Sequencing and Scheduling: 45-865 – Spring 2000 
Agenda for Week 3:

· LEKIN Scheduling System

· Branch and Bound and Integer Programming

· Beam Search

Branch and Bound

· General purpose method to solve discrete optimization problems

· Takes exponential time in the worst-case 

· Useful to solve small instances of hard problems

· Can be applied to all scheduling problems

· Need to specify:

1. A lower bounding scheme 

2. Branching rule

3. Search rule (subproblem selection rule)

· Overview:

For a minimization problem, at a given branch and bound tree (b&b) node i:

1. Obtain a lower bound, lbi
2. (Optional) Obtain a candidate solution and an upper bound ubi
3. If (ubi  < GLOBAL UB) then set ubi  as the GLOBAL UB 

4. If (lbi  >= GLOBAL UB) then prune the node and go to 6.

5. Branch into subproblems (create child nodes)

6. Pick the next active subproblem. 

If none exist, stop. Else, go to 1. 

Example 1

Problem: Single machine, n jobs arriving at different times, preemptions not allowed, minimize maximum lateness (Lmax) 

· A b&b node corresponds to a partial schedule 

· At level k of the b&b tree, the first k jobs in the schedule have been fixed

· Branching

Create a child node of a node at level k-1 by fixing each remaining job at kth position EXCEPT:

If a job c satisfies 
[image: image88.bmp], 

do not create a child for that job 

· Lower bounding:

Schedule remaining jobs according to the preemptive EDD rule:

Every time the machine is freed or a new job is released,

pick the uncompleted job with minimum due date

Numeric Example:

	Jobs
	1
	2
	3
	4

	pj
	4
	2
	6
	5

	dj
	8
	12
	11
	10

	rj
	0
	1
	3
	5
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Lower bound at node (1,-) is obtained by applying preemptive EDD to jobs 2, 3 and 4 with starting time 4

At t=4, 
available jobs: 2, 3,

pick  3

At t=5, 
available jobs: 2, 3,4

pick  4

At t=10, 
available jobs: 2, 3,

pick  3

At t=15, 
available jobs: 2, 

pick  2


L1 = -4,  L2 = 5,  L3 = 4,  L4 = 0,  
Lmax = 5 

Exercise: Calculate the lower bound at node (2,-)

Preemptive EDD at node (1,3,-) gives a non-preemptive schedule 1, 3, 4, 2 with Lmax = 5 and it is an optimal solution to the problem 

Example 2

Problem: Single machine, minimize total weighted tardiness 

· Schedules are constructed starting from the end (backwards)

· At level k of the b&b tree, the last k jobs in the schedule have been fixed, n-k jobs remain

· Branching: Create a child node of a node at level k-1 by fixing each remaining job at kth position from the end 

· Lower bounding:

· Relax the problem by allowing to split the processing of a job to different time intervals 

· Decompose each job j into pj jobs of unit processing time

· Define xjk = 1, if one unit of job j is processed in time interval [k-1, k]     and 0 otherwise

· Constraints:
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· Define cost coefficients cjk 
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· Then, 
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· This is a “transportation problem” and can be solved in polynomial time to obtain a lower bound

Some of the partial solutions can be eliminated based on this observation:

If for two jobs j and k,  
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 then there exists an optimal solution in which j appears before k

Numeric Example:

	Jobs
	1
	2
	3
	4

	wj
	4
	5
	3
	5

	pj
	12
	8
	15
	9

	dj
	16
	26
	25
	27


Compare jobs 2 and 4: 
2 must come before 4
Compare jobs 1 and 3: 
1 must come before 3
Only jobs 3 and 4 can be last










Calculation of the lower bound at node (-,4) :

· Solve a transportation problem with jobs 1, 2, 3 and costs below
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Solution of the transportation problem:




LB = 3*9 + w4T4 = 27 + 85 = 112

· After the exploration of all active b&b nodes, it can be verified that  

     1, 2, 3, 4 is the best overall schedule

Integer Programming Formulations

· A linear program (LP): 

linear objective and constraints, 

continuous variables, infinite solution space

Min 
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 are variables
· An integer program (IP): LP with integer variables

· A mixed integer program (MIP): LP with a subset of variables integer

· An LP can be solved in polynomial time, no polynomial time algorithm is known for IP and MIP

· Branch and bound is a basic method to solve IPs and MIPs

Example 

Problem: Single machine, jobs have precedence constraints, minimize total weighted completion time  (NP-hard)

· Define xjk = 1, if job j precedes job k in the sequence

       xjk = 0, otherwise

· Then,
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· Objective function:
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Precedence constraints:


Aj : Set of jobs that must precede job j

Add  
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Numeric Example:

	Jobs
	1
	2
	3
	4

	wj
	1
	3
	2
	1

	pj
	6
	8
	12
	9


Precedence Relations:





A1 and A2 are empty, A3={1,2}  A4={2}
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We can simplify the formulation as follows:

· If 
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Eliminate 
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The LP relaxation of this IP has an integral solution:
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 with objective value 26+99=125

This solution is optimal to the original IP.

Sequence 2-1-3-4 minimizes total weighted completion time




Beam Search

· Adaptation of  branch and bound – a subset of nodes are evaluated

· At any level, 

· only the promising nodes are kept for further branching

· the remaining nodes are pruned off permanently

· Since a large part of  the tree is pruned off

· running time is polynomial in input size

· It is a heuristic method

· At a level, only the best ( promising nodes are kept

· Which nodes to keep?

1. Estimate the potential of each node roughly

2. Select ( nodes for further evaluation

3. Estimate the potential of the ( nodes more accurately

4. Select  ( nodes to keep

· Search parameters

· Beam width: (
· Filter width: (
· Computation time and quality of solutions depend on (,  ( and the node potential estimations
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Filter width = 3





Beam width = 2 
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