Sequencing and Scheduling: 45-865 – Spring 2000 
Agenda for Week 6:

Job Shop Scheduling: 

· Disjunctive programming 
· minimizing makespan 
·  Shifting bottleneck heuristic 

· minimizing makespan 
· minimizing total weighted tardiness
Job Shop Scheduling Problems

· n jobs, m machines

· Each job follows a predetermined route 

(a sequence of machines)






Which one of these is not an example of a job shop environment? 

a) Machining a metal casting for a customized order

b) Emergency room care

c) Making customized furniture

d) Painting and polishing of cars at a Toyota plant

Characteristics of a job shop environment

· Customization is high, make-to-order, each new order is a job

· Volume for a product or service is low

· Equipment and workforce are flexible  to handle various tasks

Problem:

· Operation (i,j) : Processing of job j on machine i 

· Processing time pij
· Assume  that jobs do not recirculate
· Minimize Cmax
Example 1: 3 jobs, 4 machines
	Jobs
	Machine Sequence
	Processing Times

	1
	1,2,3
	p11=10, p21=8, p31=4

	2
	2,1,4,3
	p22=8, p12=3, p42=5, p32=6

	3
	1,2,4
	p13=4, p23=7,  p43=3


IP Formulation:

Variables:

tij = start time of job j on machine i,      for i = 1,2,3 and j =1,2,3  

xijk =   1, if  job j precedes job k on machine i, 

  0, otherwise      




for i = 1,2,3,4 

      j =1,2,3 and  j < k

Min Cmax

s.t
Cmax  ( t31 + p31

Cmax  ( t32 + p32


Cmax  ( t33 + p43

t21 ( t11 + p11 

t31 ( t21 + p21

t12 ( t22 + p22

t42 ( t12 + p12


t32 ( t42 + p42

t23 ( t13 + p13 

t43  ( t23 + p23
ti1 + pi1  (  ti2 + M(1-xi12)

for i=1,2,3,4


ti2 + pi2  (  ti1 + M xi12



ti1 + pi1  ( ti3 + M(1-xi13)


ti3 + pi3  (  ti1 + M xi13



ti2 + pi2  (  ti3 + M(1-xi23)


ti3 + pi3  ( ti2 + M xi23



tij  ( 0, 

for i=1,2,3,4 and j=1,2,3

xijk ( {0,1} 
for i = 1,2,3,4 
j =1,2,3 and  j < k
Note: If the objective is to minimize total completion time, then 

the objective function will be 

Disjunctive Graph Representation:

· Directed graph G, nodes N, arc sets A and B, G=(N,A,B)

· There exists a node for each operation (i,j)

· Conjunctive arcs A represent routes of the jobs
Arc (i,j)      (k,j)  denotes that operation (i,j) precedes (k,j)

(defined for two operations of the same job)

· Disjunctive arcs B represent sequence of jobs on a machine
Arc (i,j)      (i,k)  denotes that operation (i,j) precedes (i,k)

Arc (i,j)      (i,k)  denotes that operation (i,k) precedes (i,j)

Arcs in both directions exist, only one of the two is selected in a feasible schedule

(defined for two operations on the same machine)

· Length of an arc is the processing time of the operation  from which the arc originates    (i,j)      (k,j)

· Add a source node U and a sink node V

· Connect U to the first operation of each job by a conjunctive arc (going out of U) of length 0

· Connect V to the last operation of each job by a conjunctive arc (going into V) 

· A  feasible schedule corresponds to a subgraph S such that 

· S contains all the  conjunctive arcs A 

· For each pair of disjunctive arcs between the same nodes,

exactly one arc is contained in S

· S contains no directed cycle 

Example 1: revisited, 3 jobs, 4 machines
	Jobs
	Machine Sequence
	Processing Times

	1
	1,2,3
	p11=10, p21=8, p31=4

	2
	2,1,4,3
	p22=8, p12=3, p42=5, p32=6

	3
	1,2,4
	p13=4, p23=7,  p43=3


First, add the conjunctive arcs (set A)


Now, add the disjunctive arcs (set B) (dashed arcs)

· Why does this subgraph not give a feasible schedule? 



· Why does this subgraph not give a feasible schedule? 



· Select a subgraph corresponding to a feasible schedule 

	Machine
	Sequence of jobs

	1
	

	2
	

	3
	

	4
	


Remark 1:  A subgraph corresponds to a feasible schedule if and only if the subgraph contains no directed cycles

· Can you find the makespan of the above feasible solution using only the graph representation? 


· How do you identify the critical path?  
Remark 2:  The critical path is the 
· How can we minimize the makespan? 

Disjunctive Programming

· A set of constraints is conjunctive, if each constraint in the set must be satisfied
· A set of constraints is disjunctive, if at least one of the  constraints in the set must be satisfied
· Any integer program can be written as a disjunctive program

Disjunctive Programming Formulation

(Job Shop Problem, Minimize Makespan)

Variables:

tij = start time of job j on machine i,      for all operations (i,j)

Min Cmax

s.t
Cmax  ( tij + pij



for all (i,j) ( N

tkj ( tij + pij 



for all (i,j) ( (k,j)  ( A


tij ( tik + pik   or  tik ( tij + pij  
for all (i,j) and (i,k) ( N

tij  ( 0 

 


for all (i,j) ( N

Example 1: revisited, 3 jobs, 4 machines
	Jobs
	Machine Sequence
	Processing Times

	1
	1,2,3
	p11=10, p21=8, p31=4

	2
	2,1,4,3
	p22=8, p12=3, p42=5, p32=6

	3
	1,2,4
	p13=4, p23=7,  p43=3


Min Cmax

s.t
Cmax  ( t31 + p31

Cmax  ( t32 + p32


Cmax  ( t33 + p43

t21 ( t11 + p11 

t31 ( t21 + p21

t12 ( t22 + p22

t42 ( t12 + p12


t32 ( t42 + p42

t23 ( t13 + p13 

t43  ( t23 + p23

for i=1,2,3,4:
ti1  (  ti2 + pi2
or 
ti2  ( ti1  + pi1 

ti1  (  ti3 + pi3
or 
ti3  ( ti1  + pi1



ti2  (  ti3 + pi3
or 
ti3  ( ti2 + pi2

tij  ( 0, 

for all (i,j) ( N

Active Schedules:
Two types of modification of a feasible schedule to obtain another feasible schedule

· A left shift:  move an operation left to start it earlier 
· A left jump:  move an operation left into an idle slot to start it earlier 

Left shift







Left jump


· A feasible schedule is active if it cannot be modified by a left shift or a jump to complete an operation earlier without completing another operation later 






Active schedule


Branch and Bound for Disjunctive Programs:

· There exists an optimal solution that is an active schedule

· We can restrict our search to only active schedules

Generating All Active Schedules
· At every level of the search tree one operation is fixed

· At a given level, operations that are already fixed make up a partial schedule

· No operation is considered until all its predecessors are scheduled

· If all the predecessors of an operation are scheduled, then the operation is said to be available
· Given  a partial schedule, all Available Operations can be found easily

Notation:

AO = set of all operations whose predecessors have already been scheduled (Available Operations)

(denoted by ( in the textbook) 

rij = earliest starting time of operation (i,j) in AO

· Given a partial schedule and  an available operation (i,j), how do we calculate rij ?  

Algorithm OFA 

Step 1. (Initialization)

AO = {first operation of each job}

rij = 0 
for all (i,j) in AO

Step 2. (Machine Selection)


Calculate 
t(AO) = min(i,j) in AO{ rij + pij}


and let  i* be the machine corresponding to the operation that minimizes rij + pij

Step 3. (Branching)


For each operation (i*,j) on machine i* such that ri*j  < t(AO), 

· Construct a branch by fixing that operation as the next operation on machine i*

· delete the operation from AO

· add the immediate follower of the operation to AO

If AO is empty, stop. Else, return to Step 2.

· The key condition that yields active schedules is the inequality ri*j  < t(AO) in Step 3.

· There cannot be any operation that can be completed before t(AO) 


Create a branch for each available operation on machine i* with earliest start time smaller than t(AO)

· Can you think of a lower bound that can be obtained at a node of the enumeration tree? 

Given a feasible schedule represented by a disjunctive graph, how do you find the critical path?

· Finding the critical path is equivalent to finding the longest path from u to v in the given acyclic directed graph
· We calculate a label for each node 

· Let rij be the label of node (i,j) corresponding to operation (i,j)
· Let IPij be the set of immediate predecessors of (i,j)
 IPij contains all nodes that have an arc originating from itself and ending at node (i,j) 
· Start with ru = 0 
(source node has label equal to 0)
· Repeat
· Pick a node (i,j) such that the labels of all nodes in IPij have been calculated 

· For every node in IPij calculate {label of the node + length of the arc from this node to (i,j)} and set rij to the maximum of these terms

Until the label of v, the sink node, is calculated

1. Length of the longest u-v path equals rv, the label of the sink node

2. To find the longest path itself trace back the nodes that gave the maximum term in the label calculations 

3. The label of node (i,j), rij , equals

· the length of the longest path from the source node to (i,j)

· the earliest possible start time of operation (i,j)

Example:








· Can you think of a lower bound that can be obtained at a node of the enumeration tree? 

LB1 = 

· How can you improve this lower bound? 

Idea: 

1. When we calculate the makespan of a partial schedule, we allow several operations to be processed on a machine at the same time  

2. Pick one of the machines and allow all other machines to process multiple operations simultaneously except the chosen machine.

Calculation of the bound:

1. Consider machine i

2. Compute rij  for all operations (i,j) on machine i
3. Find the longest path from (i,j) to the sink for all (i,j) on machine i; let lij be the length of this path
4. Set a due date for (i,j):  dij = LB1 - lij  + pij 
5. Solve the following single machine problem on machine i:
· Operations (i,j) on machine i are the jobs 

· Operation (i,j) has release time rij  and due date dij 
· No preemptions allowed

· Minimize Lmax, the maximum lateness 
6. LB = LB1 + Lmax
Note 1: The optimal sequence of the single machine problem implies new disjunctive arcs; Add the new arcs to the current subgraph and calculate the makespan on the new (temporary) graph. This makespan is the calculated lower bound 

Note 2: The lower bound calculation can be repeated for all machines so that the largest lower bound is kept

Branch and Bound 
 Example 1: revisited, 3 jobs, 4 machines

· Start with a subgraph consisting of only the conjunctive arcs
· Calculate the makespan of this graph

Makespan = 

· Apply algorithm OFA to branch and generate all nodes at level 1  

Step1. Initialize

AO = {(1,1), (2,2), (1,3)}

rij = 0 
for all (i,j) in AO

Step 2. (Machine Selection)


Calculate 
t(AO) = min(i,j) in AO{ rij + pij}


t(AO) = min { 0+10, 0+8, 0+4} = 4


and let  i* be the machine corresponding to the operation that minimizes rij + pij


i* = 1
Step 3. (Branching)


For each operation (i*,j) on machine i* such that ri*j  < t(AO), 

· Construct a branch by fixing that operation as the next operation on machine i*

· delete the operation from AO

· add the immediate follower of the operation to AO

Branch on operations (1,1) and (1,3)







· If (1,1) is scheduled first, then two disjunctive arcs going out of (1,1) are added to the graph

[next, obtain lower bounds]
· Calculate the makespan on the new graph 


LB1 = 24

· Improve this lower bound

Calculation of the bound at (1,1):

1. Consider machine 1

2. Compute r11 , r12, and r13 
3. Find the longest path from (1,j) to the sink for all (1,j) on machine 1; find l11 , l12, and l13
4. Set a due date for (i,j):  dij = LB1 - lij  + pij , 
5. Solve the following single machine problem on machine 1:
	Jobs
	1
	2
	3

	p1j
	10
	3
	4

	r1j 
	
	
	

	d1j 
	
	
	


Minimize Lmax, the maximum lateness
The optimal sequence = 1-2-3 and Lmax = 3 
LB = LB1 + Lmax = 24 + 3 = 27

· Repeat the LB calculation for machine 2

The optimal sequence = 2-1-3 and Lmax = 4 
LB = LB1 + Lmax = 24 + 4 = 28 

keep this bound!

· Repeat the LB calculation for machines 3 and 4, best LB = 28


· If (1,3) is scheduled first, then two disjunctive arcs going out of (1,3) are added to the graph






Makespan = LB1 = 

· Best lower bound obtained by solving single machine problems is 28


· Branch from node (1,1) at Level 1; apply algorithm OFA

AO = {(2,1), (2,2), (1,3)}

r22 = 0, r21 = 10, r13 = 10   



Calculate 
t(AO) = min(i,j) in AO{ rij + pij}


t(AO) = min { 0+8, 10+8, 10+4} = 8 and i* = 2
Branch on operation (2,2) 










· Process the currently only node at level 2

· The four disjunctive arcs going out of (1,1) and (2,2) are added to the original graph







LB1 = 

Lmax = 0 for all single machine problems, so LB = 28

If all the unprocessed nodes in the branch and bound tree are processed, the following optimal solution with makespan 28 is obtained:

	Machine
	Job Sequence

	1
	1,3,2 or (1,2,3)

	2
	2,1,3

	3
	1,2

	4
	2,3


4-1-2-4-5-3








recirculation





1





3





2





4





5





 pij





U





V





2,2





1,2





4,2





3,2





4,3





1,1





2,1





3,1





1,3





2,3





U





V





2,2





1,2





4,2





3,2





4,3





1,1





2,1





3,1





1,3





2,3





0





0





0





p43





p23





0





0





0





2,3





1,3





3,1





2,1





1,1





4,3





3,2





4,2





1,2





2,2





V





U





0





0





0





2,3





1,3





3,1





2,1





1,1





4,3





3,2





4,2





1,2





2,2





V





U





U





V





2,2





1,2





4,2





3,2





4,3





1,1





2,1





3,1





1,3





2,3





U





V





2,2





1,2





4,2





3,2





4,3





1,1





2,1





3,1





1,3





2,3





0





0





0





3





7





6





4





100





200





MC 4





MC 1





MC 2





310





1





3





3





3





2





2





1





1





MC 3





2





2





2





1





3





MC 3





1





2





3





300





MC 2





MC 1





1





2





3





2





MC 4





2





2





MC 3





1





1





2





2





3





3





1





300





MC 2





MC 1





MC 4





200





3





280





100











 





 





 





 





...





(i*,k)
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No disjunctive  arcs,  LB = 22
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scheduled first on MC 1





 





(1,3)


scheduled first on MC 1
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No disjunctive  arcs,  LB = 22





Level 0
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LB = 28
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