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Abstract

Social interactions are arguably at the root of several important socio-economic phenom-
ena, from smoking and other risky behavioural patterns in teens to peer effects in school
performance. We study social interactions in linear dynamic economies. For these economies,
we are able to (i) obtain several desirable theoretical properties, such as existence, unique-
ness, ergodicity; to (ii) develop simple recursive methods to rapidly compute equilibria; and to
(iii) characterize several general properties of dynamic equilibria. Furthermore, we show that
dynamic forward looking behaviour at equilibrium plays an instrumental role in allowing us
to (iv) prove a positive identification result both in stationary and non-stationary economies.
Finally, we study and sign the bias associated to disregarding dynamic equilibrium, e.g., pos-
tulating a sequence of static (myopic) one-period economies, a common practice in empirical
work.
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1 Introduction

Agents interact in markets as well as socially, in the various socioeconomic groups they belong
to. Models of social interactions are designed to capture in a simple abstract way socioeconomic
environments in which markets do not mediate all of agents’ choices. In such environments,
agents’ choices are determined by their preferences as well as by their interactions with others,
by their positions in a predetermined network of relationships, e.g., a family, a peer group,
or more generally any socioeconomic group. Social interactions are arguably at the root of
several important phenomena. Peer effects, in particular, have been indicated as one of the
main empirical determinants of risky behaviour in adolescents. Relatedly, peer effects have been
studied in connection with education outcomes, obesity, friendship and sex, as well as in labor
market referrals, neighborhood and employment segregation, criminal activity, and several other
socioeconomic phenomena.'

The large majority of the existing models of social interactions are static; or, when dynamic
models of social interactions are studied, it is typically assumed that agents act myopically.
The theoretical and empirical study of dynamic economies with social interactions has in fact
been hindered by several obstacles. Theoretically, the analysis of equilibria induces generally
intractable mathematical problems: equilibria are represented formally by a fixed point in con-
figuration of actions, typically an infinite dimensional object; and embedding equilibria in a full
dynamic economy adds a second infinite dimensional element to the analysis. Computationally,
these economies are also generally plagued by a curse of dimensionality associated with their large
state space. Finally, in applications and empirical work, social interactions are typically hardly
identified, even with population data.

In this paper, however, we study dynamic economies with social interactions, showing how
some of these obstacles can be overcome. We are motivated by the fact that, in most applications
of interest, social interactions are affected or constrained by relevant state variables. Indeed,
peer effects act differently on individuals in different (non freely-reversible) states: belonging to
a social group whose members are actively engaging in criminal activities affect agents with and
without previous criminal experience differently; social links with female peers with an active job
market occupation has a different effect on young women’s labor market entry, exit, and career
path decisions depending on their mothers’ employment history; and so on. Furthermore, several
forms of risky behaviour among adolescents induced by social interactions involve substance
abuse and hence (the fundamentally dynamic) issues of addiction and habits. Indeed, dynamic
equilibrium considerations have fundamental effects on the properties of economies with social
interactions. In a dynamic equilibrium of a finite-horizon economy, for instance, agents whose

choice is affected by the choices of their peers will rationally anticipate the expected length of

'See Brock and Durlauf (2001b), Glaeser and Scheinkman (2001), Glaeser and Scheinkman (2003), Moody
(2001) for surveys; see also the Handbook of Social Economics, Benhabib, Bisin, and Jackson (2011).



these interactions, which in turn will affect their propensity for conformity.

We focus our attention on linear economies, in which each agent’s preferences display prefer-
ences for conformity, that is, preferences which incorporate the desire to conform to the choices
of agents in a reference group. More specifically, in our economy, each agent’s instantaneous
preferences depend on random preference shocks and on the current choices of agents in his social
reference group, as a direct externality. We focus on symmetric structures of social interactions
in reference groups, with agents disposed on the line or on the circle. Each agent’s instantaneous
preferences also depend on the agent’s own previous choice, representing the inherent costs of
dynamic behavioural changes due, e.g., to irreversibility, habits, or both. We do not impose
any substantial restriction ex-ante on the random preference shocks hitting agents over time.
In particular, specific forms of correlation across agents and time could capture selection in the
formation of the social reference groups agents interact within.

Agents’ choices at equilibrium are determined by linear policy (best reply) functions and
depend on the previous choices and current preference shocks of all the other agents in the
economy, as long as they are observable. In the special case of infinite-horizon economies with
non-autocorrelated i.i.d. preference shocks and agents disposed on the line A, a symmetric Markov
perfect equilibrium (MPE) is represented by a symmetric policy function, g, which maps an
agent’s current choice at time ¢, linearly in each agent’s past choices, y,;—1, in each agent’s

contemporaneous idiosyncratic preference shock, 6, and in its mean, E(6):

9 (Ye-1,0:) = Z Cb Ypt—1 + Z dy Oyt + e E().
beA beA

For general economies, we provide some fundamental theoretical results: equilibria in pure
strategies exist and they induce an ergodic stochastic process over the equilibrium configuration
of actions. In finite economies, equilibria are unique and select a unique equilibrium in the infinite
horizon limit. Furthermore, a stationary ergodic distribution exists. We also derive a recursive
algorithm to compute equilibria. The proof of the existence theorem, in particular, requires some
subtle arguments.” In our economy, however, we can exploit the linearity of policy functions to
represent a symmetric MPE by a fixed point of a recursive map which can be directly studied.

Importantly, we exploit our characterization results of the equilibria to address generally the
issue of identification of social interactions in our context, with population data. In economies
with social interactions, identification fundamentally entails distinguishing preferences for con-

formity (social interactions) from selection into social groups; see Manski (1993). Indeed, while a

2Standard variational arguments require bounding the marginal effect of any infinitesimal change dy, on the
agent’s value function. But in the class of economies we study, the envelope theorem (as e.g., in Benveniste and
Scheinkman (1979)) is not sufficient for this purpose, as dy, affects agent a’s value function directly and indirectly,
through its effects on all other agents’s choices, which in turn affect agent a’s value function. The marginal effect

of any infinitesimal change dy, is then an infinite sum of endogenous terms.



significant high correlation of socioeconomic choices across agents is often interpreted as evidence
of social interactions, the spatial correlation of actions at equilibrium can be also due to the
spatial correlation of preference shocks. More formally, take two agents, e.g., agent a and agent
b. A positive correlation between y,; and y,; could be due to e.g., preferences for conformity.
But the positive correlation between y,; and y; could also be due to a positive correlation be-
tween 0, ; and 6. In this last case, preferences for conformity and social interactions would play
no role in the correlation of actions at equilibrium. Rather, such correlation would be due to
the fact that agents have correlated preferences. Correlated preferences could generally be due
to some sort of assortative matching or positive selection, which induce agents with correlated
preferences to interact socially. High correlations of substance abuse between adolescent friends,
for instance, could be due to social interactions or to friendship relations being selected in terms
of demographic and psychological characteristics.

In the dynamic linear conformity economies studied in this paper, we show that dynamic
forward looking behaviour plays an instrumental role in inducing identification.® We first show
that exploiting the whole dynamic restrictions imposed by the model is not enough to obtain
identification for general stochastic processes for preference shocks. We then show how specific
relevant restrictions on the stochastic process, which are meant to capture natural properties of
the selection mechanism inducing spatially correlated preferences, guarantee identification in our
economy. More specifically, we prove that identification obtains if preference shocks are affected
by a vector of observable time-varying individual characteristics, x, satisfying a finite temporal

memory property:
Oat = YTar + 0(Ta—1t + Tay1t) + Uay, E(xap|Tss) = E(xay), if t > s+ M, Va,b e A;

where u,; is an error term which is unobserved by the econometrician but observed by the
agents. Intuitively, the fundamental effect of forward-looking behaviour in equilibrium consists
in having current actions partly determined by expectations over future actions. Because of the
general pattern on correlation over time and space of the stochastic process for the shocks, the
future actions of any agent depend, in turn, on all the agents’ future shocks. But under finite
temporal memory, observables sufficiently in the past do not affect future shocks (and hence the
expectations of future actions) and hence they can be used as valid instruments for identification.

The simplicity of linear models allows us to extend our analysis in several directions which are
important in applications and empirical work. This is the case, for instance of general (including
asymmetric) neighborhood network structures for social interactions. Furthermore, our analysis

4

extends to the addition of global interactions.” Finally, and perhaps most importantly, our

analysis extends to encompass a richer structure of dynamic dependence of agents’ actions in

3Interestingly, Manski (1993) alludes to the possibility that dynamic forward looking behaviour might help
identification in linear models with social interactions.
4One particular form of global interactions occurs when each agent’s preferences depend on an average of actions



equilibrium, e.g., economies in which agents’ past behaviour is aggregated through an accumulated

stock variable which carries habit persistence.’

1.1 Related literature

As we noted, the large majority of the existing models of social interactions are either static
or myopic.® The general class of dynamic economies with social interactions we study in this
paper are theoretically equivalent to a class of stochastic games, with an infinite number of
agents, and uncountable state spaces. Available theoretical results for this class of games are
extremely limited, even just regarding existence of “pure strategy” Markov-perfect equilibria;
see Mertens and Parthasarathy (1987), Nowak (2003), and Duffie et al. (1994).” Bisin, Horst,
and Ozgiir (2006) obtain existence and ergodicity results in this class of economies but only
for the specific case of one-sided interactions across agents. This assumption greatly simplifies
the analysis, as it excludes strategic interactions, but it is substantive as it severely limits the
scope of social interactions to those which are structured hierarchically. Our work is related
but complementary also to a body of work that studies dynamic discrete games of imperfect
competition in empirical industrial organization® The restriction to linear economies we adopt
in this paper has generally appealing analytical properties. Hansen and Sargent (2004) study
this class of economies systematically, exploiting the tractability of linear control methods, but
we are aware of only limited theoretical results regarding dynamic linear economies with social
interactions: Bisin, Horst, and Ozgiir (2006) specialize their general economy to the linear case,
but still only for the case of one-sided interactions; while Ioannides and Soetevent (2007) study

dynamic linear economies with social interactions under the assumption that lagged rather than

of all other agents in the population, e.g. Brock and Durlauf (2001a), and Glaeser and Scheinkman (2003). This is
the case, for instance, if agents have preferences for social status. More generally, global interactions could capture
preferences to adhere to aggregate norms of behaviour, such as specific group cultures, or other externalities as

well as price effects.
5These economies are naturally applied to the study of addiction. With respect to the addiction literature, as

e.g., Becker and Murphy (1988), these economies treat peer effects not only in a single-person decision problem,
but rather in a social equilibrium, allowing for the intertemporal feedback channel between agents across social
space and through time; see also Becker et al. (1994), Gul and Pesendorfer (2007), Gruber and Koszegi (2001); see
Rozen (2010) for theoretical foundations for intrinsic linear habit formation; see also Elster (1999) and Elster and

Skog (1999) for surveys.
SFew exceptions include an example on female labor force participation in Glaeser and Scheinkman (2001),

Binder and Pesaran (2001) on life-cycle consumption, Blume (2003) on social stigma, Brock and Durlauf (2010)

and De Paula (2009) on duration models.
"See also Mertens (2002) and Vieille (2002) for surveys.
8See e.g. Aguirregabiria and Nevo (2013), Bajari, Hong, Nekipelov (2013) for good surveys. The typical model

in this field has a finite number of agents, has a finite set of actions (see e.g. Bajari, Benkard, Levin (2007)
for an exception), a finite-dimensional (typically finite) set of commonly observed states, and most importantly

non-overlapping groups (e.g. geographically segmented markets).



contemporaneous average choices of peers affect individuals contemporaneous utility, thereby also
greatly limiting the role of strategic interactions.

The analytical properties of linear economies which we exploit in our theoretical analysis come
at a cost in terms of identification. In the context of linear economies, in fact, the issues pertaining
to the distinction of preferences for conformity (social interactions) and correlated preferences
across agents (selection into social groups) are fully general, running much deeper than Manski
(1993)’s reflection problem.” In static linear economies, identification can be obtained if the
population of agents can be collected into heterogeneous reference groups and under appropriate
restrictions on the distribution of the agents’ shocks; see Bramoullé et al. (2009) and Davezies
et al. (2009) for identification in overlapping groups and Graham and Hahn (2005) for non-
overlapping groups.'’ In dynamic economies with social interactions, identification is studied by
De Paula (2009) for duration models. We are not aware of any results in the class of dynamic

linear models with social interactions studied in this paper.

2 Dynamic Linear Conformity Economies

Time is discrete and is denoted by ¢t = 1,...,T. We allow both for infinite economies (7' = o)
and economies with an end period (7' < c0). A typical economy is populated by a set of agents
A, a generic element of which being denoted by a. We allow for both the case in which A is
countably infinite and the case in which it is finite. In the latter case, it is convenient to dispose
agents on a circle, to maintain symmetry; while in the countable limit, A := Z. Each agent lives
for the duration of the economy.

At the beginning of each period ¢, agent a’s random preference type 6, is drawn from © =
[y, 9] C R, where y < §. Let 0 := (0;) := (0a,t)aca,t>1 be a stochastic process of agents’ type
profiles. After the realization of ;, agent a € A chooses an action yq ¢ from the set Y = [y, g]. Let
Y = {y = (Wa)aca : Ya € Y} be the space of individual action profiles. Similarly, let ® := {6 =
(0a)aca : 0, € O} be the space of individual type profiles. We assume, with no loss of generality,
that the process 8 = (01,0s,---) is defined, on the canonical probability space ({2, F, P), i.e.,
Q= {(01,6,---): 0,€0O,t=1,2,---}. We equip the configuration spaces Y and @ with
the product topologies, so that compactness of the individual action and type spaces implies
compactness of the configuration spaces. The sequence (Fj, Fa, - --) of Borel sub-o-fields of F is
a filtration in (2, F), that is /1 C Fo C --- C F. The process 6 = (01,62, --) is adapted to the

9See Brock and Durlauf (2001b) for conditions under which identification can instead be obtained in static

non-linear models.

19Blume, Brock, Durlauf, and Toannides (2011), Blume and Durlauf (2005), Brock and Durlauf (2007), Graham
(2011), and Manski (1993, 2000, 2007) survey the main questions pertaining to identification in this social context.
Other recent contributions include Blume, Brock, Durlauf, and Jayaraman (2015), Evans et al. (1992), Glaeser and
Scheinkman (2001), Graham (2008), Ioannides and Zabel (2008), and Zanella (2007).



filtration (F; : t > 1), i.e., for each t, 0; is measurable with respect to F;. Finally, P : F — [0, 1]
is a probability measure where P((61,...,0;) € A) == P({0 € Q : (01,...,60,) € A}), all A€ F,.
We require that E [0qs|01,...,0: € (y,7), for any t < s < T and any a € A, to guarantee that
agents’ choices be interior.

Each agent a € A interacts with agents in the set N(a), a nonempty subset of the set of agents
A, which represents agent a’s social reference group. The map A : N — 2% is referred to as
a neighbourhood correspondence and is assumed exogenous. Agent a’s instantaneous preferences
depend on the current choices of agents in his reference group, {ys}sen(q), Tepresenting social
interactions as direct preference externalities. Agent a’s instantaneous preferences also depend
on the agent’s own previous choice, y4¢—1, representing inherent costs to dynamic behavioural
changes due e.g., to habits. In summary, agent a’s instantaneous preferences at time t are

represented by a continuous utility function

(Ya,t—15 Yats {Ubt Yoen (@) Oat) = U (Yai—1: Yartr {Ubt }oeN(a)» Oart)

Agents discount expected future utilities using the common stationary discount factor 5 € (0,1).

With the objective of providing a clean and simple analysis of dynamic social interactions
in a conformity economy, we impose assumptions that are natural but stronger than required.!!
In particular (i) we restrict preferences to be quadratic, so as to restrict ourselves to a linear
economy; (ii) we restrict the neighborhood correspondence to represent the minimal interaction
structure allowing for overlapping groups; and we impose enough regularity conditions on the
agents’ choice problem to render it convex.'? On the other hand, we do not impose any restriction

on the correlation structure of the stochastic process 6.'3
Assumption 1 Let A represent the countable or finite (on a circle) set of agents:
1. Each agent interacts with his immediate neighbors, i.e., for alla € A, N(a) := {a—1,a+1}.

2. The contemporaneous preferences of an agent a € A are represented by the utility function

U(Yat—1, Yarts Ya—1.ts Yat1ts Oat) = =1 (Yai—1 — Yar)? — 02(0ar — Yar)? )

- 043(ya—1,t - l/a,t)2 - a3(ya+1,t - ya,t)2

where a; > 0, 1 =1,2,3, and either ay or ag is strictly positive.

HSee Section 2.3 for possible directions in which the structure and the results we obtain are easily generalized.

2WWhile we model preferences for conformity directly as a preference externality, we intend this as a reduced
form of models of behaviour in groups which induce indirect preferences for conformity, as e.g., Jones (1984), Cole
et al. (1992), Bernheim (1994), Peski (2007).

13As we stated explicitly in the description of the environment on page 5, we only require that it satisfies
E 04,5

Section 3, we will show that identification does indeed require some assumption on the process 6.

01,...,0:] € (y,7), for any t < s < T and any a € A, to guarantee that agents’ choice be interior. In



Assumption 1-1 requires that the reference group of each agent a € A be composed of his
immediate neighbors in the social space, namely the agents a« — 1 and a + 1. The utility function
u defined in Assumption 1-2 describes the trade-off that agent a € A faces between matching his
individual characteristics (yq,t—1,0q,¢) and the utility he receives from conforming to the current
choices of his peers (ya—14,Ya+1,t). Different values of «; represent different levels of intensity
of the social interaction motive relative to the own (or intrinsic) motive. The requirements that
a1 > 0 or ag > 0 anchor agents’ preferences on their own private types or past choices. It
is easy to see that, without such anchor, actions are driven only by social interactions and a
large multiplicity of equilibria arises. Notice also that, under Assumption 1-2, utility functions
with coefficients a1, as, a3 and Aag, Aas, Aag represent the same preferences for any A > 0. Hence
restricting a; + g +2a3 = 1 represents a normalization which we adopt without loss of generality.

Under Assumption 1, the agents’ choice problem is convex. Let '~ = (yo,y1,..., ;1) and
6=t = (01,...,0;_1) be the choices and type realizations up to period ¢ — 1, where yg € Y is
the initial configuration. Before each agent’s time ¢ choice, both y*~! and # are observed by all
agents.

A strategy for an agent a is a sequence of functions y, = (ya,), adapted to the filtration F,
where for each t, y, ¢ : Y! x @' — Y. Agents’ strategies along with the probability law for types
induce a stochastic process over future configuration paths. Each agent a € A’s objective is to

choose 1y, to maximize

T
E Zﬂt—lu (Yat—15 Yats {U,t Y beN(a)s Oart) ‘ (o, 01)] :
t=1

given the strategies of other agents and given (yo,61) € Y x ©.

Note that Assumption 1-1 imposes enough symmetry on the agents’ problem so that it is
enough to analyze the optimization problem relative to a single reference agent, say agent 0 € A.
Indeed, for all a,b € A, N(b) = R*"®N(a), where R*~® is the canonical shift operator in the
direction b — a.'* In the finite-horizon economy, at each time ¢, let [ = T — (¢ — 1) denote the
time periods remaining until the end of the economy 71'. The optimal choice of any economic
agent a € A at t, for any ¢ € {1,...,T}, is then determined by a continuous choice function
g: Y x0Ol 5Y:

Yar (9) (v1,0") = g1(R® ys—1, R* 6")

In the infinite-horizon economy, the optimal choice of any economic agent a € A at any ¢, is

instead stationary and determined by a continuous choice function g : Y x ®% — Y, that is:

t—1 pt t
Yau (9) (v',0") = g(R* g1, R 0)
" That is, ¢ € N(a) if and only if ¢ + (b — a) € N(b). The operations of addition and subtraction are legitimate

for A :=7Z as well as for A represented by a circle, defined modularly.




Definition 1 A symmetric subgame perfect equilibrium of a dynamic linear finite-horizon con-
formity economy is a sequence of maps (g"l‘)ll:T 1Y x ©® = Y adapted to F such that for all
a € A and for all (y*=1,0") € Y! x ©°

g} (R*y—1, R*0") € argmax E
Ya,t €Y

T
DIl (RN (Y1) N B (73 en] .
t=1

A symmetric subgame perfect equilibrium of a dynamic linear infinite-horizon conformity econ-
omy is a stationary map g* : Y x ®' — Y adapted to F such that for all a € A and for all
(y=1,0") € Y x ©f

g (R"y—1, R*0") € argmax E
ya,tEY

T
Z 6tilu (ya,t—lv Yart, {yb,t(g*)}be]v(a) ) 9?) ‘ (y()a 01)] :

t=1
2.1 Equilibrium

We provide here the basic theoretical results regarding our dynamic linear social interaction
economy with conformity. The reader only interested in the characterization can skip this section,
keeping in mind that equilibria exist (for finite economies they are unique) and they induce
an ergodic stochastic process over paths of action profiles. Furthermore, a stationary ergodic
distribution also exists for the economy. Finally, a recursive algorithm to compute equilibria is
derived. Unless otherwise mentioned specifically, the proofs of all statements and other results

can be found in the Supplemental Appendix.

Theorem 1 (Existence) Consider a dynamic linear conformity economy.

(i) If the time horizon is finite (T < o0), the economy admits a unique subgame perfect equi-

lebrium which is symmetric, with

9i(R"y—1, R0") = Z Cb,l Yatbt—1 + Zdb,l Oa+b,t

beA beA
T
t
+Z Z €b,l,7—t E [0a+b,7—‘9 ] P —a.s.
beA T=t+1

Furthermore, cp1,dp1, €p1r—t > 0, VT =t+1,...,T, and Y o (coy + dpy +epy) = 1, where
T
€l = D r—yy1 EblT—t-

(ii) If the time horizon is infinite (T = o0), the economy admits a symmetric stationary subgame

perfect equilibrium, with

00
g* (Ra Yt—1, R" et) = Z Cb Ya+bit—1 +Z db 9a+b,t + Z Z €b,r—t E [ea-‘rbﬂ' |0t] P—a.s.
beA beA beA T=t+1



Furthermore, cy,dy, epr—y > 0, V7 =t +1,...,00, and Y ., (cp +dy +ep) = 1, where

_ oo 15
€ = 7o yi1 Cbr—t-

(iii) g/ converges to g* as | — oo, in the sense that limy_,o (co1, dp1,ev1) = (Cb, dp, €p), Vb € A.

The proof of the existence theorem requires some subtle arguments. While referring to Ap-
pendix A for details, a few comments here in this respect will be useful. Consider the (infinite
dimensional) choice problem of each agent a € A. To be able to apply standard variational ar-
guments to this problem it is necessary to bound the marginal effect of any infinitesimal change
dy, on the agent’s value function. To this end, the envelope theorem (as e.g., in Benveniste and
Scheinkman (1979)) is not enough, as dy, affects agent a’s value function not only directly, but
also indirectly, that is through its effects on all agents b € A\{a}’s choices, which in turn affect
agent a’s value function. The marginal effect of any infinitesimal change dy, is then an infinite
sum, and each term of the sum consists in turn of an infinite sum of endogenous marginal effects

16" Tn our economy, with quadratic utility, policy

from all agents b € A\{a}’s policy functions.
functions g; are obviously necessarily linear. Extending the existence proof to general preferences
would require therefore sufficient conditions on the structural parameters to control the curva-
ture of the policy function of each agent’s decision problem. We conjecture that this can be done

although sufficient conditions do not appear transparently from our proof.

Remark (Uniqueness). Social interaction economies are usually plagued with multiple equilib-
ria. Previous uniqueness results in the literature require some form of ‘* Moderate Social Influence’
assumption, which roughly means that the effect on marginal utility of a change in individual’s
own choice should dominate the sum of the effects on marginal utility of changes in peers’ choices
(see e.g. Glaeser and Scheinkman (2003)). In fact, as long as either one of the parameters a; or
i is positive (which is true by Assumption 1), this is the case for the economies we study. More
specifically, consider first a finite-horizon economy. The coefficients ¢;; and d,; satisfy
‘b1|iinoo Catbl = lbl‘iinoo dgtpy = 0

The impact of an agent a+ b on agent a tends to zero as |b| — co. In this sense, linear conformity
economies display weak social interactions. This is why, in contrast to other models in the litera-
ture, no matter how large the interaction parameter «g is relative to the others, the equilibrium
stays unique for finite-horizon economies. Furthermore, in the infinite horizon economy, while
equilibria are not necessarily unique, there is a unique equilibrium which is the limit of equilibria

in finite economies.

15Several assumptions can be relaxed while guaranteeing existence. This is the case, in particular, for the

symmetry of the neighborhood structure; see Section 2.3.1 for the discussion.
16The methodology used by Santos (1991) to prove the smoothness of the policy function in infinite dimensional

recursive choice problems also does not apply.



By exploiting the linearity of the policy functions, our method of proof is constructive, pro-
ducing a direct and useful recursive computational characterization for the parameters of the
symmetric policy function at equilibrium. Let C; := ), ¢;; denote the total effect of past ac-
tions; that is, the effect on an agent a’s action of a uniform unitary increase in all agents’ past
actions. Similarly, let D; := >, dp; denote the total effect of contemporary preference shocks;

and Ej := ), ey the total effect of expected future preference shocks.

Remark (Myopic economy) It is of interest to compare subgame perfect equilibria of dynamic
linear conformity economies with equilibria of myopic (static) conformity economies. Myopic
economies have in fact been extensively studied in the theoretical and empirical literature, fol-
lowing the mathematical physics literature in statistical mechanics on interacting particle sys-
tems.!” More specifically, myopic behaviour in the literature is commonly characterized by the
assumption that an agent a € A, when choosing y, at time ¢, does not consider choosing again
in the future, nor neighbors choosing again in the future.'® It follows straightforwardly that the
coefficients of the policy function in these economies are equal to the ones of the unique subgame
perfect equilibrium policy function of a dynamic linear conformity economy with finite horizon T’
with 8 = 0 (or, also, in the last period, at ¢ = T). Therefore, a linear conformity economy with

myopic agents admits a unique equilibrium which is symmetric with
9 (R"y—1, R*6") = Z Cb Yatbt—1 + Z dp Oatb,t P —a.s.
beA beA

In Sections 3.1 and 3.2, we will study whether the behaviour in the dynamic linear conformity
economies, with rational forward looking agents, can be identified from behaviour in the same

economies with myopic agents.

Theorem 2 (Characterization and computation) Consider a T-period dynamic linear con-

formity economy.

(1) The equilibrium coefficients, (cp1,dpy, 1), for any b € A, T > 1 > 1, are independent of

the properties of the stochastic process 6.

(1t) In the terminal time period, | = 1, the sequence of equilibrium coefficients (cp1,dp.1,€p1), 15

17See e.g., Blume and Durlauf (2001), Brock and Durlauf (2001b), Glaeser and Scheinkman (2003), and Ozgiir
(2010) for a comprehensive survey; and Liggett (1985) for the mathematical literature.

18Tn some of the literature, myopic behaviour is modelled not only by assuming that all agents in the economy
only interact once, but also that their neighbors do not not change their previous period actions. In this case, the
dynamics describe a backward looking behaviour of the agents and it can be shown that the ergodic stationary
distribution of actions coincides with that of myopic agents as characterized in the text; see e.g., Glaeser and
Scheinkman (2003).
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exponential in |b|."

(i11) For any B >0, and any | = 2,...,00, the sequence of equilibrium coefficients (cy, dp 1, €p1),

declines faster than exponentially in |b|.>Y It declines exponentially if 3 = 0.

(iv) Total effects of past actions and of contemporary preference shocks, C; and D respectively,
increase as | decreases; the total effect of expected future preference shocks, E; instead de-

creases as | decreases.?!

0.3

______________
-

C ]
J— P
e S
- =

-t =t

20 25 30 35 40
Agents

Figure 1: Cross-sectional rates of convergence.?”

98pecifically, for any b € A,

v =1 o 1-m and dy; = 1)’ az 1-m
ot ! o1+ az 1+7m ot ! o1 + a2 1+7m

2
where r| = (Z)AT;) — (QATI;;) —1land A1 = a1 + a2 +2as3. Note that ey,; = 0 for all b € A optimally since there

are no future shocks.
20The sequence of equilibrium coefficients (cp,1, db,1, €p,1), are computed recursively iterating a map L; : Acg,e —

Acde, !l =2,...,T, obtained from agent 0’s dynamic program’s first-order condition and characterized in (A.5),
and (A.6).
Z8pecifically, C;, Dy, and E; take the form of continued fractions:
a1
C =
! a1+ a2+ a1 (1—Ci—1)
Qa2
D =
! a1+a2+a1ﬂ(1—Dl,1)
B - ai1f (1 — D)

a1+ a2+ a1 (1 — Di—1)
Wlth C1ZL' D1: 22 N E1:0

oy tag’? agtog’

22Parameter values used for this figure are (a1, a2, as, 8) = (0.2,0.2,0.3,0.95).
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Result (i), that equilibrium coefficients are independent of the properties of 6, is a direct
consequence of the linearity of policy functions. It allows us to study theoretically economies
which are fully general in terms of the stochastic process for the shocks. Restrictions will however
be required to guarantee identification, in Section 3. Results (ii) and (iii) imply that the sequence
of equilibrium coefficients (¢, dp, €p1), converges in the cross-sectional tail at a constant rate
for | = 1 and at an increasing rate for 5 > 0, [ > 2; see Figure 1. This is a fundamental
equilibrium implication of a dynamic economy (in a terminal period, in fact, the economy would
be effectively static). It is instrumental in allowing us to identify forward looking from myopic
behaviour in a dynamic economy; see Remark (Myopic behaviour) in Section 3. Finally, result
(iv) on the dependence of total effects on the length of the remaining economy [, implies that in
earlier periods agents put relatively more weight on expectations and, as the horizon gets shorter,
they eventually shift weight on to history and current shocks. Importantly, while we do not have
a formal result, simulations show that (%Oll), the relative weight on own history, decreases as [
decreases.”?

We turn now to the relationship between the equilibrium coefficients and the preference pa-
rameters of the economy. Fix the normalization a; + ag + 2a3 = 1, and consider as determined

residually by the normalization.

Theorem 3 (Dependence on the preference parameters) Consider a dynamic linear con-

formity economy with T' > 1 and ay # 0.

(i) At a Subgame Perfect equilibrium of a finite horizon economy, the map between parameters
(a1, a3, 8) and coefficients (Cb,l)szl,beA is injective. Similarly, at a subgame perfect equilib-
rium of an infinite horizon economy, the map between parameters (a, as, ) and coefficients

(cb)pen 18 injective.

(i1) Seeing the sequences of equilibrium coefficients cyy, dy;, and ep; as distributions over b, an
increase in ag, keeping 8 and the ratio g—; intact, induces a mean preserving spread in each
of these distributions.**

Result (i) is a fundamental component of our identification results in Section 3. It reduces the
problem of identifying (a1, as, ) to one of consistently estimating the parameters (Cb,l)lT:L beA
(or (cp)pen, when the horizon is infinite). Result (ii) is represented in Figure 2. It implies that,
by weighting more the action of closer neighbors, a large a3 induces equilibrium actions which

are more concentrated along the social space. This in turn can be seen in Figure 3.2°

2The structural dependence of the parameters’ configuration on the length of the remaining economy ! is in
principle useful to distinguish the implications of social interactions from those e.g., of habit persistence models,

that also generally induce interesting non-stationary effects.
#41ndeed, total effects C;, Dy, F; are independent of o.
268ee Appendix J for details of the simulations generating the figures.
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Figure 2: Distribution of policy coefficients on past actions for mild and strong interactions.?”

Remark (Markov economy) A (s-)Markov linear conformity economy, for s € N, is a dy-
namic linear conformity economy whose stochastic process 6 is (s-)Markov, that is, it satis-
fies P({0eQ:0"c A}) =P({¢ €Q: 0" c A}) for all §, ¢ such that (f;—s,O—s—s,...,0;) =
(0;_.0;_o_,,...,0;), and for all A € F,.

If the time horizon is finite (T < 00), the unique subgame perfect equilibrium in a (s-)Markov

linear conformity economy is (s-)Markov, with

Yar = (R Y1, R* (O, ,00) = D coivasvi+ Y doibarby (3)
beA beA
T
+ Z Z €yl m—t E [ea—ﬁ-b,’rwtf& s 79t] P—a.s.
T=t+1 becA

If the time horizon is infinite (T = 00), there exists a (s-)Markov symmetric subgame perfect

equilibrium, with

Yar = 9 (R Y1, R* (Or-s,--,600)) = D hYatbi1+ Y dybatb (4)
beA beA
o0
+ Z Z ebr—t B (0ot |0i—s, - ., 04] P —a.s.
T=t+1 beA

such that ¢, dp;, e converge to ¢, dp, €p. Once again, in the infinite horizon economy, when

equilibria are not necessarily unique, we can select the unique limit of finite economies.

26Final period policy is used. Parameter values used are az = 0.1 for Mild and az = 0.3 for Strong interactions.

The rest of the parameters are a; = a2 = 0.5(1 —2a3) and 5 = 0.95. See Appendix J for details of the simulations.
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Remark (Social welfare)?” Social interactions are modeled in this paper as a preference exter-
nality, that is, by introducing a dependence of agent a’s preferences on his/her peers’ actions. A
benevolent social planner, taking into account the preference externalities and at the same time
treating all agents symmetrically, maximizes the expected discounted utility of a generic agent,
say of agent a € A, by choosing a symmetric choice function h in the space of bounded, continu-
ous, and Y-valued measurable functions CB(Y x ©,Y"). The choice of h induces, in a recursive
way, a sequence of choices for any agent b € A, given (yp,01). A subgame perfect equilibrium
of a conformity economy is inefficient, in the sense that the sequence of choices induced by the
benevolent planner for each agent Pareto-dominate the equilibrium choices. Most importantly,
an efficient policy function will weight less heavily the agent’s own-effect and more heavily other

agents’ effects, relative to the equilibrium policy.

2.2 Ergodicity

Given the characterization of the parameters of the policy function at hand, we are also able to
determine the long-run behaviour of the equilibrium process emerging from the class of dynamic
models we study. To that end, let an infinite-horizon economy with conformity preferences be
given and let ¢g* be a symmetric subgame perfect equilibrium (recall that Theorem 1 does not
guarantee that a unique such g* exists). Let 7y be an initial distribution on the space of action
profiles Y. Given mp and a stationary (s-)Markov process for (6;), ¢g* induces an equilibrium
process (y; € Y);2, and an associated transition function Qg4-. This latter generates iteratively a

sequence of distributions (m;);2; on the configuration space Y, i.e., for t =0,1,...

T (A) = Qg (A) = /Y Que (e s yess A) s (s

We show first that, given the induced equilibrium process, the transition function Q4+ admits
an invariant distribution 7, i.e., T = m Qg4 and that the equilibrium process starting from 7 is
ergodic.”®

Furthermore, we show that, for any initial distribution my and a (s-)Markov symmetric sub-
game perfect equilibrium policy function g*, the equilibrium process (y: € Y);2, converges in
distribution to the invariant distribution 7, independently of my. This also implies that 7 is the

unique invariant distribution of the equilibrium process (y: € Y)2,. More specifically,

Theorem 4 (Ergodicity) Consider a dynamic linear conformity economy. The equilibrium

process (yr € Y)72 induced by a stationary (s-)Markov symmetric subgame perfect equilibrium

2"We relegate the formal treatment of Social welfare to the Technical Appendix H.
Z8We call a Markov process (y;) with state space Y under a probability measure P ergodic if % Zthl flys) —
J fdP P-almost surely for every bounded measurable function f : Y — R. See, e.g., Duffie et al. (1994) for a

similar usage.
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Figure 3: Simulated stationary profile of actions in a dynamic economy with Mild (top) and Strong
(bottom) ag. The horizontal axis represents agents and the vertical axis represents agents’ choices
from a common interval. Infinite-horizon policy is iterated with i.i.d. shocks and a large number
of agents. Parameter values used are az = 0.1 for Mild and a3 = 0.3 for Strong interactions. The
rest of the parameters are a; = ay = 0.5(1 — 2a3) and 8 = 0.95. See Appendix J for details of

the simulations.
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via the policy function g*(yi—1, (0i—s,...,0:)) and the unique invariant measure m as the initial

distribution is ergodic; T is the joint distribution of

x
bt = Z Z o Z €y " Copa [dbm Oatby -+t t+1—m

o0
+ Z Com,T E[9a+b1+...+bm,t+1—m+7 ‘ el—ma ey 01—m—s]}>
=1 achA
where C =), cq is the sum of coefficients in the stationary policy function that multiply cor-
responding agents’ last period choices. Moreover, the sequence (m)y2, of distributions generated
by the equilibrium process (yx € Y)2, converges to m in the topology of weak convergence for

probability measures, independently of any initial distribution my.>’

2.3 Extensions

The class of social interaction economies we study is restricted along several dimensions. Some of
these restrictions, however, might turn out to be important in applications and empirical work.
In this section we briefly illustrate how our analysis can be extended to study more general
neighborhood network structures for social interactions, more general stochastic processes for
preference shocks, the addition of global interactions, that is, interactions at the population level,
and the effects of stock variables which carry habit effects. For simplicity we consider here only
(s—)Markov linear conformity economies with infinite time horizon, T' = co. Extension to general

stochastic processes for # and/or to finite time horizons are straightforward.>’

2.3.1 General Network Structures

Consider a linear conformity economy with arbitrary neighborhood structure (not necessarily
translation invariant), N : A — 24 In particular, let a generic agent a’s preferences for conformity
be represented by a general term — 3, N(a) @306 (Yot — Yar)?, entering additively in the utility
function u,.

At a (s—)Markov Subgame Perfect equilibrium of this economy, policy functions satisfy

Yar = D CabYbt-1+ Y dapbh (6)

beA beA

o0
+ Z Zea,b,T,tE[Hb,T\Gt_s,...,Ht] P—CL.S.;
T=t+1 beA

29 A sequence of probability measures (\¢) is said to converge weakly (or in the topology of weak convergence for
probability measures) to A if, for any bounded, measurable, continuous function f : Y — R, lim¢—oo [ fdA: = [ fdX

almost surely (see e.g. Kallenberg (2002), p.65).
30We sketch proof arguments for all extensions in Section I of the Technical Appendix.
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and our analysis extends.?!

2.3.2 Social Accumulation of Habits

Consider a linear conformity economy where individual behaviour depends on the accumulated

stock of present and previous choices
Tat = (1 - 6) Tat—1 + Ya,t

rather than on her present choice y,; only. In particular, let a generic agent a’s preferences for
conformity be represented by a general term —aj (74 — yat)?, entering additively in the utility
function ug.>?

At a (s—)Markov subgame perfect equilibrium of this economy, policy functions satisfy

Yot = Y ChTarbi1+ Y dpbarb (7)

beA beA
oo
+ Z Z Co,r—t E [9a+b77|0t75a SRR et] P—as,;
T=t+1 bcA

and our analysis extends.

2.3.3 Global Interactions

Consider a linear conformity economy where individual behaviour is affected by global as well as
local determinants.®® In particular, consider an economy in which the preferences of each agent
a € A depend also on the average action of the agents in the economy. Let the average action

given a choice profile y be defined as

31'However, in this economy, for finite time horizon T < oo, uniqueness of subgame perfect equilibrium is not
guaranteed with an infinite number of agents. It is however sufficient for uniqueness that the relative composition

of the peer effects within the determinants of individual choice be uniformly bounded:

ZbeN(a) A3,a,b
a1 + a2 + ZbEN(a) Q3.a,b

3 0 < K < 1 such that,Va € A, < K;
see e.g. Glaeser and Scheinkman (2003), Horst and Scheinkman (2006), and Ballester, Calvé-Armengol, and Zenou

(2006) for Moderate Social Influence conditions restrictions in a similar spirit.
32For instance, r,,; captures what the addiction literature calls a “reinforcement effect” on agent a’s substance

consumption.
33With respect to finite economies (as e.g., in Blume and Durlauf (2001) and in Glaeser and Scheinkman (2003)),

a few technical subtleties arise in our economy due to the infinite number of agents. The techniques we use are
extensions of the ones we used in a previous paper, Bisin, Horst, and Ozgﬁr (2006). We refer the reader to this
paper for details. Some of the needed mathematical analysis is developed in Follmer and Horst (2001) and Horst
and Scheinkman (2006).
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when the limit exists. Let a generic agent a’s preferences for conformity be represented by a
general term —ay (p(y:) — ya7t)2, entering additively in the utility function wu,.

At a (s—)Markov subgame perfect equilibrium of this economy, policy functions satisfy

Yar = D CoYatbi-1 + Y dyOatby (8)

beA beA

00
+ Z Z epr—t B [9a+b77|9t781 SR et] + B(p(y1) P—as.,
T=t+1 bcA

for some constant B(p(y1)) that depends only on the initial average action, p(yi) (which is

assumed to exist); and our analysis extends.

3 Identification

We study here the identification properties of dynamic linear conformity economies. Identifica-
tion obtains when the restrictions imposed on equilibrium choices allow to unambiguously recover
the model’s parameters from observed actions. In economies with social interactions, this fun-
damentally entails distinguishing preferences for conformity (social interactions) and correlated
preferences across agents, which can be generally due to some sort of assortative matching or
positive selection into social groups. A positive correlation between y,; and y;¢, for any two
agents a and b at some time ¢, could be due to social interaction preferences, with ag > 0, or
to a positive correlation between 0,; and 6 even in the presence of no social interactions, with
az = 0.

Formally, we assume that the time horizon 7' > 2%* and the size of the economy N are known
(to the econometrician as well as to the agents); and so is the population probability distribution
over actions F'(y), e.g., because an arbitrarily large number of replications of the economy is ob-
served. Preference shocks may depend on observable covariates and, in that case, the probability
distribution over these covariates is also known. The structural parameters of the model to be
recovered are: the weights placed on own past action a7, own preference shock aso, and others’
current actions in current utility as, as well as the discount factor §. Fixing the normalization
a1 +az+2a3 = 1, we focus on a1, asz, and 3 as the parameters of interest. Denote by Fy,, a4,5(Y)
the population probability distribution under parameters «q, ag and . Identification means
that these structural parameters can be uniquely recovered from the probability distribution on
outcomes.?’
Definition 2 A dynamic linear conformity economy is identified if Fo, 05,8 = Fu o, B implies

that on = o}, az = af and = f'.

34The static case T = 1 is degenerate in our context.
35The notion of identification we adopt is parametric. More generally, Rust (1994) and Magnac and Thesmar

(2002) show that, even in dynamic discrete choice models, utility functions cannot be non-parametrically identified.
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The properties of the stochastic process of preference shocks (64+)qca ¢>1 clearly affect iden-
tification. We prove, first, that the model is not identified when no restrictions are placed on this
process. We then prove our main result in this section, determining conditions on the structure

of preference shocks, and on how they depend on observables, under which identification holds.

Theorem 5 A dynamic linear conformity economy with no restriction on the stochastic process

of preference shocks (8a.t)acas>1 is not identified, for finite or infinite T and finite or infinite N.

Proof: Suppose first that T" = co. Consider the stationary distribution of a linear confor-
mity economy with social interactions, that is, a3 > 0, and an i.i.d. preference shock process
(Oa,t)aca t>1, where 6 is their identical expected value. We have shown in Section 2.2 that such
stationary distribution is given by the ergodic measure 7 in (5), which under the i.i.d assumption

takes the form

= |+ X e, (@, (@, st sntiin)
b

m=1 1 m CLEA

Consider now an alternative specification of this economy with no interactions between agents
(o = 0) and no habits (o} = 0) but simply a preference shock process {0} ;}sea>1 and own
type effects with o, > 0. For this economy, equilibrium choice of agent a at time ¢ is given by

Yat = Oy As long as the process {0 ;}acat>1 is the one where

;,t = 1E_%>(2) + Z Z T Zc(a)bl : "C(Oé)bm_l (d (a)y,, 9a+b1+~~+bm,t+1—m) )

m=1 b bm

the probability distributions that the two specifications (with and without interactions)) generate
on the observables of interest, {yqt}qcat>1, are identical. Hence, one cannot identify from the
stationary distribution of choices which specification generates the data. Similarly if T is finite,
we showed in Section 2.1 that y; is a well-defined linear function of yg, 85 and . Set €, = ya.

Then, the outcome probability distributions of an economy with habits a1, interactions ag and

/

shocks (0,,+) and one with no habits, no interactions and shocks (0, ;

) are identical. [

An intuition about this result can be obtained by considering the infinite horizon case and
loosely reducing the identification of dynamic conformity economies to the problem of distin-
guishing a VAR from an MA(co) process. Stacking in a vector y; (resp. 6;) the actions y,+ over
the index a € A (resp. the preference shocks 6,;), policy functions can be loosely written as a
VAR:

yi = ®y;_1 + 0, with & =I'0; + ef

where E (6;6;_,) = 0 for all 7 > 0, and 0 is their identical expected values. Let L be a lag
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operator.®® Under standard stationarity assumptions, the VAR has an MA (co) representation
yi=(Ia—OL) 16 = 0,4+ U101 + Upbs_o+ ...

for a sequence ¥1,¥, ... such that (I4 — ®L) (IA + UL+ UoL2 + .. ) = I4. The argument in

the proof of Theorem 5 therefore amounts to picking

Yt = 02 = (St + \1115,5_1 + \112515_2 + ...

3.1 Main Result

The intuition about Theorem 5 we provided suggests that identification might be obtained under
restrictions on the correlation structure of the stochastic process (6q,¢)qca t>1. More specifically,
assume that preference shocks are affected by a vector of observable time-varying individual

characteristics, 4, as follows:3"

ea,t = Vgt + 5(33(171,15 + anrl,t) + Uq,t

where u,; is an error term which is unobserved by the econometrician but observed by the
agents and ,d are parameters to be estimated jointly with the deep preference parameters of
the economy, (a1, a3, 3). The identification result will formally require v # 0;*® when also 6 # 0,
the economy is characterized by contextual peer effects, that is, individual preference shocks are
directly affected by friends’ covariates. We make the following two classical assumptions on

observables.
Assumption 2 (Exogeneity) Vs, t, E(us|z:) = 0.
Assumption 3 (Full rank) Vs,Va,VB C N finite, x4 does not depend linearly on {zps}pep.

Assumption 2 requires that observables in any given period ¢ be uncorrelated with unobservables
in any period s. Assumption 3 requires that the matrix formed of elements in {x} s }pcp for any
finite subset B, has full rank. Furthermore, in the infinite horizon case, when equilibria are not
necessarily unique, we maintain the selection that the equilibrium is the limit of equlibria of finite
economies.

An important role in our analysis will be played by restrictions on the temporal memory of

the (04,t)aca t>1 process. More specifically,

361 is a lag operator, i.e., Ld, := §,_; for any period ¢t. Polynomials of the lag operator can be used, follow
similar rules of multiplication and division as do numbers and polynomials of variables, and this is a common
notation for autoregressive moving average models. See e.g. Hamilton (1994) chapter 2 for an in-depth discussion
of lag operators. See also Hamilton (1994) chapter 3 for a discussion of invertibility and equivalent representation

arguments.
37Our analysis directly extends to the case of several characteristics.
38We however suggest that a related result can be obtained if ¥ = 0; see the discussion after the outline of the

proof of Theorem 6, p. 24.
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Definition 3 Observables x have finite temporal memory if there exists some duration M such

that Va,b, E(xqt|zss) = E(xqy) if t > s+ M.

Under finite temporal memory, thus, correlation in observables across time does not extend for
more than M periods.

We now state our main identification result.

Theorem 6 (Identification) Consider a dynamic linear conformity economy such that the
stochastic process (0q.t)acat>1 satisfies Oqr = Y Zat+ 0 (Xa—14+ Tay1,t) + Ua s under Assumptions
2 and 3. Suppose that oy # 0 and v # 0. If T is infinite and = has finite temporal memory, then
the economy is identified. If T is finite, then the economy is identified even without restrictions

on temporal memory.

We provide an outline of the proof here and fill all details in the formal proof in the Appendix.
It is useful to proceed in several steps to better illustrate the intuition of the results and, in par-

ticular, to stress the role that dynamic forward looking behaviour plays in the result.

No contextual effects. Consider first the special case in which § = 0 and individual preference

shocks are not directly affected by friends’ covariates:

Oot = Y ZTat + Ugyt-

)

Observe that E [Oaﬂnl Ht] =~F [wa+b77| Gt] +FE [ua+b77| Ht] =~F [xa+b77| xt] +FE [ua+b,.r| ut] for
T > t, since the agent observes both x and u. Moreover, F [$a+b,7‘ xt] is a function of z!, which

is known.

I) Infinite horizon. If T = oo, our characterization of the equilibrium, in Theorem 1, can be

re-written into the following econometric equation:

Yat = E Ch Yatbi—1 T E dp Taypt
beA beA

[e.e]
Y Z Zeva—tE [Tasnrl 2] + 2oy
T=t+1 beA

where the error term €, is a linear combination of own and others’ current unobservables and
expectations of future unobservables.

Identification then obtains if (i) we can consistently estimate “reduced-form” parameters ¢
in the equation above; (ii) the mapping expressing ¢, as functions of a;, ag and f is injective,
so that a unique vector of structural parameters can be obtained. We already showed that (ii)

is true in Theorem 3-(i). As for (i), however, consistent estimates cannot be obtained by simple
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regression as past outcomes (Yq4+b:—1)pca are generally endogenous, for instance due to correla-
tion between 6, and 0,1p;—1. We can nonetheless use an instrumental variables approach, with
lagged observed shocks x44p—n7—1 as instruments for past outcomes ya+b,t_1.39 This approach
is valid under our assumptions. Indeed, Assumption 3 ensures that the instruments are not per-
fectly correlated; Assumption 2 and finite temporal memory together ensure that the appropriate
exclusion restrictions are satisfied; specifically, finite memory ensures that the instruments are
not correlated with the expectations of future covariates, [:va+b77| wt]. Finally, when v # 0 and

a1 # 0, these instruments are correlated with the endogenous regressors.

II) Finite horizon. If T is finite, our characterization of the equilibrium, in Theorem 1, can be

re-written into the following econometric equation:

Yar = DO (t—1)Yarbio1 T 7 D T (t-1) Tatbyt
beA beh

T
+ Z Zeb,Tf(tfl),TftE [Tt

T=t+1 beA

xt] + €at

The proof and the procedure adopted for proving identification for 7' = oo in I) also works when
T is finite, as long as M < T. However, the restriction on x’s correlation structure is actually not
needed to guarantee identification in this case, because we can exploit the lack of stationarity of
the dynamic equilibrium in a fundamental manner. Indeed, consider decisions at 7"and T'— 1. In
the last period, the first-order condition of agent a’s optimization problem admits the following

simple expression:

Yoo = 01 Ya7—1+ 3 (Yao1,7 + Yat1,7) + @27 Ta1 + €01, 9)

where €, 7 = a2 u, 7. This econometric equation expresses own current outcome as a function of
two endogenous variables: own past outcome and friends’ current outcomes. Under Assumptions 2
and 3, this equation can be consistently estimated by using as instruments, for instance, own past
observed shock x,7—1 and friends’ current observed shocks (z4—1,7+ Za+1,7). These instrumental
regressions provide direct estimates of a1 and as.

To identify 5, however, we need to focus on equilibrium outcomes at 7' — 1. We show in

Appendix E.2 that the first-order condition at T' — 1 is equivalent to the following econometric

39We adopt an asymptotic framework based on an arbitrarily large number of replications of the economy. Thus,
outcomes and errors should in principle be indexed by replication r in the econometric equations. We omit these
additional indices for clarity.
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equation:
L+ Bari (I —ci,1)]Yar-1 = @1Ya,r—2 + @3 (Ya—1,7—1 + Yat1,7-1)
+ B (o1 —c11(1 = 203)) Yo, 7 (10)
+ya2xar—1+yBa2ci1 Ta + a1
where c;1 is independent of 8 and £, 71 includes preference shocks as well as differences be-
tween expected and realized outcomes at T. When § = 0, agents are myopic and first-order
conditions at T' — 1 and T have the same form. In contrast, when 5 > 0, forward looking de-
cisions taken in 7" — 1 depend on their anticipated impact on the agent’s utility at 7. As a
consequence, the econometric equation expresses current outcome of agent a (at T — 1) as a
linear function of own future outcome y, 7, besides own past outcome y,r—2 and friends’ cur-
rent outcomes (Yq—1,7—1 + Yat+1,7—1). Three valid instruments are enough to provide consistent
estimates. When ag # 0, these instruments could be, for instance, z,7-2, (Ta—1,7-1 + Tat1,7-1),
and (z4—27-1 + ZTat2,7—1); that is, own past observed shocks, friends’ current observed shocks

and friends of friends’ current observed shocks.

Contextual effects. Consider first the case in which T is infinite. Equilibrium characterization can

now be written as follows:

o0
Yat = Z CbYa+bi—1 Z dpTatbt +0 Z dp(Ta—14bt T Tat1+bt) + 7 Z Z ebr—t & [$a+b,7|xt]
beA beA beA T=t-+1bEA

oo
+ 0> errt(E [macrqnsla’] + B [zasrinsla’]) + ap
T=t+1 beA
Under finite temporal memory, the argument exploited in case I) above, with no contextual
effects, directly applies. We can still use lagged observed shocks @41 :—p—1 as instruments for
past outcomes Yq b t—1-
Consider next the case in which T is finite. The econometric expression of the first-order

condition at 7T is:

Yo, = 01Ya,T—1 + 3(Ya—1,T + Yat1,7) + ®2VTa, 1 + 026(Ta—1,7 + Tat1,T) + Ea,T

Contextual peer effects prevent, of course, the use of current observed shocks of friends as instru-
ments. However, and related to the approach developed in Bramoullé et al. (2009), the current
observed shocks of friends of friends, (z4—27 + Z4+2,7), can now be used as an instruments for
friends’ current outcome.

At T — 1 we now have:

1+ Bai(l—ci,)Yar—1 = Yar—2+ a3(Ya—1,7—1 + Yat1,7—1) + Bla1 — c1,1(1 — 2a3))ya,1
+yaozer—1 + 00o(Ta—17-1 + Tat1,7-1)

+yBascioxar + 0fanct 1 (Ta—1,7 + Tat1,1) + €0, 71
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And we can now, for instance, use own past observed shocks, x,7_2, friends’ past observed
shocks, (zq—1,7-2+Zq+1,7—2), and friends of friends’ past observed shocks, (zq—27-2+Za127-2),
as instruments.

This outline of the proof of Theorem 6 shows that the fundamental effect of forward-looking
behaviour at equilibrium consists in having current actions partly determined by expectations
over future actions. Because of the general pattern on correlation over time and space of the
stochastic process for the shocks, the future actions of any agent depend, in turn, on all the
agents’ future shocks. This is the case also with no contextual effects. In the econometric equation
for the infinite horizon economy, with no contextual effects, expectations over future actions are
solved out for in terms of expected future observables of all the agents, collected in the term
Ei":t 11 Zbe A Chr—tE [:UaerJ]:Ut] While the dependence of current actions on expectations over
future actions in the dynamic economy complicates identification, under finite temporal memory,
observables sufficiently in the past do not affect future shocks (and hence the expectations of
future actions) and hence they can be used as valid instruments for identification.

While the same issue appears in the finite horizon economy, in this case we can exploit the non-
stationarity of forward-looking behaviour in equilibrium to identify the parameters of the model.
In particular, the reduced form parameters in the econometric equations, which determine any
agent’s actions, depend on ¢ (more precisely, on the number of periods to the end of the economy
T). The properties of this dependence can be exploited to identify the model. As we noted in the
outline of the proof, when a3 # 0, we can exploit, for instance, either friends of friends’ current
observed shocks (xq—27-1+ Zq42,7—1) or friends’ past observed shocks (xq—17-2 + Zq41,7-2). In
other words, valid instruments can be found back in time and further out in social space: thanks
to the dynamic nature of the model, we can make use of the two dimensions of time and space
to help correct the endogeneity problems arising in the regressions. We can combine social and
temporal lags in ways unfeasible in static models of peer effects or in individual dynamic models.

Importantly, this whole discussion about the role of forward-looking behaviour at equilibrium
and non-stationarity in identification naturally extends to the introduction of contextual peer
effects. Indeed, in the stationary infinite horizon economy contextual effects do not require any
additional instrument for identification. In the non-stationary economy instead, we need to rely
either on friends of friends’ past observed shocks, (zq—27-2 + Za12,7—2), or on friends’ observed
shocks further in the past, (z4—17-3 + Ta+1,7-3). Once again, we can make use of the two
dimensions of time and space to strengthen identification.

Identification may also hold, under additional assumptions on their correlation structure,
even when preference shocks 0,; do not depend on exogenous covariates, that is, when v = 0.
For instance, suppose that the stochastic process is of expectation zero and has finite temporal
memory. Then, adapting classical techniques from dynamic panels (see e.g., Arellano and Bond

(1991)), own and friends’ lagged outcomes, yqt—nr—1 and (Yo—1¢t—m—1 + Yat1,t—M—1), can be
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used as instruments for own and friends’ current outcome, yq ¢ and (Yo—1,+ + Ya+1,¢). Unlike with
dynamic panels, however, the interplay of habits and social interactions means that own current
outcome may be affected by own lagged outcome, friends’ lagged outcome, friends of friends’
lagged outcomes, etcetera. Thus the strength of identification generally depends on «y, a3 and
B.

It is also apparent from the outline of the proof of Theorem 6 that we can extend our previous
arguments to the case in which we do not observe outcomes y; and observables x; in all periods
t. Indeed, if observables display finite temporal memory of length M < T, identification holds
under the same conditions as in Theorem 6 if we observe outcomes at any ¢, t — 1, ¢ — 2 and
observables from ¢t — M — 1 to .0

Finally, we note that our identification strategy depends on the ability to exploit exogenous
shocks on the preference parameter: applying our strategy to some observable z which is not
exogenous would invalidate it and could e.g., generate positive estimates of social interactions
even if ag = 0, whenever unobservables are correlated with  and also across time and space.
This is related to the standard problem of endogeneity which occurs in peer effects estimations in
static models. Of course, as we show, standard solutions of this problem in the applied literature,
involving random groups or exogenous shocks, still fail when they do not account for dynamic

effects and these dynamic effects are present.

Remark (Myopic economy - continued) We can now turn to the question of whether be-
haviour in the dynamic linear conformity economies, with rational forward looking agents, can be
identified from behaviour in the same economies with myopic agents introduced in Section 2.1.
As we already noticed, the coefficients of the policy function in economies with myopic agents
are equal to the ones of the policy function of a dynamic linear conformity economy with either
B =0or att="T. In this sense, myopic models are nested within the class of dynamic models we
study and forward looking and myopic behaviour can be separately identified as an immediate
consequence of Theorem 6.

Furthermore, and most importantly, forward looking and myopic behaviour can be identified
also when only outcomes at any arbitrary time ¢ (< 7' if the economy has finite horizon) are
B = 0, and/or in the last period T of a finite horizon economy, the coefficients of the policy function
form an exponentially declining sequence in |b|. When instead 5 > 0 and the economy has an
infinite horizon, or when 8 > 0 and ¢ < 7' in a finite horizon economy, the coefficients of the policy
function do not decline exponentially. It follows therefore that the policy function coefficients

in a myopic economy decline exponentially in |b|. Showing that the estimated sequence (cp ;) is

40Tf, furthermore, observables display no temporal correlation, that is, if Va,b and t > s, E(2q.¢|zp,s) = E(2a,t),
then conditional expectations F [maﬂ,,f \a:t] are equal to zero in the econometric equations and the economy is fully

identified from observations of outcomes and observables of any consecutive periods ¢, t — 1, t — 2 only.
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not exponential in |b|, where | =T — (t — 1) > 1, implies that these data could not have been
generated by a myopic model.*!

Following this analysis, we can also sign the error we would make if we fitted a myopic (or
a static) model to data generated by a dynamic model with forward looking agents. In fact,
in Theorem 2-(iii) we show that, in a dynamic model with forward looking agents, at any time
t < T, the sequence (cp;) declines faster than exponentially in | b|. As a consequence, erroneously
fitting a myopic (or a static) model induces under-estimating (c,;) for b’s close enough to a and
overestimating them for all the more distant b’s in social space.*?> While theoretically this could
lead to both under- or over-estimating the social interaction parameter as, the Monte Carlo
simulations we report in the next section suggest that erroneously fitting a static model generally
leads to an under-estimation of the true value of this parameter. Thus, current estimates of social
interactions may potentially be seriously biased downwards in contexts where forward-looking

behaviour has a relevant effect.

Remark (Extensions) The identification strategy developed in this chapter can be adapted
and extended to cover the more general economies we introduce in Section 2.3. We briefly
outline the arguments here. In economies with general network structures, the policy functions
are expressed as in equation (7). With a general (arbitrary) network structure, b cannot be
interpreted any more as a sufficient measure of the social distance between an arbitrary agent a
and a + b. As a consequence policy functions lose symmetry: the coefficient of the policy of a
with respect to e.g., the past action of agent a + b is ¢4 ; that is, it depends on a as well as on b.
Nonetheless, the coefficients are known functions of the network and the structural parameters.
Under finite temporal memory and an infinite or sufficiently long finite time horizon, sufficiently
lagged shocks continue to represent valid instruments for past actions. If anything, the (known)
network structure should help with identification. In the economy with social accumulation of
habits, the policy functions, in equation (8), depend on the accumulated stock 74441 in place of
action yg4p¢—1. But the idea of using lagged past shocks as instruments extends directly: we can
simply instrument r444;—1 by Zgqpt—nr—1. More specifically, in finite horizon economies, non-
stationary patterns can also be exploited for identification: for instance, social interactions might
lose significance in the last periods in contrast to what predicted by habit models (or by simple
behavioural imitation models, which we do not explicitly discuss).**> Finally, in the economy with
global interactions, provided that the average action p(y) is well defined, the structure of the

policy functions is maintained unchanged with respect to the the global interactions and ay is

41 Bquivalently, we can estimate the sequence (ydp,;) by simply regressing ya.: on (p,¢)ses and then by showing
that the estimated sequence is not exponential in |b|, where [ =T — (t — 1) > 1. The value of v does not affect

the rate of decline of the sequence (yds,), as long as v # 0, and hence it can be disregarded in this argument.
42The same holds for the sequence (dp ;).
43We thank an anonymous referee for this point.
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absorbed in the coefficient (cp, d, €p), in equation (9). Then, after showing these new coefficients

are injective, we can straighforwardly apply our identification strategy.

3.2 Monte Carlo Simulations

The strength of identification will generally be a function of the three structural parameters,
capturing the complex interactions between habits, social interactions and discounting of future
utilities, in connecting, in equilibrium, the actions across time. In this section, we explore this
issue through Monte Carlo simulations where we evaluate the performance of Generalized Method
of Moments (GMM) estimators of the parameters of interest obtained by exploiting moment
conditions induced by dynamic economic equilibrium restrictions.

We concentrate on a three period (7,7 — 1,T — 2) conformity economy. We restrict the
stochastic process (Ga,t)aeA,te{T—Q,T—l,T} by assuming no contextual effects, that is § = 0; there-
fore, 0,4 = Yxar + Uqy. Also, we assume z,4 ~ N(0,1) and uyy ~ N(0,1), for a € A and
t=T-2,T-1,T.

The parameters we aim at estimating are (aq,as,3,7). To this end, (i) we generate data
from the stochastic process (0at)aca te{r—2,7—1,7} and (ii) for the dependent choice variables y, ¢,
t =T —2,T —1,T, by using the unique equilibrium policy function in Theorem 1-(i).** In the
benchmark specification whose output we present in Figures 4 and 5, we use oy = 0.2, a3 =
0.3, = 0.2, = 0.95,7 = 1.0,,m = 1000, and B = 500, where B is the Monte Carlo size,
although we rely on multiple other designs for our evaluations.”” We then apply the GMM
procedure to the data we generated, using 2 moment conditions imposed by equations (9) for
t="1T:

FE [5a,T ‘ me,l] =0 (11)
E [ea,T | (xafl,T + anrl,T)] = 0 (12)

and 3 moment conditions from equation (10) for t =T — 1:

Elegr-1|xar—2 = 0 (13)
Elear—1| (®a—1,7—1 + Tay1,7-1)] = 0 (14)
Eleqr-1 | (®a—27-1 + Tar27-1)] = 0. (15)

“4In order to make sure that the results are not influenced by initial observations (ya,7—2)aca, we used multiple
designs with buffer periods of size 0, 10, 20, and 50. We either set the first buffer period values to zero or picked
them iid from N(0,1). For the rest of the buffer periods, we generated xq,; ~ N(0,1) and ua, ~ N(0,1), and
let the yq,+ be determined by the equilibrium policy function in Theorem 1-(i). We obtained practically identical

results in each, to the ones in Figures 4 and 5.
45Precisely, we have used in our Monte Carlo experiments the following designs: N = 2m + 1, with m =

10, 25, 50, 100, 500, 1000, and 5000 agents on both sides of agent zero; ez = 0, .05, .1, .15, .20, .25, .30, .35, .40, .45, .50;
a1 = p(l — 2a3), and az = (1 — p)(1 — 2a3), where p =0, .1, .2,.3, 4,.5,.6,.7,.8,.9,1.
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Given these 5 population moment conditions for each agent a € A, nonlinear in the parameters of
interest, (a1, as, 3,7), the model is overidentified. Therefore it is not possible to solve the system
of analogous sample moment conditions for a unique value of the parameter vector. Instead, the
structural coefficients can be estimated using GMM.*6

The results of our Monte Carlo simulations reported in Figure 4 are encouraging regarding the
strength of identification: all coefficient estimates converge to the true values and standard errors
shrink, as the number of agents becomes arbitrarily large. Interestingly, however, the convergence
speed for the 3 estimate is much slower than for («, a3). We suggest this is a consequence of the
fact that the GMM estimate of /3 is obtained exclusively off of equations (13-15), whereas (o, a3)
enter both 7" and T' — 1 period first order conditions, equations (13-15) and (11-12), respectively.

Our Monte Carlo allows us to study more in detail the issue of distinguishing myopic (or static)
and dynamic economies. In particular we aim at studying the error associated with estimates of
ay and ag that ignore the dynamic structure of the economy when the true model is a dynamic
linear conformity economy. To this end, we perform the following experiment: For the same data
drawn in each Monte-Carlo round, we estimate (i) the full GMM (5 moments-2 periods), (ii)
GMM with T — 1-period data only and 3 moment conditions for period 7" — 1, and finally (iii)
myopic (static) GMM, with 7" — 1-period data where the econometrician (mistakenly) believes
that it is T-period data and using the 2 moment conditions for period T'. Figure 5 reports the
outcome of the experiment: the full GMM in red, the GMM with T'— 1-period data only in blue,
and the myopic (static) GMM in green.

As it is apparent from the Figure, both the full GMM and the GMM with T"— 1-period data
consistently estimate oy and a3, although standard errors under the full GMM are much smaller,
due to the fact that this procedure uses more information. The estimates of both parameters under
myopic (static) GMM are instead biased, evidencing the mis-specification of the true dynamic
forward-looking equilibrium data generating process. Most importantly, while theoretically we
can only sign the error in terms of the patterns of (¢;;) and (dp;), in the simulations we can
directly sign the bias in the estimates: the myopic (static) GMM under-estimates both a1 and ag
with respect to the true value; that is, it over-estimates the effect of agents’ own shock in their
preferences, as. Thus, an econometrician who ignores the true dynamic structure with forward-
looking behaviour might potentially end up obtaining estimates of social interactions that are

biased downwards.

4 Conclusion

Social interactions provide a rationale for several important phenomena at the intersection of

economics and sociology. As we noted in the Introduction, however, the theoretical and empir-

46We follow closely the setup of Section 6.5 of Cameron and Trivedi (2005) on nonlinear instrumental variables.
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ical study of economies with social interactions has been hindered by both mathematical and
conceptual problems.

In this paper we show how some of these obstacles to the study of economies with social
interactions can be overcome. Admittedly, we restrict our analysis to linear economies, but in
this context we are able to prove several desirable theoretical and computational properties of
equilibria and to exploit the properties of dynamic equilibria we characterize to produce positive
identification results both in stationary and non-stationary economies.

We conclude that the class of dynamic linear economies with social interactions we have

studied in this paper can be fruitfully employed in applied and empirical work.
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APPENDIX

This Appendix contains proofs of the major results in the main text. There are a total of seven lemmas
these proofs depend upon. As a general rule, we have stated the technical lemmas we need when we need
them, and relegated the detailed proofs to the Technical Appendix (not for publication), to make the

article flow better. All notation is as defined in the main text unless explicitly noted otherwise.

A Proof of Theorem 1: Existence and Uniqueness

By exploiting the linearity of the policy functions, our method of proof is constructive, producing also a
direct and useful recursive computational characterization for the parameters of the symmetric policy func-

tion at equilibrium. We implement the proof in three main steps, by induction on the length of the economy.

Step 1: Existence, uniqueness and the convex form for 7= 1. One can interpret this step either
as a one-period economy or the last period of a finite-horizon economy, by considering initial histories of
any finite length s. Let any history (y°,0') = (Y—(s—1),0—(5—2)- - -»Y—1,00,%Y0,01) of previous choices and
preference shock realizations be given. Agent a solves

ymaEXY {—041 (ya,o - ya,1)2 — Q3 (Qa,l - ya,1)2 — Q3 (ya71,1 - ya,1)2 — Q3 (ya+1,1 - ya,l)z} (A~1)
a,l

The first order condition

2[01 (Ya,0 = Ya,1) + a2 (0an — Ya,1) + @3 (Ya—1,1 = Ya,1) + @3 (Yatr1,1 — Ya,1)] =0

implies that

Ya1 = A7 (@1 Ya0 + 2001 + @3Ya11 + O3 Yar1.1) (A.2)
where Ay := a3 + as + 2a3 > 0. This choice is feasible (in Y) since it is a convex combination of elements
of Y, a convex set by assumption. The objective function (A.1) is strictly concave in y, 1, thus y, 1 in
(A.2) is the unique optimizer. The form in (A.2) maps bounded measurable policy functions f,—; and
fat1, for a—1 and a+ 1 respectively, into a bounded measurable function for a. The system of such maps,
one for each agent a, defines, given any s-length history (y°,0'), an operator L; : B — B that acts on the
family of bounded measurable functions f = (fa) € B :=[[,c, B ((Y x ©)*,Y) according to

(Lif)o (v 1,60") = ATY (@1 Ya,0 + @200 + a3 faor (' 0") + s farr (v, 67))

Clearly, L; is a self-map. We show next that it is a contraction. Endow B ((Y x ©)%,Y) and B with the
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sup norm || - ||« which makes them into Banach spaces. Pick f, f/ € B. For all (yo, 01)
‘ (L1 f), (v°,0") = (L1 f"), (v°,0") ‘ = Afl‘ 1 Ya,0 + @200 + s fao1 (¥°,0") + oz forr (v°,0Y)
—01Ya,0 — 201 — a3 f(/L_l (yovgl) — Qa3 f¢I1+1 (yOaQI) ’
= A7 as (far (8°6") = ooy (5°,61))
s (fart (150") = fhon (4°61)) |
a
(52) [ ot (201 = £22 G001
+ (Za) ‘faJrl (¥",0") = fora (v°,0) ’
1
a(
(82) (s = Facall+ s = Sl
20[3 ,
< (B)wr- 1.

Since the above inequality holds for each a, then

IA

20[3

imf- sl < (52157l

The coefficient 23 Al_l < 1 since a1 + ay > 0 thanks to Assumption 1-2.. Hence L is a contraction
mapping on B. Thus, by Banach Fixed Point Theorem (see e.g., Aliprantis and Border (2006), p.95) L1 has
a unique fixed point, i.e., a unique family f* = (f¥) in B that satisfies the system of first-order conditions
for all agents. Consider now By the subset of B that includes symmetric families of bounded measurable
maps in the sense that for any a,b € A and any given history (y°,0'), fais(y°,0%) = f.(R"y°, R®6Y),
where R? is the canonical shift operator in the direction b. It is easy to show that By is a closed subset
of B and that L, maps By into itself. Since L; is a contraction mapping, its unique fixed point then lies
necessarily in B;. This establishes that the unique solution needs to be symmetric. Furthermore, as we
show in the next Lemma, by applying the operator L; directly to policy coefficient sequences, this unique

symmetric family takes the convex combination form as in the statement of Theorem 1. Let

g:Y x0° =Y s.t.

9(yo, 0') = ZaEA Ca Ya,0 + ZaeA do 0o, + ZZ:t-H ZaEA Car—t £ [9a77|91]
with

(i) carda,eq > 0and ), 0 (ca +d, + Ef:tﬂ ea)T,t) =1

(i) (3)e + (1)t > ¢ ¥a £0

(iii) c® < ¢, Va,b € A with |b] > |al.

(iv) ¢* = ¢ % Va € A

and properties (ii), (iii), and (iv) also holding for the d and e sequences.

(A.3)

be the class of functions that are convex combinations (i) of one-period before history, current and expected
future preference shocks, having the (ii) ‘convexity’, (iii) ‘monotonicity’, and (iv) ‘symmetry’ properties.
Property (ii) states that the rate of ‘spatial’ (cross-sectional) convergence of the policy weights is non-

increasing in both directions, relative to the origin. Monotonicity property, (iii), has a very natural
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interpretation: agent b’s effect on agent 0’s marginal utility is smaller than agent a’s effect on it, if a is

closer to 0 than b is. Finally, (iv) says that the policy weights are symmetric around 0.

Lemma 1 (Convex Combination Form) For any history (y°,0%), the unique symmetric solution de-
pends solely on last period equilibrium choices and current preference shock realizations, i.e. yi(y°,0') =
91(Y0,01), for some g1 1Y x © — Y. Moreover, the policy function g1 has the convex combination form

as in the statement of the theorem.

This proves Step 1, namely that the statement of the Theorem is true for 1-period economies. Next, we

demonstrate that this result holds for any any finite-horizon, T-period economy.

Step 2: Induction, T-1 implies T. Let 2 < T < oco. Assume that the statement of Theorem 1 is
true up to T'— 1-period. The T-period economy can be separated into a first period and a T — 1-period
continuation economy. By hypothesis, there exists a unique subgame perfect equilibrium (g’}‘)ll:Ti1 for
the T' — 1-period continuation economy. Note that we use the notation [ = T'— (¢ — 1) in the Theorem
to denote the time periods remaining until the end of the economy, to make it it easier for the reader.
Agent a believes that all other agents, including his own reincarnations, will use that unique symmetric

equilibrium map from period 2 on, i.e., for any agent b € A,

woe (y'710") = g7 (RP g1, RP0Y), foralll=T—1,...,1

Given any initial history (y°, '), the current strategies of other agents (yp 1)pq, and the fact that (yb,t)ggg

are induced by g, agent a solves

UmanY { — Q] (ya,o - ya,1)2 — Qg (Qa,l - ya,1)2 — Q3 (ya71,1 - ya,1)2 — Q3 (ya+1,1 - ya,1)2
Ya,1

+E

T
> (o1 a1 — Yar)’ = 02 (Bur — yur)’ (A.4)
T=2

o

Thanks to the linearity of the optimal future choices given by iterative application of equilibrium policy,

—Q3 (ya—l,T - ya,7)2 — Q3 (ya—i-l,ﬂ— - ya,7)2>

agent a’s problem (A.4) is differentiable with respect to y,,1 and the unconstrained (y,1 € R) first order

condition is

0 = a1 Wa0—Ya1)+a20a1—Ya1)+ 03 Ya—11 —Ya1) + 3 (Ya+1,1 — Ya,1)
T o o
+E ﬁT_l (—OZ ar—1 ~ Ya,r) 53— Wa,r—1 = Ya,r) T & ea‘r_ a,7) o Ya,7 A5
TZ:Q W1 =) o Warmt = Yar) F 02 (s —Yor) 5o, (A.5)

0 0
- a3 (yafl,v' - ya,‘r) (Ya—1,7 = Ya,r) — @3 (Yar1,r — ya,T)
0 0

a,l a

(ya+1,T - ya,‘r)> (y07 91) ]

s

Moreover, agent a’s problem (A.4) is strictly concave in his choice y,,1 since the second partial of the
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objective function with respect to y,,1, —Ar, is negative

T o 2 0 ?
Ar = oq+as+ 203+ Zﬁt_l <041 ( (Ya,i—1 — ya,t)) +az <8y yai)
a,l

=2 aya,l

0 2 9 2
b atlt ™ Ja A.
T <aya,1 (10 =y t)> Tas (3%’1 (Yat1,t — Y t)) ) > 0 (A.6)

Consequently, the first order condition (FOC) characterizes the unique maximizer of the unconstrained
problem. Since agent’s objective (A.4) is a discounted expected weighted sum of quadratic terms with
peaks in the set Y, and the conditional expectations of shocks are in the interior of Y, the unique maximizer
of the unconstrained problem is almost surely in the interior of Y, as the first part of Lemma 2 states. We
prove that lemma in Technical Appendix F.

By hypothesis, there exists a unique subgame perfect equilibrium for the 7" — 1-period continuation
economy. Hence, iterated application of the policy maps backwards towards period 1 allows one to write
any t-period equilibrium choice of agent a € A as

Yat = ng(tfl)(Ra Yi—1, R” et)
T

= Z Cby T—(t—1) Ya+by,t—1 + Z dpy 7~ (t—1) batbit + Z Z e, (t-1),7—t B [Bat,r|0']

bi€A bi1€A bEA T=t+1
= Y er—i—1) gr (R Yo, RO 4N " dy, o1 Oayn

b1€A bi1EA

Ya+by,t—1
T
+Z Z €hT—(t—1),7—t E [9a+b,r|9t]
beA T=t+1

= Z Z Cby, T— “Cby_1,T—1 Yatbr+-+be 1,1

bi1€A bi—1€A

+Z Z Z Cby, T—(t—1) """ Cby_y, T—(t—s)+1 [Z Ay, 7—(t—5)0atbr 4 tbst—(s—1)

s=1b;€A bs_1€A bs €A

+ Z Z €p,, T— (t—s),7—(t— s+1)E[ a+b‘r|9t s+1]] (A?)

bsEA T=t—542

which shows that each future choice can be written as a convex combination of period-1 choices, period-1
shocks, and future expected shocks by iterated application of policy maps. Since at each iteration, convex
combination structure is preserved, it is so at the end too. As a direct consequence of (A.7), we have for
any t > 1 and for a € A

0
azo’i Z Z%,T (t=1) """ Ca—(brt4be—1),T—1 (A.8)

be—1

Consequently, the coefficient multiplying yq4s.1 in (A.5), 7,7, can be obtained by computing the cross
partial of the objective function with respect to Y4451 and y, 1 (i.e. the partial of the right hand side of
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(A.5)), and it represents the total effect of a change in y,14.1 on the expected discounted marginal utility

of agent a. Namely, for any b € A

Wwr = azlpefo11yy
T
0 0 0 0
- t=1 T —_— T A9
tz_;ﬁ <a1 Dyt (Ya,t—1 — Ya,t) Dyan (Ya,t—1 — Ya,t) + a2 Oyaron Ya,t Dyan Ya,t (A.9)

by g a2 a )
a3 7—— — - -_— _ — g —— _ _ '
33ya+b,1 Ya—1,t = Ya,t Dyar Ya—1,t = Ya,t 33ya+b,1 Ya+1,t = Ya,t a1 Ya+1,t — Ya,t

Similarly, the coefficients multiplying E [0444.-|0°] =: 2z(a + b,7) in equation (A.5)

0 d 0 0
Mo, 7, T ) ) [Z 57—71 <—011 (ya,T—l - ya,T) W (ya,f—l - ya,‘r) + ag (0(1,7— - ya,T) W Ya,r

0z(a+ b, a1 a,1

T=2

) )
— a3 (Ya—1,r = Yarr) 57— Wa—1,7 — Yar) — @3 Yat1,r — Yarr) 57— Wat1r = Ya,r)
y 0

a,l a

<y°,el>]

Moreover, the second part of Lemma 2 states that thanks to the linearity of the FOC in the choice
variables, the preference shocks, and the expected future preference shocks, one can write the FOC in
equation (A.5) as a function only of contemporaneous choices, and expected future shocks, through iterative
application of the policy functions for future period equilibrium choices, as we demonstrated in (A.7). Since

the unique optimizer y, 1 is almost surely interior, the coefficients multiplying these are non-negative.

Lemma 2 (Interiority) Let T > 2. The unique optimizer yq1 is almost surely in the interior of Y =

ly, 9], and equation (A.5) can be written as

T

0 = Y1 Ar+01Yapo+ 2041+ Z Vo, T Yatb,1 + Z Z tio,r.7 E [0asn,-]60"] (A.10)
b£0 bea 7=2

T , >
where A 1= 041+0‘2+Zb¢0 Vo1 T pen Dar—s Mb,r,T, and the coefficients a1, aa, (Vo,1)b220, and (,ubm;p)ge—A2
are non-negative.

By isolating the choice yq, 1, we can write the unique maximizer as a convex combination of y4,0, 0.1, (ya+b)1)b¢0
and (E [9a+b77—‘91] )bEA

T
Y1 = AL [ @1vao+ 2o+ Z Yo,T Ya+b,1 + Z Z to,77 E [0atn,r]0"] (A.11)
b£0 beA T—2

Each of these are elements of Y, a convex set. Thus, the optimal choice of the unconstrained problem is in
the feasible set of the constrained problem, hence it is its unique maximizer. The form in (A.11) implies
that showing the existence of a symmetric equilibrium policy for the first period of a T-period economy
is equivalent to finding the fixed point of an operator L7 : B — B that acts on the family of bounded
measurable functions f = (fa) € B := ][] .4 B ((Y x ©)*,Y) according to

T
(Lr £ (8°,60") = A7 | @1 ya0 +20a1+ > o1 fars (0°0") + D> por1 E [fagn 0]
b£0 bEA T=2
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Clearly L is a self-map. Using straightforward modifications of the arguments in the proof of Step 1,
one obtains for f, f' € B and for all (yo, 91) that

[(Len), 600 = Las), 600 < 3 () 1 -1
b£0

The coefficient Zb?ﬁo (%) < 1 since a3 + ag > 0. Thus, Lt is a contraction mapping on the Banach
space B; hence it has a unique fixed point f*. Using straightforward modifications of the arguments in
Step 1, the unique fixed point f* is necessarily symmetric. Moreover, L7 maps the subspace (call it
Bg) of bounded measurable functions that assume the convex combination form into itself, as we show
next. Let g € Bg be such that after any history (y°,0!) = (Y—(s—1),0—(s5—2),---»Y—1,00,%0,01), one has
y1(y°, 0Y) = g(yo,0) with (c, d, e) being the coefficient sequence associated with g. Applying Lt to g, we

get
(Lr g) (R, R*0") = A |[or + > sl Yao + o2+ Y o d_s]bas
b#0 b#0
Arch Ard)
+y ([Z Vo7 Coy—b) Yatbr.0 + [ D Yo,1 dby ] 9a+b,1>
b17£0 \ b0 b0
ATC/bl ATdi’l
T
+ Z Z[ub,r,T + Z'Yb,T eb—by,r—1) E [Oasv, 10" ] (A.12)
by €A T=2 b#0

’
ATebl,Tfl

By construction, the policy coefficient series involved in the rearrangement, are non-negative, bounded-
valued, absolutely summable sequences. Hence, all sums above converge, since choices and shocks come
from the same compact interval of the real line. Consequently, by Fubini’s Theorem (see e.g., Dunford
and Schwartz (1958), p.190), one may switch the order of summation since the double sums yield a finite
answer when the summand is replaced by its absolute value. Moreover, the expression above is linear in
period 0 choices, period-1 shocks, and future expected shocks. By definition of the new coefficient sequence
(d,d',e"), each element of the new sequence is nonnegative since each element of the original one was so
and the new elements are positive weighted sums of the original ones. The total sum of the coefficients on
the right hand side of (A.12) is A% (g +ag + D b0 0T+ D pen Zfzg tp.r ) = 1 since (A.12) is basically
a convex combination of elements and of functions that are convex combinations of elements of the convex
set Y. The proof of the properties (i), (ii), (iii), and (iv) follows analogous arguments as in Lemma 1.
Thus, the unique fixed point, call it g7, lies in the set Bg.

Therefore, when the symmetric continuation equilibrium policies are in G, after any history (y°, 1), the
unique symmetric equilibrium policy in the first period, g7 is in G too. Now, construct the policy function
g* as g5 (vo,01) = g5 (yo, 01) for any initial (yo,61); and g} (ye—1,60") = gi(yt—1,0"), forall | =T —1,...,1
and for all t € {2,---,T} . The function ¢g* is by construction the unique SPE of the T-period economy.
This completes the induction step for any given T' > 2. Therefore, the claim in Theorem 1 is true for any

finite horizon economy.
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Step 3: Convergence and stationarity. This step proves that the sequence of finite horizon symmetric
subgame perfect equilibria tends to a stationary symmetric subgame perfect equilibrium. To do that, we
treat finite-horizon economies as finite truncations of the infinite-horizon economy. Let G := ]2, G be
the infinite-horizon strategy set. For a fixed discount factor 8 € (0,1), let Lg := {fr € [0,1]>° | fry =
Bi=1, for 1 <t <T,and Br; =0, for t > T, where T' € {1,2,...} U {oc}} be the space of exponentially
declining sequences (at the rate ) that are equal to zero after the T-th element. Endow Lg with the sup
norm. We can show that

Lemma 3 (Compactness) Lg and G endowed with the supnorm are compact metric spaces.

Now, given g € G, let y,(g) be agent a’s strategy induced by g, i.e., ya(g)(y°,0') = g:(R* yo, R* 01), for
all @ € A and all (y°,60%). Define the objective function U for agent a in the class of truncated economies
as U : G x Lg x G*™ as

U(g"; Br,g) :=E| Y Brat (Yar-1(9): %ar(9°): {Watv(9) boe(-1.13: 0a.t) )(yo,91{

t=1

where u represents the conformity preferences. Pick § € Y. Let the feasibility correspondence T' : Lg x
G — G be defined for T < 0o as I'(Br,g9) = {g° € G= | ¢)(y,0") =0 € ©, Vt > T, ¥(y,0') € Y x O},
and for T = oo as I'(fe, g) = G*°. It is easy to see, thanks to the monotonicity of I in T' (through Sr)
and the compactness of G that I' is a compact-valued and continuous correspondence. Moreover, as the

next Lemma shows, the parameterized objective function U is continuous in ¢°, the choice variable.

Lemma 4 (Continuity) For any given (8r,g) € Lg x G, U(+; Br,g) is continuous on I'(Br, g) with
respect to the product topology.

For every T-period symmetric equilibrium policy sequence g*7', define ¢**7 € G™ as

g’}:’{(t—l)(y79t>a if¢ S T

vt V(y,0%) e Y x 0, ¢ (y,0) :=
(y,0") 9:"" (y,0") . i T

G*° endowed with the product topology is compact since each G endowed with the supnorm is compact
from Lemma 3. Since product topology is metrizable, say with metric d,*” (G*°,d) is a compact metric

space hence the sequence (g**7) T )

7 has a convergent subsequence (g 7,in G that converges say to
g € G®. Let M : Lg x G* — G be the correspondence of maximizers of U given the value of the
parameters. Lastly, let £ : Lg — G be the symmetric equilibrium correspondence for the sequence of

finite economies. Since g*7» is a symmetric subgame perfect equilibrium for any T),, for all g™ € G> we

47See Footnote 54 for an example of metrization of product topology.
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have

Ulgr, ; Br.,971,) ZﬁTn,tU (40,0-1(9""), 50,4 (0™ ), Lo, () boet—1,11, Oo,t) ’(yoﬁl)]

Lt=1

Il
&

FT, 41
= E| > 87 uos-100""), 10400, {wea (97 boeg-1.13, fo.¢) ‘(yoﬂl)]

t=1

\%
&

Z Bty (yo,t—l(ng)ayo,t(ng)y {yb,t(g*T")}be{—u},90,t) ’ (yo791)]

t=1

= FE ZﬂTn,tU(yO,t—l(ng)ayO,t(ng)v{yb,t(g*Tn)}be{—l,l}y90,1‘,) ’(yoﬁl)]
[ t=1

= Ulyr, ; Br..97,)

Thus, ¢g*T™» € M(Br,,g*"") for all T,,. Since U is continuous in the choice dimension due to Lemma 4
and that the feasibility correspondence I' is continuous, by the Maximum Theorem (see Berge (1963), p.
115), the correspondence of maximizers, M, is upper hemi-continuous. This implies that if (3r,,g*7") —
(Boo, ), then g* € M (B, ¢*) hence g* is a symmetric SPE of the infinite-horizon economy. This implies
immediately that the equilibrium correspondence £ is upper hemi-continuous too.

Uniqueness of finite-horizon symmetric SPEs imply that £ is single-valued hence continuous for T' < oc.
Define F(Sr) := E(Br), for T < oo and let F(fs) = ¢*. This way, F is continuous on the space Lg, which
is compact under the supnorm by Lemma 3. Consequently, F is uniformly continuous. This means, for a
given € > 0, we can pick § > 0 small enough so that |[37 — Br||e < & implies d (F(Br), F(Br/)) < 5. We
know from the previous approximation that for S — (. there is a subsequence g*7» — g*. Since (87)r
is convergent, it is Cauchy. So, choose T'(d) large enough such that VT, 77 > T'(4), ||8r — fr/|| < § and
VT, > T(9), |lg*™ — g*|| < §. Pick, then, any element T}, of the subsequence and any other element, 7"
such that T,,, 7" > T'(6). We have

(F(ﬂT’)vf(ﬁoo))
(‘F(BT’)PF(BTT,))+d(]:(ﬂTw)7]:(Boc))
+d (g*Tn’g*)

a(g".9") =

IN
Dol &

AN A

The first inequality is the triangle inequality; the second is due to the uniform continuity of F and the third
is by the fact that ¢*7» — ¢* uniformly. This proves that the whole sequence g*7 — ¢* uniformly. The
implication of this latter is that, as the finite-horizon economies approach the infinite-horizon economy,
every two consecutive period, we make choices approximately with respect to the same stationary SPE
policy, hence g* is stationary. This concludes Step 3 which in turn establishes the proof of the statement
of Theorem 1. |

B Proof of Theorem 2: Characterization and Computation

-(7) : The first-order conditions of each agent’s objective is linear in the choices, the preference shocks,

and the conditional expected values of the future shocks. The structural coefficients multiplying these are
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independent of the realizations or the probability law of the stochastic process §. Hence, the resulting

equilibrium coefficients are so as well.

-(47) : In the terminal time period, I = 1, matching the coefficients of the policy function on both sides of

equation (A.2), characterizing the unique optimal choice for agent zero, one obtains for a € A

_ (4 @3 a3
Cal = <A1> Ita=0y + <A1> Ca—1,1 + <A1) Ca+1,1 (B.1)

We simply show that one can fit an exponentially declining sequence into this equation. Since the equation
has a unique solution as argued in the existence proof, this would prove the statement. If ayasz = 0,
equation (B.1) implies that ¢, 1 = 0 for all a # 0 and ¢p1 = a1 /(a1 + a2). So, the statement is trivially
satisfied where the rate of decline is zero. Assume now that ajas # 0. Assume wlog that a > 0, we can

safely divide both sides by ¢,—1,1 now and multiply them by (2—;) to obtain

A c c c
(1 a,l -1+ a+1,1 a,l
%] Ca—1,1 Ca,1 Ca—1,1
—— —_—

T1 T1 T1

r§—<A1)r1+1=0

as

which induces a quadratic equation

2
whose determinant (ﬁ—;) —4 > 0 since A1 = a1 + ag + 2a3 > 2a3 (remember that a; + ay > 0). The
equation has two positive roots, one bigger and one smaller than 1. The bigger root cannot work since it

is explosive as |a| — co. We pick the smaller root

A, A2
=(— ) — —_— -1 1 B.2
0<r (2%) (2%) < (B.2)

which is decreasing in ( Al ) spanning the interval (0,1) for different values of the former in the interval

2 a3
(1,00). Finally, the sum of coefficients can be written

aq

,
D car =) con 'l = con+2c00 —— = (B.3)

1—7r Q a
a€h ach 1 1+ as

a1 1-— T1
C =
0.1 @1 + Q2 1 +7r1
and finally thanks to exponentiality

a 1-
calzr‘l‘ il & , foraeA
’ a1 + Qo 1-|—7’1

The argument for the sequence (dq,1),., is identical with one change: The sum of coefficients ), da,1 =

Solving for cp,; from above, we obtain

aytaz
the theorem.

( @0 ) Note that e, 1 = 0 for a € A optimally since there are no future shocks. This proves part (i) of

-(#1) : We will use the following lemma which we prove in Technical Appendix G.
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Lemma 5 (Monotone Increasing Cross-Sectional Rates) For anyl > 2, the rates at which the pol-

icy coefficients converge to zero at the cross-section are strictly monotonic in a, i.e., for any a € A

Cla]+1,1 Cla|+2,1
Tla|l+1,0 = < = Tla|+2,l (B.4)
Clal.L Clal+1,1
Moreover, given 8 and al‘f@ , the cross-sectional rates are strictly increasing in as, i.e.,

rai(ah) > rai(as), for any a # 0. (B.5)
The analogous results hold for for d; and e;.

Exponential convergence (as in 7' = 1) implies that r, = r}, for any a,b # 0. As the Lemma demonstrates,
for T > 2, as |a| increases (going away from zero at the cross-section), coefficients decline much faster
for closer agents than for farther agents. In case N is large, the rate of decline stabilizes eventually to a
slower exponential rate, lim|| o0 7,7 > 75,7, for any b € A, due to the fact that (r47),c, is a bounded

monotone increasing sequence in the interval (0, 1).

-(iv) : As defined in section 2.1, C; := )", ¢ denote the total effect of past actions; that is, the effect
on an agent a’s action of a uniform unitary increase in all agents’ past actions. Similarly, D; := )", dy;
denote the total effect of contemporary preference shocks; and Ej := )", e, the total effect of expected
future preference shocks. We demonstrate in the next Lemma, wich we prove in the Technical Appendix

G, that these sums are given by a continued fraction form across periods.

Lemma 6 (Policy Coefficient Sums) For a T-period dynamic conformity economy with T > 1, the

policy coefficient sums for 1 =2,...,T are given by the following recursive system of continued fractions
(€51
C =
ar+az +a1f(1-Cyq)
Qs
D, = B.6
ar+az+a18(1—Ci_y) (B5)
E Ozlﬂ (1 — Ol—l)
1
a1 +as+a1(1—Ci_q)
where C| = al(j-lag’ Dy = al(faz, and E1 = 0. Moreover, C; | Cy and D; | Dy are monotonically

decreasing (hence E; T Eo ) sequences where Coo, Do, and Es are the fized points of the respective

equations in the recursive system (B.6).

Using the structure in Lemma 6, for the period just before the last (I = 2),

o1 aq
Cy = < = C
2 0114’0524*041[‘3(1701) T oot as !

and strictly so when a3 > 0. Assuming now that C;_; < ... < C1, we also obtain

aq aq

< = (C)_
a; +az+ a1 - Cp—y) a; +ax + a1 (1 - Cj9) -

C =

as claimed in the statement. The proof for D; is identical. Since, F; = 1 — C; — D; and that C; and
D, increase as [ decreases, the total effect of expected future preference shocks, F; instead decreases as [

decreases, as stated.
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C Proof of Theorem 3: Dependence on the Preference Parame-

ters

- Proof of (i) : We prove here injectivity of the maps going from structural parameters into the space of

policy coefficients. We start with the finite horizon economy.

- Finite Horizon: 1 < T < co. We will first demonstate that the map (a1, as) — (¢p1(a1, a3))s is injective.
oy

Since a3 + a2 > 0 by Assumption 1, Lemma 6 (see also the proof of Theorem 2-(ii)) yields Cy = o
and Dy = —22—: hence, C1 + Dy = >, co1 + >, da1 = =%~ + —22— = 1. Pick the coefficients whose

ar1tas a1taz ai+too
sum is non-zero. Since the structural equations are the same, the arguments below are the same. So,

assume wlog that C; > 0. Now, there are two possibilities:

(i) If ¢p,1 = 0 for all b # 0, Theorem 2-(ii) (see also footnote 19) implies that a3 = 0. In that case, we

can also recover a; = C; and ag = Cs.

(ii) If there is b # 0 such that ¢ 1 # 0, then what we know from Theorem 2-(ii) (see also footnote 19),

namely
a1 L=n s 0 for all b € A
1—2a3) \1+r /) ! ’

1 1\?
h = — | — — -1 1
where 71 (2a3> (2043) <

would imply that ¢ ;1 # 0 for all b € A. Moreover, we can recover r; by computing the ratio of

Ch,1

two consecutive policy coefficients, for instance, ™ = ¢1,1/co.1. Since, r1, as shown in the second
equation above, is strictly increasing in ag, there exists a unique value of as that generates the
policy coefficient sequence we observe. Moreover, knowing the true value of a3, we can also recover
a1 = (1 —2a3)Cy and as = (1 — 2a3)(1 — CY).

So far, we established that the map (a1,a3) — (cp1(a1,as3))y is injective. Now, let an observationally
equivalent series of policy coefficients (cp (a1, as, 5))sea,i>1 and (cpi(e], o, 8'))pea,i>1 be given. Namely,
for all [ > 1 and any b € A

Cb,l(011,0437ﬂ) = Cb,l(allvagaﬁ/)

This implies that the sums should match for any period as well, i.e., for any [ > 1

Cr=> aular,a3,8) = Y aua)ah,B)=C]
beA beA
1 0/1
a1+ ol +ab”
numerator and the denominator of the right hand side of the continued fractions in Lemma 6 by (a1 + a2),

So, we can write C; = p and C] = p/. Moreover, by dividing the

Let p := and p’ =

we can write for { > 1

P P’ ,
C = = = C C.].
CT 14 Bp(1- ) 1+8p(1-Cy) ! (©1)
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Given the observable sequence of sums (C});~1, one can solve for the unique value of p for any given value
of B from (C.1) as

C
1 - 8C (1 — 01_1)

p:

This establishes a continuous, strictly monotonically increasing, and differentiable function between 8 and

p and identifies the following sets of observationally equivalent (p, 3) pairs for any [ > 1
P o= {(p",8") €10,1] x [0,1) such that C;(p",p") = C;}

Now, we will show that equilibrium dynamics across periods impose sufficient restrictions on the inverse
image of the observed policy coefficient sequences. A total derivative, assuming that the levels C; and
Cj—1 do not change, yields
op
oplm

We know from Theorem 2-(iv) that for [ > 1

= p’(1-Crq)

p:C’1>...>Cl>...

Hence, for any I’ > 1> 1

op
85 Py

dp

=p’(1-Cp- P1-Ci) = =
P ( r-1) > p( 1-1) 95 |7,

(C.2)

Since the parameter vectors (aq,as, 8) and (of, a4, 8’) generate these sequence of sums, (p,5) € P; and
(p',B") € Py, for any | > 1. As seen in (C.2), the marginal rates of substitution between p and 3, at a
given point in N;~1P;, are ranked across the sets P; and Pp. So, these two sets can cross only once. Hence,
knowing the value of C; and Cy for any I’ > [ > 1 pins down the unique pair, say (p*, 8*) that can generate
the observable coefficients. This implies that

p=p =p° and p=p =p"

We know from Lemma 5 (also used in the proof of Theorem 2-(iii)) that cross-sectional rates of convergence

of the policy coefficients are strictly increasing in ag, given S and p = al"_f% . Hence, we can read (%)
by computing the ratio of two consecutive policy coefficients, at the cross-section. Thanks to Lemma 5,
there exists a unique value of ag that generates that ratio value. Given that we can determine the value
of ag, we can also recover oy = p(1 — 2a3) and as = (1 — p) (1 — 2a3). This establishes that the map

(a1, a3, ) = (coa(a, 04375))5,21& is injective.

- Infinite Horizon: Let T' = co. Our objective is to demonstate that the map (ay, as, 8) = (cp,1(0, a3, 5))p

is injective. It will be easier to use a change of variable, as in the finite horizon case. Namely, given that
i1-p
P

pp— (€51
D= qi+aze

we can write ag = (1—p)(a1+a2) = a3 ) We also use the normalization oq +ag+203 = 1

to write ag = £(1 — (o + a2)) = (%). With this change of variable, our paramater vector of interest

becomes (a1,p, §).
We cannot use the identification power of the equilibrium dynamics across periods since we have access

only to the stationary policy coefficients. Therefore, instead of looking across periods, we need to look
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for variation across agents. To do that, we study more closely the equation system, derived from the first
order conditions of any agent a € A, that generates the policy coefficients. Thanks to Lemma 2 and by

matching equilibrium coefficients ¢ in (A.10), one obtains for any b € A

0 = —co+ o1lpp=oy + Z Vb1 Co—by (C.3)
b1#0
where vy := Ax and v, is as we defined in (A.9): the total effect on agent a’s expected discounted

marginal utility, of a change in the first period choice, y,s,,1 of an agent b; distance away from agent a,
namely agent a + by.

For the rest of the proof, we will need the following lemma which we prove in Technical Appendix G.

Lemma 7 (Cross-sectional Variation) There exists a unique sequence () := (' Y,) that satisfies

(a1, p, B(p))

the system in (C.3). Moreover, (i) the map is continuously differentiable and the partial

o
derivatives satisfy % A”’(m’aiz?ﬁ(p)) > 0 and 3%“ %(m’aiw < 0, for any (a1,p, B(p)); and (ii) there exist
agents b £ b such that for any (a1, p, B(p)),
aafl'yb/ aa;l'ﬂ,
op op
- > — > 0. C4
Bafl'yb/ . 80{1% . ( )
oar  lay v (a1,p,B(p))=%, oy o e(on,p,B(P))=Ys

Let an observationally equivalent series of policy coefficients (cp(a1,p, 8))peca and (cp(af,p’, 5))pea be

given. Namely, for any b € A

Cb(ahpa/B) = Cb(a/17p/75/)

and thanks to Lemma 6 the sums should satisfy

/

P p / / /
Coo = s = = — 7 7 _ COO
bEGACb(Oq p ﬁ) 1+ ﬁp(l _ Coo) 1+ 8 (1 — Céo) bEGACb(al p, B )

One can solve for the unique value of 8 given any value of p for any given level C.

Bl Co) = s (©5)

which establishes a continuous, strictly monotonically increasing, and differentiable function S(p|Cx),
and identifies a set of observationally equivalent (p, 3) pairs consistent with the observed levels of policy
coefficient sum Cy.

Given that we observe (¢p), the system in (C.3) need to be solved in terms of (yp,) and «y. Stacking
the coefficients multiplying unknowns in each equation in (C.3) in a separate row vector forms a circulant
matrix.*® With this definition, as we state in Lemma 7, we can invert that matrix and obtain the unique
sequence (7p,) := (a7 ', ) that solves the system in (C.3). We cannot identify a; separately since we
have just as many equations as the number of agents in (C.3). This unique solution sequence provides us
with |A| additional parameter restrictions, in addition to the one we obtained in (C.5).

48 A circulant matrix is a special kind of Toeplitz matrix fully specified by one vector, which appears as one
of the rows of the matrix. Each other row vector of the matrix is shifted one element to the right relative to the

preceding row vector. See e.g. Davis (1970) for an in-depth discussion of circulant matrices.
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Next, we replace 8 by the expression in (C.5). Given that we know the structural form of the mappings
Yo, (a1, p, B) from the definition in (A.9), these restrictions jointly identify the following sets of observa-
tionally equivalent (a1, p, 3(p)) vectors for any by € A,

Py, = {(a’l’,p”7ﬁ”(p”)) €1[0,1] x [0,1] x [0,1) such that aj 'y, (of,p”,8"(p")) = %1} (C.6)

Thus, we have a total of |A| restrictions and two parameters (aq, p) to determine.

Thanks to Lemma 7(i), the Implicit Function Theorem (see e.g., Bartle (1976), p.384) states that,
for any b; € A, there exists a continuous and differentiable function «;(p|Ps,) that gives the unique
value of a; for any value of p such that (aq,p, 8(p)) € Ps,, the level set defined in (C.6). The slope
of a1(p|Pp,) is the marginal rate of substitution between ay and p that sustain the same level for the
function o *p, (a1, p, B(p)). Using once again the Implicit Function Theorem, we know that this slope is
computed as

8(11_1'71,1
dp P,y BO‘IIWH
Oay Poy

and is positive thanks to Lemma 7(i). Therefore, we also know that the implicit functions aq(p| Py, ) are
strictly increasing in p, for any b; € A. Finally, we know from Lemma 7(ii) that there exist agents b # b’
such that for any (aq,p, 8(p)),

d aal_l’yb/ 8041_1’71, d
a1 0 ) g
— _ 7117 > _ 71; = —_— . (C.?)
dp P, oy W | _, - day *y | | B dp |p,
da; o vy (a1,p,B(p)=7, da;  lay v(a1,p,B(p)=b

So, a1(p| Py ) is steeper than aq(p | Pp). Hence, a1(p|Py) and a1 (p| Ps) can intersect at most once. More-
over, since the parameter vectors (a1, p, 5) and (o}, p’, 8’) generate the observable sequences of coefficients,
(a1,p, 8(p)) € PoNPy and (af,p’, B(p")) € P, NPy. Since |P, NPy | = 1, there can only be a unique pair
(af,p*) that is consistent with the above restrictions. Hence,

/ * !
p=p =p°, anda; = o] = o

This in turn yields the unique value of 8* = (p* | C) consistent with the observable level C,. More-

over, we can also recover aj = (1%’ of and af = 3(1 — (af 4+ a3)). This establishes that the map

(a1, a3, B) = (cp(0r, a3, 8))ven is injective.

- Proof of (i) : As before, we give the arguments for the policy coefficients on history. Same arguments

apply to other coefficients as well. Let (o, as, 8) and (of, of, 8') be given. Assume as in the statement

of the theorem that p = ali‘}az = a,o_fa =p and § = f, but af > a3z. We know from Lemma 6 that
1 2
C = al‘j}@ =p=p = al‘_‘ﬁw, which are independent of the level of a3 and af. Now assume, for

induction, that the sums are equal and independent of a3 and o5 up to ! = T — 1 > 0. By dividing the
numerator and the denominator of the right hand side of the continued fractions in Lemma 6 by (aq + a2)
and (o + o) respectively, we can write

/

p P /
C = = = O
T4 Bp( -0 1+8p(a-c_) !
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This equation implies that since C;_y = C]_, are independent of a3 and aof, so are C; and C]. Same
argument holds at the limit C,, as well. Next, we show the mean preserving spread property. Pick any

[ > 0. We use the symmetry of the policy coefficient sequences around zero to write

/
=Y calay) = coulah) +2260za3 Hrslag

beA a>1

= coulay) |1+ 2 Z Hrsl ay)

a>1 s=1

= coulas) [1+2) Hrsz az)| = aulas) = Cilas)

a>1 s=1 beA

Lemma 5 states that rq (o) > 74,1 (a3) for all a 75 0. This implies that > < [Te_; rsi(ab) > > ,oq [y 7salas)
in the above equation system. Since the policy coefficient sums are equal, then it has to be the case that
1-1

co(a) = Cilay) |1+ 2 Z Hrsl ay)
a>1 s=1
4 -1
< Cilaz) |1+ 22 H?“sl az)
a>1 s=1

= cou(as)

This shows that the mass at the center decreases as ag increases. Now, we will show that the tails of the
distribution of coefficients lift up when ag increases. We show the argument on the right hand side of
zero. Thanks to symmetry, it will hold on both sides. Let us first define @ := inf,~¢ {ca,1(0f) > ca(as)}.
This set should be nonempty. Otherwise, it would mean that ¢, ;(af) < ¢4 (a3) for all @ and with strict
inequality for a = 0, as we showed above. This in turn would mean that Ci(a3) = ), cai(a)) <
Y aCailas) = Ci(asz), which would be a contradiction. So, the claim is true and @ exists. But then, by
definition of a, the following holds:

cai(ah) = cou(ah) [] rei(ad)

> co(o) H rs1(c)

Hence, for any a > a,

a

rea(as) [ rei(eh)

s=1 si=a+1

=

cat(az) = couas)

a

> coulos) [[reslas) J] reilas)
s=1

s1=a+1

= c¢q(as)

The first line is by definition; the second is by the monotonicity of the rates in az. So, we showed that for

all 0 < a < @, cqi(ah) < cquag) with strict inequality for a = 0; and for all a > a, cq, (o) > cqi(as).
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Thanks to symmetry around zero, this shows that seeing the policy coefficients as probability distributions

Ca,l(a/) s 3 Ca,l(a3) 3
on A, ( C;,(a/:) )aeA is a mean-preserving spread of ( Cilas) )aeA. This concludes the proof.

D Proof of Theorem 4: Ergodicity

Suppose that the process ((9?),?2700) is (s)-Markovian. Let 7 be the initial measure on the configuration

ach
space Y which is the distribution of

(Z D> eh oy |y Batby gt

m=1 by bm
+ Z €bpy T E[0a+b1+...+bm,17m+7 ‘ 01,m, ceey glms]]) (D]-)
ac€h

(yr € Y)2, is an equilibrium process generated by the symmetric Subgame Perfect equilibrium policy
function g*. Hence, given yq, one obtains on the equilibrium path

Yaq = Zcbl Ya+bi,0 + Z do, Oain 1 + Y Z eby Elfayvi 14701, ., 01—

by =1

= E Cb, (E E E Cby " Cb,y, l{dbm Oatby+ b, 1—m
by

m=1 b

o0
+ Z €y Elatvri+. 4o 1—mtr | b1—m, .- 761—m—s]]>

+Zdb1 atb1,1 +Zzeb1 ot 147 |0c,. ., 0]

by =1

Z Z Zcbl bm—1 |:db 6a+b1+"'+bm,2—m

m=1 by

+ Z €bpn T E[9a+b1+‘..+bm,17m+‘r | 927m7 e 7927m75]1|

which has the same form as in (D.1). Since the process ((6§)52 s (s)-Markovian, y,.0 and y,,1 are

_OO)aEA i
distributed identically when the initial measure is w. Since the choice of a was arbitrary, 7 is a stationary
distribution of the Markov process (yt)fi o- Moreover, iterative application of the stationary policy function

g* on any path (01,02, ...) of the stochastic process yields

Ya,t = Z Cby Yatby,t—1 T Z dy, Oatvr e + Z Z by Elbasby p4r |0ty .., 00—s]

by =1

Ch
_ t 1 by
= C Z Z( Ct ) Yatby++b,,0 T Z Z Zcbl e Cpy 1 by Batby 4o Ayt 1-m

m=1 by
t [e'e]
+ E E e E E Cvy -+ - Cbyy_1 €y, E[9a+b1+...+bm,t+1—m+T \ Ott1—ms-- - 9t—s+1—m]
m=1 by by T=1
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Since the preference shock process is stationary (s)-Markov, the law for the sum of preference shocks and

expectations is identical to the law for its ‘¢-translated-into-the-past’ version, i.e., that of

Yao = CtZ"'Z (Cblcitcm) Yatby+--+b,0
+ Z Z Zcbl . by, Oatby by 1—m (D.2)

m=1 bl m
+ z : : : § :cbl ce s Chyy leb'mﬂ— E[9a+b1+~-+bnul_m+7— | 91_m7 e 761_7’71_5}
m=1 by by, T=1

Ct = 0 ast — oo since C < 1 due to the fact that a; + as > 0. The first term in the parentheses in
the summand is a convex combination of uniformly bounded terms. Hence, the first part of the above
expression goes to 0 as ¢ — oo. Since the equilibrium is symmetric, the convergence is uniform across
agents: yr — y = (yo) uniformly. Thus, for any given initial value yo, and a path (...,0_1,6p), the

pointwise limit of y,+ can be written as

E E E Cby " by | by Oatby 4o tb,,1-m

m=1 by

+ Z ebm,r E[0a+b1+...+bm,17m+r ‘ glfmv vy glfmfs]] (DS)

Now, pick any f € C(Y,R), the set of bounded, continuous, and measurable, real-valued functions from
Y into R. Let mg be an arbitrary initial distribution for yy. We have

. cbl . cbt
itk /f ym (dy) = Jim [ S ((Ct PIRES (Ct) Yartor 4000
b1 by
+ Z Z o Z Cby " Copy |:dbs Oa-tby4-tby,1-m

m=1 b, b

+ Z €by T E[aa-&-bl-&-.“-&-bm,l—nL-i-T | ol—nu s 791—7n—s]:|> > P(dG)WO(dyO)
— a€hA

= / ((Z Z Z:cb1 “Cb,, 4 [dbs Oatbr+-+bs,1—m (D.4)

m=1 by

+ Z bt El0ator bt —mtr |61om, ... aglms]:|> ) P(df)mo(dyo)
a€A

:/f

The first equality is from (D.2); the second is due to Lebesgue Dominated Convergence theorem (see
e.g. Aliprantis and Border (2006), p. 415); third is due to the continuity of f and the pointwise limit
of y; in (D.3). Thus, for any f € C(Y,R), limy_, [ fdm = [ fdr, meaning that the sequence of
equilibrium distributions m; generated by the probability measure P and the policy g* converges weakly

to the invariant distribution w. The choice of my was arbitrary. Hence, for any initial distribution, the
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induced equilibrium process converges weakly to the same invariant distribution 7. Therefore, 7 is the
unique invariant distribution of the equilibrium process. Here is why: Suppose that 7 is another invariant
distribution. This implies that the induced process starting with 79 = 7 should satisfy m; = @, for all
t=1,2,.... From the above convergence argument m; — m weakly. Hence 7 = 7.

Finally, to show ergodicity, pick an f € B(Y,R), the set of bounded, measurable, real-valued functions
from Y into R. The process starting with 7 is stationary, hence my = 7 for all ¢t = 0,1,.... Since the
process y; is stationary, so is the process (f (y:)). We can then use Birkhoff’s Ergodic Theorem (see e.g.
Aliprantis and Border (2006), p. 659) on the process (f (y:)) to obtain

T—o0

T
lim ;;mﬁ) - / F(ye)m(dye)

almost surely. Since the choice of f was arbitrary, the last expression holds for all f € B(Y,R). Thus the
equilibrium process (y: € Y)2,, starting from initial distribution 7 is ergodic. This concludes the proof of
Theorem 4. |

E Identification

E.1 Proof of Theorem 6: Identification

Assume first that population size N is finite. From Theorem 1, we have that if T is finite,

Yat = E Co, T—(t—1) Yatbt—1 T Z Ay T—(t—1) Tatb,t

beA beA

T
t
+y Z Zeb,Tf(tfl),'rftE [anrb,Tl-'lj ] +€at
T=t+1 bEA
T
t

Cat = Y Ay Uarbrt D D ebr—(t-1),r—t B [tatsr|u']

beA T=t+1beA

And if T is infinite,

Yair = D CbYarbt1+7 D dbTarp
beh beh

[e%S)
+7 Z Zeb,'rftE [$a+b,r|xt] +5a,t

T=t+1 bEA

o0
Eat = Z dp Uatp,t + Z Z epr—t B [ua+b,r|ut]

beA T=t+1 bEA

These are econometric equations with N endogenous variables on the right hand side. Consider the N
instruments (z445¢—1)s- These equations can be consistently estimated through instrumental regressions if
the following three sets of conditions are satisfied. (Remember that we maintain N fixed here and consider

an arbitrarily large number of replications of the economy).

(1) The instruments are not perfectly correlated, which is guaranteed by Assumption 3.
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(2) The appropriate exclusion restrictions are satisfied, i.e., E[ei|z;—1] = 0. Note that ¢, is a linear
function of two sets of variables: w; and F [u,|u], with 7 > ¢ + 1. By Assumption 2, we have

E [ug]zi—1]) = 0 and, since E [u,|u'] is a function of u, E [E [u,|u!] |z;—1] = 0.

(3) The instruments have an impact on the endogenous variables, which is the case when v # 0. If
ay # 0, then yo4p, is affected by yoyps. If T > 2, we recover at least (cp1)p and (cp2)p. If T is

infinite, we recover (cp)p.

Suppose next that T is infinite. We know from Theorem 3-(i) that (cp)pea is injective in oy, as and
B. This shows identification when N is finite. To conclude, suppose that N is infinite and denote by Aj
the set which includes agent 0 and his &k closest neighbors on the left and on the right. If 7" is finite, write

the equilibrium characterization as follows

Ya,t = Z Cb,T—(t—1) Ya+b,t—1 T Ua,t + Eayt
beAg
where €, + is defined as above and v, = ZbeA\Ak Cb, T—(t—1) Ya+b,t—1 and similarly for T" infinite. Consider
estimating these equations through instrumental regressions as above. Here, F(u;|lys) # 0. However,
Cy,r—(t—1) is positive for any b € A and converges to zero monotonically as |b] — oo, and their sum is less
than 1. This implies that (ZbeA\Ak cb’T,(t,l)) — 0 as kK — oo. Hence, for a given € > 0, there exists
a k large enough s.t. ZbeA\Ak Cor—(t—-1) < m, where yo4p-1 € Y = [y, 9] for each b € A.

Consequently,
Uat = Z Cb,T—(t—1) Ya+b,t—1
bEA\A,,
< Z b, r—(t-1) | max{|yl, [y|}
beEA\A,
< €

Since the choice of € is arbitrary, u,; becomes arbitrarily small as k tends to infinity. This implies that the
difference between the estimated coefficients and their true values become arbitrarily small as k tends to
infinity. Thus, if (o), af, 8') # (a1, as, 8), there exists kg such that for any k > ko the previous procedure

is able to differentiate between outcomes generated by one set of structural coefficients vs the other. M

E.2 Proof of the First-order Conditions

The utility of agent a at T'— 1 is equal to v, 7-1 = uq7-1 + BEu, where the expectation is taken

9T—1

conditional on . The first-order condition is:

8umT71 8EumT

=0
3ya,T—1 8ya,T—1

Compute the derivative of v, 7—1 with respect to yq,7—-1. We get:

laumT—l

= =01 (Ya,7—1 — Ya,7—2) — %2 (Ya,7—1 —ba,7—1) — @3(Ya,7—1 — Ya—1,7—1) — @3(Ya,7—1 — Yat+1,7—1)
2 0Ya,7—1
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And

1 8Eua7T o 1 aua,T
2 Yar—1 2 OYa,r—1
aya T aya T
= E —Q a - Ya - 5 — 1 —a a - 9a G
[—a1(Ya,T = Ya,1 1)(3ya,T—1 ) = 02(yar ’T)ﬁya,Tq

)( aZ/a,T _ ayaq,T)

) War  OYayrr
5ya,T—1 3ya,T—1

Wa,r-1  OYar—1

- Oég(ya,T —Ya—1,T - a3(ya,T — Ya+1,T

Oyat1,r _ Oya—1,1
aya,T—l aya,T—l

6ya,T
aya,T—1
first-order conditions of the last period that

From Theorem 1, we know that = cp,1 and = c1,1. We also know from the

—a1(Ya,7 — Ya,7—1) — 2(Ya, 7 — Oa,7) — @3(Ya,7 — Ya—1,7) — 03(Ya,7 — Yat1,7) = 0

This implies that

1 aEua,T

- = a1(EYa,r — Yo,r-1) + @3¢1,1(2EYe 1 — EYa—1,7 — EYat1,T)
2 0Ya,7—1

Regrouping terms, we get:

(a1 + a2+ 203+ Bor)Yar—1 = 1 Yar—2+ 020a7-1+ a3 (Ya—1,7-1 + Yat1,7-1)
+  Bllar +2a3¢1,1)Eya,r — asci,1(EYa—1,7 + EYas1,7)]

Next, replace the expected values by their realized counterparts. This means adding an error term equal

to the difference between the two. More precisely, introduce

Var—1 = Bl(on +2a3¢1,1)(EYa,r — Ya,7) — @3¢1,1(EYa—1,7 — Ya—1,7 + EYat1,7 — Yat1,7)]

Note that we have:
E(Va,T—l ‘GTil) =0

and, through the law of iterated expectations,
E(Vanyl |@S) =0

if s <T — 1. Then:

aq Q3

Ya,T-1 mya,T—z + m(ya—lj_l + Yat+1,7-1)
s
= 9 B )
+ 1 —‘,—50&1 [(Oél + QSCl,l)ya,T 0436171(ya LT +ya+1,T)}
(65) 1
4+ — Pt —
14 By aT-1 1+ Bon a,T—1

This is an econometric equation expressing y, r—1 as a function of four endogenous variables: y, 7_2,

Ya—1,T—1 + Ya+1,7—15 Ya,7 a0d Yg—1,7 + Yat1,7- We can simplify this further. Recall that at T, we have:

(o + a2 +203)Yar = 1 Ya1—1+ 2007+ 3(Ya—1,7 + Yat1,7)

and hence

203Ya, 7 — @3(Ya—1,7 + Ya+1,7) = Ya,7—1 + @2ba 1 — (01 + 2)Ya,T
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Substituting yields

(14 Ba1)Yar—1 = 0aYar—2+ 2bs1-1 4+ a3(Ya—1,7-1 + Yat1,7-1)

+ PBllag — (o + @2))Ya,r + @161,1Ya,7—1 + a2¢1,100,7) + Var—1
This yields:

14+ Bar(l—c11)Yar—1 = iYar—2+ b0a7-1+ 3(Ya—1,7-1 + Yat1,7-1)
+  Blar —cri(on + a2)yar + Bazer 101 + Var—1

and

1+ Bar(1=c11))Yar—1 = @1¥ar—2+ 3Ya—1,7-1 + Yat1,7-1) + Bloa — c11(1 — 2a3)]Ya,7

+ Youzar—1+ YB02c1 1%a,T + €0, 71

where

€a,T—1 = Q2Uq,T—1 + BQ2C11Ua,T + Va, 71
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F Lemmata used in the Existence and Uniqueness Proof

Lemma 1 (Convex Combination Form) For any history (y'=1,0"), the unique symmetric solution
depends solely on last period equilibrium choices and current preference shock realizations, i.e. yi(y°,0%) =
91(y0,01), for some g1 :' Y x © — Y. Moreover, the policy function g1 has the convex combination form

as in the statement of the theorem.

Proof: Let
g:Y x0° =Y s.t.
T
9(yo, 91) = ZaGA CaYa,0 T ZaGA do0a,1 + ZT:t+1 ZaGA Car—t B [Ha,7|91]
with
. T
G (1) ca,da,€q > 0 and ZaEA (ca +d, + Zth_H ea7T_t) =1 (F.1)

(11) (%)CaJrl + (%)Cafl 2 ca7va 7é 0
(iil) cp < cq,Va,b € A with [b] > |al.
(iv) cq = C—q, Ya € A

and properties (ii), (iii), and (iv) also holding for the d and e sequences.

be the class of functions that are convex combinations (i) of one-period before history, current and expected
future preference shocks, having the (ii) ‘convexity’, (iii) ‘monotonicity’, and (iv) ‘symmetry’ properties.
Let g € G be such that after any history (y°,0!) = (Y—(s—1),0—(5—2),--+» Y_1,00,%0,01)

y1(y°,0%) = g(yo, 61)
and let (¢, d, e) be the coefficient sequence associated with g. Applying Ly to y1 (hence to g), we get

(Liyr) (¥°,0") = AT (a1yo0 + 2601 +azg (R 'y, R7101) + as g (Ryo, R61))

a1 Yo,0 + a2 o1 + s (Z Ca Ya—1,0 + Z dq 9a1,1>

achA a€h

+as (Z Ca Ya+1,0 + Z da 9a+1,1> ‘| (F2)

a€hA a€A

- A;l

By the definition of G in (F.1), the coefficient sequences are positive and absolutely summable; the choices
and shocks are elements of a compact set. Hence, we can rearrange the series to obtain

= Afl <(041 +azco1+ascr)yoo+ (e +asd_y +aszdy) b

Aic) Aqd)
+ Z (ag a1 + 03 Cat1) Ya,0 + Z (g dg—1 + g dat1 9@,1> (F.3)
a;éo Alc’ H.;éo Ald/

This last expression is linear in yg, and 61. So, L1y, preserves the same linear form. By definition of the
new coefficient sequence (¢/,d’) in (F.3), each element of the sequence is nonnegative since each element
of the original one was so. New coeflicients sum up to 1 since convex combination form of g makes the
sum of the coefficients inside the two parentheses on the right hand side of (F.2) equal to 1. Thus, the
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total sum of coefficients on the right hand side of (F.2) is A7 (a; + oo + 2a3) = 1, which proves property

(i). The final form in (F.3) is just a regrouping of elements in (F.2). Let (c) be the new coefficient

acA
sequence associated with Liyr as defined in equation (F.3). Pick a # 0 in A,

« «
C;Jrl + C;—l > <A?;> (Ca + Ca+2) + (Ai) (Caf2 + Ca)

(0%
(Ai> (2ca+1 + 26(171)

«
= 2 (Ai) (Ca—i-l + Ca—l)

_ /
= 2,

Y

By definition of ¢’ in (F.3), first inequality is strict if |a| = 1, is an equality otherwise; second inequality
is by property (ii) on ¢; last equality is once again by definition of ¢’ in (F.3). Therefore, for any a # 0,
Cat1 + c,_1 > 2¢),, which is property (ii). Now, pick any a,b € A with |a| < |b].

a3 as ag a3

C:z = (Al) Coq—1 t+ <A1> Cat+1 = (Al) Clal-1 + (Al) Cla]+1
o - «
& - (&) (8) e

First equality is from (F.3); second by property (iv) of G in (F.1); the inequality is property (iii) of G in

vV
N
>
~——

o

<

L

_l’_
N
Pl
~——

o

=l

x

= Cb

(F.1); next equality is due to property (iv) of G again; and finally the last equality is by (F.3). Hence,
property (iii) in (F.1) holds for the new sequence. We next show that ¢’ satisfies (iv) in (F.1).

/ _ % a—1 % a+1
o = <A1>c +<A1>C
_ % —a—1 % —a—+1
N (Al) ¢ * <A1> ¢

/

= C_a

where first equality is by (F.3); the second is due to (iv) of G in (F.1); finally the last is again by (F.3).
Thus, the restriction of Ly to the subspace (call it Bg) of bounded measurable functions that agree
with an element of G after any history, maps elements of B¢ into itself. Moreover, endowed with the sup
norm, B¢ is a closed subset of B ((Y x ©)%,Y) since it is defined by equality and inequality constraints,
hence a complete metric space in its own right. Since L; is a contraction on this latter as we just showed,
it is so on Bg as well and the unique fixed point g} in B ((Y x ©)%,Y) must lie in Bg. Since the choice
of t was arbitrary, the unique symmetric equilibrium in a one-period (continuation) economy, after any
length history must assume the convex combination form stated in the theorem. This concludes the proof

of Lemma 1. [

Lemma 2 (Interiority) Let T' > 2. The unique optimizer yo1 is almost surely in the interior of Y =

ly, 9], and equation (A.5) can be written as

T

0 = —Ya1 A7 + 1 Ya0 + 21+ Z Vo, Ya+b,1 + Z Z 1,77 E [0t 16"] (F.4)
b0 beA T=2
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T ) >
where A 1= a1+a2+zb¢0 Vo, 1+ pen D res o1, and the coefficients oy, aa, (Vo1 )b0, and (,ubyf_,T)Ze—Ag
are non-negative.

Proof: In order to prove interiority, we let

=inf{t>0: g(y—1,0") =y} and y; :=g(yi—1,0").

It suffices to show that Prob[r < T| = 0. Let us assume to the contrary that Prob[r < T| > 0. In such a

situation, y, = y is optimal and a necessary condition for optimality is

—o1(y = Yar—1)® — a2y — 0a,r)” — 3(y — Ya—1,-)> — 3(Y — Yat1,7)* — Ba1E[(Y — Ya,r4+1)° ] 07]
> —a1(Y = Yar-1)? — 2y —0ar)> — a3y — Ya—1,7)® — @3(Yy — Yat1,7)° — Ba1E[(Y — Ya,r+1)? | 07]

for all y € Y, since otherwise y, < Y would lead to a higher payoff. This, however, requires 0, = yq,r—1 =
Ya,r+1 = Y. This shows that y, ¢ =y = 04, for all ¢ <T'. This, of course, contradicts E[fq ;| 01 € (v, 9)-
Thus, Prob[r < T] = 0.

Moreover, thanks to the linearity of the first order condition in the choice variables, the preference
shocks, and the expected future preference shocks, one can write the first order condition in equation (A.5)
as a function only of contemporaneous choices, and expected future shocks, through iterative application
of the policy functions for future period equilibrium choices, as we demonstrated in (A.7). Finally, since
the unique optimizer y, ; is almost surely interior, the coefficients multiplying these are necessarily non-
negative. Finally, since all values inside the brackets are uniformly bounded and the finite horizon equilibria
converge to the infinite horizon equilibrium uniformly, all statements hold for T = oo as well. This

concludes the proof of the Lemma. [ |

Lemma 3 (Compactness) Lg and G endowed with the supnorm are compact metric spaces.

Proof:  Let (8r,), be a sequence lying in Lg that converges to y = (y;) € [0,1]°°. This means that
Br, .+ — Y, for all t > 1, which in turn means that y; € {0, 8"} by the construction of Lg. Moreover, if
yr = 0 for some ¢, y;4r = 0 for all 7 > 1 since the terms fr, are geometric (finite or infinite) sequences.
There are two possibilities: either y = (1,8,...,7,0,0,...) or y = B for all t > 1. Both lie in Lg which
means that the limit of any convergent sequence in Lg lies in Lg. This establishes that Lg is closed.
Given any € > 0, choose a natural number N > 1 s.t. Y < e. It is easy to see that any element in
Lg lies in the e-neighborhood (with respect to the sup metric) of one of the elements in the finite set
{B1,B2,...,0n} C Lg. This establishes that Lg is totally bounded. Therefore, L is compact. We next
show that G endowed with the sup norm is compact.

Let H := {y = (Ya)ach | Ya < (i) , forall a € A}. Defined by inequality constraints, this set is closed
under the sup norm. We will show that it is also totally bounded. For a given € > 0, one can find an
N >1s.t. 55 < e Pick asequence j € H. For any a € A s.t. |a| > N, [0,(2N)7'] C Boo(ya,€), the e-ball
around y, w1th respect to the sup norm. For |a| < N, let Y(a) := {0 €,2€,. .., kqe, (2a)_1}, where k, is
the greatest integer s.t. k,e < (2a)~!. The set

Y€ H | Yo = Ya, for [a] > N, and (y—(N—1),~--,y07~-~,yN—1) € H Y(a), for la] <N
la|<N
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is a finite set of elements of H. Moreover, it is dense in H by construction. This establishes that H is
totally bounded. Thus, H is compact under the sup norm.

Each g € G is associated with coefficients ((cq,dq,€q)q). Clearly, for any sequence of policies in
G, gn — ¢ in sup norm if and only if the associated coefficients ((cq.n,dans€an)a) = ((Ca,da,€a)a)
in sup norm. We know from (A.3) that ¢ satisfies properties (¢), (i¢) and (z3¢). Thus, for any a € A,
Co>C1 > ...> Clgfy Ca = C_q and Z\blﬁlal ¢p < 1. Combining all these, we have 2|alc, < Z|b|§|a| o <1

which in turn implies that ¢, < for all @ € A. Same bounds hold for the d and e = (eb,T)ZGZA1 sequence.

1
2lal
But then, the space of associate(‘i |coefﬁcien‘c sequences, call it Lg, can be seen as a closed subset of H,
a compact metric. Consequently, L is compact, thus sequentially compact. Pick a sequence (g,) € G
and let (c¢y,d,,e,) be the associated coefficient sequence lying in L. Since L is sequentially compact,
there exists a subsequence (¢, ,dm,,€m,) — (¢,d,e) € Lg. The latter, being an admissible coefficient
sequence, is associated with the policy g(y,0%) := >, cala+ o daba s+ 0 D roq €ar E [0a,s4-]0°]. Thus,
the respective policy subsequence g,,, — g € G. This establishes that G is S(;quentially compact hence

compact. This concludes the proof of Lemma 3. ]

Lemma 4 (Continuity) For any given (Br,g) € Lg x G, U(+; Br,g) is continuous on I'(Br, g) with
respect to the product topology.

Proof:  Since G endowed with the sup norm is a compact metric space due to Lemma 3, the metric
d(g,9") == Y7227 |9t — gil|c induces the product topology on G* (see e.g., Aliprantis and Border
(2006), p. 90), where || - || is the supnorm as before. Let (8r,g) € Lg x G™ and € > 0 be given. Set
e = (l_lﬁ_ifﬂ) €. The period utility u is uniformly continuous since Y is compact. Thus, one can choose a

0’ > 0 such that for any ¢, |z — yo,] < ¢’ implies

|U (xO,tflva,ta {xb,t(g)}be{—l,l}a 90,1&) —u (Z/o,tfl,yo,t, {xb,t(g)}be{—l,l}v 90,t)| < €.

Set § = 27T¢'. Pick ¢°,¢"° € T'(BT,g) such that d(g°, ¢’°) < 4. This implies that for all ¢t < T, ||g) —

9°)|0e < 276 = &' hence |yo,:(9°) — v0,t(¢"°)| < 6. Uniform continuity of u then implies that the period

utility levels are uniformly bounded above by ¢’ for all periods ¢t < T. The claim therefore follows from
1— 6’1"—}-1

U(g° 5 Br.g) — U4 Br.g)| < ﬁe’ = e
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G Convergence Properties of Policy Coefficient Sequences

In this section, we study the dynamic and cross-sectional properties of the equilibrium coefficient sequences
in some detail. Throughout the section, we present equilibrium arguments using cr. Arguments for dr
and ep are identical. To do that, we index coefficients by the length T of the economy, i.e., ¢ = (CaaT)aEA
is the vector of policy coefficients on “history” for the optimal choice in the first period of an economy
with T" periods. For T' = oo, we drop the time index and simply write ¢ = (ca),c -

We first present the statements of the three Lemmas we will prove in this section. Lemma 5 is used in
the proof of Theorem 2. Lemma 6 is used in the proofs of Theorem 2 and Theorem 3. Finally, Lemma 7
is used in the proof of Theorem 3. We then provide the proofs of these results in the subsection G.1 that
follows.

We know from Theorem 1 that the policy coefficients form non-negative, bounded, absolutely summable
sequences. More specifically, for any 7" > 1, any a € A, the coefficients ¢, 1 satisfy

\blliiﬂoo Cator =0

The impact of an agent a 4+ b on agent a tends to zero as |b| — co. Furthermore, equilibrium policy func-
tions are non-stationary in the finite economy, as rational forward-looking agents change their behaviour
optimally through time. Finally, the finite-horizon parameters converge (uniformly) to the infinite-horizon
stationary policy parameters,

lim cr=c
T—o0

To study these convergence properties precisely, we define the cross-sectional rates of convergence as

Cla]+1
Tla|+1,7 = L, for any a € A

Clal,T
From Lemma 2, the first order condition (A.5) characterizing any agent a’s optimal T-period choice can
be written in a more concise way as in (A.10). So, by matching equilibrium coefficients ¢ on both sides

of (A.10), one obtains for any agent a € A

car = AF' |onIfa—op + Z’Yb,T Ca—b,T (G.1)
b0

where ;7 is the quantified impact on expected discounted marginal utility of agent a, of a change in

individual a 4 b’s first period choice, Yq+5,1, as defined in (A.9) in the proof of Lemma 2 Formally, the

expression » ., 20 Vb, T Ca—b,T inside the brackets in equation (G.1) is the discrete convolution of the policy

coefficient sequence cr = (ca,1),., and the coefficient sequence v, = (v,7), 20 > where a acts as the shift
parameter.

Our first result characterizes the monotonicity of the cross-sectional convergence rates in the parameter

«3 and in social distance.

Lemma 5 (Monotone Increasing Cross-Sectional Rates) For any T > 2, the following hold:

(i) The rates at which the policy coefficients converge to zero at the cross-section are strictly monoton-
ically increasing in |a|, i.e., for any a € A

Cla|+1,T Cla|+2,T
Tlal+1,7 = — —— < ———— = Tjg|+2,T (G.2)
Clal,T Clal+1,T
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g ) o , , . o .
(ii) Given B and it the cross-sectional rates are strictly increasing in as, i.e.,

ror(as) > rer(as), for any a # 0. (G.3)
The analogous results hold for for dr and er.

Our next result characterizes the behaviour of the sums of policy coefficients across periods. We
rely on these results in the identification proofs. In order to demonstrate it formally, we first define the
sum of policy coeflicients on “history”, “current shocks” (own effect), and on “expectations” respectively
as

CT = ZCb?T
b

DT = Zdb’T
b

T
Er = E E €y, Tr—t
T=t+1 b

where Cpr + Dy + Er = 1. The result we will present is interesting also in the sense that the sums follow
a particular recursive structure well-known and extremely useful in mathematics and dynamic systems:
They behave as continued fractions. A continued fraction is an expression obtained through an iterative
process of representing a number as the sum of its integer part and the reciprocal of another number, then
writing this other number as the sum of its integer part and another reciprocal, and so on. In a finite
continued fraction, the iteration/recursion is terminated after finitely many steps. In contrast, an infinite
continued fraction is an infinite expression. In either case, all integers in the sequence, other than the
first, must be positive. The integers are called the coefficients or terms of the continued fraction (see e.g.

Pettofrezzo and Byrkit (1970)). In our environment, they take the following form

aq

Cr =

o

(an +as+ap)—p
i

(a1 +as+ ) —p
o
(o +as+ a1 B) — 5*1

and the next Lemma characterizes their recursive properties and their limit behaviour as the number of

periods, T', increases arbitrarily.

Lemma 6 (Policy Coefficient Sums) For a T-period dynamic conformity economy with T > 1, the

policy coefficient sums forl =2,...,T are given by the following recursive system of continued fractions

aq

C =

ar +as+a1B(1—Cpq)

s

D, = G4

: a1+ oz +af(1—Cra) (G4

1-C—

E = Oélﬁ( l 1)

ar +a+a1B(1—Cpo1)
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where Cp = —21 Dy = =2 and E1 = 0. Moreover, C; | Cs and D; | Dy are monotonically

a;+as’ ajtaz’
decreasing (hence E; T Es) sequences where Cu, Do, and Es are the fized points of the respective

equations in the recursive system (G.4).

Finally, our final lemma, Lemma 7, shows that there are at least two agents, b and o/, for whom the

marginal rates of substitution between o; and p, MRS®  and M RSY _ that maintain the same level for

ai,p a1,p?
e (al’apl B and 'yb/(m(;zl? :8®) are different at the true parameter pair (where the level curves

the maps

(a1,

intersect). This variation in the responsiveness of the level sets of %aipl’ﬁ(p)) to changes in « and p, as

b spans the cross-section, helps us identify the true parameter pair (g, p) consistent with observed levels

for the policy coefficients (cq)aea-

Lemma 7 (Single Crossing - Cross-section) There exists a unique sequence (33) = (o y,) that
Yo (o1, p, B(p))
aq

partial derivatives satisfy a% wlenp.B®) - o gpd 8%41 wlevpB®) < 0, for any (aq,p, B(p)); and (ii)

a1 a1

satisfies the system in (C.3). Moreover, (i) the map is continuously differentiable and the

there exist agents b # b’ such that for any (a1, p, B(p)),

Doy Do 'y
Jp Jop
-3 > —— > 0. (G.5)
Oay "y ) day " )
day oy vy (a1,p,8(p))=7, da1 oy yw(a1,p,B(P)=

G.1 Proofs of Lemmata

Proof of Lemma 5: We know from Theorem 1 that there exists a unique coefficient sequence satisfying
equation (G.1) and which lies in the space G of policy coefficient sequences having the desired equilibrium
properties of convexity, symmetry, and monotonicity, as defined in (A.3) in the proof of Theorem 1. The
right hand side of equation (G.1) maps sequences (cp) into sequences (c,). We would like to show that it
maps the closed subset GG,,, C G into itself, where elements of GG,,, possess the nice properties stated in the
Lemma. This would in turn imply that the policy coefficients of the unique equilibrium should lie in G,,,

and should possess the properties associated with G,,.

Proof of the first part. Let G,,, C G be defined as G, := {(cq) € G | C'c"‘i‘l is weakly increasing in |al.}.

We want to show that for any (ca,1) € Gim, (¢, 7) € Gy as well, where (c], ) is defined, using the right
hand side of (G.1), as

Car = AEl ar Ijgeg—1,1yy + Z'}/b,T Ca—b,T (G.6)
b£0

G, being defined by inequality constraints, is a closed subset of G. The map on the right hand side of
(G.6) is a contraction, as we demonstrated in the proof of Theorem 1. The rest of the proof is by induction

on the number of periods T'.
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- Assume that T = 2. We know from (A.9) in the proof of Theorem 1 that 7, 1 is defined for any b # 0 as

Yor = aslpef—11))
T
0 0 0 0
T7—1
-3 — Waro1 — Yar) o (Yarr1 — G.7
T=2ﬁ (041 6ya+b,1 (ya,'r 1 ya,f) 5ya,1 (ya,r 1 ya,'r) + oo aya-t,-b,l Ya,r 6ya,1 Ya,r ( )
+ ( ) 0 ( )+ 0 ( ) 0 ( ))
o3 — (Ya—1,r — — (Ya—1,r — oy ——— - — -
3aya+b71 Ya 1,7 ya,T 5ya,1 Ya 1,7 ya,T 38ya+b,1 ya-‘rl,r ya,T 8ya,1 Z/a+1,r ya,'r

Each y,r > 0 and 3, ’X—’TT < 1, which makes the right hand side of (G.6) a contraction mapping. Using

the definition in (G.7) for T' = 2 and substituting the policy function for future choices, one obtains

Y2 = azlpei—1,13y — Bl (—cp1) (I —co1) +azcpicon
+ a3 (Cb+1,1 - Cb,1) (01,1 - 00,1) + ag (Cb—1,1 - Cb,1) (6—1,1 - 00,1))

= azlpeq—1,13y +Bcva (a1 (1—co1)—azcon — (1 —2a3) (c11 — 00,1))
= azlper-11y) t B (Otl — (o1 +az)con 7"1) (G-8)

where the final equality uses the structure of the coefficients for [ = 1, which we proved in Theorem 2-(ii)
(see also footnote 19), and the symmetry of ¢; around zero. Remember that 7 is the rate of convergence
of the exponentially declining policy sequence for [ = 1. We will need the convergence rates of ; sequences
as well in the convolution. So, we define analogously, for any [ > 1,

Tﬁ)\+1,l = M, for any b # 0

Vbl
Now, for b # 0, using (G.8)

B2 (O¢1—(a1+0¢2)co,1 7“1)

< ry, ifbe{-1,1}

o —
T|b\+1,2 - az+f 61,1<061*(041+042)Co,1 7“1) (GQ)
71, otherwise.
~ 5 . S . . o
Hence, Tlb|4+1,2 > T b2 for any b # 0, meaning that T2 18 weakly monotonically increasing in |b]. Now,

pick a > 0 wlog (the proof for a < 0 is identical thanks to the symmetry of the environment). From (G.1)

/
Az gy Z 7,2 Ca+1-b,2
b£0
= [y22Ca—1,2 +V3,2Ca—22+ --.] + [V1,2Ca,2 + Y—1,2Ca42,2 + V—2,2Cat32 + - . .]

= {(71,2%_1,2) (72’2> + (72,2€4-2,2) (73’2> =+ .. }
71,2 V2,2
Ca,2 Ca+2,2 Ca+3,2
+ [(71,26(1—1,2) <c > + (7—1,20a+1,2) () + (7—2,2Ca+2,2) () +.. ]

a—1,2 Ca+1,2 Ca+2,2
= [(na2ca-12)7r35+ (Y22€a—22) 739 + -] (G.10)

+  [(1,2€a-1,2) Ta2 + (Y=1,2Ca41,2) Tat2,2 + (V=2,2Ca42,2) Tat3,2 + - ]

/
Ta+1,2 E V5,2 Ca—b,2
b0

! /
Ao Ta+1,2 €a,2
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/ : B : : : : Yb,2 Ca—b,2
where 7, 5 is the probability-weighted average rate of decline, if one interprets (W) ben as a

probability distribution on convergence rates. Similar argument for ¢}, , would yield

AyChyny = Z Vb,2 Ca+2-b,2
b0
= [y32Ca—1,2+V4,2Ca—2.2+ ... ] +722Ca2 + [V1,2Cat1,2 + V=1,2Cat3,2 + V—2,2Cara2 + .. ]
= [(r22€a-1,2) 731 + (32€a—22) T4 o + -] +72,2¢0,2 (G.11)

+ [(m.2¢a2) rar12 + (V-12Ca+22) Tars2 + (Y-2,2Ca+3.2) Tata2 + - - ]

/
Tat2,2 Z V6,2 Cat1-b,2
b#0

!/ /
AV} Ta+2,2 Ca+1,2

Vb,2 Cat1—b,2
—pdatiob? as
2 b0 V6,2 Cat1—b,2 ) beA
a probability distribution on convergence rates. Now, comparing the first brackets of the expressions in

(G.10) and (G.11), we see that

where 1/, +2,2 1s the probability-weighted average rate of decline, if one interprets (

( Y2,2Ca—1,2 73,2Ca—2,2
D b0 V6,2 Cat1—b,2 D b0 V6,2 Catl—b,2
e z < o - < ... (G.12)
Y1,2Ca—1,2 Y2,2Ca—2,2
2 b0 V6,2 Ca—b,2 D b0 Vb,2 Ca—b,2
due to the monotonicity of the convergence rates for v, i.e., rg, = % < % =rg, < .... This means

that the likelihood associated with a + 1 in (G.11) puts relatively more weight on the left tail, towards
higher convergence rates for s, than does the likelihood associated with a in (G.10). Similar argument
applied to the expressions in the second brackets in (G.10) and (G.11) yields

Y1,2Ca,2 Y—1,2Ca+42,2 Y—2,2Ca+3,2
Zz#o Yb,2 Cat1-b,2 < Zbﬂ, Yb,2 Cat1—b,2 < Zb#o Vb,2 Cat1-b,2

< < < ... (G.13)
Y1,2Ca—1,2 Y—1,2Ca+1,2 Y—2,2Ca+2,2
(ZI,#O Tb,2 Ca,—b,2) (Z,,#O Yb,2 Ca—b,2) (Zb¢0 Tb,2 Ca,—b,2)
due to the monotonicity of the convergence rates for ca, by hypothesis, i.e., 142 = 0017122 < Z“i% =
Tat2,2 < % = rgt+32 < .... This means that the likelihood associated with a + 1 puts relatively

more weight on the right tail, towards higher convergence rates for co, than does the likelihood associated
with a. Moreover, each element of the likelihood sequence inside the first brackets in (G.11) multiplies a
higher convergence rate than the associated member of the likelihood sequence inside the first brackets in
(G.10), since ), 5 > ), for any a # 0. Similarly, each element of the likelihood sequence inside the
second brackets in (G.11) multiplies a higher convergence rate than the associated member of the likelihood
sequence inside the second brackets in (G.10), since 14412 > 74,2 for any a # 0. These facts combined with
the monotone likelihood ratio property on each tail for the two distributions that we demonstrated above

in (G.12) and (G.13) imply that the average convergence rate, 5, computed under the distribution

(M

DT — 2) is higher than the average convergence rate, 77, | ; 5, computed under the distribution
b#£0 10,2 Fa+1=0,2 /e g ’

2 lacb? . Furthermore, the expression in (G.11) contains an extra non-zero term, 7s 2Cq 2,
Zb;ﬁo Yb,2 Ca—b,2 beA ’ ’
which means that the ordering is strict, i.e., 7} 05 > 7441 2-
So far, we established that for T" = 2, ¢y sequence satisfies the monotone increasing cross-sectional

rates property; and that o satisfies this property weakly.
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- Induction Step. Now, assume for induction that (v;);_," satisfies the weak version and (¢;);," satisfies

the strict version up to a period 7' > 2.

Let u(t) := u (yo,t_l,yw,{yb)t}be{,l,l},ew) where u represents the conformity preferences in As-
sumption 1, with . Let ug(t) := ayi -u(t). From its definition in (G.7), y,7 can be written parsimoniously
as

W = az3lper_11yy
T
_ 0Yo,7—1 0 0Yo,r 0
+ gt [( : ug(T) + : ug (T G.14
; Oy ) Oyor—1 ") v ) Oyor 7) ( )

3y71 'r> 0 (81/1 ‘r) 0 :|
+ ’ up(T) + : u
(8yb,1 0y-1,- o(7) OYp1 ) Oyr,+ o(7)

We will present the argument for one of the terms inside the summand. As it will be apparent, the method

of proof applies to the remaining terms straightforwardly. Assume w.l.o.g. that a > 0.

8yO,‘r) 8 _ (8%,2) (83/0,7) 6
(aub,l ™ = 25,7 ) Gyes ) o 20

s€A

ayO T)
- (1> e, G.15
81/0 T st (52/5 2 ( )

s€A

and the corresponding term for vy 7 is

9yo,r
Zchrl 5,T— 1( o0, ) (G.16)

3yo T = 9Ys 2

Using the recursive structure in (G.15), the sequence (gz%) of elements in that summation is a 7-times
52/ s€A

iterated convolution of the policy sequences c¢p_o, ..., cr—r11 where
9o,
ay ; Z Z Cb17 T 1)° _(b1+"'+bt—l)7T—2 (G].?)
S’ b1 be—1

and hence is an absolutely convergent and monotonically decreasing (on both sides of zero) sequence (see
also the iterative derivation in (A.7) in the proof of Theorem 1). Moreover, the same convolution argument
we used in (G.10) and (G.11) applied to the sequences in (G.15) and (G.16) yields that the rate at which
they converge to zero is an increasing function of |b|. Consequently, since the monotonicity argument holds
for each element in the summand, it also holds for the discounted sum in (G.14), i.e., for any b # 0

P = (7b|+1,T> < (’Y|b|+2,T> = s
Yol T Yol T

establishing the weak monotonicity of the cross-sectional rates for .

Given this property, to show that cp satisfies the strict monotonicity of the cross-sectional rates, one
uses the exact same deconstruction we used in equations (G.10) and (G.11) followed by monotone likeli-
hood arguments. So, we leave it to the reader. Therefore, this concludes the proof of the statement in the
first part of Lemma 5
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Proof of the second part. Let G,, C G be as defined in the first part, namely, G,, := {(c,) € G |

Claj+1

is weakly increasing in |a|}. We know from the first part that the right hand side of (G.18) is a

self-map on G, and that it maps any (ca,7) € G to (¢, p(@3)) € Gy, as defined

chplag) = ALl Oélf{ae{—1,1}}+Z’7b,T(as)0a—b,T (G.18)
b0

We are making the dependence on a3 explicit to be able to do the comparative statics exercise across
different values for az. Our objective is to show that given of > ag, 7o, 7(a) > 74 1(a3), for any a # 0.
To accomplish that, it will suffice to show that the right hand side of (G.18) maps any element of G,
to a sequence with higher convergence rates uniformly across agents under o than under as. Since the
unique equilibrium sequence lies in G,,, this would show that the equilibrium sequence would possess the
monotonicity property relative to ag as well. The proof is once again by induction on the number of
periods T.
For T' = 2, we know from (G.9) that

v Vb|+1,T
Tol+1,2 = - n
Yo, T

and from Theorem 2-(ii) (see also footnote 19) that r; is strictly increasing in a3, where r| = (233) -

2
( L ) — 1. Using once again the deconstruction in (G.10), for any (¢q,2)aca € Gm

20(3

Dgchire = [(n2ca-12)730+ (Y22€a—22)739 + -] (G.19)
+H(71.2€a-1,2) Ta2 + (Y-12Cat1,2) Tat2,2 + (Y-22Cat2,2) Tatz 2 + - - ]
= Ta+1,2 Z V5,2 Ca—b,2
b0

A /
= Ay Ta+1,2 Ca,2

To+1,2 18 strictly increasing in g since Ty 112 18 strictly increasing in ag, for any b > 2, inside the first

brackets in the first line, and T\ll , is increasing in b as we showed in the first part. So, in equilibrium,
Clal+1,2 i
Clal,2

Now, assume for induction that (v;);5" and (¢;)i

Tla|+1,2 = is necessarily strictly increasing in agz as well.

! are strictly increasing in as. Using the same

convolution argument in (G.15) and (G.16), the convergence rate for y7 would be strictly increasing in a3

since all future period convergence rates (cl);f:_zl are strictly increasing in ag. Namely, for o > as,

ryp(as) > r)plag),  forany b#0. (G.20)

Using one last time the deconstruction we used in (G.19) in equilibrium for T'

A7 cCot1,T |:(71,Tca—17T) rop+ (Y2, rCa—2,1) T3+
+(n,rca—1,7) a7 + (Y-1,7Ca+1,7) Tat2, 1 + (Y-2,7Ca+2,7) Tat3,1 + - - ]

= Ta+1,T E Vb, T Ca—b,T
b£0
AT Toy1,7 Ca,T
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i1, 18 strictly increasing in g since Thi1,7 18 strictly increasing in ag, for any b > 2, inside the first

brackets in the first line, and T"Zl o is increasing in |b] as we showed in the first part. So, in equilibrium,
Cla]+1,T '
Clal,T

Tla|+1,7 = is necessarily strictly increasing in a3 as well. This concludes the proof. |

Proof of Lemma 6: Our the environment being symmetric, it suffices to study the first order condition
of a single agent, agent zero, in a T'—period problem

0 = o1 (yo,0—%0,1)+ 201 —y0,1)+ a3 (y—1,1 —Yo,1) + a3 (yi,1 — Yo,1)
a B 0
+E Tzﬁbﬂ_l <—a1 (Yo,r—1 — Yo,r) o (Yo,r—1 —Yo,r) + a2 (Bo.r — Yo,r) Bvon yor (G.21)
—as (Y—1r — Yor) 9 (Y—1,- — Yo,r) — a3 (Y1,- — Yo.r) 9 (y1,r — yo,7)> (y'=',0")
aZ/o,l ayo,l

For T' = 1, using the first order condition and substituting for the policy coeflicients multiplying y, 0, we
obtain

o1 (Iga=0} — Ca,1) — Q2 Ca1 + @3 (Cat11 + Ca—1,1 — 2¢a,1) = 0

Summing both sides over a yields

a1 — (a1 +a2)Cy = 0
hence
e’
Cr=—"1—
ap + ag
Since the structural equations are the same, by using the same arguments, we also get D = alo_‘fw.

For T = 2, using the first-order condition and substituting for the policy coefficients multiplying y, o,
we obtain once again

0 = an(M{a=0}—ca2) —2cao+ as (Cat1,2+ Ca1,2 — 2Ca2)

+8| —a1(l —co,1)(ca2 — Z Cby1 Ca—by,2) — Q2 Co,1 Z Cby,1 Ca—by,2
bl bl

—043(6—1,1 - 00,1) Z(Cb1+1,1 - Cbl,l) Ca—by,2 — 043(01,1 - Co,l) Z(Cbl—l,l - Cbl,l) Ca—b1,2‘|
b1 by

Since all sequences are absolutely summable, summing over a and using the fact that C; = alofﬁaz

=
Il

aj (1 —=Cy) —ay Cy + Co

—a1(1—=co1)(1 —=C1) —azcon 011

= 041702 (041+042)+502 *a1(1701)+0071 (al—C’l (a1+a2))

= o —Ch(ar+a2) —BCr0q (1 -Ch)

Hence, solving for Cs yields

o1 aq
2 0514’0&24*0415(1701) oy + oo !
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Assume now that the result is true up to T' — 1. To show that it holds for T" as well, we use the

first-order condition and substitute for the policy coefficients multiplying vy, 0. Now, consider only the last

period (t = T) terms inside the brackets in the summation in (G.21), namely

0
T—1
B -y (Yo,r—1 — Yo,r) X
Yo,1
E § Cby,2" " " Cbr_5,T—1 Ca—(ba+...4br_2),T — § E Cby,1°
b2 bT72 bl bel
0o,
—Q2 ) E E Coy, 1" Cor_1,T—1Ca—(by+...4+br_1),T
Yo,1
by br_1
0

— (Y17 — x
3 By (Yy—1,7 — yo,1)

)

E E Cbl,l"'CbT_l,TflCa+1—(b1+...+bT,1),T_E E Coy,1

b1 bT71 bl bel
0
—ag (y1,7 — Yo,1) ¥
87!0,1
E E Coy, 1" Cor_1,T—1Ca—1—(by+...4bp_1),T — E E Cpy,1
bl bT71 bl bel

and summing over a yields

te ch,I,Tfl C(L—(bl—‘r...-‘rbT_l),T

0 Copy, T-1Ca—(by+...4+b1_1),T

T Cbel,Tfl Ca—(b1+...+bT_1),T

_ 0 0
B — oy . (yo,r—1 —yo,r) (Co---Cp —C1Cy---Cr) — g Yo.r Ci---Cr
Yo,1 0yo,1
o 0 9
= Cy--Cp Tt _ - W (yo,r—1 —yo,r) (1 =C1) —az az(;’j Ch
T—1 [ 8yO,T—1 ayo,T
= OQCTB —01187(1—01)4— (041(1—01)—0(201)
I Yo,1 0Yo,1
[ Ao.r—
= Oy Op BT —ag TRIZL (1) (G.22)
| aZJ0,1
where we use the fact that C; = alcjrlaz in the third line. The sum of terms multiplied by a3 cancel out.
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Applying the same method to the period T'— 1 term and adding the period T term in (G.22) to it yields

0 0 _
B2 — a1 —— (Wo,r—2 —Yor—1) (C3--- O — C2C3---CO7) — g 211 Cy---Cr
8yo,l 5'2,/0,1
0 _
+C2"'OT5T_1l_a1?M1 (1-C1)
31/0,1
_ [ 0 0Yo,7—1 0Yo,7—1
— Oy Cp AT - o) (1= Ca) —ag 20T 0y g 20121 (1 oy
3 T8 _ oy o (yo,r—2 — yo,r—1) ( 2) — an Y01 b —a1 o ( 1) 2]
[ Oyor- Ao 17—
=C3--CrpT 2 —041M (1-0C2) + T (a(1—=Ca) —aaCy—anff (1 —C1)Co)
I 9Yo,1 9yo,1
[ Ao Ao
=Cy--Op B2 -y i (1-C2)+ Fo.r-1 (1 — C (a1 + ag + a1 8(1 — C1)))
I 0Yo,1 0yo,1
= C3---Cp T2 _OQMO_CQ)
i 61/0,1

where, in the line before the last one, we used the fact that Cs = One can use induction

[e3
by iterating this argument across period T' — 2,...,2 brackets and apply recursively the hypothesis that

Cr = sFastassa—c.y for 7 <T'. This way, the first-order condition in (G.21) can be rolled back to
0 = Oél(]. — CT) — CYQCT
+Cr 8 [041 <1 — 8y0,2> (1—-Cr_1) — s Oy0.2 Cr_1 — OélﬂayO’Q Cr_1(1— CT—Q)]
Yo Yo 9Yo,1

= 041(1 — OT) — QQCT

0
+Cr 3 [—041(1 —Cry1)+ azg’j [a1(1 = Cr—1) —aaCr—1 — a1 BCr—1 (1 — CT—2)]:|
and applying once again the hypothesis that, for T'— 1, Cp_; = a1+a2+a?é(1—cT_2)’ we obtain
0 = Oél(l — CT) —ayCr+Crp [*041(1 — CT—l)}
and solving for C'r gives
ai
C =
T 0414’0&24’0&1&(1*07’_1)
Moreover, since by hypothesis
Ci>...>Cr_1
we also get
Cr = a1 a = Cr_;

<
ar + oz + o (1 —Cry) ar + oz + o B(1 - Cr_2)

as claimed in the statement. Finally, (C7)3_, formed by the above construction is a monotone decreasing,
bounded sequence of real numbers. Therefore, by the Monotone Convergence Theorem (see e.g. Bartle
(1976), p.105), Cr — C, which solves

ay
a1+ az +a1B(1 - Cx)

Co
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The arguments are identical for D7 and D.,. This concludes the proof. |

Proof of Lemma 7: -Uniqueness of the solution to the system (G.1). We will first argue that
knowing the values of ¢ = (¢p)pea, there exists a unique solution to the system in (G.1). Let Ay represent
the finite truncation of the set of agents which includes agent 0 and his %k closest neighbors on the left and

on the right. For T' = co, we rewrite the system in (G.1) as: for any a € Ay and with vy := A,

— I{a:O} = —0C t+ Z Vb Ca—b
beAr\{0}

which can be written equivalently as

Ita=o} = —%0 arte, + Z oyt cap (G.23)
beA,\{0}

under the assumption that a; # 0, as assumed in Theorem 3.

Consider now the circulant matrix®? M}, whose first row is given by the transpose of the column vector
¢ = (cp)pen, and each of its rows is a once right-shifted version of the previous one, i.e. Mp(i+1,5) =
M. (i,5 — 1).°> With this definition, the system in (G.23) can be written as

e = —ay7' My (G.24)

where e := (1,0,...,0) and the vector v is such that i, = 7 for b € Ay \ {0} and 50 = —y. We
know from Lemma 1.1 (vi) in Carmona et al. (2015) that a circulant matrix M}, is invertible if e is in its
column space. As equation (G.24) shows, e is indeed in the column space of M} and the unique vector of
weights fozl_l’yk combining the columns of M}, generates it. This shows that, for any k > 1, M}, identifies
the vector —aflfyk associated with the policy coeflicient sequence ¢ = (cp)pen,. Next, we show that this
continues to hold for the whole set of agents A as well.

The policy coefficient sequences ¢ = (¢p)pea are positive and absolutely convergent sequences. So, the
infinite circulant matrix M is bounded as _; [M(i,7)| = >, [M(i,j)| = C < 1, and M v is convergent
for any v € [0,1]*. Hence, the sequence —a; 'y is the unique solution of (G.24) with Aj = A, thanks to
the result 3.2 in Cooke (1950). This shows that for any k € {1,2,...} U {oo}, the sequence ¢ = (¢p)pea,
identifies the sequence —aj 'y in the sense that the latter is the unique solution of (G.24).

Yy 18 increasing in B for b #0. Let 8’ > 5. Using its definition in (A.6), 7o can be written as

[e’e) 8 2 a 2
= Ay = a1+as+203+ =1 a ( at—1 — Ya ) + o (a>
Yo 1 2 3 ;5 ( 1 3ya,1 (v t—1— Y ,t) 2 3ya,1 Ya,t
d 2 o 2
+ a3 | =—— Wa-1.t — Yo +ag [ — (yq — Yq > 0 G.25
3 (6%71 (y 1t — Y t)) 3 (3ya,1 (y +1,t — Y t)) > ( )

52A circulant matrix is a special kind of Toeplitz matrix fully specified by one vector, which appears as one
of the rows of the matrix. Each other row vector of the matrix is shifted one element to the right relative to the

preceding row vector. See e.g. Davis (1970) for an in-depth discussion of circulant matrices.
53The operations of addition and subtraction are legitimate for A, represented by a circle, defined modularly.
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Since for any ¢ > 1 and for a € A

O0Ya,
Yat Z"'Z%"'Cb—(b1+---+bt71)7 (G.26)

0
Ya+b,1 by br_1

all terms after S?~! are constant positive terms that are functions of the policy coefficients. Hence,
increasing [ would increase the sum. Moreover, from the first part of the lemma, we know we can
identify the sequence (a7 'vs)pea. So, the relative ratios of the terms across agents should be constant,

i.e., observational equivalence requires that

W) _ @)
wB) ()

Hence, 73 should be increasing in (8, for any b # 0.

—7%(‘“’;1’“17)) s continuously differentiable and a% 7%(0‘1;"’1’/3(1’)) > 0 and 8%“ 7%(”’(5’“1))) < 0, for any

(a1, p, B(p)). Using the definition in (A.9), we can write for b # 0

wlow p BP) (p—al> Ty

aq 201p
+iﬂt—1 (8ya,t1 _ aya,t) < OYa,t _ 3ya,t1>
t—2 aya,l aya,l 6ya+b,1 6ya+b,1
1-—- 0 0
3 ( p) Yot  Oar (G.27)
p 8ya,1 8ya+b,1
+ (p - al) (aya,t . 51/@1,15) (ayal,t + ayaJrl,t _9 aya,t )
204qp 0Ya 1 0Ya 1 OYatb1  OYatb 1 OYatb,1
where, given that p := alo_faz, we substitute z—f =(1- p)% = (%); we also use the normalization
a1+ a2 + 2a3 = 1 to write §2 = 11— (o +a)) = (z;f‘pl ; finally we also use the symmetry of the

policy coefficients around zero for the last line. We know that the expression in the last parenthesis in the

last line is positive since

0
— Wa—1.t + Yar1,t — Wayt) = Z b (Ya—14b,6-1 + Yat146,6-1 — 2Yatbt—1)
ayaer,l ayaer,l beA
0
= Z |:Cb+1 Yatbt—1 T Co—1 Yatb,t—1 — 2Cb Yatb,i—1
a1 beA
OYatb,i—1
= Z [Cb+1 +cp—1 — 201:} %
beA ya+b,1
> 0.

The first line is by applying the policy function; second line is by a change of variable thanks to the
symmetry of the policy function across agents; the inequality is thanks to the convexity property of the
policy coefficients in (ii) in (A.3), which in turn makes the expression inside the brackets positive.
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The partial derivative of %(O‘l’aipl’ﬂ(p))

(hence p # 0)

3 ’yb(alv b, 5(27)) _ 1 I
. a 22 {b=—1,1}

with respect to p is well-defined and continuous since a; # 0

i Zﬁt—l [ (12) Wat  Wayr (G.28)
t=2

%) a1 OYatb1
n (1) <3ya,t _ 8ya—l,t> (8ya—1,t n OYa+1,t o OYa,t )
2 6ya,l aya,l aya+b,1 aZ;’(H»b,l ayaer,l

2p
(85> S 1)Bt—2 (aya,tl _ 8ya,t) ( Wa,t _ 8ya7t1>
ap t1—2 aya,l aya,l aya+b,1 aya+b,1
(1

+

P) 8ya t aya t
p 5ya 1 8yaer 1

p— a1> (aya,t 3 ayal,t) <8ya1,t  Warre o War )
204 0Ya 1 0Ya,1 OYatb1  Oatb,1 OYatb,1

The first three lines yield the direct effect of the differential change in p whose sum is positive. The

+

> 0

last three lines yield the indirect effect of the differential change in p through S using the chain rule

and the expression f(p|Cu) = % from (C.5), whose sum is positive as well. This is because

9B _ 1
op — p?’(1-Cx)
(1.2, 8P) with yespect to 3; this latter is positive as we proved above tha

a1
B. Similarly, the partial derivative of M
1

> 0; and the sum of all other expressions in the last three lines is the partial derivative of
t M is increasing in
1

with respect to ay is well-defined

9 mlan, p Bp)  _ ( ! )I{b_l 1} (G.29)

8041 (5] 2 202

+Z/8t 1 (_1) (3ya,t _ 3ya—1,t> <3ya—1,t L OYart1,t _9 0Yat >
aya,l aya,l 8ya+b,1 ay¢1+b,1 ayaer,l

< 0

continuous, and strictly negative at any (a1, p, 8(p)).

So far, we have proved that the partial derivatives are well-defined and continuous everywhere in the
admissible domain. Therefore, the map 7"(0‘1&7’1’“”)) is continuously differentiable (see e.g., Theorem 41.2
on Class C! on p. 376 in Bartle (1976)). We have also shown that the the partial derivatives satisfy

0 wlep.f®)  (and 8 M < 0, for any (a1,p, 8(p)). This concludes the proof of Lemma

op ai

7(0).

-There exist agents b # b such that for any (a1,p, B(p)),

dai My dai v
2] 2]
- > ——2 > 0. (G.30)
ooy Yy . day v .
oy @y "/b/(alvpvﬁ(p))Zf)'z,, day Qg "/b(alvpvﬁ(p))zryb

75



This result studies more closely the marginal rate of substitution (MRS) between a; and p that

maintain the same levels for the maps

wonp BP) 5~ g forbea (G.31)

a1
Thanks to Lemma 7(i), the Implicit Function Theorem (see e.g., Bartle (1976), p.384) states that, for any
by € A, there exists a continuous and differentiable function a;(p|Ps,) that gives the unique value of oy
for any value of p such that (aq,p, 8(p)) € Ps,, the level set defined in (C.6). The slope of a1 (p|Ps,) is
the marginal rate of substitution between «; and p that sustain the level in (G.31). Since by Lemma 7(i),

0 mw(ar.p.B®) ) the total derivative of the implicit function gives

Doy aq

0o oy 0030, 0

QL —_— =
ooy ! op P
or equivalently, the MRS between a; and p on the same level curve yields
da Doy
b _o v op
MRS, , = b D on, > 0. (G.32)
day Poy

is positive thanks to Lemma 7(i), which we proved above. We have an overdetermined system with a
total of |A| restrictions thanks to the implicit functions in (G.31) and two parameters (a1, p) to determine.

In particular, we will be interested in its behavior across agents as |b| gets large. For b # 0, the partial

derivative 6%1 'Y”(m’aipl’ﬂ(p)) we computed in (G.29) is
0 ’Vb(alv D, B(p)) 1 [
_ = _—— I __ .
Do, o 507 =11} (G.33)

+§:ﬁt—1 (aya,t 3 8ya_1,t) <8ya—1,t 4 Warrr o Oau )}
=2 aya,l 3%,1 aya+b,l aya+b,1 aya+b,l

and the partial derivative

‘91 M we computed in (G.28) is

Oa

0 76(0513 D, 5(}7)) 1 (1> t—1
o = (S ) Ty Y
Op ay p2 g ) Hb=—11} —~ b

at OYar
aya,l 8ya+b,1

1> <3ya,t _ 8ya1,t) <3ya1,t T ayaJrl,t _9 3ya,t )
2 ayml 8ya71 aya—i-b,l aya—i-b,l 8ya+b,1
98

dp

> — aya t—1 aya t ) ( 6ya t aya t—1 )
t—1)82 < ik t _ Zda
> Z( )ﬂ [ aya,l aya,1 ayaer,l ayaer,l
1 - p) Wayt  Way
aya,l aya+b,1

p— o 5'ya,t 8ya—1,t aya—l,t 5ya+1,t aya,t
+ — + -2
201p War  OYan OYa+b1  Oarb1  OWatb
Since for any ¢t > 1 and for a € A

aya t
d = ) Gy Ch (b , G.34
aya+b,1 ; I; b1 b—(bi+--+bs—1) ( )

+
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8ya71,t

OYa,t—1 OYa, i
Yat—1 Zdat = apd oy, are iterated

0Ya,1 ’ OYa,1’
convolution of the policy sequence (c¢p)pea, basically constant coefficients that do not change as b changes.

. . 15 _ 01 OYa— O
The terms that change are the ones involving azaib 1 ) ayJiZI ’ BZQ+;’I, d 83":’I
a N a N a N Ja )

We know from Lemma 5 that the rate at which the policy coefficients converge to zero forms a conver-

in all three expressions, the terms inside the brackets involving

, as |b| gets larger.

gent sequence that is monotonically increasing in |b|. Moreover, the same convolution argument we used
in (G.10) and (G.11) in the proof of Lemma 5 can be used for the expression in (G.34) to show that the
rate at which they converge to zero forms a convergent sequence that is monotonically increasing in |b].

9Ya t
Hence, thanks to symmetry of the policy function, letting r¥(b,t) := 813‘;%7 one can write the terms
inside the second parenthesis in (G.33) as
OYq— 0 0 0 1
Ya—1,t 4 Ya+1,t _9 Ya,t _ Ya,t (Ty(b+1,t)+ 2) (G.35)
Oatb1  Oatsr  OYatv Yatb1 r¥(b—1,t)

to show how their convergence rates are related to that of 6(3971’;1. We will give the argument for b > 0
wlog since the one for b < 0 is identical. The expression inside the parenthesis is positive but decreasing
in b. So, for any b > 0

Ya,t Yy 1 _ ) OYa,t
aya+b+1,1 (T (b + 27 t) + r?/(b,t) 2 < aya+h+1,1 — ry<b + 1 t)
0 a,t 1 6ya,t7 ’
ay3+h,1 (Ty(b +1, t) + ry(b—1,t) 2) OYatb,1

which means that the rate of convergence for two consecutive such terms is less than r¥(b + 1,¢), the

Ya,t

l
convergence rate of 7 == terms.
Ya+b,1

The denominator in the definition of M Rqu,p in (G.32) consists only of the discounted sum of such
terms in (G.35) for all periods ¢ > 2, which decline at a rate lower than r¥(b+ 1,¢). The numerator also
incorporates these terms as well as others that converge at rates higher than r¥(b+ 1,¢). Based on these
facts, applying to the discounted sums above, tedious but straightforward modifications of the monotone
convergence arguments we used in (G.10) and (G.11) in the proof of Lemma 5 yields that the overall
convergence rate of the numerator is higher than the overall convergence rate of the denominator at any
given b # 0. This in turn implies that the M RS? L.p 18 Increasing in |b|, which means that the rate at which

p is substituted for «; to make the levels in (G.31) intact can be ranked across agents b. Therefore, there
exist b and b’ for which the statement in Lemma 7(ii) is true. This concludes the proof. [ |

H Social Welfare

We provide here the formal welfare arguments for finite economies with i.i.d. preference shocks for the
clarity of the intuition delivered. The extension of the line of proof to more general processes and to the
infinite-horizon is tedious but straightforward. We first write the planning problem recursively. For any
agent a € A for all t = 1,...,T, and all (yr_1,0") € Y x @, let the value of using the choice rule h in
the continuation be defined as
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VRT=U=D (RO yr 1, R*0;) = —y (Ya,i—1 — hr— -1y (R* y—1, R 9t))2
—ag (fa,t — hr—¢—1) (R ye—1, R 9t))2
—az (hr——1)(R* " ye—1, R*710;) — hr_4—1)(R* y¢—1, R 9t))2
—as (hr—(—1) (R yemy, R 0,) — hy_ o1y (R o1, R 6,))

+5/Vh’T_t (Ra {ht(Rb ytthb 9t)}b€A7Ra 9t+1) P(d9t+1)

which leads us to the following definition

Definition 4 (Recursive Planning Problem) Let a T-period linear economy with social interactions
and conformity preferences be given. Let mg be an absolutely continuous distribution on the initial choice
profiles with a positive density. A symmetric Markovian choice function g : Y x © x {1,...,T} =Y s
said to be efficient if it is a solution, for alla € A, and for allt=1,...,T, to

a a 2
arg max / [— (¢35} (yO,tfl - hT—(t—l)(R Yi—1, R et))
{heCB(Yx®,Y)}

—Qg <0a,t - hT—(t—l)(Ra Yi—1, R* 9t))2
a— a— a a 2
—ag (hr—@—1)(R* " g1, R*710,) — hp_(s—1) (R yi—1, R* 0,))
2
—ag (hr—@—1) (R g1, R 0y) — hp_p—1) (R ye—1, R* ;)

+RVmT (R“ (AR yi—1, R"0,)},., - R" 9t+1) ] P (d;) P (df,s1) ¢ (dye—r)

where 7y is the distribution of the t-th period choice profiles induced by wy and the planner’s choice rule h.

We will use continuity arguments so endow the underlying space Y x ® with the product topology. Product
topology is metrizable, say by metric d°*. In the final period of this finite horizon economy, with absolutely
continuous distribution 7p_; on the space of choice profiles yr_1°° with a positive density, the planner
maximizes ex-ante (before the realization of 67) the expected utility of a given agent, say of agent 0 € A, by
choosing a symmetric policy function h € CB(Y x ©,Y), the space of bounded, continuous, and Y-valued
measurable functions. °® The space Y x © is compact with respect to the product topology since Y and ©
are compact. Since the utility function is continuous and strictly concave in all arguments, the maximizer

exists and it is unique. The necessary condition for optimality is summarized in the following lemma.

*Let | - | be the usual Euclidean norm. For any (y,0), (y',0') € Y x ©, let

d((9.0),(y,0)) =D 27" (Iya — il + |60 — 63])

a€h

Since Y = © = [g, g] is a compact interval, this is a well-defined metric that metrizes the product topology on
Y X ©. See also Aliprantis and Border (2006), p. 90.

55Starting with an initial mo which is absolutely continuous, the MPE policy function and the absolutely contin-
uous preference shocks induce a sequence () of absolutely continuous distributions on ¢-period equilibrium choice
profiles.

56Since the planner’s choice rule is symmetric, the choice of agent 0 rather than another agent is inconsequential.
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Lemma 8 For any (yr—1,07) € Y x O,

0 = a1 (Wor—1 — Myr—1,07)) + a2 (bo.r — h(yr—1,07))
+as (MR yr—1, R 07) — h(yr—1,07)) + a5 (W(Ryr—1, RO7) — h(yr—1,07))
—as (h(yr—1,07) — h(Ryr—1,R07)) — a3 (h(yr—1,07) — h(R™ yr_1, R~' 07))

Proof: The proof uses an extension of the usual calculus of variation techniques to our symmetric strategic
environment. We prove it for the class of bounded, continuous, and measurable, real-valued functions on
Y x ©. Then, we use the restriction of the result to a subset of it, the space of bounded, continuous,
and measurable, Y-valued functions. Suppose that the function i provides the maximum for the planner’s
problem. For any other admissible function /', define k = h’ — h. Consider now the expected utility from

a one-parameter deviation from the optimal policy h, i.e.,
I@) = [ oo (bt ak)ros,Or),(h+ ab) (R o R 0r),
(h + CLkJ)(Rnyl, RQT), HO,T) P (d@T) TTr—1 (dnyl)

where a is an arbitrary real number and u represents the conformity preferences in Assumption 1. Since h
maximizes the planner’s problem, the function J must assume its maximum at a = 0. Leibnitz’s rule for

differentiation under an integral along with the chain rule for differentiation gives us
J'(a) = / (uz E4+uskoR ' 4usko R) dPdmp_y
where u; is the partial derivative of u with respect to the i-th argument. For J to assume its maximum at
a = 0, it must satisfy
J(0) = / lUQ (yo,r—1, h(yr—1,07), (R~ yr_1, R™"07), M(Ryr_1, ROr),00.7) k(yr—1,07)
+usz (Yo,r—1, h(yr—1,07), h(R" yr_1, R 07), h(Ryr—1,R07),00,1) k(R 'yr—1,R"'07)
+ug (Yo,r—1, h(yr—1,07), h(R™ yr—1, R 07), h(Ryr—1, RO7),60,1) k(Ryr—1, RO7)
x P (dlr) mp_1 (dyr—1) = 0

for any arbitrary admissible deviation k. Suppose that the statement of the lemma is not true. This

implies that there is an element (3,0) € Y x © such that
0 # s (do, h(y,0), AR 5. R~ 0), h(R §, D), 00)
+us (?)17 h(R:lj, R é)v h(@a é)v h‘(R2 s R2 é)v él)
g (570 (R 9, R 0), h(R™2 §, R720), h(3,0),0-1) (H.1)

Assume w.l.o.g. that the above expression takes a positive value (the proof for the case with a negative
value is identical). Since the utility function, its partials, and the deviation functions are all continuous
with respect to the product topology, and that the measures m and P have positive densities, there exists

a (m x P)-positive measure neighorhood A C Y x © around (§,0) such that the above expression stays
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positive for all (yr_1,07) € A.°T Assume that a; = (gj,é), ay = (RQ,R@), and a3 = (R™'g, R} é) are
distinct points. Otherwise, since the underlying space Y is a real interval and the maps R and R™! are
right and left shift maps, one can always pick a point in A that has that property.

Now choose € > 0 small enough so that the e-balls B, (a1), B (a2), and B (a3) are disjoint. R and
R~! being both continuous are homeomorphisms. So, one can find € > §; > 0 and € > &3 > 0 such that
R(Bs, (a1)) C Be(ag) and R™! (B;, (a1)) C Bc(a3). Let § = min{d;,d2} and Ay := Bs (a1). We next
define a particular deviation k. Let the function k be defined as
v [0 —d((y,0),a1)], if (y,0) € A

: (H.2)
0, otherwise.

k(y,0) = k(Ry,R0) = k(R™*y,R™10) = {

where v > 0 is a scalable constant. This is possible because A;, R(A;) and R™1(A;) are disjoint sets.
Constructed this way, k is a bounded, continuous, and measurable function®®. Substitute k into equation
(H.1). By construction, the only set on which & is positive is the set A; which is itself a subset of
A, the set of elements of Y x © for which the expression (H.1) is positive. Hence, evaluated with the
constructed deviation function k, J'(0) > 0, a contradiction to the fact that the policy function h was

optimal. Therefore the statement of the lemma must be true. This concludes the proof. |
This implies that
hyr—1,07) = (o1 + ag+4as)™" (al Yo,r—1 + a2 0071 (H.3)
1203 (R yp_1, R~ 07) + 2as h(Ryr_1, R@T))

As in the proof of existence, the operator induced by (H.3) is a contraction on the Banach space of bounded,
continuous, measurable functions with the supnorm, whose unique fixed point is in G, defined in (A.3).
Therefore, one can fit the following solution

hyr—1,07) =Y cF yar—1+Y dY bur

substituting, we get

205 Ya,T—1 + de Our = (01 + ag+4as)™" [011 Yo,7—1 + a2 o 1
a a

+2as3 (Z a1+ de 9a1,T> + 2a3 (Z cl yar1r-1 + Zdap 9a+1,T> 1

By matching coefficients, we get for all a € A

el = (a1 4 s +4a3)" l2a3 el + 205l + all{a_o}]

df = (011 + oo + 40[3)—1 [20&3 df—l + 2a3 dap+1 + agl{a_o}]

5TEndowed with the product topology, the space Y x © is metrizable by the metric d. See footnote 54. Product
topology and the associated metric allows us to choose positive measure proper subsets of Y for choices of nearby

agents and the whole sets Y and © for far away agents, staying at the same time in the close vicinity of the point

(,0).

58We endow the range space, the real line, with the Borel o-field hence any continuous function into the real line

is automatically measurable.
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The same method as in the proof of Theorem 2 yields for any a € A,

P _ lal ai 1—r d dP: lal a2 I—r H4
o =70 (al+a2> <1+T> e o =70 a1 + Qo 1+7r (H.4)

A Ap\°
rTp = 7P - 713 -1 with Ap:Oé1+()[2+4053. (H5)
4 a3 4 a3

We next compare the equilibrium policy sequence in Theorem 2 (see also footnote 19) with the planner’s

optimal choice coefficient sequence. Notice that

& _a1+a2+4a3 <a1+a2+2a3_ i
40&3 - 40&3 20[3 - 20&3

which implies that rp > ry since rp is decreasing in zﬁTi, by (H.5). Thus, the planner’s optimal policy
coefficient sequence converges to zero slower than the equilibrium policy coefficient sequence. Moreover,
the equilibrium policy cannot satisfy the FOC of the planner’s problem. Therefore, the equilibrium is
inefficient for finite-horizon economies.

81



I Extensions

General Neighborhood Network Structures: Section 2.3.1
The analogue for the expression (A.2) implied by the FOC in the final period of the economy with a

general network structure is

Ya,1 = A;ﬁ Qg1 Ya,0 + Qg 2 9(1,1 + Z Qg b Yb,1 (Il)
beN(a)

where Ay = qg1 + a2 + ZbeN(a) 0qp > 0. Hence, the best-response for agent a, BRY{ : GA\a} G,
is uniformly continuous for all a € A, which implies that so is the induced best-response profile BR; =
(BR$) : GA — G™. The convex set G* is also compact thanks to Lemma 3. Hence a fixed point exists (not
necessarily unique). Thus, an equilibrium exists for a one-period economy. If the uniform boundedness
condition (in footnote 31) holds, the rate at which each one of the maps in (I.1) contracts is uniformly
bounded. Hence, BR; becomes a contraction operator on G* implying uniqueness of the equilibrium for
a one-period economy. For a T' < co period economy, one mimicks the induction arguments of the general

existence proof to obtain the analogue of the expression (A.10) in Lemma 2, i.e.,

T

0 = —Ya,1 Aa,T + Qa1 Ya,0 + Qg2 ea,l + Z’Ya,b,T Yb,1 + Z Z Kb, T E [0a+b77|01} (12)
b#a beA 7=2

where A, 7= g1 + Qg2+ Zb;éa Ya,b,T +Zb€A ZZ:Q o, 7. Applying the above arguments to the system
of equations (I.2) for each a gives existence of an equilibrium for a T' < oo period economy. Since Y4 b7
is the total effect of a change in ;1 (b # a) on the expected discounted marginal utility of agent a (as
in expression (A.9)), the sum of these effects is uniformly bounded across agents if the peer effects are
uniformly bounded across agents. Hence, once again, the best-response profile for a T-period economy,
BR7, becomes a contraction on G*, implying uniqueness of equilibrium. Moreover, using the same argu-
ments in the third step of the general existence proof in Appendix A, the sequence of unique equilibria

approximates a stationary equilibrium as the horizon length becomes arbitrarily large. |

Global Interactions in Section 2.3.3
The proof uses straightforward modifications of the arguments in Section 5 of Bisin, Horst, and Ozgiir

(2006) to our environment. Interested reader should consult that work. ]

Social Accumulation of Habits in Section 2.3.2 a Similar to the arguments employed in General
Neighborhood Network Structures, the expressions (A.2) and (A.10) change this time to

Ya,1 = A;11 Qq,1Ta,1 + Qq,2 0@,1 + Z Qa.b Yb,1 (13)
beN(a)
and
T
0 = —Yo1lar+0ag17a1+qq2001+ Z’Ya,b,T Yo,1 + Z Z o r 7 E [0a+b’7—‘91} (1.4)
b#a beA T=2
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respectively. The rest is a direct application of the arguments used above in the Section General Neigh-
borhood Network Structures, because the coefficients in the new system of maps above are the same as
those in (I.1) and (I1.2). [ |

J Details of Simulations

The core engine behind the simulations is a Matlab code, g.m, which computes the equilibrium policy

weights recursively. The code is posted on Onur Ozgﬁr’s webpage:
https://sites.google.com/site/onurozgurresearch /research,

and contains also detailed explanations. It uses as input parameters values of the preference parameters
a;, 1 =1,2,3, the discount factor 3, the horizon for the economy 7', and the number of agents m on each
side of a given agent so the total number of agents is |A| = 2m + 1.

Given this engine, we build an artificial economy that consists of a large number of agents ( |A| =
1300, 2500, and 5000, depending on the treatment) distributed on the one-dimensional integer lattice. At
both ends, “buffer” agents that act randomly are added to smooth boundary effects. Depending on the
treatment, we start the economy with the following initial configuration of choices: (i) the highest action
for all agents; (ii) the lowest action for all agents, (iii) the action equal to the mean shock for all agents. For

A

the limit distribution results, once g.m computes the policy weights, we let the computer draw (0g,;),_;

from the interval [—D, D] according to the uniform distribution (this is for simplicity since all results in

the paper are distribution-free).

J.1 Details of the Monte Carlo Experiment

For this section, we assume that finite number of agents A = {1,..., N} are placed on a circle. As seen in
(9), for each a € A, the first-order condition of agent a’s optimization problem admits the following simple
expression:

Yo, 7 = W1Ya,7—1 + 3(Ya—1,7 + Ya41,7) + @2VTa 1 + Ea,T (J.1)

where €, 7 = aou, 7. Since the correlation of regressors with the error term leads to inconsistency
of least-squares methods, this equation can be consistently estimated, under assumptions 2 and 3, by
using as instruments, for instance, own past observed shock z, r—; and friends’ current observed shocks
(xa—1,7 + Tat1,7). The ‘exclusion restrictions’ hold due to Assumption 2 and they yield the following

population moment conditions, for any a € A

E [Ea,T | xa,Tfl} =0

E [5a,T | (xa—l,T + xa+1,T)} = 0
which can then be expressed simply, thanks to the Law of Iterated Expectations, as

E [ma,Tfl Ea,T] =0

E [(xafl,T + anrl,T) 6a,T] = 0
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This yields a total of 2N moment conditions for ¢ = T" and 2 parameters, a;, and ag to estimate. Similarly,

the first-order condition at 7' — 1, equation (10), is equivalent to the following econometric equation

1+ Bar(1 —ci)Yar—1 = ¥Yar—2+ a3(Ya—1,7-1 + Yar1,7-1) + Blar — c11(1 — 2a3))ya,1
+yaoxe,r—1 + YBa2c11Ta, 7 + 0,71 (J.2)
where €, 71 includes preference shocks as well as differences between expected and realized outcomes at
T. Three valid instruments are enough to provide consistent estimates. When a3 # 0, these instruments

could be, for instance, 2o 7—2, (To—1,7—1+Zat1,7-1), and (Tq—2,7-1+Za+27—1). Formally, the population
moment conditions are, for any a € A

E [Ea,T—l | xa,T—Q] = 0

E [ga,T—l | (.Ta—l,T—l + xa-{—l,T—l)] = 0,

I
o

Elear-1| (xa—2,17-1 + Tar2,7-1)]

which can be written, for any a,b € A, thanks to the Law of Iterated Expectations, unconditionally as

I [xa,T—Q 5a,T—1] =0
El(zg—17-1+ Tat1,7-1) €a,7—1] =0

E(zg—21-1+ Tat27-1) €a,7—1] =0

If we use all such possible combinations, we have 3N moment conditions for ¢t =T — 1 and 3 parameters,
aq, a3, and § to estimate.

Given these 5N population moment conditions, nonlinear in the 3 parameters of interest, A :=
(a1, a3, 8), the model is overidentified, and it is not possible to solve the system of analogous sample
moment conditions for a unique value of the parameter vector. Instead, the structural coefficients can be
estimated using the Generalized Method of Moments (GMM)?.

Define the adjacency matrix G by

o _J 1 ifi=i-Livl
v 0, otherwise

With G summarizing the overall interaction structure concisely, we can represent the instrument

vectors as

- Friends’ observable covariates (7417 + Tat1,7)4ca a0 (Ta—1,7-1 + Tat1,7-1) 45, at time T and
T — 1, can be represented by Gxr and Gxp_1, respectively.

- Friends’s friends’ observable covariates (excluding agent a himself) at time T'—1, namely (xq4—2 7—1+

Ta+2,T7—1)acA, can be represented by (G2 — 21) X7_1.

59We follow closely the setup of Section 6.5 of Cameron and Trivedi (2005) on nonlinear instrumental variables.
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Finally, let’s define the 5N x 2N instruments matrix Z and the 2N x 1 error vector € as

ding(xr_1) O
diag(Gxr) 0
Z = 0 diag(x7_2) and 5:2( T ) (J.3)
0 diag(Gxr_1) At /)
0 diag((G? — 2I)x7_1) 2Nx1
5N x2N

where diag (x) is the N x N diagonal matrix whose only non-zero entries on the diagonal are the elements
of the vector x, i.e.

Xa

diag (x) := . (J.4)

XN

NXxN

This way, we can write the 5N x 1 system of population moment conditions as

ElZe]= 0 (J.5)
5N x1

Using the analogy principle for finite samples, the corresponding sample moment can be written as

1 M
— > Zmem =0 (1.6)
M m=1

where M is the sample size, i.e., the number of replica economies that we draw i.i.d. in each simple random

sample. Since the number of moments is greater than the number of parameters, the model is overidentified

M

and (J.6) has no solution for \. Instead, we choose A so that a quadratic form in M~! D1

Z e 1S as
close to zero as possible. Hence, the GMM estimator Agasys minimizes

M ! | M
oty = [i Zoe] o [g £
where the 5N x 5N weighting matrix W), is symmetric positive definite, and does not depend on .

Solving for the optimal \ requires differentiating Qps(A) in (J.7) with respect to A to obtain the GMM
first-order conditions

1 & Oe l 1 &
— Ly — Wy | — Z = 0 .
[MZ o ] M[MZ 5] — (&)
m=1 A=A m=1 3x1
where we have multiplied by the scaling factor 1/2 and where

Oe
- J.9
5l (1.9)
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is the 2N x 3 Jacobian matrix for ¢ evaluated at the minimizer 5\, and where the Jacobian matrix of partial

derivatives of € := (er,er_1) with respect to the parameter vector A = (aq, ag, ) is

Oe der Oer Oer
= — day dasg 9B (J 10)
O\ Oder_1  Oer_1  Oer_1 :
8&1 80&3 8,3
such that
aET
Das = —Yr-1+t7Xr
aq
9T L Gyrt2x (J.11)
8&3 - yT ’7 T .
85T - 0
0B
and
Oer_1 [ dcy1 Ociy
= 1-— -] —— 1 —E&7_1) — Y792 — 1—(1-2a3)——
oy 7 _5 (( c11) — a1 e, (Yyr-1—er-1) = yr—2—f3 ( az) e, yr
Oc
+yxr_1 — B <0¢2811 - 611> XT]
aq
Oer_1 [ Odc1p Oc11
= — 1—y7-1) — Gyr_ 1-2 -2 2 _
Doy n _0115 Do (er—1 —y7r-1) yr—1+p5 Do ( az) c11 | YT + 2vXr—1
Oc11
— — =2 J.12
8 (042 s 011) XT:| (J.12)
Osr_1
a8 = n [041 (1 - 611) (YT—l - ET—1) - (041 — C11 (1 - 2043)) yr + ’YOCQClle]
and g = (1— o1 —2a3), 7:= (14 Bar(1—c11)) 7, r1 = (208) 1 — /(2a3) 72 — 1; 981 = 41 and
c — r 1—-2r —712 r
% =2(1-2a3) terr + e (372%) 77,1(17;”); where (37(13) = e L — —2;32.

4a32
We know from Cameron and Trivedi (2005) Proposition 6.1 that the GMM estimator e, defined
to be a root of the first-order conditions in (J.8), is consistent for \g, and is asymptotically normally
distributed as v N (S\GMM - )\0) A N(0,V), a result due to Hansen (1982). We use a simple GMM
estimator where the weight matrix Wj; = I5xy. Since our replica economies are independent over m, we

obtain the estimate S using as an obvious estimator
M

- N 2 (Ze) (3.13)
m=1

hence the GMM estimator 5\G M is asymptotically normally distributed with mean Ag and with estimated

asymptotic variance

N N1
vV o= (D’s—lD) (J.14)
where
M
~ 1 Oem
D = — Z,, 1
M o\ . (J.15)
m=1 A=AcMm M
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