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I. Introduction

Innovations in financial markets have taken dif-
ferent forms, from the introduction of new assets
to the integration of segmented markets. The new
financial assets introduced in the final decades
of the twentieth century include options, swaps,
inflation-indexed, bonds, and various other de-
rivatives, such as catastrophe bonds and credit
protections. But many recent financial innovations
represent instances of integration of segmented
markets.1 For instance, the introduction of elec-
tronic trading reduced the transaction costs for
small brokers and retail investors, thereby inte-
grating their trades in many national financial
exchanges (Naik and Yadav 1999). Similarly, the
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1. The empirical evidence for the segmentation of financial

markets is ample. Blume and Friend (1975), Mankiw and Zeldes
(1991) and Blume and Zeldes (1993) document that investors
within an economy do not seem to hold the entire market port-
folio and, in fact, hold a very small number of individual secu-
rities. French and Poterba (1991), Kang and Stulz (1997), and
Lewis (1999) document the ‘‘home bias puzzle,’’ which is a form
of limited participation by investors in foreign securities.

We study 2-period
pure-exchange Capital
Asset Pricing Model
(CAPM) economies
with incomplete
financial markets
and restricted
participation. We
characterize the opti-
mal financial-market
structure and efficient
innovations consisting
of both the introduc-
tion of new assets and
the integration of
segmented markets.
Welfare gains from
innovations are
maximal when the
endowments of af-
fected agents are nega-
tively correlated.
Uncoordinated
innovations lead to
efficient market
structures if all as-
sets have identical
participation structure
or the markets being
integrated trade
identical assets.
However, coordina-
tion failure in the
introduction of new
assets may result
when assets have
participation structures
that overlap only
partially.
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practice of securitization has allowed liabilities such as mortgages,
credit card debt, and local bank debt, originally held by specific classes
of creditors, to be traded by national financial markets (Kendall and
Fishman 1998). Finally, the integration of international commerce among
the OECD (Organization for Economic Cooperation and Development)
countries has led to the integration of previously segmented financial
markets, as evidenced by a decline in the ‘‘home bias’’ (Wei 1996 and
Mann and Meade 2002).
The theoretical literature on financial innovation has analyzed the

case where new financial assets are introduced to span the uncertainty of
agents’ endowments and production plans in economies with incom-
plete financial markets (see the surveys in Allen and Gale 1994 and
Duffie and Rahi 1995). However, this literature has paid much less
attention to the limited participation in financial markets and the inte-
gration of segmented markets as a form of financial innovation. This is
true also for the study of innovations in international financial markets2

and the theoretical and empirical analysis of optimal currency areas.3

Such limited attention to issues of international financial integration is
at odds with the reality of integration processes. For instance, the re-
cent convergence of the European economies toward the Economic and
Monetary Union (EMU) and the launch of the single currency have
significantly affected the stock market integration of the member
countries. Danthine, Giavazzi, and von Thadden (2000) report that
foreign equity holdings of German investment funds as a share of total
assets increased from less than 4% in 1990 to more than 20% in 1998;
and Hardouvelis, Malliaropulos, and Priestley (2000) report that for-
eign equity holdings of pension funds (insurance companies) in EMU
countries increased on average from 29% (11%) of total equity holdings
in 1992 to more than 50% (30%) in 1999, in contrast to the non-EMU
countries for which these numbers remained unchanged at roughly 20%
(25%).4

In this paper, we study financial innovations consisting of both the
introduction of new assets and the integration of segmented markets.
Our analysis proposes factors that determine the welfare gains from
financial integration, in terms of the properties of the income processes
of member agents. Moreover, we identify conditions under which a

2. For instance, Wincoop (1994), Athanasoulis and Shiller (2001), and Davis, Nalewaik,
and Willen (2001) deal with the introduction of new assets rather than with the integration of
segmented financial markets.
3. The literature on currency areas, including Helpman and Razin (1982), Neumeyer

(1998), Ching and Devereux (2000), and Alesina, Barro, and Tenreyro (2002) focus atten-
tion principally on trade liberalizations and currency unions for economies that already
exhibit financial-market integration.
4. See also Bris, Koskinen, and Nilsson (2002), who report that the increasing capital-

market integration in Europe also lowered the cost of debt capital for firms in member
countries and these firms have also issued greater equity than before.
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coordination of financial innovations (e.g., through a consolidation of
local exchanges) is likely to be socially desirable.
We discuss our analysis and results through a leading example

economy that is composed of large investors, such as firms and banks,
and small investors, such as retail households. Large investors have
unrestricted access to financial markets whereas small investors have
access only to local markets. Local markets could be specialized fi-
nancial markets or geographically restricted markets; but they could
also represent national markets in an international context. Trade in
local markets is organized through exchanges. Suppose diseconomies
of scale prevent these local markets from fully integrating the trades of
all investors in the economy.5 Suppose also that complete financial
markets are not feasible because of transaction costs. Thus, our example
economy consists of financial markets that are incomplete and seg-
mented. Exchanges in the economy have incentives to innovate in the
form of a partial integration of their trades as well as the introduction of
new financial assets.
We first characterize the optimal structure of financial assets and the

optimal integration level of markets. Specifically, we address the fol-
lowing questions: What is the optimal collection of financial assets that
provides the best risk-sharing opportunities in the economy?With what
should the payoffs of these assets be correlated? On what factors do the
welfare gains from integration of local financial markets depend?
Which local markets are the best to integrate?
If lump-sum transfers can compensate agents in the economy for

negative relative price effects, then we show that the optimality of
financial structures is determined only by the associated ‘‘betas,’’ that is,
by the covariances of each agent’s endowment with each asset’s payoff,
normalized by the variance of the asset payoff. The aggregate welfare
associated with a financial-market structure increases with (an appro-
priate measure of ) the dispersion of the betas. This characterization
provides simple answers to the preceding questions.
Innovation in the form of a newly introduced asset proves optimal if it

maximizes the sum of the distances between the betas of each pair of
agents allowed to trade in the new asset. Further, the structure of finan-
cial assets is optimal if all assets are designed so as to maximize risk shar-
ing. As a result, an optimal financial-market structure is achieved when
asset payoffs are correlated with the most crucial factors (the principal
components) that drive the dispersion of the endowments of agents.
Similarly, it is optimal to integrate two groups of agents in the same

market if the distance between the mean betas of the agents in the two

5. Diseconomies of scale can be due to monitoring costs or the costs of setting up an inte-
grated clearing system. In international financial markets, for example, diseconomies of scale
might be related to other aspects of integration, such as policy coordination in a currency union.
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groups is maximal. For instance, two countries, whose financial mar-
kets are segmented because of the investors’ home bias or the lack of
harmonization of market regulations, gain maximally from financial
integration if their aggregate endowment processes are negatively cor-
related. While this result naturally arises from the risk-sharing motive
for financial integration, it is strikingly at odds with the prescriptions for
integration deriving from other considerations, such as the integration
of monetary policy in currency unions.6 Our results suggest a need to
reconsider the estimated benefits of the formation of unions that are also
associatedwith the integration of financialmarkets. Sincemany countries
in continental Europe are fairly similar, the literature on the European
Union has often focused entirely on the monetary issues. In contrast, and
in the spirit of our proposal, the approach of theU.K. Treasury has been to
carefully weigh the trade-off between the loss of flexibility in monetary
policy upon entering the euro area and the gains to be made through in-
ternational capital-markets integration.7

These results concern the characterization of optimal innovations and
financial-market structures. Financial-market structures, however, re-
sult from the innovations introduced by decentralized intermediaries.
Hence, we also examine the efficiency properties of a class of decen-
tralized innovation processes. We show that optimal financial structures
do result from a decentralized innovation process whenever financial
innovation consists of either the introduction of new assets into an
economy without restricted participation constraints or the relaxation of
restricted participation constraints for an existing asset. In contrast,
optimal financial market structures may not necessarily result from a
decentralized innovation process when the innovation consists of the
introduction of new assets into economies with restricted participation.
Consider again the setting where large financial institutions partici-

pate in financial markets of all exchanges, but each exchange has a
clientele of retail investors who participate only in the local exchange.
In an international context, each exchange belongs to a different econ-
omy and has a clientele of domestic retail investors. Each exchange

6. The theory of optimal currency areas has suggested that the benefits of currency unions
are the highest for those countries with the highest comovements in output (see, e.g., Alesina
et al. 2002).
7. The executive summary of the five economic tests relating to the U.K. government

policy on the euro states: ‘‘When in 1997 the Government committed the UK to the principle
of joining the single currency, the Chancellor (Gordon Brown) stated that [. . .] the advan-
tages are [. . .] lower transaction costs, [. . .] less exchange rate volatility, more incentives for
cross-border trade and investment, and potentially lower long-term interest rates. [. . .] EMU
entry could reduce the cost of capital for UK firms if membership of a larger financial market
reduced the cost of finance. [. . .] But, on balance, [. . .] though the potential benefits of
investment, trade, a boost to financial services, growth and jobs are clear, we cannot at this
point in time conclude that there is sustainable and durable convergence or sufficient flex-
ibility to cope with any potential difficulties within the Euro area.’’
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introduces a new asset that maximizes the welfare of its participating
agents (comprising the financial institutions and the retail investors local
to that exchange). Trades in this new market affect the trades of financial
institutions in other exchanges. This, in turn, endogenously affects the
optimal structure of innovations by these other exchanges: Each such
exchangemaximizes the welfare ofits own participating agents, taking as
given the existing assets as well as the assets already introduced by other
exchanges. It is exactly the possibility of such overlapping sets of par-
ticipating agents in different exchanges that potentially leads to the
market failure of uncoordinated financial innovations. The failure arises
despite the alignment of each exchange’s objective with the welfare of
its participating agents.
This result has important implications for the social desirability of

coordination or harmonization among innovating intermediaries. Spe-
cifically, it helps in understanding phenomena such as the recent trend
toward pan-European exchanges, the alliances between exchanges and
over-the-counter intermediaries for creating ‘‘hybrid markets,’’ and var-
ious other instances of consolidation or collaboration partly motivated
by the desire to coordinate on new products. An example of the last is
the recent tie-up between the Chicago Board of Trade and Euronext-
Liffe exchanges.
The remainder of the paper is organized as follows. Section II sets up

the model. Section III introduces the welfare measure with which we
compare financial-market structures. Section IV characterizes the op-
timality of financial-market structures. Section V studies the welfare
effects of financial innovations, and Section VI examines their decen-
tralizability. A reader not interested in our general equilibrium analysis
of financial innovations can safely skip Section II. Section VII con-
cludes. The proofs are in the appendix.

II. The Economy

We examine financial innovations in 2-period pure-exchange Capital
Asset PricingModel (CAPM) economies in which financial markets are
incomplete and traders’ participation in financial markets is restricted
(Willen 1997). Endowments and asset payoffs in these economies are
normally distributed, and agents have negative exponential utility. Since
agents consume in both periods, they trade to smooth wealth across time
as well as to diversify risk. In turn, a real risk-free interest rate is well-
defined, and financial innovations affect the equilibrium risk-free rate.
We show later that financial innovations reduce the demand for pre-
cautionary savings and raise the interest rate in equilibrium.8

8. The properties of competitive equilibria for the class of economies we examine have
been extensively studied, notably by Willen (1997) and the references therein.
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Formally, an economy is populated byH agents who live for 2 periods,
0 and 1.
Agent h2H :¼f1; . . . ;Hg has a safe endowment yh0 of the unique

consumption good in period 0 and a random endowment yh1 in period 1.
Assumption 1. Endowments are normally distributed: Let v denote

an N-dimensional column vector of multivariate normal random vari-
ables with mean 0 and variance-covariance matrix I, the identity matrix;
endowments yh1, for any h, are

yh1 :¼ Yhv; Yh 2<N :

Note that yh is an N-dimensional row vector with scalar entries.
Each agent is also endowed with Von Neumann-Morgernstern

preferences.
Assumption 2. The utility function of agent h is as follows:

1. Time and state are separable:

uhðc0; c1Þ:¼ uhðc0Þ þ uhðc1Þ:

2. Absolute risk aversion is constant (CARA) with identical coefficient of
absolute risk aversion, A> 0, across agents:9

uhðcÞ :¼ � 1

A
e�Ac:

In financial markets, a risk-free bond and J risky assets are traded. The
bond, asset 0 in our notation, has a payoff x0 ¼ 1 (in units of the con-
sumption good) with probability 1. On the other hand, asset j’s payoff,
denoted xj is random if j2J ¼f1; . . . ; Jg.
Assumption 3. Assets’ payoffs are normally distributed: Assets’ pay-

offs x:¼ ½xj�j 2 J are multivariate normal random variables with mean
0 and variance-covariance matrix I, the identity matrix.
Let J h

denote the set of assets that agent h is allowed to trade. LetH j

denote the set of agents allowed to trade asset j, Hj being the size of the
set. In general, we allow for incomplete markets, J < N, and restricted
participation,H j �H , for some j. We impose the following assumption
that cannot be relaxed without losing the closed-form characterization
of the equilibrium.
Assumption 4. All agents h are allowed to trade the risk-free bond:

H0 ¼H :

Fixing the endowments, [ yh0; y
h
1], and the set of agents in the economy,

H , we parameterize a financial market structure by the list of tradable

9. Only notational complications are added by allowing heterogeneity in absolute risk
aversion parameters.
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assets, their payoffs, and their participation sets: [xj;H j ; j 2J ]. To in-
troduce general financial innovations, we say that a financial structure
F 0 ¼ ½x0

j;H
0

j; j2J 0
� innovates on F ¼ ½xj;H j ; j2J �; if F 0 either adds as-

sets or relaxes some participation restriction (or both) with respect to F;
that is, when

J �J 0; xj ¼ x 0j if j2J ; and H j �H 0
j for all j;

with at least one of the subset relationships being that of a proper subset.
We associate a vector of ‘‘betas’’ to each financial structure. Specif-

ically, for each risky asset, there is a set of ‘‘endowment beta’’ (bhj ) of
individual agents with respect to that asset, as well as an ‘‘average beta’’
(bj), the average of the endowment betas of all agents not restricted from
trading that asset:

bhj :¼
covð yh1; xjÞ
var ðxjÞ

; bj :¼
cov 1

Hj
Sh 2H j

yh1; xj

� �
var ðxjÞ

; ð1Þ

where h2H ; j2J .
The converse is not true: assets’ payoffs xj and agents’ endowments

yh are characterized by the variance of yh, the variance of xj, and their
covariance (means are normalized to zero by assumption 3), which
cannot be recovered uniquely from the knowledge of betas.

III. Competitive Equilibria and Welfare

We study and characterize competitive equilibria for the class of eco-
nomies just introduced.
Let p02Rþ denote the price of the risk-free bond, and pj2RJ

the
price of the asset j. The problem of each agent h is to choose con-
sumption in period 0; ch0; a random consumption in period 1, ch1; and
portfolio position in the risk-free bond and in all tradable assets,
½uh0; uhj �j 2 J 2RJþ1; to maximize expected utility

E½uhðc h
0 ; c

h
1Þ�:¼� 1

A
e�Ach

0 þ E � 1

A
e�Ach

1

� �
ð2Þ

subject to the budget constraints and the restricted participation constraints:

ch0 ¼ yh0 � p0u
h
0 �

X
j 2 J

pju
h
j ; ð3Þ

ch1 ¼ yh1 þ uh0 þ
X
j 2 J

uhj xj; and ð4Þ

uhj ¼ 0; j 62 J h: ð5Þ
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DeFInition 1. A competitive equilibrium is a consumption and port-
folio allocation (ch0; c

h
1; u

h
0; u

h
j for each j), for all agents h, and a price

vector (p0;pj; for each j), such that the consumption and portfolio
allocations maximize (2) subject to (3)–(5) for each agent h, and con-
sumption and financial markets clear:

X
h

ch0 � yh0
� �

� 0; ð6Þ

X
h

ch1 � yh1
� �

� 0; and ð7Þ

X
h

uh ¼ 0: ð8Þ

A. Characterization of Equilibria

Closed-form solutions for equilibrium allocations and prices are
easily derived (see Willen 1997; we report the solution in Appendix A
for completeness). It suffices here to note that, at the competitive
equilibrium,

1. The price of any existing asset j;pj; relative to the price of the bond,
p0, is independent of the set of assets traded in the economy. This
follows from the property of the equilibrium that the relative price of
asset j depends only on the covariance between asset j’s payoff
and the aggregate endowment of agents not restricted from trading
asset j:

pj

p0

¼ EðxjÞ � Acov
1

Hj

X
h 2H j

yh1; xj

0
@

1
A; j2J : ð9Þ

2. Each agent holds the bond, the market portfolio, and the unhedgeable
component of his endowment:

ch1 ¼ yh1 �
X
j 2 J h

bhj xj þ
X
j 2 J h

bj xj þ uh0; ð10Þ

where bhj and bj are as defined in equation (1).

B. Welfare

As a measure of the welfare associated with an arbitrary financial-
market structure F, we consider the average welfare gains under struc-
ture F, relative to the autarkic financial-market structure in which only
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the risk-free bond is traded. More precisely, the welfare of financial
structure F is measured by the compensating aggregate transfer: the
amount of time-0 consumption allocation whose lump-sum redistribu-
tion across all agents in autarky makes them indifferent between the
consumption allocation under the financial structure F and the allocation
under autarky. The compensating aggregate transfer is the appropriate
measure of the welfare gains of a particular financial structure (with
respect to autarky) for an economy in which it is possible to make lump-
sum transfers across agents to redistribute welfare gains and losses.10

Using the closed-form competitive-equilibrium solution (Appendix A),
it is straightforward to show that the compensating aggregate transfer
of financial-market structure, F; mF ; depends only on the equilibrium
price of the risk-free bond under the financial structure F, pF

0 ; and its
counterpart under the autarkic structure, pa

0 ; in particular (see Willen
1997):

mF ¼ � 1

A
ln

1þ pF
0

1þ pa
0

: ð13Þ

The welfare associated with a financial-market structure F de-
creases with p0, the equilibrium price of the risk-free asset and thus
increases with the risk-free interest rate: the price of the risk-free asset is
low when the agents’ precautionary component of savings is relatively
low, that is, when a large fraction of the risk in the economy is hedged.

IV. Optimal Financial Structures

We turn to the characterization of optimal financial-market structures
and optimal financial innovations.
Consider the set of economies in which markets are not complete,

that is, J < N; or the participation in financial markets is restricted,
that is, Hj < H ; for some j. The degree of market incompleteness as
well as the degree of restricted participation is exogenously determined

10. Formally, let ½c0; c1�:¼ ½ch0 ; ch1 �h 2H ; let Uð½c0; c1�Þ denote the average welfare asso-
ciated with the consumption allocation ½c0; c1�:

Uð½c0; c1�Þ:¼
1

H

X
h 2H

� 1

A
e�Ac h

0 þ E � 1

A
e�Ac h

1

� �� �
: ð11Þ

Let ½cF0 ; cF1 � be the equilibrium allocation of the economy with financial structure F; and let
½ca0; ca1� be the equilibrium allocation for the autarkic economy, in which no agent can trade
any assets except the risk-free asset. The compensating aggregate transfer of F; mF ; by defini-
tion, solves

Uð½ca0 þ mF ; c
a
1�Þ ¼ Uð½c0; c1�Þ: ð12Þ
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(e.g., by the nature of transaction costs) and affects the set of feasible
financial-market structures for the economy. We study the optimality of
financial-market structures in such a restricted feasible set. In other
words, we provide a characterization of the financial-market structure
F ¼ ½xj;H j ; j2J � that maximizes mF ; given J and Hj, for all j2J .
The next lemma characterizes such a financial structure. It shows

that the optimality of a financial structure can be determined by looking
only at its associated vector of betas, rather than at the whole variance-
covariance matrix of endowments and assets’ payoffs: the optimal fi-
nancial structure maximizes an appropriate measure of the ‘‘dispersion’’
of the betas in the population, specifically the sum of the squared dis-
tances between the betas of each pair of agents in each possible market.11

Lemma 1 (BetaRepresentation). The compensating aggregate trans-
fer mF is maximal for the financial structure F whose betas maximize

X
j 2 J

X
h 2H j

X
h0 2H j

1

Hj

bhj � bh
0

j

� �2
: ð14Þ

Such characterization can be substantially sharpened if we consider
economies in which each agent’s participation in financial markets is
unrestricted; that is, Hj ¼ H; for any j.
Suppose the economy’s financial market structure is restricted to be

composed of J assets that all agents can trade. Which are the J optimal
assets for such an economy, that is, the J assets whose betas maximize
(14)? The following proposition answers this question.
Proposition 1 (Principal-Components Characterization). Suppose

that market participation is not restricted in any asset:

H j � H ; for all j2J :

Then, a financial structure F maximizes the compensating aggregate
transfer mF if the asset payoffs, [xj], are a linear combination of the agents’
endowments:

xj :¼ Rjv;Rj2<N;

and the columns of R0 :¼ ½Rj�0 are spanned by the J principal components
associated with the J largest eigenvalues of the matrix

M ¼
X
h 2H

ðYh � Y Þ0ðYh � Y Þ;

where Y ¼ 1=HSh 2HY
h.

11. We assume in what follows that Hj � 2 for any j, without loss of generality. Since
assets are in zero-net supply, an asset j such that Hj = 1 is not traded in equilibrium.
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The optimal financial structure is the set of J assets with payoffs that
are particular linear combinations of endowments: those that produce a
maximum dispersion of betas across the agents (lemma 1). If the par-
ticipation in any asset is unrestricted, then the optimal assets are the
eigenvectors corresponding to the J largest eigenvalues of the matrixM.
MatrixM represents the dispersion in the individual agents’ endowment
processes. The optimal assets are thus the principal ‘‘factors’’ driving
this dispersion, and they capture as much of the risk-sharing opportu-
nities of the economy as possible. In other words, the optimal assets are
composed of as many such factors as possible, in the order of their
importance for risk-sharing opportunities, given the level of market
incompleteness.12

This characterization of optimal financial structures coincides with
that derived by Demange and Laroque (1995), even though our econ-
omy differs in an important way from theirs: we allow for consumption
in period 0 and, hence, for welfare effects through changes in the risk-
free rate at the competitive equilibrium. The intuition of this result is as
follows.13 Risky assets are in zero-net supply in our setup; and prices of
risky assets, relative to the price of the risk-free asset, therefore depend
only on the covariances of the second-period endowments with risky
asset payoffs. In particular, this implies that prices of risky assets rel-
ative to each other are identical under the two setups. In our model, the
risk-free asset is traded by agents as a precautionary motive against
unhedged second-period risks. Thus, the price of the risk-free asset
captures precisely the average risk-sharing available to agents in the
economy (as revealed by equation [13]). Demange and Laroque also
measure the welfare in their 1-period economy in terms of this average
risk sharing. Since the welfare under the two setups is identical (up to
constant terms), it follows that the optimal financial structures are
identical as well.
The characterization of optimal financial-market structures of lemma 1

can also be specialized to study the optimal composition of the agents
trading a given asset. Consider an arbitrary asset j, with payoff xj.
Suppose that, due to diseconomies of scale, there is a maximal number
Hj of agents who are allowed to participate in trading asset j. In this
context, what is the optimal composition of the set of agents who are
allowed to trade; that is, which set H j maximizes aggregate welfare

12. We implicitly assume that the intermediaries or the planner introducing financial assets
knows precisely the endowment processes. Athanasoulis and Shiller (2000) analyze innova-
tion in a similar CAPM model where the innovator has imprecise knowledge about endow-
ments. They show that, in this case, the optimal asset corresponds to a ‘‘market portfolio’’ that
puts an appropriate weight on each of the principal components that drive the dispersion in
agents’ endowments. While this result is interesting in its own right, we conjecture that our
results on the integration of financial markets and the decentralizability of optimal financial
structures are qualitatively robust to such an extension.
13. We are grateful to an anonymous referee for providing this insight.
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(14)? Diseconomies of scale can be due to the difficulty of policy
coordination in a currency union or to the costs of social and economic
policies in culturally heterogeneous societies. More specifically, the
issue at hand is related to the optimal composition for integration of
economies with a focus on financial integration rather than policy co-
ordination or trade liberalization (as studied in Alesina, Spolaore, and
Wacziarg 2000).
The next proposition addresses this issue.
Proposition 2 (Traders’ Composition). Assume that agents’ betas

for asset j are distinct, and agents: are ordered such that

bN > � � � > bh > � � � > b1:

There exists an r< Hj such that the optimal composition of agents trading
asset j consists of the first r agents and the last Hj � r agents; that is,
H j ¼f1; . . . ; r;H � ðHj � rÞ þ 1; . . . ;Hg.14
The optimal composition of agents allowed to trade an arbitrary asset

j in an economy with restricted participation consists of two sets of
agents, the sets being at the two extremes of the ranked betas of the
agents with respect to the asset. The distribution of agents in the two
extreme sets depends, in general, on the structure of the endowments.
Once again, this characterization suggests that optimal financial-market
structures maximize a measure of the dispersion of betas across the
agents affected by the innovations.
To better evaluate the implications of this analysis, consider the

case of international financial integration of a collection of countries
with endowment processes driven by a common series of factors. Each
country’s endowment differs in terms of the magnitude and the sign of
its factor loadings. Allowing only a subset of these countries to par-
ticipate in financial-market integration, the union will achieve maximal
risk sharing and welfare by selecting a particular subset: those countries
with the greatest variation in dependence on the factors. An example of
such a set are those countries with endowments that are positively
correlated to the maximal extent with a common factor, along with those
countries with endowments that are maximally negatively correlated
with that factor. Countries with segmented financial markets, for ex-
ample, because of the investors’ home bias or the lack of harmoniza-
tion of market regulations, gain maximally from financial integration
if their endowment processes are negatively correlated. This is a natu-
ral consequence of the risk-sharing motive for financial integration and
our general characterization of the optimality of financial-market struc-
tures (lemma 1). It should be noted that this result has a parallel in the

14. See lemma 3 in Appendix B, where the proposition is proved.
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literature on international trade: the gains from trade in a Heckscher-
Ohlin setting are also greater for economies with negatively correlated
output shocks (see Dixit and Norman 1989, chaps. 3 and 4).
However, our result is at odds with the prescriptions derived by the

literature on the theory of optimal currency areas; such literature ab-
stracts from financial integration and instead stresses the ease of mon-
etary policy coordination and its associated benefits. These benefits
grow in accordance with the comovements in the member countries’
outputs, that is, when there exists a positive correlation in the income
processes of the different economies (see, e.g., Alesina et al. 2002).
Since there is no money in our model, it is difficult to directly compare
the present analysis with the models of optimal currency areas. Our
analysis is nonetheless relevant in evaluating the benefits of currency
areas between countries whose financial markets are not fully inte-
grated. In fact, to determine the optimal composition of a currency
union when member countries might experience financial integration,
the analysis must trade off gains due to the coordination of monetary
policies with those due to financial integration. As we argued in the
Introduction, the evidence shows that financial integration is a relevant
component of welfare gains even for the European Monetary Union
(EMU),15 and its effects on the cost of capital have been crucial to the cost-
benefit analysis made by the U.K. Treasury regarding joining the EMU.16

Importantly, our analysis implies that the gains from financial inte-
gration potentially bear even greater relevance if the EMU is enlarged to
include economies with income processes driven by largely different
factors. We argue that the cost-benefit analysis for enlarging the euro
zone should not consider only the difficulties associated with con-
ducting a common monetary policy in economies that have very dif-
ferent income processes: such an analysis would underestimate the
welfare gains from the enlargement of the union by disregarding the
gains due to financial integration, which increase precisely when in-
come processes are less correlated.17

15. See the wealth of data, in this respect, contained in Danthine et al. (2000), Hardouvelis
et al. (2000), and Bris et al. (2002).
16. See the discussion on the five economic tests and the cost of capital in the reports by Her

Majesty’s Treasury (2003a, 2003b).
17. A group of 11 countries of Central and Eastern Europe, together with Cyprus, Malta,

and Turkey, have applied for full membership of the European Union. From the standpoint of
economic output, this block of countries differs substantially from the block of countries in
continental Europe that are currently members of the EMU. The conditions and criteria for
membership of these applicant countries are based primarily on factors that help assess the
difficulties in harmonization of monetary policy. These are the Copenhagen Criteria of 1993
and the Maastricht Criteria of 1998, which depend on inflation, interest rate, exchange rate,
public deficit level, and independence of the central bank. However, there has been little
discussion of welfare gains through the likely financial integration of continental Europe with
Central and Eastern Europe, markets that to date remain largely segmented (Europarl Report
1999).
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V. The Welfare Effects of Financial Innovations

We turn now to study the implications of the characterization of optimal
financial structures derived in Section IV. Specifically, we study sepa-
rately the welfare implication of financial innovations consisting of
(1) the introduction of new assets and (2) the integration of existing but
segmented markets for the same financial asset. It follows from equa-
tion (13) that the measure of the incremental welfare gains associated
with a financial structure F 0 that innovates on F is mF 0 � mF . The fol-
lowing is then a simple implication of lemma 1.
Proposition 3. If a financial structure F 0 innovates on another fi-

nancial structure F, no welfare losses are possible, mF 0 � mF . Moreover,
strictly positive welfare gains are realized, mF 0 > mF ; if the innovation
involves the integration of agents with different betas or if the inno-
vation involves the introduction of an asset tradable by agents with dif-
ferent betas; that is, if for some j2J 0

, there exist h; h0 2H 0
j such that

bhj 6¼ bh
0

j and either j 62 J or h0 62 H j.
Thus, financial innovations invariably have positive welfare effects

as measured by the aggregate compensation transfer. However, a subset
of the agents might have to be compensated by lump-sum transfers after
a financial innovation since they might experience a loss due to the
change in the risk-free asset’s price. This is a feature of the model with
consumption in period 0. The 1-period CAPM economy studied by
Demange and Laroque (1995) has no price effects due to financial
innovations.
We consider first financial innovations consisting of the introduction

of an asset, given a set of preexisting assets in the economy.
Proposition 4 (Introduction of a New Asset). Suppose a financial

innovation consists of introducing a new asset j0; that is, F 0 is like F ex-
cept that J 0

¼J [ f j 0g. The welfare gain of such innovation, mF 0 � mF ;
is increasing in

X
h 2H j 0

X
h0 2H j 0

1

Hj 0
bhj0 � bh

0

j0

� �2
: ð15Þ

The welfare gains due to the introduction of a new asset j0 depend
only on the dispersion of the betas (relative to asset j0) of agents allowed
to trade the asset. In other words, the resulting welfare gains are inde-
pendent of the betas relative to all assets traded before the innovation.
An innovation that consists of the introduction of a single asset with
unlimited participation is optimal if its betas are maximally dispersed
across the agents, that is, if the extent of risk sharing introduced by the
asset is maximal. In the context of the innovation of an asset market in
which financial institutions from different countries will participate,
resulting welfare gains increase if the endowments (cash flows) of these
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participating financial institutions are dispersed in terms of their co-
variance with the new asset’s cash flows.18

We now address the welfare effects of innovations that consist of the
integration of two distinct markets for the same financial asset.
Proposition 5 (Integration of TwoDistinctMarkets). Suppose the

financial structure F has the property that assets j and j 0 have the same
payoff, xj ¼ xj 0 but are traded in distinct markets, H j \H j

0 ¼ �. A
financial innovation that integrates such markets, that is, a financial
structure F 0, which is like F except that H 0

j ¼ H j [H j
0, has a welfare

gain mF 0 � mF that is increasing in

HjHj 0

Hj þ Hj 0
ðbj � bj 0 Þ2:

The welfare gains of innovations that consist of the integration of
markets increase in the number of agents integrated. Most important,
given the number of agents in each group, the welfare gains of market
integration depend on only the difference between the average betas of
the two groups, bj and bj 0 , and not on the individual betas of the agents in
the groups. Keeping constant the size of the markets, the integration of
two distinct markets is optimal when no other pair of markets exists with
a greater average difference in betas. For example, the welfare gain of
allowing agent h0 to trade asset j is increasing in ðbj � bh

0

j Þ
2; the difference

between the beta of agent h0 with respect to asset j and the average of
the betas of agents trading asset j before the integration; whereas the
integration in some market j of agents whose beta matches the average
of the betas of the traders in that market has no welfare effects.
This result shows in a particularly succinct manner that to estimate the

risk-sharing benefits from financial integration of member countries in a
currency union, it suffices to examine only the average endowment pro-
cesses of economies that will participate in the integrated financial arena.
Furthermore, the benefits from financial integration are minimal if these
average endowment processes of member countries are close to each
other. In contrast, if the average endowment processes of member coun-
tries are dispersed in terms of their loadings on traded financial assets,
then the benefits of financial integration can be significant. This under-
scores once again the difference between our result and that of the op-
timal currency areas literature, which ignores the integration of financial

18. In a related setup but with no restricted participation, Duffie and Jackson (1989) show
that the optimal innovation in the financial asset market maximizes the total transaction
volume. It can be shown (Appendix B, lemma 2) that our optimality criterion is equivalent to
maximizing the sum of squared transaction volume. This difference in the characterization of
the optimal asset arises from a difference in the operational definition of optimality: Duffie and
Jackson study the Pareto optimality of a financial innovation in a setting where lump-sum
transfers are not allowed.
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markets and concludes that the benefits from harmonization are maxi-
mized if member countries are similar in their endowment processes.

VI. The Decentralizability of Financial Innovations

For an economy in which markets are not complete or participation
in financial markets is restricted, Section V characterized the optimal
financial-market structure. But can such a financial-market structure be
decentralized as an equilibrium of economies in which financial inter-
mediaries or exchanges introduce new securities and integrate seg-
mented markets in an uncoordinated fashion?
We do not explicitly model the process by which innovations enter

the financial markets. This would require the sources of market in-
completeness to be explicitly modeled, along with the direct or indirect
costs associated with any specific financial innovation. Further, it would
entail a strategic analysis of financial institutions, intermediaries, and
exchanges.19 In other words, our analysis is silent on the costs associ-
ated with financial innovation and integration, costs that might exceed
the advantages for a specific innovation or integration. Nevertheless,
our analysis sheds light on the ‘‘decentralizability’’ of optimal financial
structures through financial innovations that are introduced sequentially
by different intermediaries.
Suppose that, given J, the number of asset markets, andHj, the size of

each market, j2J, each innovation is introduced into financial markets
independent of the others, so as to satisfy the orthogonality of asset
payoffs and maximize the optimality criterion, (14), for the existing
financial market structure. Innovations might consist of the introduc-
tion of a new asset, the integration of two markets, or both. Does the
financial-market structure resulting from such a sequence of financial
innovations necessarily coincide with the optimal structure? If so, we
say that the optimal financial-market structure is decentralizable.20

19. See for instance the economic analysis in Duffie and Jackson (1989), Ross (1989),
Madan and Soubra (1991), Cuny (1993), Pesendorfer (1995), and Bisin (1998) for economies
with transaction costs; Boot and Thakor (1993), Nachman and Noe (1994), Glaeser and Kallal
(1997), DeMarzo (1999), and Duffie and DeMarzo (1999) for economies with asymmetric
information; and Athanasoulis and Shiller (2000) for economies with imprecise information
about the endowment processes of agents.
20. Hara (1997) asks a related question: does there exist a sequence of financial innovations

such that, when introduced sequentially, each is Pareto improving and leads to the completion
of financial markets? He answers the question in the affirmative. Our analysis of decentral-
izability is conceptually different from his analysis, because we require each financial innovation
in the sequence to satisfy an optimality requirement that is stricter than Pareto improvement and
we are interested in the optimality of resulting financial-market structures that are still incom-
plete, rather than in the possibility of completing the markets. Also, in the sequence of financial
innovationsHara constructs, asset prices are not affected by the introduction of a new asset, while
this is not the case in ourmodel (as implied by equation [8]). Unlike Hara, we consider only those
economies that already have a traded risk-free bond (assumption 4). Finally, Hara does not
consider innovations in the form of market integration.
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A precise definition of decentralizability, which applies generally to
optimal asset structures as well as to optimal compositions of traders, is
as follows.
DeFInition 2. Let the optimal financial structure of an economy

with J orthogonal financial assets and market participation structure
H j; j ¼ 1; . . . ; J ; be denoted F. The betas associated with F maximize
Sj 2 JSh 2H j

Sh0 2H j
ð1=HjÞðbhj � bh

0
j Þ2 (by lemma 1). Consider then an-

other financial structure, F̂, with J orthogonal financial assets and market
participation structureH j; j ¼ 1; . . . ; J . Suppose F̂ satisfies the following:

1. The betas associated with each asset j maximize Sh 2H j
Sh0 2H j

ð1=HjÞ	
ðbhj � bh

0

j Þ
2; given H j.

2. For any asset j, the components of H j can be ordered so that, without
loss of generality,

h :¼ arg maxh0 62f1;...; h�1g
Xh�1

h00¼1

ðbh00 � bh
0 Þ2:

We say that the optimal financial structure F is decentralizable if F does
not strictly dominate F̂ in welfare terms; that is, mF ¼ mF̂ .

21

We explore the concept of decentralizability to understand whether
the method of introducing a set of innovations (e.g., sequentially of in an
uncoordinated manner) might influence the optimality of resulting fi-
nancial structure.22 If decentralizability fails to hold, it suggests that
there are costs from having decentralized exchanges or intermediaries
that introduce innovations independently or in an uncoordinated fash-
ion. The efficiency gains (from the standpoint of financial optimality)
that result from a harmonization of the innovation process thus might be
significant for market structures that lack decentralizability. Such gains
in fact are a lower bound, since decentralizability is a relatively weak
requirement for optimality of innovation process: it requires only that
each innovation introduced into financial markets be optimal given the
existing financial market structure.23

21. Since F is optimal, obviously, mF � mF̂ .
22. The issue of the optimal order of financial innovation has been largely overlooked in

the literature. A notable exception is Dow (1998), who considers the opening up of a new
market where trading occurs only as a way of hedging by arbitrageurs exploiting private
information in another existing market (that is correlated with the new market). The new
market thus may give rise to greater informed trading in the existing market, reducing the
existing market’s liquidity and potentially reducing the average welfare of the economy. In
contrast, he shows that, in the reverse sequence of market introductions, each sequential
market introduction improves welfare. See also Cuny (1993).
23. In general, allowing for assets with correlated payoffs and innovations to maximize

trading volume (as in Duffie and Jackson 1989) or intermediation profits (as in Pesendorfer
1995), rather than an optimality criterion, in fact might introduce other inefficiencies in the
design of assets.
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When financial innovations are restricted to the introduction of new
assets, decentralizability requires that the optimal financial structure can
be obtained equivalently by introducing a first financial asset x1 that
maximizes

X
h 2H1

X
h0 2H1

1

H1

bh1 � bh
0

1

� �2
;

a second asset whose payoff is orthogonal to x1, and maximizes

X
h 2H2

X
h0 2H2

1

H2

ðbh2 � bh
0

2 Þ
2;

and so on sequentially until the J th asset. Similarly, for the case of
market integration in a given asset, decentralizability requires that a
sequential strategy of adding an optimal agent, given the existing
participation in the asset, gives rise to the overall optimal composition
of traders in that asset.
We examine the decentralizability of the optimal financial-market

structures for three sets of economies. First, we study economies for
which the number of assets is fixed, there is unrestricted participation
in all assets, and innovations consist of designing the payoffs of the
assets. Second, we examine economies in which the asset structure (the
number of assets and the payoffs of assets) is fixed, and innovations
consist of relaxing participation constraints. Finally, we consider econ-
omies in which the number of assets is fixed, participation in assets is
restricted but fixed, and innovations consist of designing the payoffs of
the assets.
Consider first an economy in which the optimal financial structure

consists of J assets with no restriction in participation. The following
is a simple implication of the principal-components characterization
(proposition 1).
Proposition 6. The financial structure Fwhich is optimal in the class

of financial structures with J assets and with no restricted participation
in any asset, Hj � H for all j2J , is decentralizable.
The optimal financial asset structure defined by the principal-component

characterization has the property that the nth asset is chosen so that the
asset’s payoff equals the eigenvector corresponding to the nth largest
eigenvalue of the matrix M defined in proposition 1. The nth asset in a
sequence of financial innovations is equivalently chosen.
We next examine the decentralizability of the optimal financial asset

structure of an economy in which the payoff of each tradable asset is
exogenously determined and the number of agents allowed to trade each
particular asset is limited.
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Proposition 7. The financial structure F, which is optimal in the
class of financial structures with J assets that have exogenously given
payoffs and with asset j being traded by no more than n< H agents, is
decentralizable.
The result can be extended to the case in which the payoffs of fi-

nancial assets are exogenous and the restriction on the participation in
financial market j depends on j itself, that is, in which no more than Hj

agents are allowed to trade asset j, with Hj < H but Hj not necessarily
equal to Hj0 if j 6¼ j0. This is not the case, however, when we consider
financial structures with limited participation but assets whose payoffs
are endogenous or optimally designed.
The next proposition shows that, if the restricted market participation

structure is different across different assets but nevertheless overlapping
for some of the assets, then the sequential introduction of financial
assets can produce a financial-market structure that is not optimal
among all structures with the same number of financial assets and the
given market participation structure. In other words, the order of in-
novation of financial assets can affect aggregate welfare.
Proposition 8. The financial structure F, which is optimal in the

class of financial structures with J assets and given restricted par-
ticipation structure H j, with H j �H for some j, is not necessarily
decentralizable.
Proof. We prove the proposition by introducing an example econ-

omy in which the optimal financial structure, in fact, can strictly dom-
inate the financial structure that results from the sequential introduction
of optimal innovations.
Consider an economy with H = 3; that is, H ¼ f0; 1; 2g. Also the

dimension of endowment space is N = 3. The agents’ endowments are
given by

Y0 ¼
1

2

3

2
64

3
75; Y1 ¼

1

1

1

2
64

3
75; Y2 ¼

2

3

1

2
64

3
75:

Consider J = 2 financial assets with an exogenously given restricted
market participation structure of H1 ¼f0; 1g and H2 ¼f1; 2g.24 The

24. Note that the matrix M in the principal components characterization (proposition 1) is

M ¼ 1
3

2 �1 �2

�1 6 4

�2 4 8

2
64

3
75;
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solution to the optimization problem for the overall financial structure
yields the optimal assets as

x1 ¼
0:10

�0:28

�0:96

2
64

3
75; x2 ¼

0:48

0:86

�0:20

2
64

3
75:

The corresponding betas of the participating agents are b01 ¼ �3:32;
b11 ¼ �1:13; and b12 ¼ 1:14; b22 ¼ 3:33. The welfare measure for this
structure is

ln ðmFÞ ¼ k1 þ k2 G
X2
j¼1

X
h 2H j

X
h0 2H j

1

2
ðbhj � bh

0

j Þ
2

¼ k1 þ k2 G
1

2
ð4:791þ 4:791Þ ¼ k1 þ k2 G4:791;

where k1 and k2 are positive constants irrelevant to the analysis.
On the other hand, for the case of sequentially optimal asset intro-

duction, solutions to the optimization problems are given as

x1 ¼
0:00

�0:45

�0:89

2
64

3
75; x2 ¼

0:49

0:78

�0:39

2
64

3
75:

The corresponding betas of the participating agents are given as b01 ¼
�3:58; b11 ¼ �1:34; and b12 ¼ 0:88; b22 ¼ 2:93. Thus, the welfare mea-
sure can be computed as

ln ðmFÞ ¼ k1 þ k2 G
X2
j¼1

X
h 2H j

X
h0 2H j

1

2
bhj � bh

0

j

� �2

¼ k1 þ k2 G
1

2
ð5:000þ 4:1999Þ ¼ k1 þ k2 G 4:599:

whose eigenvalues are l1=11.62, l2=3.00, and l3=1.38, with the corresponding eigenvectors:

x1 ¼
�0:27

�0:80

0:53

2
64

3
75; x2 ¼

0:22

�0:59

�0:78

2
64

3
75; x3 ¼

�0:94

0:09

�0:34

2
64

3
75:

Thus, in the absence of any restricted market participation, for J = 1, the optimal financial
structure is (x1), and for J = 2, the overall optimal financial structure is (x1, x2).
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Note that the welfare measure is smaller than that with overall optimal
structure (k1 and k2 are the same for a given economy). Q.E.D.
This example illustrates that a sequentially optimal structure might

not do as well in welfare terms as would an overall optimal structure in
the presence of restricted market participation, due to a lack of coor-
dination in the innovation process.
To motivate the example, consider two exchanges in two economies.

Each economy has its set of local retail agents who participate only in
markets of local exchanges. These agents are numbered 0 and 2, re-
spectively, in the example. Across the two economies, there are finan-
cial institutions that participate in all exchanges. These agents bear the
number 1 in the example. The exchanges in the two economies innovate
sequentially, taking into account that the participation in the market
introduced by an exchange consists only of the financial institutions
(agent 1) and the respective retail investors (agent 0 or agent 2). The
example thus maps into a natural market participation structure, where
due to transaction costs or geographical and technological distance,
retail investors display a home bias.
The intuition behind the lack of decentralizability in the example can

be understood as follows. Notice that the first sequential asset produces
a welfare change greater than each of the two assets under the overall
optimal structure. However, the first sequential asset, that is, effectively
the first innovating exchange, does not take into account the restricted
market participation of the second asset (which is different from that of
the first asset). As a result, the second sequential optimal asset intro-
duced by the other innovating exchange is inferior in welfare terms to
both of the overall optimal assets. In fact, it is sufficiently inferior that
the sequential structure is strictly dominated by the overall structure.
Furthermore, the construction in the example is robust. A careful

inspection of the endowments of different agents and the market par-
ticipation structures reveals the following. From an overall efficiency
standpoint, the goal of the first financial asset should be to produce risk
sharing between agent 0 and agent 1 and simultaneously produce a
posttrading risk profile for agent 1 that provides sufficient risk sharing
with agent 2. This would indirectly generate risk sharing between agent
0 and agent 2, even though they do not participate in a common asset
market. However, from a sequential efficiency standpoint, the goal of
the first asset is to simply produce maximal risk sharing between agent 0
and agent 1.
In the example, agent 0 and agent 1 do not need to share risk along the

first dimension of risk. Thus, the sequentially optimal asset x1 has no
loading on this dimension of risk. However, the overall optimal asset x1
does have a loading on this dimension to facilitate risk sharing between
agent 0 and agent 2, indirectly through trading of asset x2 between agent
1 and agent 2. Thus, if introducing sequentially optimal assets restricts
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risk sharing between a set of participating agents and another set of
agents who cannot trade directly with the first set, then the sequentially
optimal design is likely to produce a less-than-optimal overall financial
structure. The intuition being adequately compelling, we do not delve
into a more rigorous analysis of precise financial structures where de-
centralizability fails to hold.25

We showed in propositions 6 and 7 that optimal financial structures
are decentralizable whenever the financial innovation consists of either
the introduction of new assets in an economy without restricted par-
ticipation constraints or the relaxation of restricted participation con-
straints for an existing asset. In contrast, proposition 8 shows that
optimal financial structures are not decentralizable when the innovation
consists of the introduction of new assets into economies with given
restricted participation: the introduction of new assets and the integra-
tion of segmented markets interact such that even the weak notion of
optimality of financial intermediation, guaranteed by decentralizability,
is not satisfied. If the nature of participation restriction varies across
markets for different financial assets, but if these markets are not
completely distinct in terms of participating agents, then the optimal
innovation of financial assets requires coordination among innovating
intermediaries. In this case, the order in which financial assets are in-
troduced could affect welfare. We conjecture that decentralizability also
fails to hold for financial structures that are optimal when the number of
tradable assets and the number of agents allowed to trade each asset are
fixed, but the asset payoffs and the agents allowed to trade each asset are
optimally designed.26

Our analysis suggests that the coordination of the financial-innovation
process, for instance, in the form of consolidation of exchanges, should
favor the production of socially desirable financial innovations. Con-
versely, lack of coordination should render financial innovations less

25. It is important to note that, in our model, each sequential asset is restricted to be
orthogonal to the set of existing assets. This is for the sake of tractability in our CARA-normal
setup. The assumption, however, is not very far from the observed practice. Silber (1981) and
Black (1986) document empirically that futures contract innovations from 1960 and 1980 have
succeeded at exchanges (measured using the induced trading volumes) primarily when these
have been new contracts, that is, when they provide risk sharing along dimensions of risk that
are residual given the existing contracts. Attempts of exchanges to compete with existing
contracts on other exchanges have usually failed. Tufano (1989) also documents such a first-
mover advantage in the financial innovations undertaken by investment banks over the period
1974–86. Cuny (1993) demonstrates theoretically that, in a sequential innovation process,
each successive contract, in fact, is orthogonal to all the existing ones whenever there is a fixed
cost to exchanges (traders) for innovation (participation).
26. The result on the lack of decentralizability has implications for the recent evolutionary

approach to financial innovations (see, e.g., Bettzuge and Hens 2000). In this literature, fi-
nancial innovations are introduced sequentially, and their survival depends on the extent of
market participation (trade volume). Our results suggest that, if the innovation process stops
before the completion of markets (say, due to trade frictions), then the evolutionary process
might fail to reach an optimal financial-market structure.
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efficient, possibly even inducing financial institutions to bypass socially
desirable innovations. While the optimality of innovations, or the lack
thereof, is difficult to identify directly in the real world, we present
indirect, anecdotal evidence supporting these implications of our anal-
ysis. In particular, we discuss instances where financial innovations are
induced by cross-border mergers between exchanges and instances where
financial institutions operating in segmentedmarkets are unable to innovate
integrated financial products that would provide insurance against different
financial risks.
Consolidation among exchanges. With the formation of the EMU,

financial institutions and large international banks started participat-
ing in all markets of member nations. However, a large number of the
retail household investors have access only to their domestic markets,
giving rise to market segmentation or restricted participation in many
financial markets. The consolidation of exchanges in Europe to create
a pan-European stock exchange, as documented in McAndrews and
Stefanadis (2002), therefore might have desirable consequences in terms
of the efficiency ofinduced innovations. The presence of a similar market
segmentation between the financial markets of the United States and
Europe points toward likely efficiency gains from the collaboration be-
tween exchanges in the United States and Europe, such as the one be-
tween Chicago Board of Trade (CBOT) and Euronext-Liffe.
To illustrate the important role of coordinating innovations when

markets are segmented, consider in some detail the collaboration of
CBOTand Euronext-Liffe. At the beginning of 2003, CBOTannounced
a tie-up with Euronext-Liffe to share trading platforms and capitalize
on synergies in financial innovation, especially in swap products. The
Chicago Board of Trade specializes in 10-year U.S. Treasury bond fu-
tures, whereas the main interest rate futures product of Euronext-Liffe
is the 3-month Euribor contract. That is, CBOT has the ‘‘long end’’ of
the dollar yield curve and Euronext-Liffe has the ‘‘short end’’ of the
euro yield curve. There has been a growing demand from investors on
both sides of the Atlantic to be able to trade derivatives denominated in
both U.S. and European currencies and at both ends of the correspond-
ing yield curves. As part of the merger talks, CBOT and Euronext-Liffe
have focused on development of the short-term dollar-denominated
swap futures, a product that is to be made available mutually, that is, for
participants trading in each exchange. The contract would meet the
residual demand of investors for dollar swap futures on short-dated
interest rates. Since the clientele for short-dated interest rate derivatives
is currently with Euronext-Liffe but any dollar-denominated clearing is
easier for CBOT to ‘‘net’’ and manage, the proposed product is attrac-
tive to the collaborating exchanges but not as much to the stand-alone
exchanges. While the integration of technologies has also motivated the
collaboration, both exchanges also cite ‘‘exploiting possible synergies
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in product development’’ as a driving factor.27 It is difficult to disen-
tangle from the proposed synergies the exact role played by the inte-
gration of segmented markets. The example is nevertheless suggestive
of gains from coordination in innovations when exchanges merge.
Absence of integrated insurance products. Talks with industry

practitioners reveal a relative dearth in the financial markets of products
that enable risk-sharing along different dimensions of risk in an inte-
grated or a compound manner. Examples of such products are (1) loans
where interest rates are tied to commodity prices and (2) compound
insurance products, for example, a protective instrument whereby po-
litical risk and foreign exchange risk in project finance loans can be
simultaneously hedged. The lack of innovation in such products at least
partially derives from segmentation in the markets for provision of
insurance against individual financial risks. A variety of types of in-
surance provided by different financial intermediaries results in a partial
segmentation of their clienteles. In turn, this yields an incomplete in-
ternalization of benefits from the design of integrated products.
To illustrate the economic desirability of such products, we consider

the following example. Over the past few years, Ashanti Goldfields
(Ghana) has faced stringent margin requirements on the gold-price
hedging programs implemented using gold forwards and futures.
Ashanti’s project finance providers required the firm to hedge its market
risk to gold-price fluctuations. Ashanti responded by undertaking short
positions in exchange-traded commodity futures and over-the-counter
commodity forwards. The possibility of a spike in the gold price left
Ashanti vulnerable to significant margin calls (on futures as well as
forwards, as discussed later). Indeed, the sudden rise in the gold price in
late September and early October 1999 forced Ashanti to post in excess
of USD280 million in cash as margin requirements. The interest rate
burden on project-finance loans, however, remained unaffected by these
gold price fluctuations, putting a severe strain on the balance sheet of
Ashanti.
When gold prices rise, Ashanti’s underlying economic position is

positive, as it is a supplier of gold. However, the entire value of its
economic position may not be realizable in cash. Thus, hedging in this
scenario can lead to ex-post regret if the size of margin calls exceeds
the available increase in liquidity. A more attractive borrowing-cum-
hedging vehicle for Ashanti would be an ‘‘indexed’’ project finance
loan, whereby the amount of repayment increases in the price of
gold. However, one does not usually see such products offered in the
markets. Why? Large banks constitute the primary intermediaries in the
project-finance market and corporations in emerging markets constitute

27. See ‘‘Capital Markets: CBOT, Euronext discuss link up,’’ Financial Times (January
28, 2003).
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their clientele, with a subset comprising those corporations that are com-
modity suppliers. Similarly, futures contracts are traded on organized
exchanges such as the New York Mercantile Exchange (NYMEX), the
clientele of which reaches far beyond the set of commodity suppliers.
Thus, innovation of the proposed indexed loan alone would fail to sat-
isfy either the banks or the commodity exchanges.
In principle, one might argue that banks could write such indexed

loans and then hedge the market risk in secondary markets. But, in case
of Ashanti, an additional complication in the contract arises from po-
litical risk (and its possible correlation with gold-price risk). This brings
us to another compound product that would be attractive in the context
of Ashanti but is not witnessed. Typical forward contracts do not require
daily marked-to-market margin requirements from counterparties, although
Ashanti’s hedge counterparties did require such margins before 2000.
The rationale is this: the Ghana government had a ‘‘golden share’’ (veto
rights) in Ashanti’s management structure, and the margin requirements
were a partial protection against this political risk.28 An ideal product
here would be a forward contract with embedded political-risk insurance.
But the hedge counterparties that supply forward contracts and the typ-
ical providers of political-risk insurance are typically different institu-
tions, reducing the individual institutional attraction of innovating such a
product. From Ashanti’s standpoint, the substitution of political-risk
insurance by margin requirements in fact resulted in an inferior hedging
product.
Although these specific products do not necessarily map precisely

into the risk-sharing innovations we examine in our paper, the reason
these products are not introduced corresponds well to the motive we
identified for the potential suboptimality of decentralized innovations.
We believe coordination between intermediaries and exchanges that
provide products on individual financial risks would lead to efficient
investments in the innovation of products that integrate these risks.
This, in turn, would lead to better risk sharing between intermediaries
and financial corporations. Consistent with this view, many experts in
futures markets stress the need and the benefits of consolidation of
futures exchanges and over-the counter (OTC) intermediaries to create
integrated markets (Melamed 2002).29 The recent consolidation of

28. Ashanti claims it had a crisis only because it was required to show more margin on its
contracts than other, often smaller mining companies headquartered in the United States,
United Kingdom, Canada, South Africa, and Australia. It blames the unequal treatment on
being a Ghana-based concern, with the Ghanaian government as a key shareholder. ‘‘Many,
such smaller companies were not required to put up anything,’’ said one adviser of Ashanti
Goldfields (based on ‘‘The golden share – Should it go or stay?’’ by Dr. O. A. Kwapong,
Ashanti—Company News Archive and research articles from CIBC World Markets).
29. Leo Melamed, chairman emeritus and senior policy advisor to the Chicago Mercantile

Exchange, observes that ‘‘[T]he days of narrow-based niche market capabilities are limited.
Strategies pertaining to equity, debt, indexing, foreign exchange, futures, forwards, options,
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national exchanges and the derivatives exchanges in practically all of
Europe (Cappon 1998) and the CBOT-Prebon and Cantor-Fitzgerald-
New York Board of Trade alliances promise to deliver the integration
of cash markets, OTC derivatives, repo markets, and exchange-traded
futures and options.30

VII. Conclusions

The theoretical results of this paper provide two important normative
prescriptions: (1) financial innovations that generate a higher level of
risk-sharing, as characterized by dispersion across agents of betas
(covariances of their endowments with traded financial assets), are more
desirable than others from an overall welfare standpoint; and (2) some
form of harmonization or coordination of the innovation process of
decentralized financial intermediaries is desirable when asset markets in
the integrating economies are segmented with different but overlapping
sets of participating agents.
While this paper analyzes the optimality of financial structures only

for economies that permit lump-sum transfers across agents, many in-
teresting issues surround the individual welfare effects of financial
innovations. These pertain to circumstances when lump-sum transfers
cannot be implemented, and in fact, the welfare effect of financial
innovations can be negative on a subset of the agents. In particular, the
relative price effects of innovation are exhibited in a lower demand for
precautionary savings and hence for the risk-free asset. The risk-free
rate of interest in the economy consequently increases, and the agents,
who need to borrow in equilibrium and benefit little from risk-sharing
provided by financial innovation, are relatively hurt. Unfortunately,
only few clear implications of optimal financial innovations for indi-
vidual welfare can be derived analytically (see Willen 1999).
We repeatedly noted that our analysis of financial market integration

has different, in fact, opposite, welfare implications from those derived
in the theory of optimal currency areas, which stresses monetary policy

swaps, and cash, are all interdependent and interchangeable. The futures exchange of to-
morrow must be able to provide comprehensive risk management in every sense of the word.
. . . There is little doubt that the ongoing trend of blurring distinctions between the instruments
of futures and securities is continuing . The recent Joint Venture between the ChicagoMercantile
Exchange (CME), Chicago Board of Trade (CBOT) and Chicago Board of Options Exchange
(CBOE) is a giant step in that direction.’’
30. Andre Cappon, the president of the CBM Group Inc., a management consulting firm

that specializes in financial services, notes that ‘‘A ‘hybrid model’ of interdealer broker-cum-
exchange can provide a highly flexible market model which can accommodate a broad variety
of investors, large and small, professional or individual . . . Interdealer brokers are typically
active in the cash market, OTC derivatives and financing markets, i .e., repo for fixed income
instruments. When ‘married’ to a derivatives exchange, the possibility of integrating cash,
OTC derivatives and financing with futures and options becomes compelling’’ (Cappon 1997).
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integration. Since money is absent from our model, our opposing results
strongly suggest the importance of a joint analysis of the welfare ben-
efits of financial and trade integration, on the one hand, and a coordi-
nated monetary policy, on the other. Developing a dynamic model of
financial integration with multiple consumption goods and money ap-
pears a fruitful goal. This would enable the empirical application of
the present analysis. Further, such a model would spur the study of the
welfare benefits of currency unions and optimal currency areas when the
integration process also involves financial markets and international com-
merce. The recent work of Sutherland (2003), which introduces financial
risk sharing in the monetary policy integration model of Obstfeld and
Rogoff (2002), constitutes an important first step in this direction.

Appendix A

Competitive Equilibrium (Willen 1997)

The competitive equilibrium of the 2-period CAPM economy, defined by equa-
tions (1)–(7), is characterized by prices of assets (pj) portfolio choices (uhj ), and
consumption allocations (cht ), given here. Note that j =0 denotes the risk-free asset:

p0 ¼ exp

(
Að y0 � Ey1Þ þ A2

2H

X
h 2 H

"
ð1� R2

hÞvarð yh1Þþ
X
j 2 Jh

varðbjxjÞ
#)

ð17Þ

where

R2
h :¼

Sj 2 J hðbhj Þ
2
varðxjÞ

varð yh1Þ
ð18Þ

pj

p0

¼ EðxjÞ � Acov

 
1
Hj

X
h 2 Hj

yh1; xj

!
; j2J ð19Þ

uhj ¼ bj � bhj ; j2J h; and uhj ¼ 0; j2ðJ hÞc ð20Þ

uh0 ¼
1

1þ p0

yh0 � Eð yh1Þ �
X
j 2 J h
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h
j þ

A

2
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1

A
ln ðp0Þ

2
4

3
5 ð21Þ

chj ¼ yh1 �
X
j 2 J h

bhj xj þ
X
j 2 J h

bjxj þ uh0 ð22Þ
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X
j 2 J h

ðbhj Þ
2 þ

X
j 2 J h

b2j : ð23Þ

2423Market Integration and Security Design

This content downloaded from 
������������216.165.95.169 on Tue, 28 Jan 2020 17:35:09 UTC������������� 

All use subject to https://about.jstor.org/terms



Consumption allocations ch0 can be solved by using (17)–(22) and the budget
constraint (3):

ch0 ¼ � 1

A
ln

1

p0

þ Eð yh1Þ þ uh0 �
A

2
varðch1Þ: ð24Þ

Appendix B

Proof of Lemma 1

From Willen (1997),

mF ¼ � 1

A
ln

1þ p0

1þ pa
0

¼ � 1

A
ln

1

pa
0

þ p0

pa
0

1þ 1

pa
0

;

where for simplicity, we denote pF
0 as simply p0. Thus, aggregate welfare is

maximized when the ratio, p0=pa
0 ; is minimized. However,

pa
0 ¼ exp Að y0 � Ey1Þ þ

A2
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X
h 2 H

varð yh1Þ
( )

; and

p0 ¼ exp Að y0 � Ey1Þ þ
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hvarð yh1Þ ¼ Sj 2 Jhðbhj Þ
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which, in turn, can be written as

p0

pa
0

¼ exp
A2

2H

X
j 2 J

X
h 2 Hj

b2j � ðbhj Þ
2

h i
varðxjÞ

8<
:
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;: ð25Þ

Then, using bj ¼ 1=HjSh 2 Hj
bhj ; we get

X
h 2 Hj
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2

h i
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and, hence, given varðxjÞ ¼ 1; we have the result

p0

pa
0

¼ exp
A2

2H

X
j 2 J

X
h 2 Hj

X
h0 2Hj

� 1

Hj

bhj � bh
0

j

� �28<
:

9=
;: ð26Þ

Q. E. D.

Proof of Proposition 1

We first derive another characterization of the optimality of financial structures in
terms of portfolio volumes.

Lemma 2 (PortfolioRepresentation). The compensating aggregate transfer mF
is maximal for the financial structure F whose equilibrium trading portfolios,
½uhj �

h 2H
j 2 J ; maximize

X
j 2 J

X
h 2H j

X
h0 2H j

1

Hj

ðuhj � uh
0

j Þ
2: ð27Þ

This is equivalent to maximizing

X
j 2 J

X
h 2H j

1

Hj

ðuhj Þ
2: ð28Þ

Proof. Equation (27) follows from lemma 1, equation (26), and uj
h ¼ bj � bhj ;

for j2J h
. The second representation is a result of the fact that Sh 2H j

uj
h ¼ 0.

Assume Hj ¼ H ; for any j2J . In an abuse of notation, we use mF to represent
the measure of beta dispersion that maximizes the compensating aggregate transfer
as defined in note 10 and specified in equation (13) (see the beta representation of
lemma 1). This, of course, is innocuous as far as the following proof is concerned.
From lemma 2, using uhj ¼ bj � bhj ;

mF 0 � mF ¼
X
j 2 J

X
h 2 Hj

X
h0 2 Hj

1

Hj

ðbhj � bh
0

j Þ
2:

But, using the assumption Hj ¼ H ;

mF 0 � mF ¼
X
h 2 H

X
j 2 J

ðbhj � bh
0

j Þ
2 ¼

X
h 2H

X
j 2 J

½covð yh1; xjÞ � covð y1; xjÞ�2:

Let yh1 ¼ Yhv; and Y ¼ 1=HSj 2 J Y
h; that is, y1 ¼ Yv. Since assets’ payoffs are

normally distributed (assumption 3), we can write x = R0vþ " with covð"; vÞ ¼
0. We first derive the result for " = 0, that is, assets’ payoffs are linear in the
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agents’ endowments; and we then show that such linearity actually must hold if the
asset structure is optimal:

Let R¼
R1

..

.

RJ

2
664

3
775; and let RT denote the transpose of R: Then;

mF 0 � mF ¼
X
h 2 H

X
j 2 J

covð yh1 � y1; xjÞ2 ¼
X
h 2H

X
j 2 J

covðYhv� Yv;RjvÞ2

¼
X
h 2 H

X
j 2 J

ðYh � Y ÞRT
j RjðYh � Y ÞT :

Since RjR
T
j0 ¼ 0; for any j 6¼ j0, and RjR

T
j ¼ 1; for all j, it follows that RRT is an

identity matrix. Then,

mF 0 � mF ¼
X
h 2 H

X
j 2 J

ðYh�Y ÞRT
j RjR

T
j RjðYh�Y ÞT

¼
X
h 2 H

ðYh�Y ÞRTRðYh�Y ÞT :

The rest of the proof for the case x = R0v follows proposition 2.3 of Demange and
Laroque (1995, p. 226). The payoff of assets, however, generally takes the form x ¼
R0vþ ". It remains to be shown that " = 0 is required by optimality. If x ¼ R0vþ ";
bh ¼ ½covðR0vþ "; Yh0vÞ=varðxÞ� ¼ R0Yh=ðR0Rþ "2Þ (since var(v) =1). Since the
welfare criterion, (15), is homogeneous of degree 2 in betas, the optimal asset
structure has " = 0. Q.E.D.

Proposition 2 is implied by lemma 3, and is stated and proved in proposition 7
later.

Proof of Proposition 3

From mF ¼�1=A ln ½ð1þ p0Þ=ð1þ pa
0 Þ�;

mF 0 � mF ¼ � 1

A
ln
1þ p0

0

1þ p0

¼ � 1

A
ln

1

p0

þ p0
0

p0

1þ 1

p0

:

Thus, as in lemma 1, aggregate welfare is maximized when the ratio, p
0
0=p0; is

minimized. We fix Hj, for any j2 J. Then, from lemma 1,

p0
0

p
¼ exp

A2

2H

X
j 2 J

X
h 2 Hj

X
h0 2 Hj

� 1

Hj

bhj � bh
0

j

� �28<
:

9=
;:

It follows that mF 0 > mF if the innovation consists of introducing an asset j0 62 J ,
such that there exist h; h0 2Hj0 for which bhj0 6¼ bh

0

j0 .
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To study the case of market integration, suppose that there exist j; j0 2 J such that
xj ¼ xj0 and Hj [ Hj0 ¼ �; and consider a new economy in which Hj

0 ¼ H 0
j0 ¼

Hj [ Hj0. Then,

p0
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>:
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>;:

Using (25),
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But, since b
0

j ¼ ðHjbj þ Hj0bj0 Þ=ðHj þ Hj0 Þ; we have

p0
0

p
¼ exp

A2

2H
G

�HjHj0

ðHj þ Hj0 Þ
ðbj � bj0 Þ2

	 

: ð29Þ

It follows that, if the innovation consists of integrating assets j and j0, then mF 0 > mF
if bj 6¼ bj0 . The necessary condition for bj 6¼ bj0 is that there exist h2Hj and h

0 2Hj0

such that bhj0 6¼ bh
0

j0 (but b
h0

j0 ¼ bh
0

j , since xj ¼ xj0 ). Q.E.D.

Proposition 4 and proposition 5 follow directly from proposition 3; proposition 6
follows immediately from proposition 1.

Proof of Proposition 7

In the notation that follows, the index referring to an arbitrary security j is dropped
for simplicity.

Let H denote the number of agents in the population. Let n denote the maximum
number of agents allowed to trade an arbitrary security. We study the optimal choice
of the n agents. Clearly, the only interesting case to consider is when 2 � n < H.
Also, we restrict ourselves to the case in which agents’ betas (for the arbitrary asset)
are distinct. (The proof can be extended to account for identical betas with only
notational complications.) This allows us to order agents, without loss of generality,
so that

bH > � � � > bh > � � � > b1:

Two definitions of optimality are compared, which we call optimality and se-

quential optimality in the following. Let On �H denote the optimal set of agents,
while Sn �H denotes the sequential optimal set of agents (both sets have cardi-
nality n by construction).
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In particular, if Hn denotes any arbitrary n-dimensional subset of H and

b̄n: ¼ 1
n

X
h 2 Hn

bh;

On: ¼ arg maxHn

X
h 2Hn

ðbhÞ2 � nðb̄nÞ2:

Also, Sn is defined recursively as follows: Sn ¼ Sn�1 [ h0, where

h0:¼ arg maxh0 62Sn�1

X
h 2 Sn�1

ðbhÞ2 þ ðbh0 Þ2 � n
1

n

X
h 2 Sn�1

bhþ bh
0

 ! !2

;

and S2 :¼ O2: Note that, equivalently,

h0:¼ arg maxh0 62Sn�1

X
h 2 Sn�1

ðbh0 � bhÞ2: ð30Þ

Lemma 3. There exists an rno < n such that On consists of the first rno agents
and the last n� rno agents; that is, On ¼ f1; . . . ; rno ; H � ðn� rno Þ þ 1; . . . ;Hg.
Moreover, if we let b̄no ¼ 1=nSh 2 Onbh; then

br
n
o < b̄no < bH�ðn�r no Þþ1: ð31Þ

Proof. By contradiction. Suppose the statement does not hold. Pick a couple
s1; s2 2On such that bs1 � b̄no < bs2 . Then, one of the following holds:

Case 1. fbh j h2On; h � s1g are not the r smallest betas, for some r � s1.

Case 2. fbh j h2On; h > s2g are not the n � r largest betas, for some r � s1 (i.e.,
ðn� rÞ > s2Þ.

Case 3. Finally, both cases hold.

We now show that, in each of these cases, it is possible to pick an agent k and
substitute him with another agent k 0 and improve welfare.

The change in welfare due to the substitution of k with k0 can be calculated to be

n
X

h 2 On�fkg[fk 0g
ðbhÞ2 �

X
h 2 On�fkg[fk 0g

bh

0
@

1
A2

�n
X
h 2On

ðbhÞ2 þ
X
h 2 On

bh
 !2

;

which, in turn, after some algebra, can be written as

ðbk 0 � bkÞ ðn� 1Þðbk 0 � bkÞ þ 2nðbk � b̄nOÞ
h i

:

By construction, bs1 � b̄nO:
In case 1, taking k ¼ s1 and k

0 such that bk
0
< bs1 , we can improve welfare. Sim-

ilarly, in case 2, taking k ¼ s2 and k
0 such that bk

0
> bs2 , we can improve welfare. In

case 3, welfare can be improved as in case 1 (and also as in case 2).
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Moreover, (31) is implied by our construction. In fact, we picked s1; s2 such that
bs1 � b̄nO < bs2 , and we have just showed that s1 ¼ rno and s2 ¼ H � ðn� rno Þ þ 1.
Q.E.D.

Lemma 4. There exists an rns < n such that Sn consists of the first rns agents and
the last n� rns agents; that is, Sn ¼ f1; . . . ; rns ; H � ðn� rns Þ þ 1; . . . ;Hg. More-
over, if we let b̄ns ¼ 1=nSh 2 Snbh; then

br
n
s < b̄ns < bH�ðn�r ns Þþ1: ð32Þ

Proof. By induction. The case n = 2 is trivial. Assume the statement holds for
n � 1. Let

h̃:¼ arg maxh0 62Sn�1

X
h 2 Sn�1

ðbh0 � bhÞ2:

But note that Sh 2 Sn�1ðbh0 � bhÞ2 ¼ ðn� 1Þðbh0 � b̄n�1
s Þ2; and hence h̃ is either

rn�1
s þ 1 or H � ðn� rn�1

s Þ.
To prove (32), we first write

b̄ns ¼
1

n
ðn� 1Þb̄n�1

s þ bh̃
h i

ð33Þ

and consider three cases.

Case 1. bh̄ < b̄n�1
s . Then, by the induction hypothesis, bH�ðn�r n�1

s Þþ1> b̄n�1
s , hence,

using (33), b̄n�1
s > b̄ns > bh̄, which implies (32).

Case 2. bh̄> b̄n�1
s . Then, by the induction hypothesis, br

n�1
s < b̄n�1

s , hence, using (33),
b̄n�1
s < b̄ns < bh̄, which implies (32).

Case 3. bh̄ ¼ b̄n�1
s . This case can occur only if n = H, which is excluded. Q.E.D.

Let Wn
o :¼ Sh 2OnðbhÞ2 � nðb̄noÞ

2
, and Wn

s :¼Sh 2 SnðbhÞ2 � nðb̄ns Þ
2
.

Lemma 5. Wn
O ¼ Wn

S :

Proof. By induction. By definition, O2 ¼ S2. Assume the statement holds for
n � 1. Let On

�1 �On denote a possible (n � 1)-dimensional subset of On.

By the induction hypothesis,

X
h;h0 2 Sn�1

bh � bh
0

� �2
�

X
h;h0 2On

�1

bh � bh
0

� �2
; for all On

�1 �On: ð34Þ

Also, by the definition of Sn, either Sn ¼ Sn�1 [ frn�1
s þ 1g or Sn ¼ Sn�1 [

fH � ðn� rn�1
s Þg. We consider only the first case; the second is symmetric and left

to the reader: rns ¼ rn�1
s þ 1. Then again, by the definition of Sn and (30),

X
h 2 Sn�1

br
n
s � bh

� �2� X
h 2 Sn�1

bh
0 � bh

� �2
; for all h0 62 Sn�1: ð35Þ
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Let On :¼ On
�1 [ fĥg. We now write

Wn
s ¼

X
h;h0 2 Sn�1

bh � bh
0

� �2
þ
X

h 2 Sn�1

br
n
s � bh

� �2
; and ð36Þ

Wn
O ¼

X
h;h0 2 On

�1

bh � bh
0

� �2
þ
X

h 2 On
�1

bĥ � bh
� �2

: ð37Þ

But, by (34), the first term of (36) is greater than the first term of (37). We now
pick ĥ 2 On such that the second term of (36), also, is greater than the second
term of (37).

We can first simplifyX
h 2 Sn�1

br
n
s � bh

� �2� X
h 2On

�1

bĥ � bh
� �2

to

ðn� 1Þ bĥ � b̄n�1
s

� �2
� br

n
s � 1

n� 1

X
h 2 On

�1

bh

0
@

1
A

22
4

3
5:

Then, using (35),X
h 2 Sn�1

br
n
s � bĥ

� �2
�
X

h 2On
�1

bĥ � bh
� �2

� ðn� 1Þ bĥ � b̄n�1
s

� �2
� bĥ � 1

n� 1

X
h 2 On

�1

bh

0
@

1
A22

4
3
5; if ĥ 62 Sn�1:

Finally,

ðn� 1Þ bĥ � b̄n�1
s

� �2
� bĥ � 1

n� 1

X
h 2 On

�1

bh

0
@

1
A22

4
3
5

¼ ðn�1Þ 1

n�1

X
h 2 On

�1

bh� b̄n�1
s

0
@

1
A� 2bĥ� 1

n�1

X
h 2 On

�1

bh

0
@

1
A
2

� b̄n�1
s

2
4

3
5: ð38Þ

We are now ready to choose ĥ 62 Sn�1 so as to show that the quantity in equation (38)
is always positive. There are several cases:

Case 1. br
n
o ¼ br

n
s . In this case, trivially, On ¼ Sn.

Case 2. br
n
s < br

n
o � b̄n�1

s . In this case, we pick ĥ ¼ rno (note that rno 62 Sn�1Þ. Then,

br
n
o < b̄no <

1

n� 1
S

h 2On
�1

bh � b̄n�1
s ;

which directly implies that (38) > 0.
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Case 3. br
n
o < br

n
s . By the definition of Sn; then, br

n
o < br

n�1
s . In this case, we pick ĥ ¼

H � ðn� rno Þ þ 1.

We first show by contradiction that H � ðn� rno Þ þ 1 62 Sn�1. Suppose H�
ðn� rno Þ þ 12Sn�1. Then, rno < ĥ ¼ H � ðn� rno Þ þ 1 � rn�1

s . But then,
(34) and (35) imply that b̄no < bĥ < br

n
s < b̄ns , this is a contradiction, since in

such construction On contains some elements in common with Sn and all
other elements that are greater than the remaining elements in Sn. The
choice of ĥ ¼ H � ðn� rno Þ þ 1 implies that

bĥ > b̄no >
1

n� 1

X
h 2 On

�1

bh � b̄n�1
s ;

which in turn implies that (38) > 0.

Case 4. br
n
o > br

n�1
s . This case is not possible. Otherwise, by lemma 1, b̄no > br

n
o . But

rno � rns , hence, b̄
n
o > b̄ns , which is not possible, since in such construction

On contains some elements in common with Sn and all other elements that
are smaller than the remaining elements in Sn. Q.E.D.

Proposition 8 is proved in the text.
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