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@ Structure-preserving schemes
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Structure-preserving schemes

@ Conservative hyperbolic PDE

oU (z)
at

+V-F{U)=0, x = (t,z1,22,...) € Q.

@ Structure-preserving schemes
» Accuracy, Stability, Conservation

» Maximal-principle-preserving schemes/Entropy-preserving schemes
(Hyperbolic equations)

» Positivity-preserving schemes (Compressible fulid dynamic equations)
» Well-balanced schemes (Shallow water wave equations)
» Divergence-free schemes (MHD, Navier-Stokes equations)

» Asymptotic-preserving schemes (Kinetic equations, e.g. transport equations,
Boltzmann-BGK equations)
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@ Radiative transfer equations(RTEs)
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Radiative transfer equations(RTEs)

@ Gray radiative transfer equations(GRTEs) are a kind of kinetic model coupled with
nonlinear material thermal energy equation. Omitting the scattering terms and the
internal source, the scaled form is

%%—I—eQ-VTI:a(ﬁacT‘l—I), (t,r,Q) €T x D x 82, (1a)
eC%—f—a(/LqQIdQ—acT‘l), (t,7) € T x D, (1b)
Boul = Ir(t,r,Q), (t,r,Q) € (1o
Iind = Io(r,Q), (t,r,Q) € {0} x D x 82, (1d)
LinT = To(r), (t,r) € {0} x D, (le)

where I(t, r, Q) denotes the radiation intensity, T'(¢, r) the material temperature,

r = (z,y, z) the spatial position variable, ¢ the time variable, Q@ = (&, n, i) the angular
direction on the unit sphere S? along which the photons propagate , C,, the heat
capacity, o(r, T') the opacity, € > 0 the scale parameter, a the radiation constant, ¢ the
speed of light, B, the boundary operator, I;,, the initial operator and I, Io, To are
given functions.
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Radiative transfer equations

@ When the material temperature 7' is the same as the radiation temperature 7,
( /. g2 1dQ2 = ach), the gray radiative transfer equation becomes the scaled
linear radiative transfer equation

e? oI 1
?a_,_eQ.VTI—U(E/SQIdQ—I). 2

@ Application fields: weapon physics, astrophysics, inertial/magnetic

confinement fusion, high-temperature flow systems,...

@ Challenges of numerical simulation for RTEs
» High dimensionality
» Multi-scale characteristics
e = O(1): transport regime — € < 1: diffusion regime
» Strongly coupled nonlinearity for GRTEs
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Radiative transfer equations

@ Classical numerical methods for radiative transfer equations

@ Stochastic methods (No ray effect but suffers from statistical noise, deal with
high-dimensionality) (e.g. Implicit Monte Carlo(IMC) Method) Fleck Jr et al.
1971, Gentile 2001, McClarren et al. 2009, Densmore 2011, Shi et al. 2018, 2020.

o Deterministic methods(e.g. FDM/FEM/FVM/DG) with the
asymptotic-preserving(AP) technique (deal with multiscale features)

» Diffusive relaxation schemes for multiscale transport equations Jin et al. 2000,
AP schemes for multiscale kinetic and hyperbolic equations Jin et al. 1999, 2012,
AP scheme based on micro-macro formulation for linear kinetic equations Lemou
et al. 2008, On the diffusive limits of radiative heat transfer system Ghattassi et al.
2022, Diffusive limits of the steady state radiative heat transfer system Ghattassi et
al. 2023, ...

» Asymptotic-preserving(AP) schemes for GRTEs

AP UGKS for GRTEs Sun et al. 2015, AP angular finite element based UGKS for GRTEs
Xu et al. 2020, AP filtered PN method for GRTEs Xu et al. 2021, AP discontinuous Galerkin
method for GRTEs Xiong et al. 2022, AP IMEX method for GRTEs Fu et al. 2022.
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Radiative transfer equations

@ Deep learning methods for radiative transfer equations
» PINNSs for steady and time-dependent LRTEs Lu et al. 2022, Mishra et al. 2021, Chen et
al. 2022, Liu et al. arXiv:2102.12048.

» Model-operator-data network(MOD-Net) for RTEs and nonlinear PDEs Zhang et al.
2022, Physics-informed DeepONets(PIDONs) Wang et al. 2021.

» Asymptotic-preserving neural networks for multiscale kinetic equations Jin et al. 2023,
Jin et al. arXiv:2306.15381, Asymptotic-preserving convolutional deep operator
networks(APCONSs) for LRTEs Wu et al. arXiv:2306.15891.

» Machine learning moment closure models for radiative transfer Huang et al. 2022, 2023.

» Element learning to radiative transfer: a systematic approach of accelerating finite
element-type methods via machine learning Du et al. arXiv:2308.02467.

Liwei Xu (UESTC) Radiative Transfer Equations 2024.3.20 9/48



Outline

@ Asymptotic-preserving neural networks(APNN5)

e Transfer Equations



The framework of deep neural networks

@ Givenaninputx = (t,7,Q) € 7 x D x S?, the L-layer deep feedforward

neural network fy is
V@) =,
V@) =ho (WA @) +0070) 1<i<i-1, @)

folx) = 3 (@) = w1 g1 () 4 ple-1],

0= (Wl pll), Wil € Rmi+a1>xmi: weight matrix, bl € R™u+1: bias term,
"o entry-wise operation, h: nonlinear activation function of the hidden

layers.

@ Solving PDE model with DNN methods
» Neural network parameterization of solutions(e.g. fo(x) — I(x))
» Construction of the loss functions(e.g. L = || fo(x;) — I(wi)Hiz)
» Optimization of the loss functions(e.g. Adam, LBFGS,...)
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Asymptotic-preserving neural networks(APNNs)

@ Definition of APNNSs [Jin et al. 2023]

e—=0
R(F?) R(F®)

=0
Fe Fo

Figure 1. Illustration of APNNs.
Fe: the microscopic equation that depends on e
FO: the macroscopic limit as e — 0 which is independent of e
R(F¢): the measure(e.g. loss) of F¢ whose solution is approximated by neural
network
R(F9): the asymptotic limit of R(F€) as e — 0
» [f R(F°) is a good measure of 7O, the measure(e.g. loss) R(F¢) is called
asymptotic-preserving(AP).
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Importance of the AP property in APNNs

@ Multiscale one dimensional linear radiative transfer equation(c = 1)

. 1t
EI + epdpl =0 (5/ Id,ufl) ,(t,x,p) €10,T] x [0,1] x [—1,1],
1

In(p>0)=1, Ir(p<0)=0, Ip =0.

@ When the scale parameter is tiny(e — 0), the correct limit equation is

1 1 1t
FO:8p— =0 (781;;) =0, p= 7/ Idp
3 o 2

—1

@ NNs without AP property(e.g. PINNs) tend to learn the wrong limit
R(F%) :o(p—1) =0,

—— Ref 1o —e— Ref
—¥— PINNs —m— PINNs

08
06 06
2 05 a

0.4 0.4

02

00

0.0 02 04 06 08 10 00 01 02 03 04 05 06 07 08 09 10
x x

Figure 2. (Left) T = 2,0 = 1,¢ = 10~ 5. The density p at times ¢ = 0.04,0.1, 0.3, 2.0. (Right)
T =1,0 =1+ (10x)?,¢ = 10~ 3. The density p at times ¢ = 0.2, 0.4, 0.6, 0.8,1.0.
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@ Model-data asymptotic-preserving neural networks(MD-APNNs) for gray
radiative transfer equations(GRTEs)
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Gray radiative transfer equations(GRTEs)

@ Consider GRTEs Eq.(1a)(1b),

2
7@_,_9 V. I=0 iacT4—I (7, Q) €T x D x S
c Ot 4

eC, ag</ IancT4),(t,r)€TxD.
ot 52

@ As the parameter € — 0, away from boundaries and initial times, the radiation
intensity I (¢, r, {2) approaches to a Planck function at the local temperature, i.e.,

1
I = EacT‘l,

and the local temperature 7" satisfies the nonlinear diffusion equation

Lyt =v- Ly “4)
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PINN:Ss fail to resolve GRTESs with small scales

@ Approximate radiation intensity I (¢, r, 2) and material temperature 7'(¢, ) by the neural
networks Iy (¢,,Q) and Ty (, 1), respectively.
@ The PINNS loss function of the original GRTEs Eq.(1) is constructed as the least square

of the residuals.

2 2

€ € nn nn ]. nn nn
Lppnsge = ’ —0ilg," +€eQ -V, Iy — 0 (ZGC(TGQ )4 — Iy, )
¢ g L2(K)
2
+ €2Cu8tT9"2n -0 (/ Ig"dQ — ac(T‘gnzn)4> .
52 L2(7xD)

Take e — 0

1 2 2
Lensge = ||0 (;M(Té;")“ - Iéﬁ”) + o ( / 3o — ac(Te’;”)4) ,

" L3(K) 52 L2(rx D)

The limit is not the loss function of the desired diffusion limit equation (4), PINNs will
fail when e is sufficiently small.
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Micro-macro decomposition

@ Denote by (I f g2 I(t,7,€2)dQ the integral average of I over the angular

variable €2, and make decomposition of the radiation intensity[ Xiong et al. 2022]

I(t,r,Q) = p(t, r)+\/j g(t,r,Q),

where the macroscopic quantity p = (I), the microscopic perturbation g satisfies

(g) = 0 and og > 0 is a constant defined as a referred opacity.

@ Integrate Eq.(1a) over the angular direction {2 and subtract it from Eq.(1a), together

with Eq.(1b), we get the micro-macro coupled system

1 1 1

z Q. - T

Catp"‘ \/FO< Vrg> 4ﬂ_Cvat ) (53.)
2

%&g—l—eQ-Vrg—e(Q-VTg)—i-\/aoQ-Vrp—i—Ug:O, (5b)

eC,0,T =0 (4mp — acT4) . (5¢)
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The micro-macro decomposition based APNNs method

@ Apply PINNs to solve the micro-macro decomposition system Eq.(5).

Perform the neural network approximation
9o, (t,7,Q2) = g(t,r,Q),
pTg," (t,r) = (phy, (1), Toyy (8,7)) =~ (p(t, ), T'(t, 1))

Choose the appropriate activation function h?(.X) at the output layer of pT"" to

guarantee the nonnegativity of p and 7.

@ Design the APNNSs loss L§ pans
Lipnns = Lisennsge T Liaennsi T Lapnnsy T Liapnns,e: (6)

The loss for the conservative laws

Lipnnse = Asl <931n> ||2L2(TxD)-
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The micro-macro decomposition based APNNs method

The loss for the micro-macro governing equation

2 2

€ nn nn nn nn nn
?(‘%ggl +eQ-Viegs —e(Q-Vigo') + V00 Vepss + 030,

LAE PNNs,ge
L2(K)
c ip021 /70'0 ;rgel 4 v0t1gy,

+ || CuanTiy — o (4mps = aclTim) ) 20k -

L2(Tx D)

The loss for the boundary conditions

2
€
Lapnnspy = M1

nn € nn
Bou (P921 + \/70_—0961 ) - [F

L2(D)
The loss for the initial values

nn € nn
I;n <P021 + \/7—0991 ) —1Ip

2
€
LAPNNs,i = AQ

nn 2
+ ”ImT@zz - TOHL2(D) .
L2(DxS?2)
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Analyse the asymptotic-preserving(AP) property

Ase — 0,

LZPNNs,ge = [[v/o0 2 - Vrp921 + 0901 ||L2(K)
2

H Py + \/% (Q-Vigg") + ﬁcvatTgt; o
+ o (4mpigy = ac(Ti)) |2 e py = Lapwnsaes
which can be regarded as the PINN loss of the following system
Voo - Vep+og =0, (7a)
%atp + \/% (Q-Vr,g) + icvatT =0, (7b)
o (47Tp — acT4) =0. (7¢)

Applying Egs.(7a) and (7c) into Eq.(7b), the desired diffusion limit equation
Eq.(4) is obtained. That means the loss function L pyy, 18 asymptotic-preserving.
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The stationary nonlinear GRT

@ We compare the performance between PINNs and APNNs for the 1D steady
nonlinear radiative transfer equation witha =c =0 = 1.

0, I(z,v) = o (acT*(z) — I(z,v)) =z €[0,1], v e [-1,1],

10,0>0)=1, I(1,v<0)=0,
T(0) =1, T(1) = 0.

I(x, v) prediction

—— T(0) Ref
= T(x) PINNS
—e— T(x) APNNS
—=— p(x) Ref

—a— p(x) PINNS
—— p(x) APNNS

Figure 3. Diffusion regime with e = 1073, (Left) I of APNNs. (Right) 7" and p: Ref v.s. PINNs
v.s. APNNs. PINNs do badly while APNNs perform well.
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Time-dependent linear transport equati

@ Diffusion regime with a variable scattering frequency

r€0,1], t€0,1], pe[-1,1, o=1+(10x)* c=1,
e=10"2 Io(p>0)=1, Ig(p<0)=0, Iy=0.

10 —e— Ref 10
—m- PINNs
08 08
06 06
a a
04 04
02 02
00 00
00 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10
x x

Figure 4. Diffusion regime with e = 103, The density p at times t = 0.2,0.4, 0.6,0.8, 1.0.
(Left) Ref v.s. PINNs. (Right) Ref v.s. APNNs.

Lia(p) t=02 t=04 t=06 t=08 t=1.0

PINNs 9.25e-01  8.99e-01 8.75¢-01 8.51e-01 8.27e-01
APNNs  3.44e-02  2.76e-02  2.59¢-02  2.56e-02  2.33e-02

Table 1. Diffusion regime with e = 103, The errors of PINNs and APNNs.
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The time-dependent nonlinear GRTEs

@ Problem I
Consider the 1D time-dependent GRTEs with temperature-independent opacity
o = 10cm~? and heat capacity C,, = 0.01GJ/cm3KeV on a slab of length 0.25cm
which is initially at equilibrium at 1keV, that means initial conditions are given by

1
T0,z) =1, I(0,z,u) = iacT(O,m)‘l,

and the reflection condition and incident Planckian source condition on the left
and right boundaries are
1
I(t,0,p>0)=1I(t,0,—p), I(t,0.25,u<0)= 5ac(o.1)4,

where the light speed ¢ = 29.98cm/ns and the radiation constant ¢ = 0.01372
GJ/em® — KeV*.
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The time-dependent nonlinear GRTEs

@ Results of APNNs

10 —v— APNNs 050 e et
—— FRef —¥— APNNS

020

00 02 o4 o6 o8 10 000 005 olo  ols 020 o
t x

Figure 5. € = 1. (Left) Ref v.s. APNNs of the material temperature 7'(denote 1" as T'e in all
pictures) at z = 0.0025. (Right) Ref v.s. APNNs of the radiation temperature 7’ at times
t=0.2,0.4,0.6,0.8.

10 — aPNs ot
—— Ref —¥— APNNs

00 02 04 o6 08 10 000 005 0lo  ols 020 o
t x

Figure 6. € = 1075, (Left) Ref v.s. APNNs of the material temperature 7" at = = 0.0025.
(Right) Ref v.s. APNNs of the radiation temperature 75 at times ¢ = 0.2, 0.4, 0.6.
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Model-data asymptotic-preserving neural

networks(MD-APNNs5)

@ Add a data regularization term ! to the APNN loss function for solving the
strongly coupled nonlinearity

. 2
Lyip-apnnst = )‘0 Z (‘ b (tiyri) — T (ti,ms)| )

where {T*(t;,7;) f-vz"l are some label data via UGKS on coarse grids and
(t;,7;) are low-discrepancy Sobol sequence points [Mishra et al. 2021].

L. Zhang, T. Lou, Y. zhang, W.E, Z.-Q.J. Xu, Z. Ma, Mod-Net: A machine learning approach via model-operato-data
network for solving pdes, Communications in Computational Physics, 32(2)(2022) 299-335.
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The time-dependent nonlinear GRTEs

@ Results of MD-APNNs

10 —¥— MD-APNNS.
—— Ref

—— Rl
—v— MD-APNNs

)

o6 08 To 0.00 005 olo  ols 020 025
x

00 02 04
t

Figure 7. € = 1. (Left) Ref v.s. MD-APNNSs of the material temperature 7" at x = 0.0025.
(Right) Ref v.s. MD-APNN:S of the radiation temperature 7. at times ¢ = 0.2, 0.4, 0.6, 0.8.

10 M-
MD-APNNS —
Rl 0300 v MDAPNNS
08 0275
0250
0225
206 b
0200
04 0175

0150

/

02 0125

Ref
> 000 005  0lo 015 020 025

Figure 8. € = 1076, (Left) Ref v.s. MD-APNNGs of the material temperature T at
x = 0.0025. (Right) Ref v.s. MD-APNNSs of the radiation temperature 7). at times
t=0.2,0.4,0.6.
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The time-dependent nonlinear GRTEs

L? error T T.(t=0.2) T.(t=04) T.(t=0.6) T.(t=0.8)

APNNs 5.05e-02  1.94e-02 1.30e-02 5.75e-02 1.21e-01

MD-APNNs  4.95e-03 3.21e-03 2.84e-03 2.48e-03 3.80e-03

Table 2. Kinetic regime with € = 1: the errors of 7" and 7' (att = 0.2, 0.4, 0.6, 0.8) for
APNNs and MD-APNNS.

L? error T T.(t=02) T.(t=04) T.(t=0.6)

APNNs 2.38e-01 2.51e-01 2.40e-01 3.31e-01

MD-APNNs  2.62e-02  3.80e-03 7.35e-03 4.87e-03

Table 3. Diffusion regime with e = 10~6: the errors of T and T} (at t = 0.2, 0.4, 0.6) for
APNNs and MD-APNNS .
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The time-dependent nonlinear GRTEs

@ Problem II
We solve the 1D example with smooth initial data at the equilibrium

3 + sin(7wz)

T(0,2) = >,

1
1(0,z, 1) = §CLCT(O, ac)4,

and periodic boundary condition. The spatial domian is [0, 2], time interval is [0, 0.5],

angular direction is [—1, 1] and the parameters are setas a = ¢ = 1,
Cy, =0.1,0 =10.

@ Results under diffusion regime

v APNNS —v— Data-driven —¥— MD-APNNs
—— Ref —— Ref — Ref

B e e armraa

Figure 9. Diffusion regime with e = 1073, From left to right, Ref v.s. APNNs, Ref v.s. Data-driven
and Ref v.s. MD-APNNs of T" at = 0.0025.

Liwei Xu (UESTC) Radiative Transfer Equations



The time-dependent nonlinear GRTEs

e Ref
—v— MD-APNNs

Figure 10. Diffusion regime with e = 1073, From left to right, Ref v.s. APNNs, Refv.s.
Data-driven and Ref v.s. MD-APNNs of 77 at times t = 0.2, 0.4, 0.6, 0.8, 1.0.

L2 error T T(t=02) T.(t=04) T.(t=06) T.(t=08) T.(t=1.0)

Data-driven  6.37¢-04  6.28e-01 6.02e-01 5.81e-01 5.64e-01 5.50e-01

APNNs 2.82e-02  7.10e-03 1.16e-02 1.54e-02 1.89¢e-02 2.23e-02

MD-APNNs  4.18e-03  3.37e-03 3.12e-03 3.11e-03 3.97e-03 5.67e-03

Table 4. Diffusion regime with e = 103 the errors of 7' and T} (at t = 0.2, 0.4, 0.6, 0.8, 1.0)
for APNNSs, Data-driven and MD-APNNs.
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The time-dependent nonlinear GRTEs

@ 2D time-dependent nonlinear radiative transfer equation

We consider smooth initial conditions at the equilibrium

p(0.2,y) = I (a1 + by sina)(az + basiny))"

~2-Vp(0,2,y)

0, b - 77
9(0,z,y) .

T(0,z,y) = (a1 + by sinz)(ag + by siny).

Here,oc =1l,a=c=C, =1,a; = a2 =0.8,b; = by =0.1.
The periodic boundary conditions are used in both space directions.
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The time-dependent nonlinear GRTEs

@ Results under transport regime

T

Figure 11. Transport regime with € = 1. Contuor plots of the material temperature 7" at times
t = 0.2,0.4,0.6. From left to right in each line, Ref, APNNs, Absolute errors between Ref
and APNNs, MD-APNNs and Absolute errors between Ref and MD-APNNSs.
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The time-dependent nonlinear GRTEs

@ Results under diffusion regime

Figure 12. Diffusion regime with e = 10~%. Contuor plots of the material temperature 7" at
times ¢ = 0.0, 0.6, 1.0. From left to right in each line, Ref, APNNs, Absolute errors between
Refand APNNs, MD-APNNSs and Absolute errors between Ref and MD-APNNs.
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Macroscopic auxiliary asymptotic-preserving neural networks
(MA-APNNSs) for linear radiative transfer equations(LRTEs)

e Transfer Equations



Linear radiative transfer equations

@ Consider the LRTEs Eq.(2) over the bounded domain with additional absorption and
source term and let ¢ = 1.

LAY V. I=o0 (1/ IdQ — I) —e%al + €G, (8a)
ot 4 Jge
(t,7,Q) € T x D x S?,
Boul = Ir, (t,r,Q) €T, (8b)
Lind = Io, (t,m,Q) € {0} x D x §%2.  (8c)

I(t,r,€): radiation intensity, » = (x,, z) € R>: spatial variable, ¢: time variable,
Q= (&n,p) € S%(i.e.? + 0 + p? = 1): angular variable, o (r): scattering
coefficient, a(r): absorption coefficient, G(r): internal source.
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Linear radiative transfer equations

@ Diffusion limit equation
As the parameter ¢ — 0, the radiation intensity (¢, 7, €2) tends to its own
average density p := (I) = ;- [,, 1dQ, which is a solution of the asymptotic
diffusion limit

op— (Q*)V, <ivrp> +ap—G=0. 9)

When the angle is one-dimensional, (%) = 1/3 and the angles are distributed
on the unit circle, (Q?) = 1/2.

@ For the LRTEs Eq.(8a), perform angle integration on both sides of it, the
macroscopic auxiliary equation is obtained,

1
egatp—|—6<Q-V,.I>:a<4/ IdQ—p> — ap + €G.
T Js2

which is usually used in UGKS to combine with the original radiative transfer
equation.
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The MA-APNN method for LRT

@ Macroscopic Auxiliary Asymptotic-Preserving Neural Networks
Rewriting the linear radiative transfer equation Eq.(8a) 2

2 2 2
I=()-S81-q.v.i-Sar+a. (10)
g g o o

Replacing / with the right handside of Eq.(10)

I=()—cta.v, (1) — & (lat n-tao.v,to.v,n+Llar- lG)
g ag g g ag g

+é (1@(19 W+ 0w (2o + tar - lG))
g (o g g g (o)

+ ¢ (1@(1@1 +Llar- lG)> .
g g g g

2Mm. Ghattassi, X. Huo, N. Masmoudi, On the diffusive limits of radiative heat transfer system i: well-prepared initial and
boundary conditions, STAM Journal on Mathematical Analysis 54 (5) (2022) 5335-5387.
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The MA-APNN method for LRTEs

Replacing I with the right handside of Eq.(10)

€2

I=(I)— SQ-VTU) - (at<1> fn-vr(éa V(D) + al — G)

g

an
+SAI,G) + 4B(1,Q),

where
AlG) = Yto,(ta v+ ta. v, (3 (8,5[ tal—G-Q. V(0. vr.r))) ,
a g g g ag
BU,G)= o +al —G) - La.v (lnv (1(61+a1—0)))

) - 0_2 t\Ut = T = T = t .
Performing angle integration on both sides of Eq.(11)

Bep — ()Y, <3vrp> Yap—G—eloA(LG)) — (eB(I,G)) =0.  (12)

g

@ Remark

(1) Eq.(12) is the equivalent macroscopic auxiliary equation obtained by continuous
substitution. It contains diffusion limit equation explicitly. Add it to the model as additional
constraint information.

(2) MA-APNNSs need a high requirement for the smoothness of the solutions of LRTEs.
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The MA-APNN method for LRTEs

Eq.(8a) and Eq.(12) constitute the multiscale coupled formulation

™

COT e -Vol=o (4i / 1d0 — 1) — Eal + &6,
52

(13)
Op — <Qz> vV, (%Vrp) +ap—G—elocAI,R)) — € (eB(I,G)) = 0.
When € — 0, the above system Eq.(13) is simplified as
4 (p - I) = 07
(14

op — <Q2> V- (%Vﬁ)) +ap—G=0,

which is the expected diffusion limit equation.

Liwei Xu (UESTC) Radiative Transfer Equations



The exponentially weighted MA-APNN loss function

Using a nonnegative 1" to approximate J
1" (tr, Q) == exp(= 1" (t,7,9Q)) = I(t,r,Q), (15" (t,r, Q) = p(t, 7).

The asymptotic-preserving MA-APNN loss function for the governing equations

1 2
LIE\/IA-APNNs,ge = HAE,B (5287515“1 +eQ - Velg" — o ((Ig™) — Ig™) + EQO‘Igm - EQG)‘ L2(rxDx52)

+a=nmE (0 5™ - (22) vr(évr I3™) +allp™) - G

2
— clo AU, 0) — B N )|,

where A, 5(r) == e VP 4 85 with v(r) = ”g) + a(r). Here, 8 = (B1, B2) > 0 s the
tunable parameter satisfying 1 — max A, g(r) > 0.
T

Feature: with the designed exponential weight, the loss function adaptively learns the
state of photon evolution according to the change of model parameters.
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The exponentially weighted MA-APNN loss function

The loss for boundary conditions

Lisnaran = 3 (1Bould™ = Iel2as o2 + 1Bow (I5™) = (2 rxom) ) -

The loss for initial conditions

€ nn 2 nn 2
LMA-APNNs,i =\ (“Iinle - IO||L2(D><52) + [ Lin {Ig™) — <IO>||L2(D)) :

Under specific conditions (e.g. periodic boundary), the loss for the mass conservation

laws
eat/ (Iém)dr—l—/ (Q-n,Jg")dr—l—e/ a(]£n>dr—e/ Gdr‘
D oD D D

2

€
LMA»APNNs,c = >\c
L2(7)
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The exponentially weighted MA-APNN loss function

@ Analyze the AP property
Aso(r), B1, B2 >0, e =0,

)\U,B (T) — ﬁQa

€ nn nny |2
Lyia-apnnsge = B2 =0 ((1g™) — I )||L2(rxDx52)

013" — () ¥, (39,55 +a (") - G

2

+ (1= f2)

)

L2(rxD)

(15)

which is the PINN loss of the diffusion limit system (14).
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Diffusion regime with a constant scattering frequency

$€[0,1}, tG[O,QL /LG[*]-,]-L IL(IU‘>O):17 IR(:U'<O):07
Ih=0, o0=1, a=0, G=0, e¢=10"%

Figure 13. Diffusion regime with e = 10~8. The density p at times ¢ = 0.01,0.05,0.15, 2.00. (Left)
Ref'v.s. PINNs. (Middle) Ref v.s. APNNs. (Right) Ref v.s. MA-APNNSs.

L2..(p) t=001 t=0.05 t=0.15 t=200 Training time
PINNs 9.75e-01  9.71e-01  9.65¢-01 8.96e-01 17min 34s
APNNs 3.81e-01 8.18e-02 2.37¢-02 8.95¢-03 2h 45min

MA-APNNs  3.16e-02  5.79¢-03  5.30e-03  1.35e-02  1h 24min

Table 5. Diffusion regime with e = 10~8. The errors and training time of PINNs, APNNs and
MA-APNNSs.
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Intermediate regime with a variable scattering

frequency and source term

$€[0,1}, t€[0,1]7 /LG[*]-,]-L IL(:U‘>O):07 IR(:U'<O):07
In=0, o=1+(102)%, a=0, G=1, e=10"2

0as

—— et
0401 —a— MAAPKNS

035 |

030

025 |

020

01s

010

005

o

‘ bl Bl e B o o oo A
00 01 02 03 oa o5 oe 07 o8 09 10 00 01 02 03 04 05 o6 07 0B 09 10 00 01 02 03 04 05 06 07 0B 09 10
x x x

Figure 14. Intermediate regime with € = 10~ 2. The density p at times ¢ = 0.2, 0.4. (Left) Ref v.s.
PINNs. (Middle) Ref v.s. APNNs. (Right) Ref v.s. MA-APNNS.

L2..:(p) t=02 t=04 Training time
PINNs 9.98¢-01  9.99¢-01  30min 9s
APNNs 2.87e-02  3.24e-02  4h 37min

MA-APNNs  2.70e-02 3.44e-02  2h 25min

Table 6. Intermediate regime with € = 10~2. The errors and training time of PINNs, APNNs and
MA-APNN:S.
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two-dimensional case(diffusion regime)

De0,1] x[0,1], te]0,1], Ig(t,z,v)=0,ng, -v<0, xz€dD,
Iy(z,v) =0, o=1, a=0, G=1, e=10"%

@ pR, t=01 (b) pp™. t =0.1 (©) [pRF = pgm|, t = 0.1
N | @ E “ I
(d) R, t = 0.8 () pp™,t =108 () [pRF — pp™|,t = 0.8

Figure 15. The 2D LRTEs in the diffusion regime (e = 10~®). The L? relative errors at times
t =0.1,0.8 are 3.98¢ — 02 and 4.79¢ — 02, respectively.
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Uncertainty quantification (UQ) problems

@ Considering the linear transport equation with cosine scattering coefficient
o(z).
xel0,1], tel0,1], pel-1,1], I(0,u2) =0, I(t,1,u,2)=0,
I(0,z,p4,2) =0, o(z)=1+0.1 i% cos(mz;), a=0, e=1,
i=1
G = % <u +11+4 io:l z1> + 4L (1-2x) (,u +11+4 _120: zl) +Ho(z)tz(1-z)p,

1= =1

z = (2’1,22,237Z4,Z5,ZG,Z7,ZS,ZQ,21()) ~ U([_la 1]10)'

At this time, the exact solution is

10

te(l —x) tz(l —x) e
I(t7x>u7z):22<ﬂ+11+zzi>a p<tax7z):22<11+zz’b>7
i=1

i=1

and the expectation of p with respect to random variable z is
E(p) = +tz(1 — z).
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Uncertainty quantificati Q) problems

0.07

0.06
0.05
0.04

E(p)

0.03
0.02
0.01

0.00

0.0 0.2 0.4 0.6 0.8 1.0
x

Figure 16. The expectation E(p) att = 0.2,0.4, 0.6.

L2 t=02 t=04 t=06

error

MA-APNNs  4.49¢-02 3.63e-02 2.12e-02

Table 7. High dimensional transport regime. The errors of MA-APNNs.

Liwei Xu (UESTC Radiative Transfer Equations



Outline

@ Summary and future work




Summary and future work

@ Summary
» Design a MD-APNNs method based on micro-macro decomposition to solve multiscale
nonlinear gray transfer radiative model. 3
» Design a exponentially weighted MA-APNN method to solve multiscale linear radiative transfer

model. 4

@ Feature
» MD-APNNs and MA-APNNs mainly establish the AP loss through the direct transformation
construction of the original model, which is the pre-processing part in the whole learning

optimization process of the neural network.

@ Future work
» Develop asymptotic-preserving neural operator methods to solve a class of GRTEs.

» Develop MA-APNNSs to solve the Boltzmann-BGK equations.

3H.Li, S. Jiang, W. Sun, L. Xu, G. Zhou, A model-data asymptotic-preserving neural network method based on micro-macro
decomposition for gray radiative transfer equations, Communications in Computational Phisics (2023) (Accepted).

4H. Li, S. Jiang, W. Sun, L. Xu, G. Zhou, Macroscopic auxiliary asymptotic-preserving neural networks for the linear
radiative transfer equations, arXiv preprint arXiv:2403.01820 (2024).
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Thanks for your attention!
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