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Abstract

We consider general economies in which rational agents interact locally. The local aspect of the
interactions is designed to represent in a simple abstract way social interactions, that is, socioeco-
nomic environments in which markets do not mediate all of agents’ choices, which might be in part
determined, for instance, by family, peer group, or ethnic group effects. We study static as well as
dynamic infinite horizon economies; we allow for economies with incomplete information, and we
consider jointly global and local interactions, to integrate e.g., global externalities and markets with
peer and group effects. We provide conditions under which such economies have rational expecta-
tions equilibria. We illustrate the effects of local interactions when agents are rational by studying in
detail the equilibrium properties of a simple economy with quadratic preferences which captures, in
turn, local preferences for conformity, habit persistence, and preferences for status or adherence to
aggregate norms of behavior.
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1. Introduction

We consider general economies with local interactions, as introduced by Follmer [27].
Agents interact locally when each agent interacts with only a finite (small) set of other agents
in an otherwise large economy. The local aspect of interactions is designed to capture in a
simple abstract way a socioeconomic environment in which markets do not exist to mediate
all of agents’ choices. In such an environment each agent’s ability to interact with others
might depend on the position of the agent in a predetermined network of relationships, e.g.,
a family, a peer group, or more generally any socioeconomic group. Local interactions rep-
resent an important aspect of several socioeconomic phenomena. For instance, the decision
of a teen to commit a criminal act or to drop out of school is often importantly influenced
by the related decisions of peers, as documented by Case and Katz [17], Glaeser et al.
[33] and Crane [19], respectively. Other phenomena for which relevant peer effects have
been identified include out-of-wedlock births [19], and smoking habits [39]. More gen-
erally, local interactions occur not only between peers but also between family members,
ethnic groups, neighbors in a geographical space. For example, neighborhood effects are
important determinants of employment search [43,52], of the pattern of bilateral trade and
economic specialization [41], and of local technological complementarities [20,23] while
ethnic group effects play a fundamental role in explaining urban agglomeration, segregation
[4,50], income inequality and stratification [21]. 1

The documented empirical evidence of peer and neighborhood effects in socioeconomic
phenomena has spurred an interesting theoretical literature. This literature has generated ex-
istence and characterization results for important but special classes of static economies: for
instance economies with additive quadratic preferences, extreme value distributed shocks,
and symmetric interaction effects, introduced by Blume [8] and Brock [12] (see also [13]);
or economies with a finite number of agents, studied by Glaeser and Scheinkman [32].
Moreover, when dynamic economies are studied, the analysis is only confined to the case
of backward looking myopic dynamics, either as a simple explicit dynamic process with
random sequential choice [13], or as an equilibrium selection procedure [9,32]. 2

In this paper, we contribute to this literature by extending the class of economies under
study in various dimensions. First of all, we study economies in which the distribution
of information across the agents, as well as their interactions, are local (economies of
incomplete information). Economies in which information is distributed locally allow to
study environments in which, for instance, only the agents directly interacting with each
other observe each other’s private characteristics. > Most importantly, we study the rational
expectations equilibria of dynamic economies. While agents may interact locally, they are

1 Finally, local interactions control the dynamics and spread of ideas and beliefs, and therefore might in particular
play an important role in the microstructure of financial markets; see [12,36] for theoretical applications to financial
markets. See [10,14,31,32] for good surveys of the theory of social interactions, and its applications.

2 The only exception is a simple example in [31]. Rational expectations equilibria are instead the focus of the
literature on global, or mean-field type, interactions; see [32] for a review.

3 The restriction to economies with complete information is in fact implicitly adopted by the literature only for
simplicity: it allows the direct use of mathematical techniques and results from the physics of interacting particle
systems and statistical mechanics [8,9,12,13]; see [44] for a presentation of such techniques and results).
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forward looking, and their choices are optimally based on the past actions of the agents in
their neighborhood, as well as on their anticipation of the future actions of their neighbors.
We see no valid reason why local interactions should be characterized by myopic behavior
more than standard global, e.g., market, interactions. Finally, we also introduce economies
characterized by global interactions together with local interactions to integrate e.g., global
externalities and markets with peer and group effects. This extension allows us, for instance,
to consider economies in which agents interact locally and, at the same time, act as price
takers in competitive markets, or take as given aggregate norms of behavior, such as specific
group cultures.

To pursue these extensions, we restrict in part the analysis to a specific form of local
interactions, one-sided interactions. This assumption is substantive as it limits the scope of
strategic interactions to those which are directed, e.g., structured hierarchically inside each
social group. 4

For all the distinct economies we study, static economies with complete and incomplete
information, as well as dynamic infinite horizon economies, we provide conditions under
which such economies have rational expectations equilibria which depend in a Lipschitz
continuous manner on the parameters. For each of these economies, we show that such
conditions impose an appropriate bound on the strength of the interactions across agents.
They exclude in particular economies in which strategic coordination gives rise to multiple
equilibria; for instance economies in which it is always optimal for each agent to match the
action of a neighboring agent.

We also illustrate the effects of incomplete information and agents’ rationality by studying
in detail the equilibrium properties of simple economies with quadratic preferences display-
ing local preferences for conformity, habit persistence and possibly preferences for status.
For instance, we compare the magnitudes of the social multiplier effects with complete and
different degrees of incomplete information. The social multiplier summarizes the equilib-
rium effects of the interactions, and measures the amplification of individual effects in the
aggregate due to the correlation across the agents’ actions induced by social interactions.
We show that incomplete information has the effect of reducing the social multiplier with
respect to the complete information case and hence to dampen the aggregate effects of the
agents’ preferences for conformity. In this context we also attempt at a comparison between
the equilibrium actions when agents have rational expectations with the actions of the my-
opic agents previously studied in the literature. We show that, in the context of our local
conformity economy with habit persistence, the effect of rational expectations dynamics
is to spread the correlation of equilibrium actions across all agents in the economy. Most
importantly though, we show formally that when agents have rational expectations, the
effect of the local conformity component of their preferences on their equilibrium actions is
reduced with respect to the case in which agents are myopic. We also show then, by means

4 One-sided interactions are a natural component, for instance, of models of local conformity, when each agent
has a preference for behaving as much as possible as some of his peers. They also appear prominently in other
forms of social interactions, as e.g., in Glaeser—Sacerdote—Scheinkman’s model of crime [33], in Estigneev—
Taksar’s model of trade links [26], or in Ozsoylev’s model of information flows in financial markets [46].

5 Similar conditions for related economies have appeared in the literature; Glaeser and Scheinkman [31] refers
to them as conditions of Moderate Social Influence, see also Horst and Scheinkman [37].
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of simulations, that the extent to which rational expectations reduce the agents’ reliance at
equilibrium on local conformity effects is quite substantial.

The paper proceeds as follows. We first study static economies with local interactions
with complete and incomplete information. We then study dynamic economies with local in-
teractions and incomplete information (the results adapt simply to the complete information
case). Finally, we introduce global as well as local interactions in the dynamic analysis.

2. Static economies with local interactions

In this section, we introduce our concept of a static economy with local interactions. We
consider economies with a countable set A of agents. To each agent a € A is associated
a type, the realization of a random variable 0 taking values in a set @ C R. Types are
independent and identically distributed across agents with law v. We assume with no loss
of generality that the random variable 0 := (6%),ca is defined on the canonical probability
space (O, F, P), i.e.,, @ := {(0Y)4ecn : 0° € O}. The utility of an agent a € A depends
on his type 6%, on an action x? he chooses from a common compact and convex action set
X C R, and on the action taken by his neighbor, agent a + 1. In other words, we assume that
each agent a € A only interacts with the agent @ 4+ 1. Such a system of local interactions
has the property that interactions are one-sided; that is, if the action or the realized type of
an agent b affects the choice of agent a, then a’s action or type does not affect b’s choice.

Remark 2.1. The one-sidedness of the interaction structure is a substantive assumption as
it excludes various forms of strategic interactions inside neighborhoods. Akerlof [1], for
instance, stresses the importance of models of social interactions encompassing a different
range of forms and intensities. In economic applications, one-sided interactions are most
appropriate for environments in which agents’ interactions are structured hierarchically
inside each social group: this is the case for instance when one subset of the agents in each
social group looks at the others as role models, as in our study of conformity in Sections
2.2, 4.3, and, in particular, in the model with both local and global interactions analyzed
in Section 5. One-sided interactions are studied in the literature for simplicity when local
rather than global (e.g., mean field) interactions are modelled; see e.g. [24-26,31,33,46].
We discuss in Section 2.3 how to extend our analysis to general forms of local interactions
in the case of static models as, e.g., in [37]; see also [38]. Our focus, however, is on dynamic
economies of local interactions, and we are unaware of any method that would allow us to
extend our results derived in Section 3 and, in particular the existence result for dynamic
economies with both local and global interactions established in Section 5, to more complex
interaction patterns.

Any heterogeneity across agents can be incorporated in the probabilistic structure of the

types 0. Agents can therefore be considered identical ex ante without loss of generality.
Thus, the preferences of each agent a € A are described by a utility function u of the form

(x“, xatl H”) = u (x“, Xt Ha) .
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We assume throughout that u : X> x @ — R is continuous and strictly concave in its first
argument. Prior to his choice, each agent @ € A observes the realization of his own type
0% as well as the realizations of the types 0P of the agentsb € {a+ 1l,a+2,...,a+ N}.
Here N € N* U {oo}. If N = oo each agent has complete information about the current
configuration of types when choosing his action. In particular, each agent a € A observes
the types of all the agents b € {a 4+ 1,a + 2, ...} with whom he is directly or indirectly
linked. When instead N € N, an agent only has incomplete information about the types of
the other agents. If, for instance, N = 1, then the agents only observe the type of the agent
with whom they directly interact.

Definition 2.2. A static economy with local interactions is a tuple S = (X, @, u, v, N). A
static economy with local interactions is an economy with complete information if N = oo,
and with incomplete information if N € N.

In order to introduce our notion of an equilibrium for a static economy with local inter-
actions S = (X, O, u, v, N), we need some notation. The vector of types whose realization
is observed by the agent a = 0 is denoted Oy := {6°, 0", ..., 0V}; by analogy T“0y :=
(0“, o, 00TN ) denotes the vector of types whose realization is observed by the agent

a € A.®Incase N = oo, we let Oy = {0°,0', 0%, ...} and T*0y = {0%, 0°F', 0772, .. ).
Finally, the set of possible configurations of types of all agents a >0 is given by @° :=
{(0)g>0:0" € ®}. We first focus on the simpler case of economies with complete informa-
tion. Agent a € A takes as given his neighbor’s policy function g?*! that maps 7910y €
" into an element of X. Agent a’s choice is then represented by a function g¢ that maps
any T%0y € @ into an element of X.7 Since the agent observes T40y = {0“, oot g
his optimization problem takes the form

max u (x“, gt (T“'H()N) , 0“) )
xteX
If S is an economy with incomplete information, by taking as given his neighbor’s policy

a+1 0(1+N

function g*", and by observing the realization only of the types T%0y := ( 6“, .

agent a cannot determine his neighbor’s optimal choice. The choice depends on the real-
ization of the random variable 0“*"*! and this information is not available to the agent
a € A. Thus, in a situation with incomplete information, an agent’s optimization problem
is given by

rnaxfu <xa,g“+1 (0“+1,...,6“+N,0),0“>v(d0).

xdeX

6Formallly, T% : @ +— O (a € A) is the a-fold iteration of the canonical right shift operator T that is,
T pen) = () pen; furthermore, T90y = (GO(T“G), o eN(Tae)) - (0“, o 0a+N).
7 We therefore restrict the arguments of each of the agents’ choice to exclude any effects through the realization

of the types of the agents to their left. In other words, we exclude any extrinsic effect, that is, we exclude sunspot
and correlated equilibria.
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Since the utility functions are strictly concave with respect to an agent’s own action, the
maps

= u (xa’ ga-H (Ta-HON) , ()a)
and
x4 = /u (x“, g“+l (0‘”’1, oL TN ()) , 0“) v(d0)

are strictly concave, too. Thus, the conditional choice of agent a € A, given the policy
function of agent a + 1 and given types of all the agents b € {a +1,a+2,...,a+ N}, is
uniquely determined both for economies with complete and with incomplete information.
We are now ready to introduce our notion of an equilibrium for static economies with locally
interacting agents.

Definition 2.3. Let S = (X, ©, u, v, N) be a static economy with local interactions.

(i) If S is an economy with complete information, then an equilibrium is a family (g*%),ca
of measurable mappings g*¢ : ®° - X such that

_ +1 +1
g (T”GN) = arg ;512§ u (x“, gt (T“ ON) , 0“) P—a.s. (1

foralla € A.
(i) If S is an economy with incomplete information, then an equilibrium is a family
(g*)aen of measurable mappings g*¢ : OV +1 5 X such that

g (T0y) = arg max /@ u (x“, gret! (H“H, oL 0N 6)) , 0“) v(d0)

eX

P—a.s. ()

forall a € A.

An equilibrium (g**),ea for an economy S is symmetric if
g4 =g"oT* P—as. 3)
for some mapping g* and each a € A.

An equilibrium for an economy S can also be viewed as a Nash equilibrium of a game
with infinitely many players in which the agents’ common strategy set is given by the
class B(G)O, X) of all bounded measurable functions f : ®° — X. Sufficient conditions
for existence of correlated equilibria in games with infinitely many players and compact
strategy sets are given in, e.g., [34]. These results, however, do not apply to our model,
because (i) B(®O, X) equipped with the usual sup-norm is not compact; and (ii) our focus
is on Nash equilibria of the game rather than on correlated equilibria. In what follows, we
shall restrict our analysis to symmetric equilibria.
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Remark 2.4. (i) As we will see, in our complete information setting, a symmetric equilib-
riuma € A, given T%0y, is uniquely determined. Thus, the equilibrium map g* : 0" x
can be identified with the mapping G* : ® x X — X defined by

G* (0%, x4ty = arg max u (x”, xath 9") .
xteX
In fact, the previous literature has only studied this case, where each agent reacts to the
actions taken by his neighbors; see, e.g., [8,9,12,13,32,33] or [37].
(i1) Suppose that an agent’s utility function takes the additive form

M(xa’ xa+1, 0(1) — U(xa) +xaxa+l + g(xa’ 9(1).

In such a situation, the agent may as well maximize his utility with respect to the expected
action E,x9t! of his neighbor. Here, E, denotes the conditional expectation operator of the
agent a € A. Thus, we may as well assume that the utility functions are given by

u@x®, xH 0% = v(x) 4+ xEux ! + g(x?, 09).

Such preferences are analyzed in, e.g. [13]. In this sense, our framework can also be viewed
as an extension of the model by Brock and Durlauf [13].

2.1. Existence, uniqueness, and Lipschitz continuity of equilibrium

In order to guarantee the existence and uniqueness of an equilibrium for static economies
with local interactions, we need to impose a form of strong concavity on the agents’ utility
functions. To this end, we recall the notion of an a-concave function.

Definition 2.5. Let o >0. A real-valued function f : X — R is a-concave on X if the map
x> f(x)+ %(X|X|2 from X to R is concave.

This definition is first due to Rockafellar [47], and is used for purposes related to ours by
Montrucchio [45].

Remark 2.6. Observe that a twice continuously differentiable map f : X — R is o-
concave, if and only if the second derivative is uniformly bounded from above by —o. For
a more detailed discussion of the properties of a-concave functions, we refer the reader to
Montrucchio [45] and references therein.

We will also require any agent’s marginal utility with respect to his own action to depend
in a Lipschitz continuous manner on the action taken by his neighbor. In this sense we
impose a qualitative bound on the strength of local interactions between different agents.
More precisely, we assume that the following condition is satisfied.

Assumption 2.7. The utility function u : X x X x & — R satisfies the following condi-
tions:

(i) The map x — u(x, y, 0) is continuous and uniformly o-concave for some o > 0.
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(i) The map u is differentiable with respect to its first argument, and there exists a map
L : ® — R such that

0 0 R .
—u(x,y, 0°) — —u(x,3,0%| <LOYH -yl
Ox Ox
and such that EL(0°) < a. “4)

A simple example where our Assumption 2.7 can indeed be verified is studied in the next
section.

Remark 2.8. The interpretation of the condition EL(0°) < « is of interest. In the differ-
2
0 u(x,y,0)

entiable case, the quantity L(0°) defines a bound on %0y

, whereas « may be viewed

as a bound on w Thus, EL (90) < o means that, on average, the marginal effect of
the neighbor’s action on an agent’s marginal utility is smaller than the marginal effect of
the agent’s own choice. It is in this sense that (4) imposes a bound on the strength of the
interactions between different agents. A similar condition has also been employed to study
uniqueness of equilibria in related environments by Becker [2]; see also [3]. The Moder-
ate Social Influence conditions in [32] corresponds to the stronger contraction condition

L(0°) < o P—as.

We are also interested in deriving conditions which guarantee that the economy admits
a Lipschitz continuous equilibrium. Lipschitz continuity of the equilibrium map may be
viewed as a minimal robustness requirement on equilibrium analysis. In particular, it justifies
comparative statics analysis. We therefore introduce the notion of Lipschitz continuity we
will use in our analysis. For an arbitrary constant 1 2> 0, we define a metric dj; on the product

space ©° by

dy(0,0):= " 27107 — 0% (0= (0)aen, 0= (0")aen) 5)

a=>0

and denote by Lip, (1), the class of all continuous functions f : ®" — X which are
Lipschitz continuous with respect to the metric d;; with constant 1, i.e.,

Lip, (1) := {f : ©° — X : | £(0) — £(D)| <dy(0. D)}

We are now ready to formulate the main result of this section. Its proof can be found in
Appendix B.

Theorem 2.9. Let S = (X, O, u, v, N) be a static economy with local interactions and
complete information, that is with N = oo.

() Ifthe utility functionu : X*> x @ — R satisfies Assumption 2.7, then S admits a unique
(up to a set of measure zero) symmetric equilibrium g*.
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(i) If, instead of (4), the utility function u satisfies the stronger condition,
0 0 A - A .
—u(x,y,0) — —u(x,y,0)| <Lmax{|y —y[, |0 — 0|} with L<a, (6)
0x 0x

then there exists n* > 0 such that the equilibrium g* is Lipschitz continuous with
respect to the metric dy:

~ L .
18%(0) — g*(O)] < ;dn* (0, 0).

Establishing the existence of a symmetric equilibrium is equivalent to proving the exis-
tence of a measurable function g* : ®" — X which satisfies

g*(0) = arg 1101a§ u(x’, g* o T(0),0° P—as. @)
xve

Observe that each such map is a fixed point of the operator V : B(@®°, X) - B@°, X)
which acts on the class B(@O, X) of bounded measurable functions f : 0> x according
to

Vg(0) = arg max ux®, g o T(0), 0°). (8)
xVeX

On the other hand, each fixed point of V' is a symmetric equilibrium. It is therefore enough
to show that V has a unique fixed point. The existence and uniqueness of equilibrium for
economies of incomplete information, where an individual agent only observes a finite num-
ber N < oo of types, requires an additional continuity assumption on the utility function.
The proof is analogous to the proof of Theorem 2.9 and is given in Appendix B.

Theorem 2.10. Let S = (X, O, u, v, N) be a static economy with local interactions and
incomplete information, that is with N € N.

() Ifthe utility functionu : X* x @ — R satisfies Assumption 2.7 and if it is continuously
differentiable with respect to its first argument, then S admits a unique (up to a set of
measure zero) symmetric equilibrium g*.

(ii) If u satisfies condition (6), then g* is Lipschitz continuous:

~ L ~b
lg*(On) — g*<6N>|<§max{|9b —01:b=0,1,...,N}.

2.2. Example: local conformity

In this section, we study in detail an economy in which agents have a local preference for
conformity: each agent a enjoys utility from behaving as much as possible as his close peers.
In many instances of socioeconomic relevance, from smoking to dropping out of school,
preferences for conformity act at the level of peers rather than at the level of society as a
whole; see [6] for a study of preferences for status, where interactions are global rather than
local and agents try to match the mean behavior in the society. The economy we analyze
is a special case of the general environment studied in the previous sections, in which
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the agents’ equilibrium actions can be given in closed form. We also derive interesting
statistical properties of the equilibrium action profile. In particular, we characterize the
effects of local conformity on the variance and the correlation structure of individual actions
in the population as well as on the variance of the mean action across different economies.
When the variance of the mean action across economies is larger than the variance of
each action in the population, we say that social interactions generate a social multiplier
effect; see e.g., [2,32]. The social multiplier summarizes the equilibrium effects of the
interactions, and measures the amplification of individual effects in aggregate due to the
correlation across the agents’ actions induced by social interactions. It is interpreted to
explain the large variability across time and space observed in empirical data regarding
smoking, criminal activity, dropping out of school, out-of-wedlock pregnancy and other
socio-economic decisions in which a social interactions component is relevant; see [31] for
a survey.

We compute the social multiplier for our local conformity economy under complete
and incomplete information, and we study the differential effects of the distribution of
information about agents’ types across the neighborhood structure. Consider the following
utility function:

u(xa,xa+l’ Oa) = —o (xa _ Qa)Z _ OCz(xa _ xa+1)2 9)
for o1 ap > 0. Quadratic utility functions of form (9) describe preferences in which agents
face a trade-off between the utility they receive from matching their own idiosyncratic
shocks and the utility they receive from conforming to the action of their peers, which
will in general be different. The higher the ratio i—f, the more intense is the agent’s desire
for conformity. The equilibrium action of a generic agent a € A can now be solved for
in closed form (we do not report calculations for this section).® Let f8 | = al"_‘;az and
pr = 7 +a . In the complete and incomplete information cases, respectively, the map g* is
given by

a+N N+1
*(T“0y) /312/3'2 “0" and g* (T“Oy) = Zﬁ; “0 + 7

i=a

E6“

Note that, in either case, the equilibrium action of the agent a € A is given by a convex
combination of all the observable types and the mean of the random variable 0°. Table 1
reports the variance of action x and the covariance of the actions taken by agents a and b.
The variance of action x“ is highest when agents have no preference for conformity. In
such a situation, in fact, the whole variability of an agent’s idiosyncratic type is reflected
on the action he chooses, x? = 6“. When agents do interact instead, and therefore at-
tempt to conform to the action of their neighbor, they choose an action which depends
on a weighted average of the types of all agents on their right. Because types are i.i.d.
across agents this type average has in fact a smaller variance than each single type, and the

81t is easy to verify that the map x? — u(x?, x4+, 07) is a-concave if o <2(a] + 22), and that our Moderate
Social Influence assumption holds if oy > 0.
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Table 1
Statistical comparison

No interaction Complete info. Incomplete info.
() > 0,00 =0) (og, 00 > 0; N = 00) (1,00 >0, N=1)
a @ /f% @ 2 2 @
var(x?) var(04) 7 var (0%) P11+ B3) var (09)
P2
2 2 @
a .a+b B b a P18y var(0?) forb =1
cov(x?, x40 0 = (B2)” var(6) 0 for b~ 1
var(x) var(0%) var(0%) [3% (1+ [32)2 var(0%)

effect of local interaction is then to reduce the variance of the actions chosen by each
agent. K

Notice also that when information is incomplete, the variance of a generic action is lower
than when information is complete. In Table 1, we only report the case in which each agent
observes the type of the neighbor whose action he wishes to conform to, N = 1. However,
it is easily shown that the variance increases with the dissemination of information, that is,
with the number of neighbors’ types each agent observes, N, and converges to the variance
of the complete information case as N — oo. When information is incomplete, in fact, in
attempting to predict the action of the neighbor to conform to, an agent necessarily relies
on the mean of the types of the agents he does not observe and the variance of his chosen
action is reduced. '° Local interactions in our conformity model have then the effect of
reducing the variance of each agent’s action, but introduce a correlation across the actions
of the agents. In the case of complete information, such correlations extend over all agents,
while with incomplete information only the actions of agents at most N spaces apart are
correlated. The correlation of actions across agents with preferences for conformity in turn
increases the variance of the mean action across economies. !! In fact, if the mean action
is defined as X := lim,,_ oo Z\a| <n #j_l, it can then be shown that var (x) = var(x%) +
21im, 00 Zgzl cov(x?, x*). 12 Therefore preference for conformity decreases var(x?),
but increases the covariance terms in the variance of the mean action x. It turns out (see Table
1) that these two effects exactly compensate in our conformity model when information is

9 This is in contrast with the results obtained e.g., by Glaeser and Scheinkman [31] for a related economy
with preferences for conformity. In their formulation of conformity, agent a’s equilibrium action (with complete
information, the only case they study, and in our notation) takes the form: x¢ = 6% + f,x**1 In this case,
therefore, each agent’s attempt to conform to his neighbor adds to his action rather than simply shifting the weight
away from his own type, as in our case. Glaeser and Scheinkman’s formulation is therefore characterized by more
intense preferences for conformity, and local interactions increase the mean and the variance of each agent’s action.

10 Extending their analysis to the case of incomplete information, we can show that this effect is also present in
Glaeser and Scheinkman [31] specification of conformity.

1 Following Glaeser and Scheinkman [31] and Glaeser et al. [33], the different statistical properties of the vari-
ance of individual actions and the variance of the mean action across economies could be exploited to empirically
identify the intensity of preferences for local conformity, that is, > in our formulation.

12 Since the process x“, for a € A, is stationary and satisfies a strong mixing condition with exponentially
declining bounds, central limit behavior results; see [48].
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complete, and hence conformity does not generate a variance multiplier, as e.g., in [31].
In the case of incomplete information, conformity even dampens the variance of the mean
action with respect to the case of no interactions. To better understand and summarize the
effects of incomplete information on social interactions, we study the social multiplier of our
economy with incomplete and complete information. Let the social multiplier be defined
formally as the ratio of the variance of action x“ and the variance of the mean action x.
1-53
B
L o . . . (1+8,)°
which is larger than the multiplier in the incomplete information case, R for N =1

(in fact it can be easily shown that the multiplier with complete information is larger than
the multiplier with incomplete information for any N < 00).

From Table 1 it is clear that in the complete information case the multiplier is equal to

2.3. Extensions and discussion

The existence and continuity results of Theorems 2.9 and 2.10 can be partly extended to
economies with more general interaction structures. While for these economies the Moder-
ate Social Influence assumption is not enough to guarantee existence, a stronger condition,
like condition (6), in fact suffices for existence, uniqueness, and Lipschitz continuity. This
is the case for both complete and incomplete information economies. We illustrate the thrust
of the argument in the following subsection. In Section 2.3.2 we characterize equilibria in
static economies as stationary solutions of stochastic difference equations.

2.3.1. Equilibria in economies with general interaction structures

In the complete information setting, each symmetric equilibrium can be viewed as a
fixed point of the operator V defined by (7). The proof of the existence results in Theorems
2.9-(i) and 2.10-(i) are based on a mean contraction argument. This argument only applies
to economies with one-sided interactions. For instance, in the case of complete information
we show that

L(0%

o

Vg0 — V)< lgoT(0) —goT(O)

In an economy with one-sided interactions the random variables L(HO) and T(0) =
0, 0%, ...) are independent. Under the Moderate Social Influence assumption we show
that the operator we show that V satisfies the mean-contraction condition

R . EL(0)
EIVg(0) = VRO <yEIZ(0) = 2(O)] where 7= —— <1,

which turns out to be the key to the existence proof. For general interaction structures,
however, best reply functions depend on the entire configuration of taste shocks, and inde-
pendence of L(0°) and g o T(0) is typically lost. As a consequence, in this case, there is no
reason to expect that a Moderate Social Influence condition, as Assumption 2.7, translates
into a mean contraction property of the operator V.
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To study existence, uniqueness and continuity in the context of economies with more
general forms of interactions, we pursue a different strategy. Under the stronger contraction
condition (6), in the proof of Theorems 2.9-(ii) and 2.10-(ii) we show that

L
Vg (0) — V)< Sl8° T(0)—goT(0)

. L .
andso ||Vg— Vg||oo<;||g — &lloo

and that Vg is Lipschitz continuous whenever g is. This method therefore delivers existence,
uniqueness, and Lipschitz continuity. For a suitable modification of condition (6), it carries
over to the case of more general interaction structures. Consider the case in which agents
are located on the d-dimensional integer lattice Z¢, and the preferences of the agent a € 74
are described by a utility function of the form

(x“, (X} bena), 9“) — U (xa7 (P} bena) 9”) ,

where N(a) := {b € 74 - la — b]| = 1} denotes the set of the agent’s nearest neighbors.
In such a more general model, each symmetric equilibrium is given by a fixed point of the
operator

Vg(6) = arg max u (xo, {g o T(D}uen©). 00> .
xVex
If utility function satisfies the contraction condition

5; i (xa» (" Yoen @), 9) - 5%% (xa, Epen @) @>‘

<Lmax{|£? —x",|0 — 0] : b € N(a)},

using straightforward modifications of the arguments given in the proof of Theorems 2.9-(ii)
and 2.10-(ii), it can be shown that V satisfies the contraction condition

N ~. L N
[Vg — Vg|<— max{|go Tb — go Tb|: b e N(a)}.
o
We then obtain that V is a contraction that maps a set of Lipschitz continuous functions
continuously into itself. Two-sided interactions are simply a special case of this general
model.

2.3.2. Equilibria as stationary solutions to stochastic difference equations

It is possible and instructive, in the class of static economies we have studied, to charac-
terize an equilibrium as a stationary solution to a stochastic difference equation. Consider
for illustration an economy with one-sided interactions and complete information. An equi-
librium can be defined as a sequence of actions {x“},c that satisfy the non-linear recursive
relation

x4 = G*(0%, x4t (a €2), (10)

where G*(0“, x“*1) denotes the conditional best reply of the agent a, given 0 and his
neighbor’s action x**!. Showing existence of a symmetric equilibrium is then equivalent
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to the existence of a stationary solution to the stochastic difference equation (10), where
the index runs over agents a € A rather than over time periods as is common in rational
expectations models, e.g., [7,15,49]. 13 It follows, e.g. from results given in Chapter 8
of Borovkov [11], that (10) admits a unique stationary solution if the best reply function
satisfies the mean contraction condition

EIG*(0°, x**1) — G* (0, 3D <yl — 34t

for some 7y < 1.

The proof of Theorem 2.9 shows that this is the case whenever the utility function u satisfies
Assumption 2.7-(ii). The mean contraction condition, in turn, guarantees that the difference
equation (10) has a unique stationary solution, that is it guarantees a transversality condition
of the form 4

lim
T—>00 Ox4+7T

G* (0“, G* (0““, .., G* (0“+f—1,x“”) N )) —0.

Thus, in an economy with complete information, an equilibrium may be viewed as the
unique stationary solution to difference equation in (10) with state space X. If the map G*
is linear, as is the case in our example with quadratic utility, Section 2.2, for instance, an
equilibrium can be represented by a deterministic difference equation of the form

x4 = ﬁlga +ﬁ2xa+]

and the transversality condition holds if its root is explosive, that is, if f, < 1. Similar
arguments apply for economies with incomplete information and one-sided interactions.
Then, a sequence {§%},ca of measurable mappings ¢ : O — X is an equilibrium if

§(0%, ) = arg max [E[”Oc“, gt 9“)|fa] () =G0, g (@eD), (1)
x%e

where F, denotes the information set of agent a, i.e., the o-field generated by the random
variables 04!, ... 99N, Again, the best reply function G admits a unique stationary
solution (on a suitable function space) if it satisfies a mean contraction condition, which
in turn we prove is satisfied under the assumptions of Theorem 2.10-(i). If the best reply
function G(0°, -) is linear the analysis is again straightforward; we developed it above in
Section 2.2.

Consider finally the case of economies with general interaction structures, which we
discuss previously in this section. In the special case in which information is complete and
an arbitrary agent a € A interacts directly with agents a — 1 and a + 1, an equilibrium
satisfies a second order difference equation of the form

xa — G* <6a’xa—l’xa+l) (a c Z)

Difference equations of this form appear in rational expectations models, see e.g., [5,40].
In this case a symmetric equilibrium can also be represented by a stationary solution to the

13 We thank an anonymous referee for suggesting us to make this analogy explicit.

14 0f course differentiability of G* is not needed; we report the transversality condition only in this case for the
sake of notational simplicity.
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difference equation, provided appropriate transversality conditions hold (at plus and minus
infinity). Results in the literature are generally limited to conditions for local stability; see
e.g. [15,5]. Finally, in the case of economies with incomplete information, the stochastic
difference equation resulting from the best reply map of an arbitrary agent a is non-standard,
as the information sets of agents a € A do not form a filtration, and so the results in the
rational expectations literature do not apply. Similarly, economies with more general local
interactions, discussed previously in this section, or dynamic economies, as we study in the
next section, give rise to equilibrium conditions that cannot be reduced to a standard form.

3. Dynamic economies with local interactions

The theoretical literature on dynamic economies with local interactions has so far concen-
trated on models with ad hoc myopic dynamics. One of the main reasons for the widespread
use of myopic dynamics is that the resulting equilibrium process for {x{'};cn has been inten-
sively investigated in the mathematical literature on interacting particle systems. Conditions
for asymptotic stability of these processes have been established under suitable weak in-
teraction and average contraction conditions; see e.g., [29,42,44]. In this paper, we instead
study economies with forward looking agents and consider rational expectations equilib-
rium dynamics. In our economy, therefore, an agent’s actual action typically depends on
his current type, on his past choices, on the present states of all the other agents and on
the expected future behavior of his neighbors. His expectations with respect to the future
actions of his neighbors are assumed to be rational, that is, the expectations are assumed to
be consistent with the equilibrium dynamics of the neighbors’ actions at each time in the
future. In the context of a dynamic extension of the local conformity economy of Section
2.2, with quadratic preferences accounting for habit persistence effects, we can identify
the characteristics of the behavior of locally interacting agents. This behavior stems from
rational expectations about the future and about the behavior of neighbors, which do not
exist in the standard analysis of myopic economies; see Section 4.3.

We are now going to introduce our notion of a dynamic economy with locally interacting
agents as well as our equilibrium concept. As in the case of static economies, we consider
a countable set A of agents. Each agent is infinitely lived, and is of type 07 € O at time
t € N. Types are assumed to be distributed independently and identically across agents and
time. !> The law of the random variables 6% is denoted by v. The instantaneous utility of
agenta € A attime ¢ € N depends on his current type 67, on the action x? he chooses from
a common compact and convex action set X C R, and on his action x;_; in the previous
period # — 1. We maintain the simple interaction structure introduced in the previous section,
and assume that the agents’ momentary utility also depends on the current action x[“+1 of his
neighbor, agent a + 1. His instantaneous preferences at time ¢ are described by a continuous
utility function

a .a a+l pa a _a a+1 pa
(xtﬂxr—lvxz !Ht)'_)”(xtvxt—l’xt ,9,>, (12)

15 Independence over time simplifies the analysis substantially; see [51] for standard dynamic programming
techniques to deal with correlated shocks over time.
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t“_ > x,“‘H, 9;‘) is assumed to be strictly concave. An agent’s

overall utility is the expected sum of future utilities, discounted at a rate § < 1. Prior to
his choice at time 7, the agent a € A observes the realization only of his own type 67. In
this sense, we focus on economies with incomplete information, in which agents do not
observe the type of any other agent except their own. This is just for notational and analytical
convenience. We allow agents to observe the entire action profile x; = (x¢),ca of previous
periodst=¢—1,t—2,....

where the map x{' — u (x,“ X

Definition 3.1. A dynamic economy with local interactions is a tuple S = (X, @, u, v, ff).

In order to describe an individual agent’s optimization problem, we need to introduce
some notation. We denote by X := {x = (x%),ecn : x* € X} the space of all configurations
of individual actions and let X? := {x = (x%),>0}. We equip the configuration spaces X
and X? with the product topologies, and so compactness of the individual action spaces
implies compactness of the configuration spaces X and X°. At each time ¢, the agenta € A
observes the entire action profile x,_; € X, in particular, he observes the past actions xth_l
of all the agents b > a with whom he interacts either directly or indirectly. Even though his
instantaneous utility only depends on present and expected future actions of his neighbor,
the information contained in all the choices (x,“_*lc)c;l is used to predict his neighbor’s
future actions, and is therefore relevant for the solution to his decision problem. In fact, the
choice xt“flc of the agent a + ¢ at time ¢ — 1 affects the action of agent a 4+ ¢ — 1 in period ¢;
this has an impact on the action of agent a + ¢ —2 in period ¢ 4- 1, etc. A rational agenta € A
anticipates these effects, and so he bases his current decision on all the states (xtb_ Db=a-In
principle, agent a could base his decision at # on the action profiles at time t — 2, f — 3, etc.,
which he observes. In fact though, we study Markov perfect equilibria, in which the policy
function of any agent at ¢ will only depend on period ¢ — 1 actions. Of course actions at
t — 2 also affect future actions, but ar a Markov perfect equilibrium, they only affect future
actions through the actions att — 1. As a consequence, an agent observing actions at t — 1
finds the information contained in actions at # — 2 irrelevant to compute the expectations
about future actions that he cares about for optimizing at time 7. '® As in the static case,
we shall focus on symmetric equilibria. !” Thus, we may assume that the optimal action
of an economic agent a € A is determined by a choice function g : X x @ — X in the

16 Our economy is formally equivalent to a dynamic game. See [30, Chapter 13], for the standard justifications
for Markov perfect equilibria in dynamic games. Restricting the analysis to the class of Markov perfect equilibria
is substantial; trigger strategies and other dynamic punishment strategies, for instance, are excluded. The analysis
of these strategies requires different mathematical techniques as in the study of repeated games; see [22] for a study
of repeated games in a local interaction environment where punishment strategies spread by contagion across the
economy.

17 We will also, as in the static case, restrict the arguments of each agent’s choice to exclude the actions of agents
‘on the left’, that is, non-payoff-relevant state variables and extrinsic effects. For instance, in our formulation of
equilibrium, agent a’s action at time ¢ cannot affect agent a 4 1’s action at time ¢ 4 1, even though this action
affects agent @’s utility at time # + 1. This assumption also precludes the analysis of complex dynamic punishment
strategies as, e.g., in [22], and of other forms of strategic interactions.
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sense that
xt=g(T%;—1,07) where T%%_; = {x,b_l}b>a.

In a symmetric situation, it is thus enough to analyze the optimization problem of a single
reference agent, say of the agent 0 € A. Given a continuous choice function g : X x @ —
X, the agent a >0 takes as given his neighbor’s current choice g(7%x;_1, 6¢). We denote by
7y (T%x;_1; -) the conditional law of the action x/, given the previous configuration x;_1,
and so the choice function g : X® x ® — X induces the Feller kernel

My (x; ) = l_[ng(T”x; ). (13)

a=1

Ifthe agent 0 € A believes that the agents @ > 0 choose their actions according to g, the ker-

nel I1, describes the stochastic evolution of the process of individual states {(xf‘)a>o} reN
In this case, for any initial configuration of individual states x € X® and for each initial

type 0(1), the optimization problem of the agent O is given by

max /u(x?,xo,xll, 9(1))ng(Tx; dxh)
{xg'}

3 [l sl T s ) a9

t>2

The value function associated with this dynamic choice problem is defined by the fixed
point of the functional equation

Ve(xim1, 00) = Vx|, Tx—1, 09)

= max /u (X?_l, x?’ y[l’ 0?) e (Tx;—1; dytl)

xdex
+p Ve (xp, &, O T o (T x5 da@)v(dol)} : (15)
X0x e

The following is a well known result from the theory of dynamic programming, seee.g., [51].

Lemma 3.2. Assume that the choice map g is continuous. Under our assumptions on the
utility function u, the functional fixed point equation (15) has a unique bounded and con-
tinuous solution V, on X? x @. Moreover, the map Vg (-, Txi—1, 99) is strictly concave on
X and there exists a unique continuous policy function g X? x © — X that satisfies

gg (x,_l, 9?) = arg max {/ u (x,ofl,x?, ytl, 9?) ng(Txt_1; dytl)

x?eX

+B / vg(x?,aet,el)ﬂgax,1;d£t)v(d91>}. (16)
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We can now define a symmetric Markov perfect equilibrium in a dynamic random econ-
omy with forward looking interacting agents.

Definition 3.3. A symmetric Markov perfect equilibrium of a dynamic economy with for-
ward looking and locally interacting agents S = (X, @, u, v, f),isamap g* : X'x 0 — X
such that

g* (x,,l, 0?) = arg max {/ u (xlofl, xto, ytl’ 0?) ng*(Tx,,]; dytl)

x?eX

+p / Vi (', &, 0 g (Txy 1 dz@)v(déﬂ)} :
(17)

By analogy to the static case, a symmetric equilibrium might be viewed as a fixed point
of a certain operator. Indeed, every fixed point of the operator V that acts on the class of
bounded measurable functions g : X’ x @ — X by

f/\g(x,QO) = arg max u ()?O,xo,yl,HO) ng(Tx;dyl)
Vex

+ﬁ/ Vo (39, %, 0T (Tx; d)?)v(dHl)} (18)

defines a symmetric equilibrium; and every symmetric equilibrium g* satisfies the fixed
point relation

Ve*(x, %) = g*(x, 0°).

We proceed by establishing a series of general results, on the existence and the convergence
of the equilibrium process. Such results require conditions on the policy function g, and
hence are not directly formulated as conditions on the fundamentals of the economy. In the
next section, we will then introduce an example economy with quadratic preferences which
we are able to study in detail. For this economy, we can show that our general conditions
are satisfied, and hence they are not vacuous.

3.1. Existence and Lipschitz continuity of equilibrium

In order to state a general existence result for equilibria in dynamic random economies
with forward looking interacting agents, we need to introduce the notion of a correlation
pattern.

Definition 3.4. For some finite C > 0, let

LS = {c=(cadaz0 : ca=0, Y ca<C
az=0

denote the class of all non-negative sequences whose sum is bounded from above by C.
A sequence ¢ € Lg will be called a correlation pattern with total impact C.
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Each strictly positive correlation pattern ¢ € L T gives rise to a metric

de(x,y) =Y calx® = |

aeN

that induces the product topology on X°. Thus, (dc, X®) is a compact metric space. In
particular, the class

LipS == {f: X" = R: [f(x) — fF()<de(x, y))

of all functions f : X® — R which are Lipschitz continuous with constant 1 with respect
to the metric d, is compact in the topology of uniform convergence.

Remark 3.5. For a fixed 0° € 0, let g(-, 0°) € Lich be the policy function of the agent
0 € A. The constant ¢, may be viewed as a measure for the total impact the current action
x“ of the agent a >0 has on the optimal action of agent 0 € A. Since C < oo, we have
limg— o0 ¢, = 0. Thus, the impact of an agent a € A on the agent 0 € A tends to zero as
a — oo. In this sense, we consider economies with weak social interactions. The quantity
C provides an upper bound for the total impact of the configuration x = (x%),>¢ on the
current choice of the agent 0 € A.

We are now going to formulate a general existence result for symmetric Markov perfect
equilibria in dynamic economies with local interactions.

Theorem 3.6. Assume that there exists C < 0o such that the following holds:

(i) Foranyc € L_,C_,for all® € O and for each choice function g(-, 0°) e Lipcc, there
exists F(c) € Lf_ such that the unique policy function gg(-, 00) which solves (16), is
Lipschitz continuous with respect to the metric dp ) uniformly in 0° € 6.

(i1) The map F : Lg — Lg is Ocontinuous.o

(iii) We have limy— oo [18g, (-, 07) — 8¢ (-, 07)lloo = 0 if limy o0 lgn — glloc = 0.
Then the dynamic economy with local interactions has a symmetric Markov perfect
equilibrium g* and the function g*(-, 0%y is Lipschitz continuous uniformly in 0°.

Proof. For any C < o0, the convex set LE may be viewed as a closed, and hence compact
(with respect to the product topology) subset of the compact set [0, C]V. Thus, by (ii) the
continuous map F has a fixed point ¢* Due to (i) and (iii), the operator V defined by (18)
maps the compact and convex set Lip$ i contlnuously into itself where C* := ) a>0C€ .

This shows that V has a fixed point g*. O

3.2. Convergence to a steady state

In the previous section, we have formulated conditions on a dynamic economy with local
interactions S = (X, u, f§, ©, v) which guarantee the existence of a symmetric Markov
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perfect equilibrium g*. In this section, we study the asymptotic behavior of the process
{Xt}sen in equilibrium. To this end, we denote by

Mg (x; ) = [ ] mge(T9x3 )
aeA

the stochastic kernel on X induced by the policy function g* and by IT ;* , its t-fold iteration.
Given an initial configuration x € X, the measure IT' (x; -) describes the distribution of the
configuration of individual states at time . Let us introduce the vector r* = (r}),ca with
components

rg = sup{[[mg«(x; ) — mgx(y; Il : x = y off a}. 19)

Here, [|7g«(x; -) — mg«(y; -)|| denotes the total variation of the signed measure mg« (x; ) —
Tg+(y; ), and x = y off a means that xP = yb for all b # a. The next theorem gives
sufficient conditions for convergence of the equilibrium process to a steady state. Its proof
follows from a fundamental convergence theorem by Vaserstein [53].

Theorem 3.7. If Y, .n rg* < 1, then there exists a unique probability measure p* on the
infinite configuration space X such that, for any initial configuration x € X, the sequence
H;* (X; -) converges to p* in the topology of weak convergence for probability measures.

4. Example: local conformity and habit persistence

This section studies a dynamic extension of the local conformity economy introduced
in Section 2.2 where the assumptions of Theorems 3.6 and 3.7 can indeed be verified.
As in the static model analyzed in Section 2.2, agents have a preference for conformity,
and each agent a receives utility from conforming his own action to his neighbor’s. In the
dynamic economy we study in this section, however, agents also face habit persistence:
each agent faces a disutility from changing his action over time. Habits and addictions
are often associated with social interactions and preferences for conformity: for instance,
the consumption of addictive substances, like smoke and several chemical drugs, is often
initiated by the desire to conform with peers; the decision to commit criminal acts, partly
determined by social interactions and preferences for conformity (see [32]), is difficult to
reverse over time. We consider an economy where the preferences of a generic agent a are
represented by the utility function

a a ,a+l pal _ a a\2 a a\2
u (xt—l’xt » X gt) = (xz—l _xt) — %2 (et _xt)
2
—us <x;‘+1 . xg) , (20)
where o1, o and o3 are positive constants. The agent’s utility can be decomposed into three

components. The first term of the utility function u (xt“fl, xf, xf“ , 6),“) in (20) represents

habit persistence, the second the effect of the agent’s own type, and the third the local
conformity component, that is, social interactions.
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4.1. Existence of equilibria
Our first aim is to prove existence of a Markov perfect equilibrium for this economy.

Theorem 4.1. Let X = O = [—1, 1]. Assume that [EH? = 0, and that an agent a € A only
observes his own type 0°. If the instantaneous utility function takes the quadratic form in
(20), the economy has a symmetric Markov perfect equilibrium g*. The policy function g*
can be chosen to be of the linear form

g (x, 0°) = a0 +90° + Z cix?
b>1

Sfor some positive sequence ¢* = (c}),>0 and some constant y > 0.

The proof of Theorem 4.1 will be carried out in several steps. In a first step, we prove
the existence of an interior solution to an agent’s optimization problem in an economy with
quadratic utility functions.

Lemma 4.2. Let g : X® x @ — X be a continuous choice function for the agents a > 0.
Under the assumptions of Theorem 4.1, the induced policy function, &, of the agent 0 € A
is uniquely determined and

[P><§g(xt_1,0,°) € {—1, 1) for some t € N) —0. Q1)
Thus, we have almost surely an interior solution.

Proof. The existence of a unique policy function follows from continuity of g along with
the quadratic form of the utility functions, using standard arguments from the theory of
discounted dynamic programming. In order to prove (21), we let

r::inf|r>0: gg(xt,l,e?)=1} and y; = g(xi_1, 00).

It suffices to show that P[t < oco] = 0. Let us assume to the contrary that P[t < oo] > 0.
In such a situation, y; = 1 is optimal and this means that

oy (1 = yro)? — o (1 — x)? — a3(1 = 09? — By (1 — yei1)?
> — o (y — yr1)? — oy — xfl)2 —o3(y — 98)2 — B (y — yer1)?

for all y € X. Otherwise y; < 1 would lead to a higher payoff. This, however, requires
02 = yr—1 = yr+1 = 1. This shows that y, = 1 = 0? for all + € N. This, of course,
contradicts [EH? =0.Thus, P[t <o0]=0. O

Letus now establish arepresentation of the agents’ policy function in terms of the expected
behavior of his neighbor. To this end, we denote by M (X?) the class of all probability
measures on X equipped with the topology of weak convergence. The utility of the agent
0 € A attime ¢ € N depends on the actions x| taken by the agents a > 0 only through his
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neighbor’s expected action

7 = fylﬂg(Txt;dy) and through /(yl)2Hg(Txt;dy).

We may thus view the agent’s dynamic problem as an optimization problem depending only
on the stochastic sequence {09},EN, and on the deterministic sequence {H ;, (Tx; )
t

In fact, in our present setting, we can let u(-) := Ilg(Tx; -), for any initial configuration
x € X%, and rewrite his optimization (14) as

max { UG, xg. 00, )+ > p! / UG x)y, 07, ully)v(do)) ¢ (22)

{x?}leN =2

where
UG, x8, 00, 1) == —o (&) — x)? — oy (x) — 0°)% — 03 /(x? — yHu@y).

This allows us to show that the agent’s optimal action is given as a weighted sum of his
present type, of his action taken in the previous period and of the expected future actions
of his neighbor.

Lemma 4.3. Let the assumptions of Theorem 4.1 be satisfied. Given an action profile x €
X® and a choice function g : X® x @ — X for the agents a > 0, the policy function of
agent 0 € A is of the linear form

8e(x, 0) =y1x°+y29°+Zé,_I/yIH;(Tx;dy). (23)
t>1

With /. := o1 + a2 + o3 + o1 B, the constants )1, y,, 00, 01, . . . are given by

D) 12 2
A=) A" —duif %0

Y= d y)=——"7"— 24
n 200 R e
and by
o= — 2 and o= —2P 5 forist, (25)
L=m1ap A—=youf

The constants in (24) and (25) do not depend on g and satisfy y; + 7, + Y, 00 <1

Proof. Fix aninitial configurationx = (x), >0 andlet u := II,(Tx; -). The value function
associated with the optimization problem (22) solves the functional fixed point equation

Vg(xg,e?,u>=“32§ {—mxo—xl) — (0 — x{)* — o3 / o' —x)’udy)
1

+/3/vg(x?,e Il )v(d0) )} (26)
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In view of Lemma 4.2, the fixed point equation (26) has a unique solution V;' : X x
0 x M(X®) — R, the agent’s policy function g, : X x @ x M(X") — X is uniquely
determined and the optimal solution is almost surely interior. Thus, the first order condition
takes the form,

201 (x) — x7) + 202 (0] — xD)* + 203 f (' — xDu(dy)
d
+ﬁ/ a—ovg(x?,eg,ung)v(deg) =0
X
and the envelope theorem gives us
d .
E?V(x?, 09, ully) = —201 (20 — x0) = —2a (x? _ (x?, 09, ﬂng)) e

This yields
0 o 1
.xl =
o +op 4+ o3 + Poyg

x (auxg + o200 + 13 / ' u(dy) + o1 g (x?, 05, ung)) : (28)

Let us now assume that we have the following alternative representation for the optimal
path {xzo}teN:

o
X} =y 9200 + ) Sizigi € 0. 1), (29)
i=0

where z; denotes the expected action of the agent @ = 1 at time ¢. Using [EH? = 0, it does
then follow from the first order condition, from (27) and from (28) that

0 o 1
.xl =
oy + o+ o3 + ﬁlal
o
X (a1x8 + cxzt‘)? + o3 / ylng(x; dy) + cxlﬁylx? + a1ﬁ212+i> . 30)
i=0
Now we need to find coefficients y;, 75, do, 01, . . . such that the representations in (29) and

in (30) coincide. This can be accomplished recursively and yields the constants in (24) and
(25). In order to prove that the sum of the coefficients is bounded from above by 1, we
consider the situation in which the agents maximize the discounted sum of their expected
utilities over the periods ¢ € {0, 1, ..., t} and denote by g*(x, HO) the optimal action of the
agent 0 € A. Using a cumbersome, but rather straightforward induction argument along
with an argument similar to the one given in the proof of Lemma 4.2, one can easily show
that

T
g (x, 90) = y}xo + y%@o + Z 5};11,’.
i=1
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Here, the coefficients satisfy the recursive relations

= i1, =2 s=2Ps G_12.) and
At | At
2
oy B
oyl = A — 1=
T+1 I

with 2° = & + oy + 3. This shows that yf — 7; and 0 — o foralli =0,1,2,...as
7 — 00. Thus,

y1+y2+25,-<1 because ﬁ—i—y;—i—Zéfgl for all 7. O
i>0 i>0

Our representation (23) of the policy function does not yet allow us to apply Theorem
3.6. For this, we need a representation of g, in terms of the sequence (x“),>¢. This,
however, can be accomplished as follows: let us fix a correlation pattern ¢ = (cz)a>1 €

1—y . .
L, "2 and assume for the moment that the choice function of the agents a > 0 takes the

linear form

(T, 0%) = cox® + p,0° + Z cpx®th, (31)
b>1

In view of (23), we have ¢p = 7y, and the continuous choice function g induces a Feller
kernel Iz on X°. Thus, it follows from (31) and from [E@? = 0 that

/ylﬂg(x; dy) = Z caxT1
a>0

Hence the expected action of the agent a = 1 in the second period is given by

/ylﬂé(x,d)’)= Z cm/ya+ll'[g,(x;dy)= Z Cu| Z Cuzxal+a2+l.

a; =0 a; =0 ar >0
By induction we obtain
Lygt (s 1
/y IT (x; dy) = Z Cay Z Car *+* Cay_ Z Cqx@ et ) (3
a; =0 a; =0 a; >0

for all + € N. Thus, we have the alternative representation of our policy function:

2306, 0) = 1x° + 920+ ) ",
b>1
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where the positive sequence (I,)5>1 is given by

lp = Fp(co, 1y ..., Cp—1)
b1 b1 b—1
=3 0 | 2w 2o | D e | Yyt ampn) (33)
=1 a;=0 ay=0 a;=0

This representation allows us to prove the main result of this section.

Proof of Theorem 4.1. Since 2;(x, 0°) € X, we have Zb>1 Ip<1—7y; —7,. Thus, the
map F defined by

F(e) = (Fp(y1, €155 Ch—1))b>1 (34)
maps the set L};yl_h into itself. Since F is continuous in the product topology, it has a

fixed point ¢* = (¢}),>1 and
Iy =Fy(y,cls...,cp_) =cp forallb>1.

Finally, let ¢ = 7, and y = y,, as defined in (24). Then the assumptions of Theorem 3.6
are satisfied. This proves the assertion. [

4.2. Convergence to a steady state

We turn now to study the convergence to a unique steady state for the example economy
with quadratic preferences. To this end, we consider the representation

g*(x; 90) — C3x0+y290+ Z c:;xa
az>1

of the policy function g*. For any two configurations x, y € X? which differ only at site
a €A,

8% (x, 0°) — g (v, O <l =y
Assuming that the taste shocks are uniformly distributed on [—1, 1], we obtain
|7 (x3 A) — mau (v; A< 2c;

forall A € B([—1,1]),andso 3, > grgs < Lif 3,50 c < 3. This yields convergence to
a steady state if o is big enough and if a3 is small enough, i.e., if the interaction between
different agents is not too strong.

4.3. Rational expectations, local conformity, and habit persistence

As already noticed, the literature has only studied the myopic dynamics of economies
with local interactions. In particular, the specific form of myopic expectations assumed in
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the literature contains two components:

(i) an agenta € A, when choosing x{ at time ¢, is assumed not to consider that he or his
neighbors will choose again at time 7 4 1;

(ii) anagenta € A, when choosing x{' at time ¢, is assumed to expect his neighbors, agents
b > a, not to change their previous actions.

In this case, the dynamics describe a backward looking behavior of the agents since the
configuration (x;'),ea only depends on the current configuration of types and on the previous
action profile (x;{'_;)sea. In this section, we study a simple 2 period version of the local
conformity and habit persistence introduced in the previous section and solve it for both
myopic and rational expectations, to illustrate the effects of rationality of expectations on
the dynamics of actions. Each agenta € A chooses at time ¢ and 7 4- 1, respectively, actions
x{', x{', ;. The initial condition of the dynamic economy, that is, the configuration of actions
attime t — 1, is {x“},ea. Consider first, as a benchmark, the case in which a generic agent
a € A chooses x{ at time 7 in a fully myopic manner: he does not expect to choose at f 4 1,
that is, he expects x;, | = x;'; and he expects his neighbors’ actions to remain x” both at 1
and at ¢ + 1. In this case it is easy to show (we do not report the calculations for this section)
that his choice will satisfy:

o2 o o o3
X = 200+ B2EO0) + —x7 + (1 + f)—=xt, (35)
co co co co
whereco = aj+oap+oz+p % Note that action x{' is chosen as a convex combination

of the arguments (67, E(6), x¢, )_c““ ). That is, the weights on the arguments sum to unity.
Consider now the case in which agent a still expects his neighbors’ actions to remain x”

at both ¢ and at ¢ 4 1, but he now realizes that he will choose again at time 7 + 1 and that

his choice will be optimal (conditionally on xtb = xtb = x?, for all agents b > a). In this
case, his choice at time ¢ will satisfy:
) 0 o1
xit=—=07 -0
T s
o o o
Fxl <1 + [f—l) = et (36)
1 op+oaz+a3/) Cl
%+03

where ¢; 1= o1 + oo + o3 + alﬁu1+a2+a3' Thus, an agent’s choice is given in terms of a
convex combination of his type, his expected type and in terms of his own and his neighbor’s
action in the previous period. Because ¢; < co, though, agent a’s own type 07 and his past
choice x have now a larger weight in his choice, while the mean action and the action
of the neighbor he wishes to conform to have a smaller weight. This effect is due to the
fact that the agent now rationally anticipates that he can re-optimize at time ¢ + 1, and
hence at time ¢, he will attempt matching more directly those arguments which change at
time ¢ 4+ 1 (remember he myopically expects his neighbor not to change actions at ¢ nor
at t + 1). Rational expectations of the agent’s own dynamic choice therefore reduce the
dependence of the agents’ actions on the local conformity effect, but on the other hand
strengthen the effect of habits. Consider now the case in which the expectations of the
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agents in the local conformity and habits economy are fully rational. Agent a in this case,
when choosing at time 7, not only anticipates rationally his own choices at time ¢ + 1, but
also the choices of his neighbor, agent a + 1, at time ¢ and ¢ + 1. In this case, his choice
will satisfy:

oo

o o o o

X = 2200 + </3—2—] + A) EO) + —x+ > fyxl, 37)
Cl €1 0y + 02 + o3 cl1 bt

where A and f), (b>a + 1) are positive constants, and x; is given in terms of a convex
combination of the arguments (0? E69), x°, {(xb1, >a+1). Taking into account the rational
expectations of agent a regarding the behavior of his neighbors has the effect that his
choice at ¢ depends on the past actions of all the agents to his right, and not only on the
choice of his immediate neighbor, as in the previous case. This introduces long spatial
correlation terms in the resulting configuration of actions. But most importantly, comparing
(36) and (37), it is apparent that the fully rational choice of agent a is more weighted on
the mean shock E(67) and less on the past action of the neighbors. This property of the
equilibrium actions is the consequence of the rational expectations of agent a regarding
the persistence of the actions of the agents b > a: even though all agents face habits,
they still will, in general, change their actions at time ¢, and hence agent a’s action will
depend less on the past actions of his neighbors; this further limits the component of local
conformity in the choice of agents in this economy. Closed-form solutions for the policy
function (37), that is, solutions for A and { f};, > ;. are hard to derive. We have therefore
run some simulations to better illustrate the properties of the policy function; Fig. 1 reports
the shape of {f5}, >q+1 I0 twWO representative simulations. 18 First of all, notice that when
local conformity is not the predominant component of the agent’s preferences (that is, when
o1 = op = o3 = 1 in the simulations), the number of neighbors that significantly affect
each agent’s action is relatively limited, of the order of 7 or 8. On the contrary, when local
conformity is predominant (that is, when oy = oo = 1, and a3 = 10 in the simulations)
the number of neighbors that affect each agent’s action increases substantially, about three
times in our parametrization of preferences. As we noted, the policy function of myopic
agents (35) overestimates, with respect to the policy function of fully rational agents (37),
the dependence of equilibrium actions on the agents’ neighbors, that is, it overestimates the
local conformity effect. In our simulations such overestimation is quite substantial. When
local conformity is predominant in preferences the weight on x4+ in (35) is .8382, while
the sum of the weights on x?, b>a + 1, in (37) is only .2928. When local conformity is not
predominant, instead, the respective weights are .3611 and .1278. We conclude therefore that
our analysis of the local conformity and habits economy shows that the effect of rational
expectations dynamics is to spread the correlation of equilibrium actions across several

18 The code for the simulations, available from the authors, uses a recursive algorithm to compute the weights
associated to x?, for any arbitrary b > a, in agent a’s policy function. The code does not perform any truncation
or approximation, but rather computes the exact weights.
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Fig. 1. Weights of the neighbors’ past actions in the policy function.

agents in the economy, but to substantially reduce the effects of the local interactions, that
is of the agents’ preferences for local conformity.

5. Dynamic economies with local and global interactions

This section extends the analysis of dynamic economies with local interactions to
economies in which interactions have an additional global component. In particular, we
study economies in which each agent’s preferences depend on the average action of all
agents. Such dependence might occur, for instance, if agents have preferences for social
status. Similarly, preferences to adhere to aggregate norms of behavior, such as specific
group cultures like piercing or rap music, also give rise to the form of global interactions
we study in this section. More generally, the analysis of global interactions could capture
other externality effects as well as price effects. Formally, we study a dynamic economy
with quadratic preferences, as in our analysis of local conformity and habit persistence in
Section 4.3, in which the preferences of each agenta € A also depend on the average action
of the agents in the economy,

. I & .
00 = lim, 7o 3 4"

a=—n
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when the limit exists. We denote by X, the set of all configurations such that the associated
average action exists:

l n
Xe := {XEXZEQ(X)ZZHILH;O o Z x“}.

a=-—n

The preferences of the agent a € A in period ¢ are described by the instantaneous utility
function u : X x @ — R of the quadratic form

1
w (g 50 o)
2
2 2 1
=~y (xfy =) = (0 — ) = o (w0 — xf)

—ay (0(x)) — x%)? (38)

for some positive constants oy, ..., 4. The first term in (38) represents habit persistence,
the second the own effect of the agent’s type, the third the local conformity component, and
the last the global conformity component. As before, we assume that X = @ = [—1, 1]
and that E0° = 0. We also assume that information is incomplete so that an agenta € A at
time 7 only observes his own type 6¢, and all agents’ past actions. Following the analysis of
Section 4.3, we can define a symmetric Markov perfect equilibrium of this economy.

Definition 5.1. Let x € X, be the initial configuration of actions. A symmetric Markov
perfect equilibrium of a dynamic economy with local and global interactions is a map
g" X% O x X - Xandamap F*: X — X such that:

g* (xz_l, 0°, Q,)

= arg max {/ u (xlo_l, x?, ytl’ 9?, Q,) Tgx (T xr—1; dytl)

x?eX
0~ pl L oaa 1
+h f Ve (0 21,01, 00y ) Mg (T —1; di) v(d0 )} . (39)
and

Ot+1 = F* (Qt)
and

01 =0(x) and g, = ¢ (X;)almost surely.

At a symmetric Markov perfect equilibrium the policy function g* determines the optimal
action of each agent under the rational expectations condition that all agents choose their
own action by the policy function g*. Moreover, each agent rationally expects the sequence
of average actions {0(X;)},cny to be determined recursively via the map F*. In studying
existence of an equilibrium of a dynamic model with local and global interactions several
mathematical difficulties arise. First of all, the endogenous sequence of average actions
{o(x;)};en might not be well-defined for all ¢ (that is, X, might not lie in X, for some ?).
Moreover, even when x; € Xe, an agent’s utility function depends on the action profile x¢
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in a global manner through the average action g(X;), and hence will typically not be contin-
uous in the product topology. Thus, standard results from the theory of discounted dynamic
programming cannot be applied to solve the agent’s dynamic optimization problem in (39).
We are going to show though that, when preferences are quadratic and interactions are
one-sided, (i) the endogenous sequence of average actions {¢(X;)};cN exists almost surely
if the exogenous initial configuration x belongs to Xe, and that (ii) it follows a deterministic
recursive relation. This allows us to view dynamic models with local and global interac-
tions as purely local interaction models to which a deterministic time-varying component
is added. 1° More specifically, in order to establish the existence of an equilibrium for an
economy with locally and globally interacting agents, we proceed in three steps. We first
consider an economy where the agents’ utility depends on some exogenous quantity g, con-
stant over time. We then extend the analysis to the case in which the agents’ utility depends
on some exogenous but time-varying quantity {9, };cn described in terms of a possibly non-
linear recursive relation. Finally, we show that the recursive structure of {g, };en is preserved
if we require each element of the sequence to be endogenously determined as the average
equilibrium action: ¢, = ¢ (X;), for any ¢, at the equilibrium configuration x;. Consider then,
first of all, an economy in which the agents’ utility depends on some exogenous constant
quantity o.

Lemma 5.2. Assume that the agents’instantaneous utility functions take the quadratic form

a a _a+l pa
u (xt—bxz > Xy ’HI’Q)

2
= —oy (x) — x,“)z —a (0 — xt“)2 - (xt““ — xl“) —ay (0 — x,“)2 (40)

with ¢ € X and positive constants a1, ..., 04, then there exists a policy function g* :
X% x © x X — X such that

g (xt_l, 0°, Q)

= arg max {/ u (x,o,l,xlo, v, 9?, Q) Mg (Txr—1; dyh

xdex
+ﬁ/ Ve (x?, 2,0, Q) Mg (Tx,_y: d)?l)v(dé)l)} .
The policy function g* can be chosen of the linear form
g (x, 0%, 0) =e§x0+890+ Z erh+A(g), 41
b>1
where the correlation pattern e* = (€}}), >0, and the constant ¢ > 0 are independent of ¢.

Proof. Fix a continuous policy function g for the agents @ # 0. Continuity of g together with
our special interaction structure guarantees that the optimization problem of the agent0 € A

19 Such separation arguments originally appeared in [29,35] where the long run dynamics of locally and globally
interacting Markov chains are analyzed. Similar separation arguments have also been successfully applied in the
context of a static equilibrium model with locally and globally interacting agents in [37], and in the context of
microstructure models for financial markets in [36].
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can be solved by standard methods from the theory of discounted dynamic programming.
In fact, using the same arguments as in the proof of Lemma 4.3, we see that the optimal
action of the agent 0 is given in terms of a weighted average of his neighbor’s future action
and of g:

8o(x, 00, 0) = e1x" + £20° + Y {@_1 / y T (Tx: dy) + m_lg} : (42)

t>1

where ¢1, ¢ and (1,,0;) (t € N) are strictly positive constants satisfying ¢; + & +
Zt>1 (5, + nt) < 1. Suppose now that the agent a = 0 assumes that the other players’
policy function is given by

g(Tx, 0%, 0) = e1x® + £20° + > epx™™ 4+ B(o) e [-1. 11, (43)
b>1

where the non-negative correlation pattern {e,},>1 is independent of the states {x},>1
and where the constant B(g) depends only on g. It is then straightforward to show agent 0’s
policy function g, defined by (42), takes the form

2(x, 0%, 0) =e1x + 20"+ Y Lx“+B@ Y 51C" +0 Y ny

a>1 =1 t>1

where the constants [, = F,(e1, e, ..., eq,—1) are given by (33),and C := ¢1 + Za>1 e,.
In order to prove our assertion it is thus enough to find a correlation pattern e* = (e}),>1
and some B(g) such that

er=Fyer,ef,....e5_ ;) foralla>1 (44)
and such that

B(@)Y 6 1C"+0) n,; =B where C:=¢+ ) e (45)

t>1 t>1 az>1

To this end, we first consider the case B(¢) = 1 — C. Condition (45) translates then into

(1=C) Y 6 1C" +¢ ) ny=1-C.

121 t>1

By continuity, this equation has a solution C(g¢) € [0, 1], and C(1) <C(g). Choose a
sequence ¢ = (cg)a>0 With co = & such that ), >0Ca < C (). The correlation pattern
I = (le)a>0 in (43) satisfies then ), >0la <C(0), because an agent’s optimal action is
almost surely interior, and because the quantities /, are increasing in cy, ..., c,—1. Hence
the same arguments as in the proof of Theorem 4.1 show that, for any ¢ € [—1, 1], the map
F has a fixed point, i.e., there exists a sequence (e),>1 such that (44) is satisfied. For a
given ¢, we have a fixed point in the set of sequences such that ) ", >0 ¢a < C(0). Infact, we
can look for a fixed point such that  _, ¢, <C (1) <C(g). An equilibrium for an arbitrary
external condition ¢ € [—1, 1] is then given by

¥ (x, 0%, 0) = efx + e0° + Z epxl + A%(0),
b>1
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where ¢ = &, e = ¢1 and A*(g) is given by

Zz>1 Ni—1
1 — 2121 51—1(C*)t.

A%(0) =¢ O

Note that the policy function (41) has the property that a change in ¢ has a direct effect
on the chosen action but does not affect the dependency of the action on the realized agent’s
type nor on the neighbors’ actions. In other words, both ¢ and the correlation structure
{eZ} b0 are independent of g. It is this property that allows us to proceed to the second
step of our analysis, that is, to study the case in which the agents’ preferences at time ¢ are
described by a quadratic utility function

a a _a+l pa
”(xtfhxz’xt ’et’91>

2
=~y (xfy = af)? = (0 — )’ = on (30 =) = (o0 = 1)
(46)

and the dynamics of the process {g,};cn is described by a possibly non-linear recursive
relation of the form

0r+1 = F(g;) for some continuous function F:X — X. 47)

Since F is continuous, an agent’s optimization problem can again be solved using standard
results from the theory of discounted dynamic programming. In fact, we can apply the same
arguments as in the proof of the previous lemma in order to show that for given a continuous
policy function g for the agents a # 0, the optimal action of the agenta = 0 is given in terms
of a weighted average of his neighbors future actions and of future external conditions. In
order to make this more precise, we fix a continuous policy function g : X x @ x X — X
for the agents a # 0 and denote by n(7“x, ¢; -) the conditional distribution of the agent
a’s optimal choice, given the states (x5)5>, and given g. Since preferences now depend
on ¢,, which is no longer constant but evolves according to a deterministic dynamics, the
expected action of the agent 1 € A in period ¢, given some continuous policy function
g : X% x @ x X — X is of the form

fy‘ngl c+ Iy (Tx:dy) where Il (Tx:?) =[] m(T“x, ¢, ")

a1

and 7(x, ¢;; ) denotes the distribution of the random variable g(x, -, 0,). Let d,(-) be the
Dirac measure concentrated on ¢, and assume that the policy function g is continuous. The
kernel

T(x, 0, ) = Hy(x; ) @ OFe)(-)

which describes the joint evolution of the sequences {x{'},cny (a>1) and {g,};en has the
Feller property because F is continuous. Hence, an agent’s optimization problem can again
be solved using methods from discounted dynamic programming and arguments as in the
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previous section show that the optimal choice of our reference agent a = 0 is of the form

8g(x, 6, 01) = ex” + e0° + Z {5;_1/)111791 -y, (Tx; dy) +17,_1Q,}.
1>1
(48)

If agent O expects all the other agents’ policy functions to take the linear form
g5 (T, 0%, 0) = ejx” + &0 + Z efxl + Z hio,
bza+1 t>1

with the correlation pattern e* = (e}), > o derived in Lemma 5.2 and with a suitable sequence
h = (hy);>1, then (48), using tedious but straightforward calculations, can be written as

8e(x, 6° ,01) = epx Oy et + Z e xh—i-z Gi(h)o,
b>1 t>1

for suitable constants G, (k). By analogy to the proof of Lemma 5.2 one can now show
that there exists a sequence h* = (h}),cn Which does not depend on the specific sequence
{o,};eN such that

Gi(h*) =h}.
Thus, we have the following result.
Lemma 5.3. Assume that the agents’instantaneous utility functions take the quadratic form

(46) and that the sequence {9, };eN follows the deterministic recursive dynamics (47). Then
there exists a policy function g* : X* x @ x X — X such that

g (Xz . 9,,@) = arg max {/u (x,o_l,x?, v, 00, Qz) g (Tx—1; dy)

xeX

+B/ x,,x,,e F(o ))Hg*(Tx,_l;d)?,)v(dHI)}.

The policy function can be chosen of the linear form

g(x, 0%, 0)) = efx +890+Zebx +Zh“f

b>1 t>1

for some correlation pattern e* = (e}}),>0 and a positive sequence h* = (h});>1. These
sequences can be chosen independently of F and satisfy

Yo+ i<l

a=>0 t>1

We are now ready to prove the existence of a symmetric Markov perfect equilibrium of
our economy. Let a continuous function F : X — X determine recursively the sequence
{o;}ten by (47). Assume that the exogenous initial configuration x has a well defined
average ¢ := @(X), that is, assume that x € X,. Let F ) denote the r-fold iteration of F
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so that o, = F")(g). Since the agents’ types are independent and identically distributed, it
follows from the law of large numbers that the average equilibrium action in the following
period is almost surely given by

n

Y g(Tx, 040 = C*o+ ) i FP(0) = G(F)(0).

a=—n t>1

lim
n—oo 2n + 1

Thus, the average action in period ¢ = 2 exists almost surely if the average action in period
t = 1 exists, and an induction argument shows that the average action exists almost surely
for all # € N. In order to establish the existence of an equilibrium, we first show that there
exists a continuous function F* such that, with ¢; := ¢(x) we have

0 := F*(0)) = G(F")(¢y).

Lemma 5.4. Let C(X) be the class of all continuous functions F on X equipped with the
usual sup-norm || - ||co. The map F +— G(F) on C(X) has a fixed point F*.

Proof. Let Lip C C(X) be the class of Lipschitz continuous function F on X with constant
1. Due to the theorem by Ascoli and Arzela, the set Lip is compact with respect to the
topology induced by the norm || - ||so. Thus, the assertion follows from Brouwer’s fixed
point theorem if we can show that the map F +— G(F) maps the compact convex set Lip
continuously into itself. Continuous dependence of G(F, ¢) on F is obvious. Since F is
Lipschitz with constant 1, the iterates F*) are Lipschitz with constant 1 for all 7. Hence
G (F) is Lipschitz with constant 1 because C* + _, >1 hf<1;see Lemma5.3. O

We are now in a position to prove the main result of this section.

Theorem 5.5. Let X = @ = [—1, 1]. Assume that E° =0 and, that the initial configu-
ration of actions X belongs to Xe, that an agent a € A only observes his own type 0%, and
that the instantaneous utility function takes the quadratic form in (38). Then the following
hold:

(i) The economy has a symmetric Markov perfect equilibrium (g*, F*) where g* = X° x
OxX— Xand F¥: X — X.
(ii) In equilibrium, the sequence of average actions {9(X;)};eN exists almost surely.
(iii) The policy function g* can be chosen of the linear form

g*(x, 00) = x4+ 60" + > ejx” + B*(o(x) (49)
b>1

for some positive sequence e€* = (e}),>0, a constant ¢ > 0, some constant B*(9(x))
that depends only on the initial average action.

Proof. Let e* = (¢})a>0 and h* = (h}),>1 be the sequences derived in Lemmas 5.2 and
5.3, respectively, and let F* be a fixed point of the operator G studied in Lemma 5.4. If, for
a given initial configuration x € Xe, the agent 0 € A expects the policy functions of all the
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agents a € A to take the form

g(Tx, 0%, o(x)) = efx + 60" + ) ejx™™ + 3 hy F*O (o)), (50)
b=>1 t>1

then his own policy function is given by

g(x, 0°, o(x)) = e(’jxo +e0° + Z erb + Z h;kF*(t)(Q(X))
b1 1>1

and the average action in period 7 is almost surely given by

ox) = 0, = F*P(o(x)). O

It is important to re-iterate that, for our analysis in this section, it is essential that the
agents’ utility function is quadratic (and hence policy functions are linear). Only in this
case, in fact, can the dynamics of average actions {o(X¢)};en can be described in terms of a
recursive relation. In models with more general local interactions, such a recursive relation
typically fails to hold, as shown e.g., by Follmer and Horst [29]. In such more general cases,
the average action typically is not an appropriate state variable, i.e., a sufficient statistic, for
the aggregate behavior of the configuration x; and the analysis must be pursued in terms
of empirical fields, which require a probabilistic framework that is beyond the scope of the
present paper, along the lines of Follmer and Horst [29].

6. Conclusions

In this paper, we study existence and continuity of rational expectations equilibria of
static and dynamic economies in which an infinite number of agents interact locally. Some
of our results should be strengthened. For instance, several other examples for which the
assumption of Theorems 3.6 and 3.7 can indeed be verified, should be studied. Also, the class
of economies we study is restricted in that we impose several simplifying assumptions on
preferences, on the agents’ choice space, and on the stochastic structure of preference shocks.
While these assumptions can be relaxed using standard methods, this is not the case for the
restrictions we have imposed on the structure of local interactions of dynamic economies.
In particular, we have restricted the analysis to the case of ‘one-sided’ interactions, which
greatly limits the strategic aspect of the interactions between agents. Allowing for more
general forms of local interactions in dynamic economies (when agents are rational) will
certainly require a non-trivial and independent analysis. No doubt the first steps introduced
in this paper will be of use for such extensions, which we plan for future work. In the
analysis of the dynamic model of local interactions in this paper, we have only considered
Markov perfect equilibria. While the restriction to Markovian strategies is common to most
analyses of dynamic games, for technical as well as substantive reasons, we have noted
that it possibly misses an important class of equilibria supported by trigger strategies and
other complex dynamic punishment strategies, in analogy to the case of repeated games.
This is also content for future work. Finally, we have studied the mathematical properties
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of existence, continuity, and, in the dynamic models, of ergodicity of the equilibrium of our
economies with local interactions. A detailed study of the welfare properties of equilibrium
would also be exceptionally interesting. While such a study is outside the scope of this paper,
we can show in the special context of our static local conformity example that equilibria
will in general (almost surely) be Pareto inefficient.
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Appendix A. Maximizing a-concave functions

The following theorem plays a central role in our analysis. Even though its proof follows
primarily from straightforward modifications of arguments given in the proof of Theorem
3.1 in [45], we prove it to keep the paper self contained.

Theorem A.1. Let X C R be a closed and convex set and let (Y, || - ||y) be a normed space.
Let F : X X Y — R be a continuous function which satisfies the following conditions:

(i) Foreachy €Y, the map x — F(x,y) is a-concave on X.
(1) F is differentiable with respect to x and the derivative F1(-) := % F () satisfies

[ F1(x, y1) — Fi(x, y2)| <G(y1, y2)

for some function G : Y x Y — R.

Then there exists a unique map [ : Y — X suchthatsup,.x F(x,y) = f(y). Moreover,
f satisfies

1
[fO1) — )l S&G(Yl, ¥2).

In particular, | f (y1) — f ()< Elly1 = y2lly if G(y1. y2) = Lllyr — 2lly.

Proof. Our proof uses modifications of arguments given in [45]. It follows from Lemmas
A1-A3 in [45] that, for any y; € Y, the a-concave function x — F(x, y1) has a unique
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maximizer f(y;) which satisfies

alx = fFODIP <G, y)(F () = ). (A.1)
Thus, choosing x = f(y72) in (A.1) for some y; € Y, we obtain
o f1) = FODP<FI(F ), yDLF ) — £, (A.2)

Since f(y2) maximizes the differentiable function x — F(x, y2), we obtain F1(f (y2), y2)
[f (1) — f(y2)]<0. Indeed in case of an interior solution F;(f(y2), y2) = 0. If we have
a boundary solution, strict concavity of F (-, y2) implies F1(f(y2), y2)) > O and f(y2) >
f(y1). Hence

2 fO1) — FODIPP < (FI(f (), v1) — F1(f(32), y2)) [f (1) — £ ()]

and so

al f () — FODSIFL(f(32), yDISG (1 y2).

This yields the assertion. [

Appendix B. Proof of Theorems 2.9 and 2.10

This section gives the proof of Theorems 2.9 and 2.10. While related, both the proof are
reported for the sake of completeness.

B.1. Proof of Theorem 2.9

In this section, we are going to prove Theorem 2.9. For this, it is enough to prove the
existence of an almost surely uniquely defined fixed point of the operator V : BO°, X) —
B(®°, X) defined by (8). In a first step, we establish the following result.

Lemma B.1. [fthe utility function u is uniformly o-concave in its first argument and if the
contraction condition (6) holds, then the operator V satisfies the following conditions:
(1) There exists n* > 0 such that V maps the set Lip,« (1) continuously into itself.
(ii) The operator V has a unique fixed point g*, and g* € Lip,(1).
Proof. Let us denote by
g(y, 0°) = arg max u(x, y, ") (B.1)
X
the conditional optimal action of the agent 0 € A, given his type 0° and given the action

y € X of his neighbor. We equip the product space @ x X with the maximum norm, and
so it follows from Theorem A.1, from Assumption 2.7-(i) and from (6) that

~ ~0 R ~0
lg(y, 0°) — g(, 0| <y max{ly — $|,10° — 0|}, (B.2)

where 7y := % < 1.
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(1) Letus first show that Vis a continuous operator on the Banach space (B(@O, X)), - lloo)-
Indeed, due to (B.2) we have

[Vg() —Vg)|<y|lgoTO) —goTO)|<yllg — &lloo (B.3)
forall g, g € B(®°, X). Thus,
Vg = Velloo<yllg — &llco-

Since L < a, the operator V is not only continuous, but also a contraction. In particular,
it has a unique fixed point.

(i1) Let us now choose 1 > 0 such that 2"y < 1 and fix g € Lipn(l). It follows from (B.2)
that

Ve® — Vel <y max[10° =0 1o T(®) — g o T}

~0 o
< ymax {100 — 01, Y 27meDjge — o

a>1

~0 ~
<2y {100 =071+ Y 2700 - 6

a>1
< dy(0, 0).
This shows that V maps Lip, (1) into itself. Since Lip,l(l) is a closed subset of B(@O, X)

with respect to the topology of uniform convergence, (Lipn(l), I lloc) is a
Banach space. Thus, V may also be viewed as a contraction on the Banach space

(Lipn(l), || - ||oo), and so the unique fixed point g* of V belongs to Lipﬂ(l).

This proves the lemma. [

Proof of Theorem 2.9. (i) Due to Theorem A.1 and Assumption 2.7, we have

lg(y, 0°) — (3, %) <

L)
ly =¥l
o
where the map g is defined by (B.1). This shows that the operator V satisfies

L(6%
o

[Ve(0) — V)< lgoT(0) —goT(0)]

for all g, § € B(®°, X). Since the types are distributed independently across agents, the

random variables L(6°) and | goT(0) — g oT(0) are independent, and so

. EL(0"
EV(0) ~ VaOI <

ElgoT(0) —goT(O)|<yEIgoT(0) — g o T

0
Here y := —[EL;Q )

< 1. As the types are also identically distributed, we obtain

ElVg(0) — V&(O)I<yElg(0) — g(0)].
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Thus, denoting by V" the n-fold iteration of the operator V, we see that
lim E|V"g(0) — V"g(0)| =0. (B.4)
n—od

In particular, the sequence (V" g),cn satisfies

E[V"g(0) — V()] = E[V*(V"g)(0) — V"g(0)]
<'EIVTg — gl
<y

for some C < oo. This shows that (V" g),,cn is a Cauchy sequence in L' (P). Since L' (P)
is a complete space, there exists an almost surely uniquely determined random variable
G*[g] such that

1
vig L GHe).

Due to (B.4), the L!-limit G*[g] does almost surely not depend on g. In other words, there
exists an almost surely uniquely defined random variable g* such that

1
vig Ls ¢* forall g € B(O°, X).
In view of Chebyschev’s inequality this yields
P[|V"g* — g*| > e]l<e 'E|V'g* —g*| > 0 as n — oo.

Let us now fix & > 0. There exists a sequence of measurable sets (A,,),cn that satisfies
P[A,] = 1l asn — oo and N € N such that

|V'g* —g*| <& and |V"T'g* —g¢*| <% onA,foralln>N.

Since the best reply functions are continuous, we can choose ¢ so that |V g* — ¢*| < ¢ on
A,, and so

Vg* =g* P—as.

Recall now that L!-convergence implies almost sure convergence along a subsequence.
Since any symmetric equilibrium ¢ satisfies P[V ¢ = g] = 1, it follows that

g= kli)n;o Vg =g* P—as.

alon some subsequence (nx)rcn- This shows uniqueness (up to a set of measure zero) of
the symmetric equilibrium.
(ii) The assertion follows from Lemma B.1. [

B.2. Proof of Theorem 2.10

We proceed by analogy with the proof of Theorem 2.9. For analytical convenience, we
restrict our attention to the case N = 1. The more general case N € N can easily be
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established using similar arguments. In the present setting, it is enough to show that there
exists a measurable function g* : ©> — X which satisfies

g*(0°, 0" = arg ma§fu(xa, g* (0", 0%), 0°)v(d0?). (B.5)
x%e

Each such function is a fixed point of the operator V: B(©?, X) — B(O?, X) which acts
on the class B(©2, X) of bounded measurable functions from 0% to X according to

Vg(@, 0" = arg nolax/u(x“, g(0", 0%), 0°)v(db?). (B.6)
xVeX

In order to prove that this operator has a Lipschitz continuous fixed point if the utility
function satisfies (6), we introduce the class

. ~0 ~1 ~ =
Lip = {g: 02 > R: [g(0°, 0") = g@, )| < max(10° — ¢°], 10" - 0"}

of all Lipschitz continuous functions on @2 with Lipschitz constant 1. The following lemma
establishes some basic properties of the operator V.

Lemma B.2. [f the utility function u is Lipschitz continuous in the sense of (6), then the
operator V defined by (B.6) satisfies the following conditions:

@) z maps the set Lip continuously into itself.
(i1) V has a unique fixed point g* and g* € Lip.

Proof. We introduce the continuous mapping U : Lip x X x ©% — R by

Ug,x,0° 0" := /u(x, g (0", 0%), 0°v(d6?). (B.7)

Under the assumptions of Theorem 2.10, the map x +— u(x, y, 90) is uniformly o-concave,
and so the mapping x — U (g, x, 0°, 0') is a-concave.

(i) Letus first prove that Vv maps the class Lip into itself. To this end, we fix g € Lip. Since
the map O, 60, 01, 6)2) = %u(xo, g(f)l, 92), 90) is uniformly continuous, it follows
from Assumption 2.7-(ii) that

0 0 A0 ~
‘—U(g, %0, 0°, 01) - —U(g, %0, 00, 01
Ox Ox

)

< sup
02

~1 ~0
<supL {1g(0",0%) — 5@ )] +10° - 01
0

L i 50", 0, 0% — Lur, 50", ), éo)’
0x ox

<L max{|01 —@)]|,|9°—(§°|}. (B.8)

Here, the last inequality follows from Lipschitz continuity of g. This shows that, for
any fixed g € Lip, the map (x, 00, 01) — U(g, x, 90, 01) satisfies the assumption of
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Theorem A.1 with ¥ : = ©? equipped with the maximum norm. Thus, Theorem A.1
concludes that V g € Lipbecause L < o. Let us now show continuity of V with respect
to the sup-norm. To this end, we fix 90, 0' € ©.For any two functions g, ¢ € B(@z, X)
we have

0 0 .
U, 0°, 9)— UG, 0°, 0" <Llg — &lloos

due to (B.8). Thus, for each pair (6°, 0", the mapping (g, x) — U(g, x, 0°, 0" satisfies
the assumptions of Theorem A.1 with ¥ := B(@z, X). Hence,

arg maxU(g,x 6°, 6! ) — arg maxU(g,x 6°, oY

X€E

IIVg - Vglloo = sup
0°,0"

L N
S8 = 8llce-

This proves continuity of the operator V in the topology of uniform convergence.

(i1) Since L <o, it follows from (i) that V is a contractlon on the Banach space B(@)2 X).
Thus, V has a unique fixed point g*. Since 1% maps the closed set Lip into itself,
g elip. O

Proof of Theorem 2.10. (i) Using similar arguments to the ones provided in the proof of
Theorem 2.9 and applying Theorem A.1 to the function U defined by (B.7), we obtain

0
E ngﬂeb-ngﬁeb‘gﬁgégl/i/’gwke%-—gwke% Wd0)v(do")

< yElg -8l
Since y := EL (0 ) < 1, it follows by an argument sufficiently close to the one spelled out in
detail in the proof of Theorem 2.9 that the operator has a fixed point g* which is uniquely
defined up to a set of measure 0.
(i1) The assertion follows from Lemma B.2. [
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