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Abstract

This paper studies competitive equilibria in economies characterized by the presence of
asymmetric information, where non-exclusive contracts are traded in competitive markets and agents
may be privately informed over contracts’ payoffs. For such economies competitive equilibria may
not exist when contracts trade at linear prices. We show that (non-trivial) competitive equilibria
exist, under general conditions, when prices exhibit a minimal form of non-linearity (or, equivalently,

a minimal requirement on the observability of agents’ trades): the presence of two-part tariffs suffices,
where the cost of trading each contract consists of an entry fee and a linear component in the quantity
traded. The entry fee is determined at equilibrium and represents a measure of adverse selection in
the economy.
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1. Introduction

This paper studies competitive equilibria in economies characterized by the presence
of asymmetric information. We consider pure exchange economies where standardized,
non-exclusive contracts are traded in competitive markets.
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Contracts are standardized as their terms (price and payoff specification) are indepen-
dent of the identity of the agents entering the contract, and the same type of contract is
available to many agents; they are non-exclusive as the terms of each contract do not de-
pend on the transactions made by an agent in other markets (or even in the same’market).
Contracts differ from securities as their payoff depends on the realization of the individ-
ual uncertainty affecting the agent entering the contract (as, for instance, in the case of an
individual insurance contract). Hence contracts of the same type, when entered by differ-
ent agents, are in effect different contracts as their return is contingent on the realization
of different sources of uncertainty. To the eyes of the outside investors trading such con-
tracts, however, they are indistinguishable; thus there is a single market—and price—for
all contracts of the same type. To make explicit the role and activity of outside investors
we assume that, in addition to consumers, there are competitive intermediaries who ‘make
the market’ for contracts by compensating the buying and selling positions of the agents
trading the contract.

We will examine situations where agents have some private information over the
realization of their own individual risk. Since this risk only affects the payoff of the specific
contracts an agent enters, and all contracts of the same type, but entered by different agents,
trade at the same price, the trades of any agent are negligible with respect to the size of the
market; hence we can argue that in this set-up asymmetric information is not incompatible
with price taking behavior (see also Bisin et al., 1999). On the other hand, while with
symmetric information the payoff distribution of contracts of the same type, at the time
agents enter the contract, is the same for all of them, this is no longer true when agents have
some private information. In that case the payoff distribution will be different for agents
with differentinformation. If these contracts are traded together in a single market at linear
prices, (uninformed) intermediaries who ‘make the market’ may as a consequence end up
having negative profits, whatever the price level. To insure that this does not happen, and
hence the viability of markets and the existence of competitive equilibria in the presence
of asymmetric information and informed traders, some degree of non-linearity of prices
is needed; this provides in fact a mechanism according to which the losses intermediaries
(outside investors) make by trading with agents with superior information can be recovered.

We are interested here in characterizing a minimal form of non-linearity of the pricing of
contracts, which guarantees existence and can be implemaithehinimal requirements
on the observabili§of agents’ trades In this paper we show that competitive equilibria

1 see Hellwig (1983), Arnott and Stiglitz (1993), Dubey et al. (1995), Bisin and Guaitoli (1995), Bisin and
Gottardi (1999) and Kahn and Mookherjee (1998) for other analyses of economies where non-exclusive contracts
are traded.

2 Though no explicit assumption is made in the paper over the observability of agents’ trades, our analysis
is particularly relevant in situations where the information available over agents’ trades is very limited (neither
trades in the other markets nor even trades in the same market can be monitored by intermediaries). Thus contracts
must trade at prices which are, essentially, linear.

3 When agents’ trades can be fully monitored, and hence exclusive contracts are available, the existence (and
the efficiency) of competitive equilibria with moral hazard was shown by Prescott and Townsend (1984) (see
also Bennardo (1997), Bennardo and Chiappori (1998), Citanna and Villanacci (1997), Kehoe et al. (1998),
Lisboa (1997), Magill and Quinzii (1997)) and, more recently, by Bisin and Gottardi (2000) for adverse selection
economies.
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exist, for general economies with asymmetric information, if the unit price of any contract
is independent of the quantity traded, but agents also have to pay, to be able to transact in
the market for the contract, a fixed entry fee (i.e., with a two-part tariff scheme). Obviously,
with sufficiently high entry fees the existence of ‘trivial’ equilibria, with a zero level of
trade in contracts, can be easily established. We show however that other, ‘non-trivial’
equilibria always exist, where the entry fee is set at zero in all non-active markets (in which
no agent wishes to trade). Hence at these equilibria there is generically trade in all markets.
In each active market the entry fee is set at a level which perfectly offsets the profits made
by the informed traders when trading the contract with the uninformed intermediaries. At
equilibrium the total profit of each intermediary ‘making’ a market is then zero; thus there
is no cross-subsidization across markets for different contracts.

To better illustrate the nature of the markets we are considering, the role of entry fees
and their relationship with asymmetric information, we will analyze more in detail the
properties of the equilibria we obtain within the set-up of a simple economy, constituting
our leading example. There we show that, in the absence of entry fees, competitive
equilibria may not exist; also, that the level of the entry fee at equilibrium increases when
agents’ private information increases. Entry fees provide therefore a measure of the level
of asymmetric information in the economy.

In our set-up, the role of intermediaries in ensuring the clearing of markets with
asymmetric information is threefold:

(i) they pool together and compensate all buying and selling positions of the agents in
a market (their own net position then only depends on aggregate risk);
(ii) they fully hedge their net position in financial markets;
(i) they charge an entry fee to be able to fully fund their hedging portfolio.

Though our set-up is admittedly rather abstract, the market clearing mechanism we
consider seems to capture some important features of the ways financial markets actually
clear. Insurance companies do pool agents’ positions to diversify agents’ idiosyncratic
shocks, so do exchanges with regard to traders’ default risk, and banks with mortgage
repayment risks. Also, intermediaries trade in financial markets to hedge the aggregate
risks in their own position, for instance by securitizing their portfolios (see Kendall and
Fishman (1998) for various examples). Finally, examples of two-part price schedules are
relatively common, for instance in derivatives’ exchanges or in over-the-counter markets.
In these markets traders may be able to take both short and long positions at the same (unit)
price, and dealers or exchanges compensate the traders’ different positions in securities and
guarantee against their default risks upon charging them an entry fee.

The introduction of an entry fee generates a non-convexity in the agents’ choice
problem. By considering a large economy, with infinitely many agents, of finitely many
types, we will show that the aggregate excess demand is convex-valued. However, to
show the existence afon-trivial competitive equilibria the standard existence arguments
for large economies in the presence of non-convexities cannot be applied and our proof
contains various elements of novelty. We need in fact to insure a consistency condition,
requiring that only the agents actively trading in a market pay the fee, and that the fee’s
level is such that the intermediaries’ profits are non-negative in each market. To this end,
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we show that the individual demand correspondence can be written as the union of finitely
many single-valued maps. We then exploit this property of individual demand to construct

a map which describes the agents’ participation rate in the various markets; this allows us
to show in a subsequent step that the correspondence yielding the equilibrium level of the
entry fee is well-behaved over its whole domain.

Our result shows that price schedules characterized by two components, the linear unit
price and the entry fee, are sufficient to clear markets in economies with asymmetric infor-
mation, whatever the nature of the set of contracts available for trade, and independently
of the ‘dimension’ of the sources of asymmetric information in the economy (i.e., of the
cardinality of the set of possible unobservable types or actions of the agents trading the con-
tracts). The information on agents’ trades which is required to implement two-part price
schedules is clearly minimal: one only needs to be able to identify the agents who trade in
a market.

In a related paper (Bisin and Gottardi, 1999) we have shown that the existence of
competitive equilibria with asymmetric information is also guaranteed, without an entry
fee, if the buying and selling prices of contracts are possibly different (but are otherwise
still a linear function of the quantity traded). The spread between bid and ask prices plays
a similar role to the entry fee, by allowing to recover the losses made on average, per unit
traded, by uninformed investors. The argument of the proof is however quite different and,
in fact, simpler.

While to implement bid—ask spreads only a very limited information over agents’ trades
is also needed, the informational requirement of entry fees is arguably even smaller: for
bid—ask spreads we simply have to be able to separate buyers and sellers (i.e., only the sign
of each agent’s transaction needs to be observed), while for entry fees it suffices to separate
agents who trade and those who do not trade in a market.

Combining our existence results with bid—ask spreads and entry fees, we obtain
that competitive equilibria with arbitrary piecewise linear price schedules (and hence,
effectively, with any non-linear price schedule) also exist, under general conditions.
General forms of non-linearity are clearly informationally more demanding than bid—ask
spreads or entry fees; on the other hand, they may allow to enhance incentives and hence
to obtain equilibria with better welfare properties.

Within the set-up of our leading example, we also compare the properties of competitive
equilibria with entry fees and with bid—ask spreads. We show that equilibria with entry
fees can be Pareto superior, for appropriate specifications of the two-part tariff schedule
(in particular, when the linear component is sufficiently high).

The analysis is developed in the framework of a two-period, pure exchange economy
with adverse selectioh.The structure of the economy and the notion of competitive
equilibrium with entry fees are presented in Section 2. The existence of ‘non-trivial’
equilibria is then shown in the following section where the properties of the equilibria
in the economy constituting our leading example are also analyzed.

4 All our results extend to economies with moral hazard. As shown by Bisin and Gottardi (1999), the existence
problem with linear prices and the conditions under which competitive equilibria exist are essentially the same
with moral hazard and with adverse selection.
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2. The economy

Our main resultis derived for a general economy with heterogeneous agents where there
is both aggregate and idiosyncratic uncertainty. In this set-up a rationale can be provided
both for markets for individual contracts and for financial markets where securities are
traded. It is convenient however to introduce first a simpler economy with no aggregate
risk where the structure of the individual uncertainty and information as well as the nature
of contracts traded can be more easily understood; this should also help the reader to
gain some familiarity with the notation we later use. This economy constitutes our leading
example.

The leading example. Consider a two-period pure exchange economy with countably
many agents, all ex-ante identical. There is a single commodity, and consumption only
takes place at date 1. Every agent has Von Neumann—Morgernstern preferences over
consumption (logarithmic for simplicity). His endowment depends on the realization of
an idiosyncratic shock, with two possible realizatioffs,2}, i.i.d. across agents; let the
respective endowment realizationsib€l), w(2).

The realization of the endowment becomes commonly known only at date 1. However,
at the beginning of date 0 each agent privately observes the realization of a signal,
correlated with his own endowment; there are two possible and equiprobable realizations
of the signal(g, b). Letr, = 7 (1/g) andr, = 7w (1/b) be, respectively, the probability of
state 1 conditional on having received signalandb. We assume that(1) > w(2) and
e > mp; hence agents who receive siggatonstitute the ‘good risks’ (i.e., have a higher
probability of the good realization of their future income) and agents with sigtied ‘bad
risks.’

At date 0 markets open, where each agent can trade two types of individual contracts.
Contract 1 pays one unit of the commodity when the agent’s idiosyncratic state is 1, and O
otherwise. Similarly, contract 2 pays one unit of the commaodity in his idiosyncratic state 2.
A riskless bond is also available, with a constant payoff of one unit.

What we have described is then a simple economy with insurance markets characterized
by the presence of adverse selection.

The general economy we study is the following. Therelammmodities, labeled by
leL=1{1,...,L}, available for consumption both at date 0 and at date 1; commodity 1
is the designated numeraire in every spot. There are finitely many types of consumers in
the economy, indexed blye H = {1, ..., H}, and countably many agents of each type.

A consumer is then identified by a paik, n), wheren € N andN is the set of natural
numbers. Lek” be the fraction of the total population made of agents of tyga addition
to consumers, there are intermediaries/ different types, who trade in the markets.

2.1. Uncertainty and information

In the economy there is both aggregate and idiosyncratic uncertainty and agents have
some private information over the realization of their own idiosyncratic shock.
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More precisely, the uncertainty affecting the agents is described by the collection of
random variable§, (5"),cn, With supportX andsS (the same for alk), respectively. Both
X andS are assumed to be finite sefs,={1,..., ¥} andS = {1, ..., S}, with generic
elementr ands, respectively.

The random variablé represents the economy’s aggregate uncertainty, affecting all
agents in the economy; is realized at date 1, and is observed by all agents.

The random variable§™),cn describe purely idiosyncratic sources of uncertainty: the
variablegs"), cy are independent &, identically and independently distributed acrass
ands” only affects the (finitely many) agents of index

The realization of5"),cn also becomes commonly known at date 1. However, at the
beginning of date 0 each ageit, n) privately observes the realization of a siggll”),
correlated with(s"). Let £ = {1,..., £"} be the (finite) support ofé""), and&” its
generic element. We consider here the case in which the signal redgiviedarries
information over the distribution, but not the support,®*).> Furthermore, we allow
signals to be correlated across agents of same inde® that agents’ private information
overs" may not be fully exclusive" may be correlated wite"' ", for anyn andh’ # h.
Leté" = E"pen, E =[1jey E"

Let = denote the probability distribution @&, 5", £") for all n € N, andx (o, s, £) =
(6 =o0,5" =5, = £). The above conditions are formally stated in the following
assumption.

Assumption 1. The probability distribution of&, 5", £") satisfies:

() m(o,s,8)=mn(0)m(s,&),Vs,0,§;
(i) 7" =s.E"=¢) =/n(§"’ =~§,§"’ —&),Vn,n'eN,seS, Ee5;
(lll) 7'[(5'1 — s,é” — g_-’§n — S/’g_-n — 5/) — 7'[(5" — S’g_-n — E)n,(§n — sl’g_-n — 5/)' Vl’l #
neNhheH,s s €S, &€& €5,
(iv) m(s/€)>0,Vse S, € &.

2.2. Consumers

Uncertainty enters the economy via the level of the agents’ date 1 endowment. Each
agent(h,n) € H x N has an endowmenbg at date 0, and his date 1 endowment,
w? (o,5"), depends upon the realization of his idiosyncratic sh@€k and the aggregate
shock(s). We assume the following.

Assumption 2. wg € R_h_, w? = (w?(cr, s); 0eX, sef)e Ri(fs).
A consumption plan for an arbitrary ageiit n) specifies the level of his consumption
of the L commodities at date 0 and for every possible realization of the uncertainty at

5 Our analysis easily extends to the case in which agents have private information also over the s@gport of
For a description of the case in which the information revealedBy?) over the idiosyncratic shoc”) has
a partitional structure and, in addition, the collection of signals received by agents with same fotlgxeveals
(s™), see Bisin and Gottardi (1999).
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date 1. The consumption set is the non-negative orthant of the Euclidean space. Agents are
assumed to have Von Neumann—Morgenstern preferences over consumption plans and the
utility index of agent(k, n) is given by a function:” :R?f — R satisfying the following
assumption.

Assumption 3. 1" (.) is continuous, strictly increasing, and strictly concave.
2.3. Markets and contracts

At date 0 theL commodities are traded on spot markets. At the same date, markets for
securities and contracts also open, where agents trade to insure against their aggregate as
well as their idiosyncratic shocks.

Contracts are claims contingent on the individuals’ idiosyncratic uncertainty, they are
thus agent-specific. We assume that for eatttere are/ contracts, with payoff contingent
on the realization ofs”, &), which allow agents of index to insure their individual
uncertainty: each unit of contragte J paysr;(s, o) units of the numeraire commodity
whens§" = s, 6 = 0. These are standardized contracts as the terms of all contracts of
a given typej € J are the same for all, independent of the identity of the agent entering
the contract to insure his individual uncertainty. Ex ante the payoff distribution of all
contracts of the same type is then the same for. alix-post however their payoff will
be different, as it will vary with the specific realization &f across:.

In addition to individual contracts there are securities, claims whose payoffis contingent
only on the aggregate uncertainty. Consumers and intermediaries trade such claims to
hedge their aggregate risk. With no loss of generality, we assume that markets are complete
with respect to the aggregate uncertainty: in particular, ther&dferow’ securities each
agent can freely trade, with securitye X paying one unit of nhumeraire if state is
realized, and zero otherwise.

At date 1, after the realization @fs"),n, &) becomes known to all agents, contracts
and securities liquidate their payoff and tlhiecommodities are again traded on spot
markets.

Given the information structure of the economy, the spot markets as well as the markets
forthe X Arrow securities, whose payoff is only contingent®yoperate under conditions
of symmetric information. On the other hand, the markets forthtgpes of contracts,
whose payoff is contingent on the agents’ idiosyncratic uncertainty, are characterized by
the presence of adverse selection: each a@en can choose in fact his level of trade in
contracts with payoff contingent a@”, o) after having privately observed the realization
of a signalé””, correlated withs”.

We assume, without loss of generality, that the payoffs of individual contracts and
securities are linearly independent, so that there are no redundant claims.

2.4. Intermediaries
Each intermediary of typg, j € J, trades contracts of typewith the consumers. The

intermediary has no resources of his own and acts so as to maximize profits: he balances
the agents’ different positions in the contract and, in addition, hedges his overall position
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by trading on the financial markets for Arrow securities (for this he can use the proceeds
from the trades made with consumers). Thus the intermediary, in effect, ‘makes the market’
for contractj; he can also be viewed as an exchange or a dealer.

2.5. Prices

Markets are perfectly competitive, as consumers and intermediaries act as price-takers
in all markets. Letpg € Ri and pi(o) € Ri be the vectors of commodity spot prices at
date 0 and date 1, respectively, in the aggregatestate = (..., p1(0),...) e RE*. The
price vector of the Arrow securities is then= (..., po, . . )e Rf.

Moreover, all contracts of a given typg which only differ for the index: trade
at the same price; they are in fact all equivalent for the uninformed investors (as the
intermediaries) and are then traded together within a single, large market. In such market,
the level of trade of each agent has a negligible impact on aggregate trades, and these are
only measurable with respect to the aggregate uncert&ihiys no part of the information
agents have over their idiosyncratic shocks is revealed so at a competitive equilibrium by
the level of date 0 prices (differently from Radner (1979)). Therefore, agents retain some
specific and exclusive private source of information, though remaining ‘small’ in terms of
the level of their trades (so that their price-taking behavior is justified).

Our primary interest here is for situations where the information available over agents’
trades is limited so that the exclusivity of contracts cannot be enforced and, more generally,
non-linearities in the pricing schedule of contracts are hard to sustain. We will consider the
case where for each contrgct J the price is given by a two-part tariff: there is a constant
fee F; each agent has to pay to be able to trade a non-zero amount in the market for this
contract, and a second component which is linear in the quantity traded, with §gctor
Thus the total cosg; (6;) to traded; units of contracy, is:

Fij+qj9;, if@j;éo, )
q](é’])—{o’ if 9, = 0, j=1...,J. (TPP)

We will assume that agents face no trading restrictamd are then free to choose any level

of trade afy;(6;). Notice that the informational requirement of such a pricing schedule is
indeed very minimal: it suffices to know whether an agent is trading or not in the market
for type j contracts.

Letg = (qj)jej andF = (Fj)jej.

Under the above assumptions on the agents’ information, consiimer chooses at
date 0 his current consumption and portfolio after learning the realizafiaf £""; his
choice will then depend og”. Let c’gﬂ"@h) € Ri be the agent’s date 0 consumption,
chrEhy = (.., chmE), . .) e R¥ his portfolio of Arrow securities, and”" (g") =

6 This follows from a standard application of the Law of large numbers; see also below.

7 On the other hand, when the agents’ private information is also over the suppgtt tifere could be
unlimited arbitrage opportunities at all prices and some bound may then have to be imposed on the level of trade
in contracts (see Bisin and Gottardi (1999)).
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(...,9;""(5"), ...) € R’ his portfolio of standardized contrad&sAgent (1, n)’s date 1
consumption plan specifies then the level of consumption for every possible realizafion
the idiosyncratic uncertainty and of the aggregate uncertainty; the agent’s consumption
plan still depends on the signglt received, as this affects the agent’s portfolio choices at
t=0: ci’"(éh) = (cﬁ’"(s, o; éh); seS,oeX)e Risr.

Let ™" (gh) = ()" (M): )" (EM), n(s/&") = n (3" = 5/&"). Formally, agenth, n)
has then to solve the following problem, for edthe 5"

h\. h(.hn(ch h,n(eh hosh
[Ch,n(gh))()}m(a‘é’:)if));-hn(gh)] ;n(a)ﬂ(S/g )u (CO (S )’Cl (g )) (P (E ))

such that

po- (cp™ (") —wg) + Y a; (67" (") + - " (") <O,
J
p1(o) - (1" (s, 05 ") — wh(s,0)) <Y 00" (E")rj(s, 0) + 1" (6"),
J

s.o)eSxx,  MMEMN R ghn(eh) R/, (e e R,

where, for allj, g;(.) satisfies (TPP). Note that agents are free to go unlimitedly long and
short both in contracts and in securities; thus, for a solution to their choice problem to exist,
the linear components of the pricgsndp must be suitably restricted so that no arbitrage
opportunity exists.

Given the presence of the entry fee, the budget set in the consumers’ prabiegi))
fails to be convex. We will show that it is possible to overcome this difficulty by exploiting
the large number of agents to ‘convexify’ the economy. This requires that, even though the
choice problem is the same for all consumers of the same/tygko received the same
signal&”, they may still make different choices at equilibrium. In particular, we will show
that it is enough to consider the case in which these agents make at most a finite Mumber
of different choices at equilibrium. Let-?(g"), 670 (g"), ¢"-? (¢") denote therth different
choice of the agents of tygewho observed signat*, andy’-? (¢") the fraction of agents
of this type making such choice, for=1, ..., V. Let theny” (") = (yV(£")),ey and
AV~1 pe the(V — 1)-dimensional simplex.

Each intermediary of typg chooses the fractioty of the total population of consumers
in the economy he will trade contracts of typevith. For these agents, the intermediary
offsets their different positions in the contract, by compensating their payments both at
date 0 and at date 1 for each possible realization of the agents’ idiosyncratic uncertainty and
of the aggregate uncertainty, and stands ready to meet any shortfallamong these payments;
he is also ready to pick up any difference between the purchases and sales of the agents
he is trading with. As a result, the intermediary may have to make and/or receive some

8 It should be clear that, in our set-up, agéhtn) has no interest in trading other contracts than those with
payoff contingent on his own individual uncertaing,. Any portfolio of contracts with payoff contingent ciﬁ/,
n' # n, is in fact dominated, in terms of its hedging possibilities of the aggregate uncertainty, by a portfolio of
Arrow securities.
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net payment at date 0 and in each state at date D Jeind R (o) be the intermediary’s
anticipated net revenue from this activity (on a per-capita basis), respectively, at date 0 and
at date 1 in state, for o € X. Both Q; andR; (o) may be positive or negative. To hedge
this position, the intermediary may then choose to trade also on the markets for Arrow
securities, and we will denote iy = (..., ¢, ...) € R* the intermediary’s portfolio of
Arrow securities (again on a per-capita basis).

Formally, the problem of each intermediajy j € J,° consists then in choosing
k/ € R} and¢/ € R* so as to maximize his profits at date 0, takiig and[R; (0)]lsex
as given:

max k'Q;—p-¢/ (PY)
[k;j€R4, L/ €RT]

such that
0<¢/(0)+k/ Rj(0), oeX,

where the latter expression describes the intermediary’s resource constraint at date 1.

We require that, at equilibrium, the expectations of each intermedgliary over his net
revenue from trading in the market for contrgcre consistent with, respectively, the sum
of all the payments made and/or received by all consumers trading this contract at date O,
and the sum of all the payoffs due to—or owed by—these consumers at Hate 1:

0= Yy w(EM)y (6" (6] ("), (2.1)

h ghv

Rij(o)=— Zkh th’”(éh)n(s, Sh)Q;l’v(éh)rj(s, o), oe€Xx, (2.2)
h s,v

whereg (.) satisfies (TPP).

Since the intermediation technology is characterized by constant returns to scale, the
solutions of problen{P/) have a simple form! The intermediary will always choose to
perfectly hedge his positiorry = —k/ R (o). He will choose then a positive but finite
market sharg0 < k/ < co) only if Q; = —p - Rj, a condition which insures that the
profits from the intermediation activity are equal to zero. Using (TPP), (2.1), and (2.2), the
conditionQ; = —p - R; can also be written as:

YA w(E)y " (E) g o) € + Y A E) Y ED

h Eh)v h’g’:h v 9.;1,1)(‘5;,)#0
=D MDY E) (s, 807 (E) D pori(s. 0, (2.3)
h 5,Eh v o

9 Since the intermediation technology described above is characterized by constant returns to scale, all
intermediaries of the same type can be treated as a single firm.

10 The nature of the agents’ idiosyncratic uncertainty allows us to use here the Law of large numbers to
simplify the expressions of the aggregate net payments by agents on cgnttagparticular, it insures that
these expressions are independent of the realization of the agents’ idiosyncratic shocks.

1 By the same reason, all intermediaries of the same fygemn be treated as one.
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i.e., the sum of all the payments made or received by consumers at date 0 when trading
contractj has to equal the present value, at 0, of all the payoffs paid or received by
consumers on this contract at date 1.

From condition (2.3) it follows that in all active markets (i.e., where

h,&h v: 0;"”(5")7&0

the level of the fixed entry fe&;, paid by all agents who trade the contract, equals the
difference between the present value of the total net payoff received by consumers at date 1
and the total net payment made at date O for trading contracthe constant unit priag; :

Fi=( X S e ) 5.0

h,s,Eh v
_ Z )»hﬂ(Sh)yh’v(éh)qﬂ?’v(éh))/(Z)»hﬂ(éh) Z yh’v(éh)).
hghv h.gh v 0V (67)70

(2.4)

Remark 1. Each intermediary of a given typge chooses how many consumers to trade
contract;j with, on the basis of the average expected profitability of trading the contract
(expectation which, in equilibrium, has to be consistent with the average profitability
of trading the contract with the consumers in the economy). Through this choice, the
intermediary indirectly determines his volume of trade in the contract, as this is given
by the level of trade chosen by the consumers he trades with. The role of the intermediary
is to balance the different positions of the consumers in conjrathis may require the
intermediary to take a net (long or short) position in the market, and to make or receive
some payments. These payments can be perfectly hedged on the financial markets and
condition (2.3) insures that, at equilibrium, the present value of all current and future
payments is zero.

This role of intermediaries is meant to capture, though in a rather stylized way as argued
in the introduction, the role played in markets for derivative securities by exchanges and
dealers, who balance agents’ trades, meet possible temporary shortfalls, and hedge their
position in financial markets to diversify the aggregate risks.

Definition 2.1. A competitive equilibrium with adverse selection and entry fegben
defined by a collection of prices and entry fegs, p1, 0,¢, F), consumption and
portfolio plans for each consumer and each possible signal received, together with their
relative frequency in the populati&h(c-v ("), 07V (&h), ¢V (£); vV (EM)), ey and, for

12 By allowing y" (s") to be any real—rather than a rational—vector in the simp%~1, our definition
characterizes what is, strictly speaking, with countably many agents, only an approximate equilibrium. With
appropriate assumptions on the probability space ensuring the validity of the implications of the Law of large
numbers we are using (see, e.g., Al-Najjar (1995) and Sun (1998)), our analysis could be extended to economies
with a continuum of agents, in which case no approximation is required.
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each intermediary € J, antic@pa;ed netrevenu®;, [R;(o)]lscx, and the chosen market
share and hedging portfoli@’/, ¢/), such that:

e consumers optimize: for eadh £", all plans(c™(&"), 0" (&"), ¢"? (")) ey SOlve
(P"(")) atthe pricespo. p1.p.q. F); ,

¢ intermediaries maximize profits: for gi| (k/, {/) solve(P/) givenQ;, [Rj(0)]sex;

e forall j, Q; and[R;(0)]scx satisfy the consistency conditions (2.1), (2.2);

o commodity markets cleds

(A )6 e ) — ) ) <o @5
h ghv

SOA N (e (8" 5) (1 (s, 01 8") —wi(5,0)) <O, s e X (26)
h S,U,&'h

o financial markets (for the Arrow securities) clear:

DoAY w(E)y i EN) e E) + Y K =0 2.7)

h ,i:h U jeJ
e markets for contracts clear:

=1 jel. (2.8)

Remark 2. The market clearing condition for contracts (2.8) simply says that, for each
contract, intermediaries choose to serve the whole market, i.e., to trade the contract with all
the consumers in the economy. As shown earlier, this requires that a zero profit condition
holds for each contract. This condition, since (2.1), (2.2) also hold, has the form given
in (2.3): the present value of all current and future net payments to consumers trading
the contract has to equal zero. Thus no cross-subsidization across contracts takes place in
equilibrium: markets clear security by security, and the profits of the intermediary ‘making’
each market are zero.

The leading example (continued). Consider the leading example introduced earlier in
this section. In the example we haye= 1, L = 1, andX = 1; moreover,S = (1, 2),
Z = (g,b), n(g) =n(b) =1/2. The Von Neumann—Morgenstern utility index igdn

The two types of individual contracts have payaftl) = r2(2) = 1, and 0 otherwise
(they span so the individual uncertainty). In this simple economy a single security, a riskless
bond with a constant payoff of 1, insures market completeness with respect to the aggregate
uncertainty.

In this set-up, Bisin and Gottardi (1999) have shown that, if contracts trade at linear
prices, with no entry fees, a competitive equilibrium might not exist, and non-existence is
robust. We briefly recall the key elements of this result here.

13 The Law of large numbers is again used here as it insures that aggregate consumption only depends on the
realization of the aggregate shocks, while the idiosyncratic shocks are ‘averaged out’ when summing across all
agents.
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The market-clearing condition for the commaodity is, as in (2.6):

c(L; @)y + (L b)mp + (1= m)e(2; 8) + (L — 7mp)e(2; b)
—{w@m + wDm + (1 — 7w () + (1—mp)w(2)} =0. (2.9)

It is immediate to see that this also constitutes an overall zero-profit condition for the
intermediaries.

Letg and 1— ¢ denote the (normalized) prices of, respectively, security 1 and 2. In the
absence of entry fees, the budget constraint of an agent who receivedgigiagn4

01(g)g +62(g)(1 —gq) =0. (2.10)

Similarly for agents with signab. For this economy the set of no-arbitrage prices is
non-empty, and is given by all pricege (0,1). Solving the agents’ choice problem
and substituting in the expression on the left-hand side of (2.9), we obtain the excess
demand function (equivalently, the opposite of the overall profit function), continuous for
all ¢ € (0, 1). However, when

w(2)m, Th
> 9
wA—-mg)  (A—mp)
this function has a positive value both when

4 > g and c < w@m
1-q¢) A—my) 1-q9) w@®A-mp)’

it is easy to see, in fact, from the expressions of the agents’ demand, that in the first case
agents will be buying insurance, no matter what is the signal received, and will do this at
more than fair terms; while in the second case, agents will sell insurance, no matter what
is the signal received, at less than fair prices (that is, less than fair prices for the buyer,
the intermediary). In either case overall profits of the intermediaries will be negative, and
excess demand will characterize the commodity market.

We can then show (see Bisin and Gottardi (1999)) that, for open sets of parameter
values, the aggregate excess demand is also positive for all intermediate values of the
relative price, i.e.,

w(2)mp q g
< < .
w@QA—-m) (A—¢q) A—-my)

This is true, for instance, in a neighborhoodwofl) = 0.8, w(2) = 0.2, 7, = 0.2, and for
anym, > 0.508; hence an equilibrium never exists in this region.

In the presence of entry fees, i.e., when prices satisfy (TPP), the agents’ budget
constraint become’s:

14 When contracts trade at linear prices, agents can replicate the bond simply by trading the two types of
individual contracts; hence, we can safely omit the consideration of the market for the bond.

15 |n the presence of entry fees, the riskless bond is no longer redundant. Trading the two individual contracts
allows to attain the same payoff as trading one of them and the bond. However, the latter is clearly preferable, as
only one entry fee is paid. Moreover, to insure that agents are willing to trade both types of individual contracts
(and hence that both markets are active), the entry fee should be the same in the two markets. This allows us to
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01(8)g +02(8)(1 — q) + Lo z0F =0, (2.11)

wherely, o denotes the indicator function for the evént 0. We will continue the analy-
sis of competitive equilibria with entry fees in this example at the end of the next section.

3. Competitiveequilibriawith entry fees

With prices of contracts given by two-part tariffs, it is always possible to find an entry
fee F; sufficiently high so that no consumer wishes to trade contjaéor all j. The
existence of such ‘trivial’ equilibria can then be easily shown.

In this section we will show the existence of competitive equilibria with entry fees which
satisfy the following additional property:

The entry fee equals zero in all non-active markets, where no agent trades:

Fj=0, if Y a'm(g") Y yMU(E")=0 je (NT)

h,gh v: 9?’”(511);&0

Condition (NT) insures that generically at equilibrium there will be a nonzero level of
trade in all markets. This condition, together with (2.4), setting the entry fee in all active
markets at a level such that profits are zero, uniquely determines the level of the entry fee.

As already said, the domain of admissible pripesf the securities and valugsof the
linear component of contracts’ prices has to be suitably restricted to insure that there are
no arbitrage opportunities. The set of no arbitrage prices is given by

Q= {(p,q) eRer xR’ Jve Rir such thay; = Zpg szr./(s,cr),
o S

foralljeJ},

where we see that for the (Arrow) securities, any strictly positive price clearly will do,
while for contracts we have to take into account that the component of the return varying
with the aggregate uncertainty can be fully hedged with the existing securities.

We will show that a competitive equilibrium exists for any given choice of the linear
component of the price schedujein Q. As shown by (2.4), the other component of
the schedule, the entry feg;, can always be set at a level such as to clear the market.
Obviously, different choices af lead to different properties of the equilibrium. We want
to mention here two important cases:

(i) ¢ satisfies the following ‘fairness’ property: for evejye J, ¢; equals the present
value of the unconditional expectation, over the idiosyncratic component of the
uncertainty, of the payoff of contragt

simplify the expression of the budget set, avoiding an explicit consideration of the bond and specifying only one
entry fee,F.
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qj:Zpaer(s)rj(s,a), jeld. (FA)

This value provides a rather natural benchmark. If we consider in fact the case
where agents receive no signal over the realization of their idiosyncratic shocks,
i.e., with symmetric information, the equilibrium we obtain, under (NT) and (FA),
is characterized by a zero level of the entry fee in all markets and is Pareto efficient.
Thus, under (FA) the level of the entry fee can be viewed as a measure of the ‘cost’
imposed by the presence of adverse selection in the markets.

(i) ¢; is set ata level such that the total net position of consumers in cotjtisigero, or
YA e, mE YR EN O EN) =0, forall j.
In this case the intermediary’s net position in the market will be zero; however, the
total net payment due to the agents at date 1 will still typically be nonzero, because of
the presence of adverse selection, and so will be the level of the entry fee.

The implications of these alternative specificationg ébr the properties of the equilibria
will be examined within the set-up of the example.

Let us denote byc" ("), 6" (£"))(po, p1. p. g, F) the correspondence describing the
solution, for consumers of typgewho received signai”, of their choice problenaP” ("))
with respect to the level of consumption and trade of contracts, for all prices. The
correspondence’ ("), 0 (£))(.) is well-behaved and exhibits standard properties, with
the only exception of convex-valuedness, as follows.

Lemma 3.1. Under Assumptiond—3 for all 4, &", the individual demand correspon-
dence(c ("), 0" (M) (po, p1. p. g, F) is non-empty and upper-semicontinuous for all

(po, p1, p- ¢, F) € REET>) 5 @ x R7; in addition, it exhibits the following boundary
behavior
for any sequencép(”, p\”, p®,¢™, FO} e RATT x Q x R’, converging to

(po, 1, p» ¢, F) € ARLET™ x Q) x RY ast — oo,

inf{ " (6"). 6" (") (" ("), 6" (")) €
(" €"). 0" ) (" 7 90 FO) | oo

The argument of the proof is fairly standard and is only sketched below.

Proof. Consider problen{P”(¢")). Resolving the date 1 budget equations for ewvery

with respect to the portfolio of the associated Arrow secutify’ (£"), and substituting

the expressions obtained into the date 0 budget equation, we find that the budget set of
these agents can be rewritten as follows:

B"(po, p1.p.q. F; &")

~ [ e REFED ahe) R po- (chle") - ub) + Tas 0 (e")
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+> o [pl(a) (ch(s. 01 E") —wi(s,0)) = Y rj(s.0)00 (sh)} <0,

J
SES}, (3.2)

where, for allj, ¢;(.) satisfies (TPP).

Under Assumption 2B"(po, p1, p.q, F; €") has clearly a non-empty interior, and
is closed and compact for all(po, p1), o, (q, F)) € Ri(frz) x Q x R7. Moreover,
B"(po, p1,p.q, F; £") is defined by the intersection of hyperplanes. Therefore, by
a standard argument, the correspondence defined’tyo, p1, p, q, F; ") is also
continuous. Upper-semicontinuity of demand then follows from the continuity of the
agents’ utility function (insured by Assumption 3).

It is immediate to see that, under AssumptionB2,(po, p1. 0. q, F; £") has a non-
empty interior also at pricespo, p1, p,q, F) € 0RYT>) x Q) x R/, so that the
boundary behavior property of demand holds:

The following is then the main result of the paper.

Theorem 3.2. Under Assumption$—3 a competitive equilibrium with adverse selection
and entry fees satisfyingNT) always exists, for any choice gfin Q.

Remark 3. In Bisin and Gottardi (1999) the existence of competitive equilibria was
established for pricing schedules of the following form:

b .
416 = qjé?j, if 0; >0,
I q';ej, if Gj <0,

i.e., with bid—ask spreads. Together with this earlier result, the one in this paper implies
then the existence of competitive equilibria with pricing schedules which exhibit both

discontinuities as well as non-linearities. The implementation of such, more general,
pricing schedules clearly requires the availability of more information over the agents’

trades. However, in the presence of asymmetric information, it may allow to achieve
higher level of welfare. In particular, exclusive contracts—which, as we argued, allow the
decentralization of (interim) incentive efficient allocations—require a very general form of

non-linearity as the price of each contract has to depend on the trades in all markets.

Before presenting the proof of the theorem, we will analyze the properties of equilibria
with entry fees within the set-up of the example introduced in the previous section,
investigating the consequences of adverse selection and comparing the properties of the
equilibria with entry fees to those with bid—ask spreads.

Leading example (concluded). For small enough levels of the entry #eso that

both types choose to trade in the market for insurance contracts, the solution of the
agents’ optimization problem subject to the budget constraint (2.11) yields the following
expressions for consumption demand:
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c(l;9) = n'ng(l) + (1:]Q)w(2) - F,

2 g) = (1— LT (11:Z)w(2) —F

1 1-— 2)— F
(1 b):anw( )+ (1 —q)w(2) 7
q
qwLH+A-qw@) - F
1—g¢g '
Substituting these terms in the market clearing condition (2.9), we obtain the equilibrium
level of the entry fee (when both types trade):

(qw)+ A= uw@)[(72+72) — q (g +7)] + quw(1)(2g — (g +75))
(A=) (w2 +7f) + 9 (L —7)? + (L — 7)?)] '

’

c(2;b)=(1—mp)

(3.2)

From (3.2) it is immediate to verify that the entry fee is positive when the linear
component of the price of contracts satisfies the fairness condition (FA), which in this
environmentis

_ T + T

==
as well as for ally > (r, + m,)/2. This provides further support to our previous claim that
under (FA) the entry fee is a measure of the costs imposed by adverse selection for the
functioning of markets.

As further evidence of this, we show next that, when the degree of adverse selection in
the economy (measured by the difference betwegandrn,) increases, while aggregate
resources remain constant, the equilibrium level of the entry fee also increases, whatever
is ¢. Differentiating (3.2) with respect targ, while m;, is suitably adjusted so that
{wDme + wDmp + (L —m)w(2) + (1 — mp)w(2)} stays constant we obtain:

(3.3)

oF
sgn— =sgn(mg — mp) > 0;
o,
this holds no matter what is the levelg@tind for all values of the parameters describing an
economy such thak' is sufficiently low. In this case we can say that the equilibrium level
of the entry fee is positively related to the extent by which adverse selection is present in
the markets.

We compare now equilibria with entry fees to equilibria with bid—ask spreads (as in
Bisin and Gottardi (1999)) and show that entry fees may increase the agents’ participation
in the markets and yield Pareto superior outcomes. In particular, we will show that we can
find economies such that:

(i) if contracts can be freely traded at linear prices, there is no equilibrium;

(i) with bid—ask spreads there is a unique equilibrium in which agents of gype not
trade;

16 or, equivalently, so that, + 7, stays constant.
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(iii) with entry fee there is a unique equilibrium where, for an appropriately chosen value
of ¢, both agents of type andb trade in the insurance markets.

Consider the following specification of the parameters describing an econohy=
0.8, w(2) =0.2, 7, =0.2, 7, = 0.508. In our previous analysis of the example we argued
that, for such parameter values, an equilibrium does not exist when contracts’ prices are
linear and there is no restriction on trade (the agents’ budget set is given by (2.10)).

If buying and selling prices of contracts are allowed to differ, competitive equilibria al-
ways exist, as shown in Bisin and Gottardi (1999), for the class of economies studied in
this paper; in the context of the example these equilibria are characterized by the fact that
agents either buy insurance, i.e.(i) < 0,62(i) > 0,i = b, g, or do not trade (they never
choose to sell insurance). It can be easily seen that, for the above parameter values, there is
a unigue equilibrium with bid—ask spreads, where the relative price for buying insurance is
q”/(1—¢*) =0.25. This is the fair price of insurance for the agents of typeence they
choose to fully insure. The tygeagents, on the other hand, choose not to trade, since at the
priceq” /(1 — ¢”) = 0.25 they prefer to sell rather than to buy insurance (and the equilib-
rium price for selling insurance, /(1 — ¢*) = 1.03, is such that they do not want to sell).

Turning now our attention to equilibria with entry fees, agents are free in this case to
buy and sell insurance at the same relative pjiod — ¢) and this has clearly the effect of
favoring trade. However, to trade in each market agents have to pay an entry fee and this has
the opposite effect of discouraging trades. The equilibrium level of the entdy tepends,
as we saw, on the level at which the linear compogeoitthe price is set; the lower I8,
the higher the chance agents will want to trade. While it is impossible to say in general
if entry fees favor trade more than bid—ask spreads, we show here that, for the parameter
values specified above, we can find a levej sfich that all types of agents choose to trade.

Setq at a level such that/(1— ¢) = 0.29. We claim that there is an equilibrium where
both agents trade. The equilibrium level of the entry fé&, normalized by the contin-
gent price of individual state 1, is then obtained from (3.2), and is equal to 0.00047, small
but positive. We can then verify that, at this levelfofq, both types enjoy a higher utility
by trading than by staying out of the market, and consuming their endowments: the gains
from trade are 0.00137 for thetypes and 0.2397 for thie types, positive for both. This
confirms that, at the priceg/(1 — ¢) = 0.29, F/q = 0.00137, both types choose to trade
and hence the one we found is indeed an equilibrium with entry fee.

Moreover, this equilibrium (interim) Pareto dominates the equilibrium with bid—ask
spreads. Agents of typedo not trade with bid—ask spreads while they trade with entry fees
(and choose(1; g) = 0.756,¢(2; g) = 0.212), therefore they are obviously better off in the
second case. As for agents of tyipethey fully insure at fair prices with bid—ask spreads,
and therefore consume(l; b) = ¢(2; b) = 0.32, while they choose(1; 5) = 0.298,
¢(2; b) = 0.346 with entry fees; comparing the associated utility levels, we find that the
b types are also better off with entry fees, as they trade at better than fair prices and the
level of the entry fee is sufficiently small so as to less than compensate this'éffect.

17 We have, in fact, 2In(0.29784 + 0.8In(0.34549 = —1.0925> In(0.32) = —1.1394.
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We conclude that entry fees can have an advantage with respect to bid—ask spreads as
a market clearing device for economies with adverse selection, in that a suitable choice of
the linear component of the price can facilitate trade and so improve efficiency.

We proceed now with the proof of our main result, Theorem 3.2.

Proof. The proofis organized in separate steps.

Step 1. We show first that there exist finite such that, for everyt and£”, the image
of the individual demand corresponderie®(E”), 6% (")) (po, p1, p. g, F) has at mosv
values, for((po, p1), p,q, F)) € RL(HE) x Q xR,
ForanyJ < J, define
wgl - Zjej F;
h
wlh(J) = Y02
h
Wor,
Given the expression &" (po, p1, p. g, F; £") in the proof of Lemma 3.1, it is immediate
to see that

B (po, p1.p.q, F; €")

— {ch(gh) c Ri(HES), eh(gh) ceR’: Po- (cg(é _ wo(j) Z q,9h
jed

+Y o [m(o) (cE(s. 01 ") —wi(s,0)) = Y ri(s.0)0) (5’1)} <0,

jed

seS; 01(&")=0forallje J\j}

describes the budget set of a consumer of typéth signalé” who has chosen to trade
(and pay the entry fee) in the subsgtC J of the existing markets for contracts. It
is easy to see thafg(po, p1.p.q, F; ") is closed, compact and, in addition, convex;
this set may be empty for some, but not all, paifs (po, p1,p0,q, F). Let then
(c"(EM), 0" (&) 7(po, p1, 0. q, F) be the solution of the problem of maximizing the
agent's utility, subject to(c" (&"), 6" (")) € B% (po, p1, p. q, F); this is now a convex
problem. It follows thatc” (€"), 6" (¢")) 7 (po, p1. p, g, F) will be either empty or single-
valued.
Itis then immediate to see that

(0" o 10 P < f U )64 E) o0 .

JcJ

where|J 7, denotes the union over all the subsetsJ/ofAs there are finitely many

possible subsets of, and (¢"(€"), 6" (¢")) 7 (po, p1. p. ¢, F) contains at most a single
element, the stated result follows.
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Step 2. We construct hereV single-valued maps, obtained as selections from the
individual demand correspondence, such that their union equals the individual demand
correspondence. On this basis we can find a map which describes the agent’s participation
rate in the various markets for contracts; this map will allow us to determine the payments
made by agents as entry fees. Furthermore, we derive a convenient representation of the
correspondence describing the aggregate (per capita) demand and participation rate in the
various markets for contracts of all agents of typaho observed signal”, for every

h, £".

From the previous result, we know we can find finitely mawy ¢elections from the in-
dividual demand correspondence. We will construct here these selections according to the
value of the norm of demand. Define the map1(£"), 6"-1(&"))(po, p1. 0. g, F) by as-
sociating to eachipo, p1, p, ¢, F) the vectorc”, 6%) inthe set(c" (¢"), 6" (£")) (po, p1. P,

g, F) which has minimal norm®

(" 6M] < [@.8")] foral (¢".5") € (¢"(6"). 0" (") po. p1. p.q. .

Proceed then iteratively to construct the other map$(£"), 67V (")) (po, p1. 0. q, F),
v=2,...,V, by associating for all prices the value (& (£"), 6" (£"))(po, p1. 0. q, F)
with vth minimal norm. More precisely,

(mv(EM), 0"V (€M) (po. p1. 0. q, F)

(c",6") € (" (E"), 6" (£")) (po, p1, p. q. F) satistying (i)—(ii) below,
- if such(c, 6") exists;
(chv=L(gh), mv=1(gM)), otherwise

(i) (", 6M) # (M (EM), 0" (M) (po, p1, p.q. F),fori=1,...,v-1;
(i) N, 0M1 < i@, oM, for all (", %) e (c"(&"), 0" (EM))(po, p1, p. q, F) such that
@, 0 #£ (i Em, gy, i=1,...,v—1.

Evidently,
(c"(&").0" (") (po. p1. p. q. F) = (""" (&), 6"V (¢")) (po. p1. p. 4. F).

v

For all 2, £, and for each selectiomwe define then the map

1, if 07" (") (po. p1. p. 4. F) #0,
0. if 07" (€")(po. p1. p.q. F) =0,
an indicator function describing whether or not the agent is trading in market all j;
U En = U7 EN) jes
We can then use the fact that for evéry:”, there are infinitely many consumers of type
h who received signaj” to write the correspondence describing the average (per capita)

17 (&")(po, p1, p, 4, F) = {

18 |f there is more than one vector with minimal norm, any other criterion can be used to select one vector
among them.
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net demand and associated participation rate of these consumers as the convex hull of the
maps defined above:

A

(¢"(&").0"(&"), I"(€"))(po. p1. p.q. F)
= CO[U(Ch)v(éh)v Qh’v(éh), Ih,v(%.h))(po, P10 q, F)}

v

= {th’“(sh)(ch’”(sh),eh’“(sh), 1"(&")(po. p1. 0.4, F), ¥y"(5") € AH},
' (3.4)
where c¢.] denotes the convex hull of a set.

Step 3. The representation obtained in the previous step for the map describing the average
participation rate in the various markets for contracts of the agents ofitygfe allows
us to show here that the correspondence yielding the equilibrium level of the entry fee is
well-behaved for all po, p1, 0. g, F).

Let y = (&), A = [Then, eheen AY~1. From (2.4) and the representation of
agents’ demand obtained above, we obtain the following expression for the correspondence
describing the equilibrium level of the entry fee, for &@po, p1, 0,q, F) such that

Zh,&'h khﬂ(fh) Zv: 97”@}1)7&0 Vh’v(fh) # 0:

F;i(po, p1,p.q, F)

{(th > w(s.8")(por)(s, o)—q,)th” M0 (€") (po. pl,p,q,F>)

s5,0,E"

x (Zkhn(éh) > Vh’“(é’“))l, vy € A},

h.gh v 0V (€M) ()0

that can be equivalently written as:

(2 -

") (porj(s,0) — q)) th v(EnI ’“(éh)(.)ej?’“(éh)(.)>

s5,0,&h
-1
x (Zkh th” )()) VyeA}
h,Eh
{Z > 7 (s/&") (porj(s.0) —q;)
h s,0,8h

(Ahn(s’w > J/"’”(S")I,'?’“(éh)(.)eﬁ””(é")(.))
5 |
M (ER) X, v EIT (E ()
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( M) Y, U E I EM ) ) }
i ,VyeA
Donen M EM 0,y EN T EM O

{ZZ (/6" (pori(5.0) = )6} (6") )

h s,0,E"
( M Eh 2,y EM I E () ) }
o Vy e Ay,
Do M (En) 3, ”(S”)I EMQO)
where the last equality follows from (3.4), noting that the weights
YU EN L E ()
Y Y ENIIYER ()

are non-negative and their sum oweequals 1 (so they have the same properties as the
weightsy v (&")).
Since the terms

( )\,h]'[(é:h) Zv yh,v(Eh)I]f'l,v(%_h)(.) )
Y en M EN) X, Y EN T EM ()

are also non-negative and add to 1 when summed/over, we obtain:

Fi(po, p1.p.q, F)

= co{ > w(s/E")(pori(s.0) = q,)07 (") (po. pr. p.q. F): VE" €&", h e H},

(3.5)
for all (po, p1, p,¢q, F) such that

Z Ahn(éh)yh’v(é'h)lj"”(éh)(po, r1, 0.9, F)#Q.

h,gh v

Thus the map defining, for (po p1, 0, q, F) such that
> ahw(e Zy’“’ (") (po. p1.p.q. F) #0,
hgh

is a well-defined continuous function of upper-semicontinuous, convex-valued correspon-
dences, and hence is also upper-semicontinuous and convex-valued.
It remains to show that upper—semicontinuity also holds at points where

Z)\h thv )()_
h,Eh

i.e., where no agent wishes to trade (given (NT), convex- valuedness is clearly satisfied at
such points). For this, note that along any sequépgepi, p, g, F)* such that

D Wm(s ZV“ ") ((po. p1.p.q. F)7) —> ast — 0o,
h,&h
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F;(po, p1, p,q, F) also converges to 0. This follows from the fact that, as shown above,
Fi(po, p1, p, g, F) can be equivalently written as:

D> w(s/€") (pori(s,0) —a;)67 (§")((po. pr. o, g, F)Y)
h S(T%'h
( M) Y, v E I EM (po. p1. p.q. F)Y) )
Yopen M ED Y,y ED I EM(po. p1. o1 q. F)T)

andé}’.‘ EM((po, p1, p, q, F)T) converges to zero, while the terms
( )“hﬂ(éh)zl) yh,v(%-h)lj].’l,v(éh)(’) >
donen MmEm Y, yh>”(§h)1j."”(§h)(,)

as we argued, always lie in the simplex.

Step 4. In this final step we construct a map and show it exhibits all the needed properties
so that a fixed point theorem can be applied and yield the existence of a competitive
equilibrium. The argument is presented for the case in whiistdefined by (FA); it should
be clear though that it can be easily reformulated to apply to any other possible choice of
g inQ.

Normalize date O prices and date 1 prices in every aggregatecsiaethe simplex.
Consider then the following truncated price simplices:

AytETh= {(Po p) €RLT: ZPOI-FZ;Oa—l po.. po 28, vzo}

A= {m(o) eRL Y prie) =15 pri(o) =3, \ﬂ}.
I

Also, letE =}, cx po ) m(s)rj(s,0), jeJ,forsomep e A*~1), a compact convex
set.

The aggregate, per capita, excess demand for consumption is readily obtained by
summing over:, £ the expressions obtained above for the average demand of all agents
with the same type and signal:

20(po, p1. 94, F) = ZA‘(Zy’“’(sh)n(sh)(cé’”(sh)(.) - w’a)),

h Eh,l)
z1(o)(po, p1, P, q, F)
_Z)‘h( Z v h)( gv(&a;éh)(.)—w?(s,cr))), oceX.
£h g0

Summing the budget constraints in (3.1) across agents and using the specification of the
entry fee in (2.4) and (NT), we find that the following expression of Walras law holds for
the economy under consideration:
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po - zo(po, p1, 0, q, F) + Z/Oa(. .., p1(o) - z1(o)(po, p1, P, q, F), .. )
+Z|:Fj<z)‘h7f(§h)th’v(gh)ljl’v(fh)(~))
J h,Eh v
=D MY (s ") (poris.0) —qj)th’”(é’“)ej“”(sh)(.ﬂ
h s,0,Eh v
= po - zo(po, p1, 0,9, F) + Zpo(. ..» p1(0) - z1(0)(po, p1. P, q, F),...)

=0, (3.6)

forall po, p1,0,4, F.

The finitude of per-capita resources at date 1 and of the number of possible choices
V made by agents at equilibrium, together with the fact that the payoff of contracts and
securities are linearly independent, imply that we can find a compaét sdtere agents’
demand for contracts must lie at equilibrium. From this it follows, given the expression
obtained in Step 3 for the map describing the equilibrium level of the entry fee, that there
is also a subsefier of R, compact and convex, such that the range of the map lies in
Fer whenéﬁ' (M) () isin ®. Letthenk; be a convex, compact set containing the image of

the aggregate demand map at all prices p, p1, ¢, F) in ALT>=1 x (AF"1H)% x Fep.
Consider then the mafao, (..., z1(0),...), F, po, p1, p, q) from the setKs x Fgg x
AFTEL  (AFHE x E into itself, defined by:

20
0 |:(...,Z1(CT),...):|
F

Z”«Z y" (") (") (g (€") (po. p1. p.q. F) — wg))
h Eh,l)

Zkh< Z yh,v(gh)rr(s, Eh)(c?!”(& o; Sh)(PO, p1, 0.q, F) — w?(s, (y)))
h

s,’;‘h,v

=1 [ 22w /EMeri(s.0) —a)) ;

h s,0

( M Eh) Y, v EMeT €M (po. p1. 0. g, F) )
X 9
Yopen M ED) S, YRV EN I EN (po. p1. p.q. F)

it 3 0 A€M T,y ELE (po, pr. o, g, F) #0,
0, otherwise

Yy € A.
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(i) (po, p1. p) €argmax{po-zo+p - (..., p1(o) -z1(0),...)};
(i) g =) oo ) m(s)r(s.0).

The domain of the above map is clearly compact, convex. We will now show that it is
also upper-semicontinuous and convex-valued.

The aggregate excess demand correspondence above is obtained by taking the sum
of correspondences which by Lemma 3.1 are upper-semicontinuous and, as established
in Step 2, also convex-valued. Upper-semicontinuity and convex-valuedness of the maps
defining(po, p1, p, ¢) then follows by a standard argument.

Kakutani’s theorem can then be applied to show that the map has a fixed point.
Recalling the expression of Walras law we obtained (see (3.6)), it is immediate
to see that if, at the fixed pointo, po, p1)s € INALT*~1 x (AF"H ¥}, we have
[(zo), (...,z1(0),...)]s = 0O, i.e., an equilibrium. If not, le6 — 0 and consider the
associated sequence of fixed points. By a standard argument (see, e.g., Werner, 1985) we
can show that this sequence is convergent and, given the boundary behavior property of
excess demand, the limit valde, po, p1)* € int{ALtE -1 x (AL=1H) ¥} o
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