
where Qy; is given by Qy; = Wy 17 corresponding to a

Hs (qss - 1)7
stochastic transition probability matrix {g;} and switching times with
exponential PDF of transition events vs(t) = use™#st.

In general, we could refer to Lévy processes and corresponding FP
systems, which include Brownian motion with drift, the Poisson process,
subdiffusion processes, the family of piecewise deterministic Markov
processes (PDMP), Switching Diffusion Process (SDP), and Stochastic
Hybrid System (SHS).

E\i‘?ﬁ"}‘frﬂ
WURZBURG 18/69



The Fokker-Planck equation

The evolution of tthDF associatéa toa stochastié dfﬁt-diffusion process
X(t) € RYis modelled by the Fokker-Planck (FP) equation

d
Of + 0y (aif) Z 2, (D) =0,  £(0)=f,
i=1

ij=1

where D = 1 5o T. Boundary conditions of different type correspond to
barriers for the stochastic process X (t) in Q C R,
|



The FP equation - continuity eq.

The Fokker-Planck equation 9,f + div (a(x, t) f) = o2 Af is the
continuity equation of the ensemble of stochastic trajectories of a
drift-diffusion process.

dx(t) = sin(X(t)) dt + dW(t)
with X(0) = Xo ~ N (i, 2),
p=0ands =0.5.

Notice that a(x, t) = sin(x) = — & cos(x) = —VU(x) where

U(x) = cos(x).
Compare with moments’ equations in the case dX (t) = [A(t) X(t) + b(t)] dt + o dW(t):
i(t) =AM u(t) + (D),  £() = SOA®D) T +AD D) + oo
N



Motion of a pedestrian

Consider the motion of an individual, subject to random perturbation,
whose (planar) position at time t is denoted with X(t) € R?, and its
velocity field (drift) is given by u. We have

dX(t) = u(X(t),t)dt + o dW(t), X(to) = Xo,
where u depends on x and t.
Assume that reflecting barriers keep the pedestrian in a region Q0 C R2.
The FP equation can be written in flux form 0,f = V - F(f), where
2

Fi(x, t;f) = %axjf(x, t) — u;(x, ) F(x, 1).

Reflecting barriers correspond to flux-zero boundary conditions F - n =0
on 9§ x (0, T), where n is the unit outward normal on 992.
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Ensemble control problem

Consider the control of the motion of a pedestrian by the velocity field u,
in order to follow a desired trajectory given by xp(t) = (x1(t),x2(t)). We
may choose 0(x, t) = |x — xp(t)|? (similarly for ¢(x)) in the ensemble
functional:

J(F,u) = /0 ' /Q (60¢,0) + Z1(x,0) Fx, 1) el + / o(x) F(x, T) dx.

Q

In this setting, 6 represents an attracting (valley). Abump 6 would
represent a repulsive (soft obstacle) potential.

We may require that the control belongs to the following admissible set:

Ugg = {U €U, u(x,t) € Ky, a.e.inQ}.
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FP optimality system

Of (X, t) + V- (u(x, t) f(x,t)) — O;Af(x, t)=0

Fon=0,  f(x,0)=fokx)

2
Op(x, ) + u(x, 1) - Vp(x, ) + Zlulx, O + Z-Ap(x,t) +6(x, ) = 0
dhp =0,  pxT)=pkx)
(flvu+Vp),v—u)>0 v € Ugg.
Consider this variational inequality pointwise, and notice thatf > O a.e. in

Q. Then, it is sufficient (v u 4+ Vp) (v — u) > 0, which characterizes the
solution to miny, ek, [v - Vp + ¥ |v|?] at any pointin Q.

By comparison, one recognizes that along the optimal solution, the
adjoint equation coincides with the Hamilton-Jacobi-Bellman equation.
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The HJB equation

We can consider the expected value (ensemble) functional

Jro,xO(U)Z]E[/ (9(X(S)a5)+glU(X(S)aS)F) ds+((X(T)) | X(to) =X,

to

Correspondingly, we have the optimal control u* = argmin,, ., J, x, (U),
and the so-called value function

q(x,t) = rl}réi&ut,x(u) = Jex(U”),
which satisfies the Hamilton-Jacobi-Bellman equation
dq+Hx,t,Vq,Aq) =0,  qx,T) = ¢(x),

with the Hamilton-Pontryagin function

H(x,t,Vq,Aq) := mln[ Aq(x t)+v-Vag(x,t) +0(x,t) + g|v|2].
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Open and closed loop controls
Open-loop: a(x, t;u) = (v(t) + w(t) o x), where u := (v, w),
v,w: [0, T] = R". In this case, the dependence of the control function on
X is given.

dX(t) = (v(t) + w(t) o X(t)) dt + o dW(t),
where o denotes the Hadamard product.
Closed-loop: a(x, t;u) = u(x,t)
dX(t) = u(X(t),t) dt + o dW(t),

where u : 2 x [0, T] — R". In this case, the dependence of the control
function on x has to be determined.

Potentials:
1073 _b-nol? 1073 _ penpmI?
0(x,t)=— e 27 X) = — e 27 .
b 1) 2mr? ’ ’ ¢ ) 27mr? ’

xp(t) = (t — 1, sin(w t/2))
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Tracking of trajectory |

FIgU I'€ Evolution of E[X(t)] (circles); the dashed line depicts the desired trajectory. Top: the closed-loop case; bottom:

the open-loop case.
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FIgU '€ Trajectories of the SDE models with the closed-loop control (top) and the open-loop control (bottom). Left:
trajectories starting with X = xo = (—1, 0); right: trajectories startingatXo = (1, 1).
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Results with FP models

Existence and uniqueness of FP models with different control
mechanisms

Existence of optimal controls

First- and second-order analysis of FP optimality systems in
the Lagrange framework

Characterization of optimality with the Pontryagin maximum
principle

Analysis of discretization of optimality systems (Chang &
Cooper, Splitting)

Development and analysis of numerical optimization schemes
(NCG, proximal methods, sequential quadratic hamiltonian
method)

Applications in biology, finance, microscopy, pedestrian
motion, quantum systems
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Results with FP models
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FP Nash games and avoidance

Consider two uncoupled pedestrians, labelled with p = 1, 2. Each
pedestrian’s position is denoted with X(P)(t) € Q c R%:

dX®)(t) = bP (XP)(t),t,uP)(t)) dt + o dW(t)
x®(0) = Xép),

The drift b(®) (X(P)(¢), t, uP)(t)) € R? has the structure
pP) (X(p)(t), t, u(”)(t)) = v(P)(X(P)(t), t) + u(”)(t)

where v(P) (X(P)(t), t) represents the planned velocity (path) of the
pedestrian assuming the absence of other pedestrians and of
perturbations. The (open-loop) function u(®) (t) models the avoidance
action.

A Wiener process is included to model dispersal due to, e.g., collision
among individuals (crowd), and the motion is confined in a bounded
region 2 C R? (aroom).
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Goals and costs

-

-

"

Goals : two pedestrians wish to reach different target positions X;”), ie.
minimize £ (VP(X(p) (M) — Xﬁp))> ,p = 1,2, where V, is a convex potential.

Interaction : the two pedestrians would like to avoid a situation where their
distance is below an overcrowding limit, thus minimize

Prob {|X(2)(t) —xW ()] < f} =E(Q) = E(Q @ )—x1) (1) <r})-

E(Qp)

/Q /Q 1y F O 06, )F 2y, t)dxdy

p / O (x, 1) £ (x, ) =: W(FD, £,
Q

%

where f(") and f® represent the probability density functions (PDFs) of the
two positions, and p = c r” is used as a weighting parameter.

We include a H* (0, T) cost of the control to guarantee a bounded continuous
slow-varying control.
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Avoidance as a FP game

The PDF f(P) associated to the stochastic process X(P) obeys
0.2
O (x,t) — T A (x, 1) + V- (b<P>(x, t,u®(t)) FP)(x, t)) =0,
with given f®)(x, 0) = £{P) (x). Reflecting barriers for the motion result in

flux-zero boundary conditions for the FP equations.

To the pedestrian p is associated the following reduced payoff functional

JpuM,u?@) =q /

v —
| Volemx )P 0, Tk 5 [0 3 o o + WO, F20).

No player can improve payoff by unilaterally changing its strategy. The
pair (a!, u?) is a Nash equilibrium (NE) point if

(@',u*) = argmin J,(u',0%) = argmin Jo (o', u?)
uteut uzeu?
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A weakly coupled Nash game

The avoidance problem has the structure J,(u™V, u®) = G,(u®) + W(u®, u®)
where

14
6o(u®) = o [ Vooe =) P (. Tyl + £ s 150

Now, define

G, u®y = 6, (D) + 62t + WD, u?).

Theorem

Assume that J has a minimum (aV, a®). Then (@), u'?) is a Nash equilibrium of
the Nash game.

This theorem states that the existence of a minimum of J is a sufficient condition
for a Nash equilibrium. This condition is not necessary, in the sense that

there can be NE that are not minima of 7.
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An optimal control problem for avoidance

With theorem above, a solution ot our NE avoidance problem is given by the solution of the
following optimal control problem: Find & = (o), 5(2)) such that

J@ < Jw)  forallu= uM, u®)eu® x y®,
This is the reduced formulation of the following FP control problem.
min j(f(l), HCINTON u(2)) = Gl(f(l), u(l)) + G2(f(2), u(2)) + W(f(1)7 f(2))
Bf D (x,1) — % AFD (x,8) + V - (bW (x, £, uD () FD (x, 1)) = 0,
0 (x,0) = £V (0),
AFD(x,8) — T AP (x,0) + V- (6O (x,£,u@ (1)) FP (x,1)) = 0,
£ (x,0) = 57 ()
The strategies u®) = (u$’, u{?’), p = 1, 2, are sought in the following admissible set
UP) = {u e H5(0,T;R) | ug < uj(t) < up, i =1,2 ae.in(0,T)}

where ug, Up € R, ug < Up.
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Experiment-2: Turnwald 1C-A3 - Setting

Two pedestrian are asked to reach specific targets and avoid each other !,

+8 4
E 1)
= I A
H aaVy, Ry
MM SR
(2w (6,1) | ) s
(131) D __a_,E ‘ E 3
-1 N @"E e E}*Ql
-1 x-axis ~ +8 —

FigureSettings for the Turnwald game described in test-case Turnwald 1C-A3: (left) the
computational setting ; (right) the human experiment setting.

Turnwald, A., Althoff, D., Wollherr, D., Buss, M. (2016). Understanding human
avoidance behavior: interaction-aware decision making based on game theorgsi . /69



Experiment: Turnwald 1C-A3 - Computation

Evolution of the center of the PDF Evolution of the center of the PDF

Figu reZoomed-in plots of trajectories with p = 0.01, 200 respectively. (a) motion for
p = 0.01 and the two pedestrian meet at t = 2.5; (b) trajectories with p = 200 and
avoidance.

S. Roy, A. Borzi, A. Habbal,

Pedestrian motion modelled by Fokker - Planck Nash games, Royal Society open science, 4: 170648, 2017.
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Thanks a lot for your kind invitation and for your interest in my work
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Consider the weighted function spaces H]: f € H] if f and all its
derivatives up to order m belong to (L2(R?), (1 + [x|¥) dx).

Oef(x,t) + div(a(x, t;u) f(x,t)) = g(x,t), f(x,0) = fo(x),
where

g € L1([0, T]; HP(RY)) and fy € HI'(RY)
a € L1([0, T];c™HL(RY))  with Va € L} ([0, T]; CP(RY))

Theorem

Let T > 0and m € N fixed, and let a, fo and g satisfy our hypotheses.

Then there exists a unique solution f € C([0, T]; H"(RY)) of the Liouville initial-value
problem. Moreover, there exists a constant C > 0, independent of fo, a, g, f and T, such that
the following estimate holds true for any t € [0, T]:

t t
IOl < ¢ (Iollg + [ Ialp o) exp (¢ [ 19ar)ly or ) -
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The control-to-state map G

This map associates to a given control u a state f with a fixed initial
condition fy. Let m > 2, k > 2 and the data be given as above.

Theorem

Let du be an arbitrary admissible variation of u. The control-to-state map G
is Gateaux differentiable at u and the Gateaux derivative d5,G satisfies the
Liouville problem

9¢65uG + div(a(t,x;u) 05,G) = — div(a(t,x; 6u) G(u)), 65uGje=0 = 0,
(1)

where we have defined a(t, x; 6u) := duy + x o dua.

Theorem )
The map G is Fréchet differentiable from int Uy into L (L?), and its Fréchet

differential at any point u € int U, is given by DG(u). The differential
DG(u)[du] is the unique solution to equation (1). There exists a constant
C > Osuch that

He(u+5u) ~ 6(u) — DG(u)[Ju]HLw(LQ) < € joulZ- -
T
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tence of optimal controls

We introduce the reduced cost functional

Jr(u) == J(G(u),u) ,
Correspondingly, we have the reduced optimal control problem

i Jr(u).

Theorem

The ensemble optimal control problem with~ > 0,5 > 0, v > 0 admits at
least one solution u* € Ugq. The corresponding state f* := G(u*) belongs
to the space C([0, T]; HF'(RY)), (m, k) € N2,

Notice that J is Fréchet (sub-)differentiable over C([0, T]; L?) x int U,q,
since it is linear in f and the control costs are given by (sub-)differentiable
norms.
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Optimality system

Consider the case v = 0, and take

Ugg = {u € L2([0, T; RY) x L2([0, T];RY) | ug < u(t) < up, t €[0,T]}
We introduce the Lagrange multiplier g, and A € O ([|u]]r2).
The optimality system reads

of + div (a(x,t;u)f) = 0, fiemo = fo

—0q — alx,t;u) - Vg = 90, Q=1 = — ¢

r 5\ da
vuj—i—)\j—i-/dlv Brf qdx, vi —u; >0 v € Uy,
RY uj

L2(0,T)

UNIVERSITAT
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Liouville

Consider the adjoint Liouville intial-value problem

—0q — a(x,t;u) - Vg = —0, inRY x [0, T]
Q(X, T) = _QO(X)a in ]Rd
where
0 € LY([0, T]; HP(R?)) and ¢ € HM'(RY)
a € L1([0,T;c™L(RY))  with Va € L1([0, T];CI'(RY))
Theorem

LetT > 0and m € Nfixed, and let a, ¢ and 0 satisfy the given assumptions.

Then there exists a unique solutiongq € C([0, T]; HY? (RY)) of the initial-value problem.
Moreover, there exists a constant C > 0, independent of ¢, a, 0, g and T, such that the
following estimate holds true forany t € [0, T):

a0l < ¢ (el + [ 10y ar) ex (< [ 1varlgy or)
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Numerical approximation

Consider a computational domain [-B, B]> =: ,B > 0,and a
cell-centred finite-volume setting with equally spaced, non-overlapping
cells; cell size h > 0.

Discretization in time: intervals with equal length At > 0
Assume that f and g have compact support of f at all times t € [0, T],
T > 0; set homogeneous Dirichlet boundary conditions.

Liouville equation

= strong stability conserving Runge-Kutta method of second order
in time and Kurganov-Tadmor scheme in space (SSPRK2-KT)
Adjoint equation

== additionally use second-order Strang splitting (KTS)
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Kurganov-Tadmor approximation

Uses generalized MUSCL flux with approximation rule for f at cell-edges and has
total-variation diminishing (TVD) property

Lemma The semi-discrete KT scheme is at least second-order accurate in space for smooth
f, except possibly at the points of extrema of f.

Lemma The SSPRK2-KT scheme is positivity preserving and conservative, in the sense that
Z?”}fff]. = Z?,'} f,.?j, k=1,...,N;.

Lemma The solution fi"j with a Lipschitz continous right-hand side g obtained with the
SSPRK2-KT-scheme is discrete L! stable in the sense that

k
] = 10+ A g™l k=0,... N —1
’ m=0

provided that the CFL condition holds (X := At/h),

N

A <||00||L$°(Loo(g)) + (a1 + a2 B) max{|ua|a|ub|}) <

UNIVERSITAT
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Strang splitting scheme

Rewrite the adjoint equation

—0q(x,t) — alx,t;u) - Vag(x,t) = —0(x,t)
as

—8tq(X,t) -V (G(Xa t;u(t)) CI(X, t)) = —(V‘G(X,t; U))Q(X, t) - G(X’t)‘

We solve the Liouville part
—0q(x,t) =V - (a(x, t;u(t)) g(x, 1)) = 0
using the SSPRK2-KT scheme and the source and reaction term part
—oq(x,t) = —(V-alx, t;u))gx,t) — 0(x,t).

using Euler’s method.
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Accuracy of the SSPRK2-KT scheme

Theorem

Let f € C3 be the exact solution of the Liouville equation, with countably
many extrema, and let ||f°. — fo(-, )|, , = O(h?). Under the CFL condition,
the solution f,{‘j obtained with the SSPRK2-KT scheme is second-order
accurate in the discrete L*-norm as follows

|F% = (.- ), , < D(T, Q) h2.

Error rate forward

-5 -45 -4 -35 -3 -25 -2 -l
Mesh size (log)
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Accuracy of the KTS scheme

Theorem

Let g € C3 be the exact solution of the adjoint equation, with countably
many extrema, and let ||q°. + ¢(-,-)||, , = O(h?). Under the CFL
condition, the solution g  obtained with the KTS scheme is second-order
accurate in the discrete L*-norm as follows

||th - q(a " T)||1,h < E(Ta Q, >‘) h2'

i

Error rate backward

-5 -45 -4 -35 -3 -25 -2 -l
Mesh size (log)
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Projected semi-smooth Newton

Consider the generalized Jacobian at u in direction du. It is defined as
follows

Jr(u)éu = du + P,

where ® is the solution to
d? oa - . /00 .
(_”F n 7)<1> S /Rd%ﬂqux n /Rdchv(%f)qu,

®(0) = &(T) = 0,

where f, q satisfy the linearised Liouville and adjoint equations.
Projection in H! of new iterate on U,y is determined as follows

d 2

N Yo~ 2 v ~
Pu(e) = argmingey,, 31— ulls + 5 | S@- 0

12
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Optimization algorithm

Algorithm 1: Projected semi-smooth Newton method

Require: ug, fy,0, p, tol > 0, Npax
Ensure: Optimal control u* and optimal state f* = G(u*)

1: Set/=0

2: while ||ujy1 — uj|| > toland [ < npyax do

3:  Solve Liouville equation a:f + div (a(x,t;u)f) = 0, fimg = fo
Solve adjoint equation —8iq — a(x,t;u) - Vg = —6, g1 = —¢
Solve linearized Liouville eq. a:f + div(af) = — div(af), f(x)|,_, =0
Solve linearized adjointeq. -8 —a-Vg=4-Vvgq, §|_,=0
Assemble Jacobian J;(u;) and the gradient F,
Solve J,(u;) dj = —F;(u;) (with e.g. GMRES)

Find stepsize o, (with e.g. Armijo line-search and H* projection)
100 U = U+ oyd
1. [=1[+1
12: end while
13: return (f(u;),u;)

SOOI e
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Num. exp. - unimodal Gauss

mean value (x) of probability 1 )
distribution function (---) and ok
desired mean value xp (—)
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Num. exp. - bimodal Gauss

2
0.05
1 0.04
S0 0.03
0.02
o
2001
) 0
.2-2 0

X1
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Kinetic models with collision
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Keilson-Storer model

For modeling collisions, we focus on the Keilson-Storer (KS) model.

C[f] := /f(W, t)A(w,v)dw — f(v,t)/A(v, w) dw,

m

linear kinetic model of colloidals suspended in a bath in thermal
equilibrium

m

application in, e.g., the estimation of transport coefficients, laser
spectroscopy, molecular dynamics simulations, reorientation of
molecules in liquid water, and quantum transport

= microscopic derivation of the KS master equation is available

The adjoint KS model has not a kinetic structure but this structure is
required in order to apply Monte Carlo (MC) methods that are necessary in
the regime of dilute gases, where the continuum assumption is no longer
valid.
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Keilson-Storer collision term

It has a gain - loss structure

Clf] == /f(W,t)A(W7v) dw — f(v, t)/A(v,W) dw,

with collision kernel A(v, w) := Age(‘m"‘"”"m andvy € [-1,1],A0, 8 > 0.
For the post-collision velocity holds w ~ N (yv, (28)~1).

Properties:
= 7 < 1: weak collisions, Brownian motion

= v~ 0 : strong collision, Bhatnagar-Gross-Krook (BGK) operator
= collision frequency 2 = Ag\/7/B

= detailed balance: A(w,v) fe9(w) = A(v, w) fé9(v).

= equilibrium solution fé9(v) is the Maxwellian distribution

= Ap and 3 related to the background density and temperature
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KS optimal control problem

We consider the following Liouville KS problem
Of +v - Vif +u(x) - V,f=C[f]
f|t:0 = va
FX, v, )]oaxre x (o, = fx, v —2n(n-v), t)
with specular reflection space boundaries; RZ := {v € RY|v - n(x) < 0}.
The control field u is sought in H} (€2).

Suppose a desired trajectory in the phase space zy(t), t € [0, T], and
desired final configuration zr. We choose the potentials 6 and ¢.

Our problem s to find u € H{ () such that the following ensemble cost
functional is minimised

;
J(f,u) == /O/Q O(x,v,t)f(x,v,t) dXdth-l—/Q(p(X,V)f(X, v, T) dxdv+g||u||,31

where Q = Q x RY.
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The KS adjoint equation

The Liouville KS adjoint equation is given by
—8tq(x, v, t) -V VXQ(X, v, t) - U(X) : qu(Xa v, t) - E[C]] (Xa v, t) - G(X, v, t)

with

Clal(rv.t) = [ A w) g w.0)dw — alx.vt) [ Alv,w) o

The operator C[g] has not a gain-loss structure, but such a structure can be
partially recovered defining

= CHgl(v,t) = [A*(w,v) g(w, t) dw — (v, 1) [ A*(v, w)dw,

= A(w,v) = }YA(V, w)

. - 1— . *

= [ (Aw,v) — A(v,w)) dw = =0

= ‘adjoint’ mean freetime 7y =y 7

Kinetic models with collision




Reformulation of the KS adjoint

We choose 6 and ¢ as follows

Co |z — 20(t)[?
0(z,t) = —— - 0.
(@,0) = 5 7z exp ( ) o0
and | 2
G, zZ—2z7
#(2) = 2n02 P < 202, ) 7 7 >0

With this choice, # and ¢ play the role of sources (or sinks) of particles.

The adjoint KS model is given by
=0 — v Vg —u(x)-Vyq = C'[q] + Coq — 0, Gue=1 = —.
The forward and adjoint problems can be written introducing the
free-streaming operators
Ly=v-Vy+u-V,, and Ly =—L,.
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The reduced gradient in H!

The L2 gradient of the reduced cost functional is given by

Vi (U)] . (¥) = —v Au(x) + v u(x // (x,v,t) V. f(x,v,t)dvdt.
R4

However, the update for the control needs the H! reduced gradient.
Considering the Riesz representative of J/(u) on different Hilbert spaces:

(VIr(U)] 2, 00) 5 = (VI (U)| 0, 00) 0, Ou€H.

Thus, the H! gradient is obtained as the solution to the following
boundary-value problem

—AY + ¢ = VJr(U)’Lw "/}|3Q =0

Thatis, VJ(u)|,, = ¢.
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KS optimality system

Of (x, v, t) + Lyf(x,v,t) = C[f](x,v,t),
f(x,v,0) = fo(x,v)
FX, v, t)aaxre = flx,v —2n(n-v),t)

= q(x, v, t) + Liq(x, v, t) = C[q](x, v, 1) + G q(x, v, t) — O(x, v, 1),

q(X7 v, T) = _QD(X7 V)
Q(X, v, t)'BQXR‘; = Q(X, vV — 2n(n : V)v t)

—vAu(x) +rvu(x // (x,v,t) V f(x,v,t)dvdt =0
R4

Ujpa = 0.
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Simulation scales & Numerics
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Figure ! The Knudsen-number limits on the conventional mathematical models of neutral
gas flows.

In the long term, we are concerned with methods for calibration, control, and optimization of kinetic models, especially in
the mesoscopic regime where probabilistic aspects of the evolution of particles play an essential role.

This is the case in the simulation of rarefied gases with high Knudsen number (the ratio of the mean-free path and the
characteristic length of the problem).

The mesoscopic setting accommodates the case where the coefficients of the model are prescribed probabilistically by
some distribution functions.

Although kinetic models are partial-integro differential equations, methods developed in a deterministic context cannot

always be applied and computation by Monte Carlo methods could be required.
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Monte Carlo methods

Split the solution operator using the kinetic description of gases that
consists of a deterministic free flight (Newton’s law of motion) between
two collisions

X =v
and probabilistic collision (Keilson-Storer kernel) according to a certain

collision frequency

ot = —7 log(r), WZ’}/V—i—%.

where r uniform random number, p normal random number.
Particles are list of pointers F¥, Q¥ storing position and velocity at time

step k. A computational mesh is required only to compute the integral for
the evaluation of the gradient.

UNIVERSITAT
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KS adjoint and Monte Carlo

0sq—v-Vyq — u(x)-Vyq = C*[q] + C5q—0, qls=0 = —¥-

The KS adjoint model consists out of a free-streaming part, a collision
part, a reaction term and a source term. We have collision frequency
(y7)~! and post-collision velocities w* ~ N (v/~, (26v%)71).

For reaction term Cj g:

2 Forall particles p in Q¥: Generate r, := | At C}| particles with
the velocity Q¥ [p].v and position Q[p].x.

* Add these particles to the existing ones in Q.

For the source term —#6:

= Generate Ng,. new particles with phase space components
having the normal distribution with mean z(t¥) and variance
oF:v ~ N (2p(th), o).

* Add these particles to the existing ones in Q¥
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Check termination
criterion

e

Monte Carlo algorithm

Input

ug(t), folz,v)
0(x,v,t), p(z,v)

solve KS
equation using MC

collision + pusher

giconteo At

solve KS adjoint
equation using MC

collision + pusher
+ control + 6,
= a(z,v,t)

VE

= fi(x,v,t) D

Update control
w1 = w+oud

Calculate gradient g; < fi, q.w

Calculate step-direction using

Diagnosis, the NCG method: d; < g1, g1-1

((2,0)), (90) s (T ()5 -

A

Calculate step-size o7 < g, [1+1.q141
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Num. exp. - Harmonic oscillator

Plot ey .
of mean values ((x),(v)) (---) Optimal control (---) and elastic
and desired zp (—). force F(x) of the harmonic

oscillator(—). Comparison of
results with number of particles
N¢ and with two times Nf (-----),
four times Ny (xx %), eight times Ny
(+++)_

fox,v) = 3515570 €XP (*% {(Xo 50)* + (VE,%'O)ZD ;

zp(t) = (1.5cos(wt) + 5.0, —1.5sin(wt))", F(x) = —w?(x — 5)
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Boltzmann equation

We use the Boltzmann collision kernel (binary collision)

Cslf,f](x,v,t) /R3/ lv —wlc(lv — w|,9)(f, for — f,fu)d0dw,

with
v
\/
v w vV —w v w Vv —w
+ + | |'t9, w = tw | |19 — T,
2 2 2 2 w w

v =

Choose the external force u = (£, B)
Fx,v;u) = (ag(x) + a1 E(X) + azv x B(x)).

Consider the Boltzmann equation in full phase space

Of (x,v,t) + v - Vif (x, v, t) + F(x,viu) - Vi (x, v, t) = Cg[f, f](x, v, )

E\ffn"&‘frﬂ
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Force field (scaling factor; 0.1)

Control for charged particles Control for beam constriction;
confinement; F(x) = £(x) F(x,v) =v x B(x)

Work in collaboration with SPARC Industries

NIVERSITAT

Kinetic models with collision Emm 67/69



Connections between models

= The Boltzmann equation for massive particles M immersed in a
viscous fluid and subject to collisions with much smaller
particles of mass m << M is approximately linear and
describes Brownian motion?

= Alinear Boltzmann equation becomes the drift-diffusion
(Fokker-Planck) equation in the small-diffusion limit3

= The Liouville equation results by vanishing viscosity of the

Fokker-Planck equation®

= Collisions in the classical Boltzmann equation can be framed
in the PDP framework®

= In phase space and with underlying hamiltonian dynamics, the
Liouville equation is the Vlasov equation

2 .
D. Montgomery, Brownian motion from Boltzmann’s equation, Phys. Fluids, 14 (1971), 2088-2090.

3 . . . . q
J. Keilson and J. E. Storer, On Brownian motion, Boltzmann’s equation, and the Fokker-Planck equation, Quart. Appl.
Math., 10 (1952), 243-253.

Kinetic models‘\‘,ﬁtﬁgg[ﬁyﬁhi and P.-A. Raviart, Numerical Approximation of Hyperbolic Systems of Conservation Laws, Sprin@ﬁ‘ﬁ&. 68/69
5_ .



Remarks on ensemble control

1. Open-loop and closed-loop strategies can be accommodated
both in this framework.

> Open-loop: the functional dependence on x is given while
dependence ont (i.e. u = u(t)) must be determined;

* Closed-loop: the functional dependence on both x and t must
be determined (i.e. u(x, t)).

2. Also in the open-loop case a robust control can be obtained.

3. Appropriate choice of the functional dependence on x may
allow to obtain a good approximation of the closed-loop
control function while being easier to implement.

4. This framework can be applied in general in the context of
continuity equations and density functions representations.

5. Itis arich source of challenging mathematical problems.
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