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Abstract

We study a class of dissipative PDEs perturbed by a bounded random kick force.
It is assumed that the random force is nondegenerate, so that the Markov process
obtained by the restriction of solutions to integer times has a unique stationary
measure. The main result of the paper is a large deviations principle for oc-
cupation measures of the Markov process in question. The proof is based on
Kifer’s large-deviation criterion, a coupling argument for Markov processes, and
an abstract result on large-time asymptotic for generalized Markov semigroups.
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Introduction

This paper is devoted to the large deviations principle (LDP) for a class of dis-
sipative PDEs perturbed by a smooth random force. The large-time asymptotics of
solutions for the problem in question is well understood, and we refer the reader to
the articles [3,/13}/14,[21]] for the first results in this direction and to the book [23]]
for further references and a detailed description of the behavior of solutions as time
goes to infinity. In particular, it is known that if the noise is sufficiently nondegen-
erate, then the Markov process associated with the problem has a unique stationary
distribution that attracts exponentially the law of all solutions. Moreover, the law
of the iterated logarithm and the central limit theorem hold for Holder-continuous
functionals calculated on trajectories and give some information about fluctuations
of their time averages around the mean value. Our aim now is to investigate the
probabilities of deviations of order 1 from the mean value.

Let us describe in more detail the main result of this paper on the example of
the Navier-Stokes system. More precisely, we consider the following problem in a
bounded domai D C R? with a C2-smooth boundary dD:

0.1 u—vAu+ (u,Viu+Vp =n(t,x), divu =0, u}aD=O,
0.2) u(0,x) = uo(x),
where v > 0 is the kinematic viscosity, u = (u1(¢, x),uz(t, x)) is the velocity

field of the fluid, p = p(, x) is the pressure, and 71 is a random external force. We
assume that (¢, x) is a random kick force of the form

+o0
(0.3) n(t.x) =Y 8t —k)ni(x).

k=1
where § is the Dirac measure concentrated at 0 and 7y, are independent identically
distributed (i.i.d.) random variables defined on a probability space (€2, F, P) that
take values in L2(D, R?) and satisfy

0.4) Pillnllz =b} =1

for some b < +o0.
Problem (0.1))—(0.2)) is well posed in the space

(0.5) H ={ueL*D,R? :divu =0in D, (u,n) = 0on dD},

where n stands for the outside unit normal to dD. The restrictions of solutions
for (0.I)—(0.2) to integer times form a Markov chain in H. As is well known
(see chapter 3 of the book [23] and the references therein), this process is ergodic
under rather general hypotheses on n;. More precisely, suppose that there exists
an increasing sequence of finite-dimensional subspaces Hy C H such that the
law of the projection of ny to Hy is absolutely continuous with respect to the

UAll the results of this paper remain true for periodic boundary conditions, in which case we
assume in addition that the mean values of the velocity field and of the external force are 0.
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Lebesgue measure, and its support contains the origin. Let P(H ) be the set of all
Borel probability measures on H endowed with the topology of weak convergence.
Then the Markov chain in question possesses a unique stationary measure [ €
‘P(H), which is exponentially mixing in the sense that the law of any solution
of (0.1) with a deterministic initial condition converges to & exponentially fast in
the Kantorovich-Wasserstein metric.

We wish to investigate the probabilities of large deviations of the occupation
measures from p. More precisely, let

k-1
1

(0.6) g,‘;’z%Z(SU,, k> 1,
j=0

be a sequence of random probability measures in P(H ), where {v;} denotes a
stationary trajectory of the Markov chain. The following theorem is a simplified
version of the main result of this paper (see Theorem [I.3).

THEOREM A. Under the above hypotheses, the sequence {{;} satisfies an LDP.
More precisely, there is a lower-semicontinuous mapping I : P(H) — [0, +oq]
that is equal to +00 outside a compact subset such that

1

— inf I(A) < liminf—logP{¢;, € '}

rel k—oo k

0.7 1

<limsup —logP{¢; € T} < — inf I(}X),

k—>00 k Ael

where I' C ‘P(H) is an arbitrary Borel subset and I" and T denote its interior and

closure, respectively.

For instance, if f : H — R™ is a continuous mapping and B C R™ is a Borel
subset, then taking I' = {0 € P(H) : [y f do € B} in inequality (0.7), we get
(see Section[I.2]for a precise statement)

k—1

1
exp(—c—k) < IP’% T Z f)) € B} Sexp(—cy k) ask — oo,
j=0

where c+ = c4(f, B) > 0 are some constants (not depending on k) that can be
expressed in terms of the rate function /.

Let us mention that the LDP is well understood for finite-dimensional diffusions
and for Markov processes with compact phase space provided that the randomness
is sufficiently nondegenerate and ensures mixing in the total variation norm. This
type of result was first obtained by Donsker and Varadhan [11,|12] and later ex-
tended by many others. A detailed account of the main achievements can be found
in the books [9.,/10,/16].

In the context of randomly forced PDEs, the problem of large deviations was
studied in a number of papers. Most of them, however, are devoted to studying



LARGE DEVIATIONS FOR DISSIPATIVE PDES WITH RANDOM KICKS 2111

PDEs with vanishing random perturbation and provide estimates for the probabil-
ities of deviations from solutions of the limiting deterministic equations. We refer
the reader to the papers [47,/15,26-28]] and the references therein for various re-
sults of this type, including the asymptotics of stationary distributions when the
amplitude of the perturbation goes to 0. To the best of our knowledge, the only
papers devoted to large deviations from a stationary distribution in the case of sto-
chastic PDEs are those by Gourcy [18},/19]]. Using a general result due to Wu [30],
he established the LDP for occupation measures of stochastic Burgers and Navier-
Stokes equations provided that the random force is white in time and sufficiently
irregular in the space variables. The present paper gives a first result on large devi-
ations from a stationary distribution for PDEs with a smooth random perturbation.

Let us note that, in Gourcy’s papers [18,/19], the set of measures is endowed
with the t-fopology that is generated by the duality with respect to bounded Borel
functions (and is much stronger than the weak topology used in our paper). This
enables one to apply the LDP to physically relevant observables that are not con-
tinuous on the energy space. Under our assumptions, the LDP is not likely to hold
for the T-topology. However, the results established in this paper can be applied to
derive the LDP for functionals that are continuous on higher Sobolev spaces.

Furthermore, using the Dawson-Girtner theorem [8]], we establish the following
result on large deviations in the space of trajectories (also called “process level
LDP”). Let us denote by H the space of sequences u = (u;, j > 0) withu; € H
and endow it with the Tikhonov topology. Given a stationary trajectory v = {v;}
for the Markov chain associated with (0.1)), we define the sequence of occupation
measures

1 k—1
(0.8) 5k =17 2 %
Jj=0

where we set v; = (vi,i > j).

THEOREM B. Let us assume that the above-mentioned hypotheses are satisfied.
Then the LDP holds for & with a rate function I : P(H) — [0, +00] vanishing
outside a compact subset.

In conclusion, let us mention that the LDP discussed above remains valid in the
case of unbounded perturbations; this question will be addressed in a subsequent
publication. We also remark that this paper is a first step of a research program
whose aim is to develop a large deviation theory for dissipative PDEs with random
perturbation and to justify the Gallavotti-Cohen fluctuation principle for some rel-
evant functionals; cf. [17].

The paper is organized as follows. In Section [T] we introduce the model, state
our results, describe applications, and outline the schemes of the proofs. Section [2]
deals with the large-time asymptotics of generalized Markov semigroups. A central
technical part of the proof is the verification of the uniform Feller property for a
suitable family of semigroups. This verification is based on a coupling argument
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and is carried out in Section[3] The proofs of the main results are given in Sections[4]
and 5] Finally, three auxiliary results used in the main text are recalled in the
Appendix.

Notation

Let Z be the set of integers, let Z 4 be the set of nonnegative integers, and let X
be a Polish space with a metric dx (u, v). We denote by X* the direct product of k
copies of X, by X = XZ+ the space of sequences (ugx, k € Z4) with uy € X,
and by By (a, d) the closed ball of radius d > O centered ata € X. If a = 0, we
write By (d). The distribution of a random variable £ is denoted by D(§) and the
indicator function of a set C by I¢.

LP(D) and H*(D) denote the Lebesgue and Sobolev spaces in a domain D C
R™. We use the same notation for spaces of scalar- and vector-valued functions.
The corresponding norms are denoted by || - ||~ and || - ||s, respectively.

Cp(X) is the space of bounded continuous functions f : X — R endowed
with the natural norm || f'||ec = supy | f|, and C+(X) is the set of strictly positive
functions f € Cp(X).

Lp(X) stands for the space of functions f € Cp(X) such that

= Sl sup LSO
0<dy (u,v)<1 dx (u,v)
In the case of a compact metric space, we shall drop the subscript b and write C(X)
and L(X).

B(X) denotes the Borel g-algebra on X, M (X) the vector space of signed Borel
measures on X with finite total mass, M4 (X) the cone of nonnegative measures
uw € M(X), and P(X) the set of Borel probability measures on X. The vector
space M (X) is endowed with the total variation norm

Il = swp (D) =1 sup ‘ [ £
TeB(X) JeCp(X)
Ifleo<t X

When dealing with M4 (X)), we also use the Kantorovich-Wasserstein (also called
dual-Lipschitz) metric defined by
I =zl = swp | [ f da - ffduz
FEeLp(X)

Ifl<t X

The topology defined by the Kantorovich-Wasserstein distance coincides with that
of weak convergence. We shall write u, — u to denote the weak convergence

of {n} to .
For an integrable function f : X — R and a measure 4 € M(X), we set

(fs 1) =/f(u)u(du), (DAl =/|f(u)lu(du)-
X X

. M1, 2 € My (X).
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Given a function f : X — R, we denote by T and f~ its positive and
negative parts, respectively:

1 _ 1
fE=300+ 0. 17 =500 0.

1 The Model and the Results
1.1 The Model

In this section, we describe a class of discrete-time stochastic systems for which
we shall prove the LDP. Let H be a real separable Hilbert space with a scalar
product (-, - ) and the corresponding norm ||-|| and let S : H — H be a continuous
mapping. We consider the random dynamical system

(1.1) ug = Sug—1) + k. k=1,

where {1} is a sequence of independent identically distributed (i.i.d.) random
variables in H. System (I.I)) defines a homogeneous family of Markov chains,
and we denote by Py (u, I') its transition function and by By, : Cp(H) — Cp(H)
and ‘B : P(H) — P(H) the corresponding Markov operators. We shall assume
that S satisfies the following three conditions (which are stronger versions of those
introduced in [21]]; see also section 3.2.1 in [23]]).

(A) REGULARITY AND STABILITY. The mapping S : H — H is continuous.
Moreover, for any R > r > 0 there are positive constants C = C(R) and a =
a(R,r) < 1 and an integer ng = no(R,r) > 1 such that

(1.2) [S1) — Su2)|| < C(R)|lur —uz| forui,uz € Bg(R),
(1.3) [S" ()|l < max{allu|,r}  foru € Bg(R),n > no,

where S™ is the n™ iteration of S.

Let us denote by K the support of the law for 11 and assume that it is a compact
subset in H. Given a closed subset B C H, define the sequence of sets

Ao(B) = B, Ap(B) = S(Ax_1(B)) + K, k=1,

and denote by A(B) the closure in H of the union of A (B). We shall call A(B)
the domain of attainability from B.

(B) D1SSIPATIVITY. There is p > 0 and a nondecreasing integer-valued func-
tion kg = ko(R) such that

(1.4) Ak (Ba(R)) C Bu(p) forR >0,k = ko(R).

(C) SQUEEZING. There is an orthonormal basis {e;} in H such that, for all
R >0anduy,us € Bg(R),

(1.5) (I =PN)(S 1) = S| < yn (R)[lur —uz],
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where Py : H — H denotes the orthogonal projection on the linear span of ey,
...,en, and {yn (R)} is a decreasing sequence of positive numbers converging to
zero as N — oo.

As for the sequence {7}, we assume that it satisfies the following hypothesis:

(D) STRUCTURE OF THE NOISE. The random variable ;. has the form

o0
(1.6) e =Y bi&ke.

Jj=1

where {e;} is the orthonormal basis entering (C), b; > 0 are constants such that
(1.7) B:= Y b7 <o,

and & are independent scalar random variables. Moreover, the law of £ is
absolutely continuous with respect to the Lebesgue measure, and the corresponding
density p;(r) is a continuously differentiable function such that p;(0) > 0 and
supp pj C [-1,1].

Recall that a measure j1 € P(H) is said to be stationary for (L1)) if BT = .
A proof of the following theorem can be found in chapter 3 of [23].

THEOREM 1.1. Suppose that Conditions (A)—(D) are fulfilled and that
(1.8) b; #0 forall j > 1f

Then there is a unique stationary measure (i € P(H). Moreover, there are con-
stants C > 0 and o > 0 such that, for any A € P(H), we have

(1.9) 1A =} < Ce—“"(l + / ||u||x<du)), k>0,
H

We conclude this subsection with a simple remark on the support of the station-
ary distribution . Let us denote by A = A({0}) the domain of attainability from O.
Since A is an invariant subset for (I.I)), it carries a stationary measure. Since the
stationary measure is unique, we must have supp 4 C A. On the other hand, in-
equality (1.3) and the inclusion O € supp D(n1) imply that Py (u, Bg(r)) > 0 for
anyu € A,r > 0,and k > 1. Combining this fact with the Kolmogorov-Chapman
relation, one easily proves that supp u = A.

2 Theorem remains valid if finitely many b; are nonzero. However, the main results of this
paper on LDP will be proved under the stronger condition (T.8).
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1.2 The Results

Before formulating the main results of this paper, we recall some standard def-
initions from the theory of large deviations (e.g., see chapter 6 in [9]). Let X
be a Polish space and let P(X) be the space of probability measures on X en-
dowed with the topology of weak convergence (generated by the Kantorovich-
Wasserstein distance). Recall that a random probability measure on X is defined
as a measurable mapping from a probability space (2, F,P) to P(X). A map-
ping I : P(X) — [0, 4+00] is called a rate function if it is lower-semicontinuous,
and a rate function / is said to be good if the level set {o € P(X) : I(0) < «}
is compact for any o € [0, +00). For a measurable set A C P(X), we write
I(A) = infgep 1(0).

DEFINITION 1.2. Let {{x = {’,k > 1} be a sequence of random probability
measures on 4. We shall say that {; } satisfies the LDP with a rate function [ if
the following two properties are satisfied:

UPPER BOUND: For any closed subset F C P(X), we have

1
(1.10) limsupglogIP’{@k e F} <—I(F).

k—o00

LOWER BOUND: For any open subset G C P(X), we have
1
(1.11) liminf —log P{{; € G} > —I(G).
k—oo k

We now consider the family of Markov chains defined by (I.1)). To an arbitrary
random variable u¢ in H, which we always assume to be independent of {5}, one
associates a family of occupation measures by the formula

1k—l
1.12 = - Su,
(1.12) Lk kﬂ; i

where &, stands for the Dirac measure concentrated at u. Recall that A denotes
the domain of attainability from zero (see the end of Section [I.T)). It is a compact
subset of H, invariant under the random dynamics defined by (I.1)). Note that if the
support of D(ug) is contained in A, then ¢ is also supported by A. The following
theorem is the main result of this paper.

THEOREM 1.3. Let Hypotheses (A)—(D) and Condition (1.8) be fulfilled and let ug
be an arbitrary random variable in H whose law is supported by A. Then the
family {{i, k > 1} of random probability measures on A satisfies the LDP with a
good rate function I defined by
(1.13) I(o)= sup ((V.o)—0Q(V)), oeP(A,

VeC(A)
where Q (V') is a 1-Lipschitz convex function such that Q(C) = C forany C € R.
Furthermore, the function Q can be written as the limit (I.40), which exists for any
V e C(A) and does not depend on the initial point uy.
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Note that the lower semicontinuity of / is built in its definition, while the fact
that 7 is a good rate function follows from the compactness of P(A) in the weak
topology. Choosing suitable open and closed sets in the LDP for occupation mea-
sures, we obtain the asymptotics of the time averages for various functionals of
trajectories of (I.I). For instance, let f : A — R™ be a continuous mapping and
let I' C R™ be a Borel set. Define

Fr={ocePA):(fio)eT}, Gr={ocePA:(fo)el}

where T and I" denote the closure and interior of T, respectively. In view of the
LDP, we have

(1.14) hmsup—logP{ Z fuy) € I‘} < —I(Fr),
k—o00 n=0
o1 1«

(1.15) lllcn_l)g(l)fl;logP{ %r;)f(un) € F} > —I(Gr).

Theorem [I.3] provides the LDP for the occupation measures (I.12). Some fur-
ther analysis combined with the Dawson-Gértner theorem enables one to derive a
process level LDP for trajectories of (I.I]) issued from .A. Namely, denote by H =
HZ+ the direct product of countably many copies of H and, given a trajectory {uy }
for (1.1), define a sequence of random probability measures on H by the relation

-1
1
(1.16) Ck:z;‘s"w k>1,

where we set u, = (ug, k > n).

THEOREM 1.4. Let the hypotheses of Theorem be fulfilled and let uy be an
arbitrary random variable in H whose law is supported by A. Then the family
of random probability measures {§;., k > 1} satisfies the LDP with a good rate
function I : P(H) — [0, +00], which is equal to +00 outside a compact subset.

1.3 Applications

Two-Dimensional Navier-Stokes System

Let us consider the Navier-Stokes system (0.1)) in which 7(¢, x) is a random kick
force of the form (0.3). We assume that the kicks {n} form a sequence of i.i.d.
random variables in the space H (see (0.5))). Normalizing the solutions of (0.1) to
be right-continuous and denoting ux = u(k, x), we see that any solution of (0.1)
satisfies relation (I.1I) in which S stands for the time-1 shift along trajectories of the
homogeneous Navier-Stokes system (e.g., see section 2.3 in [23[]). We claim that
Theorems [I.3] and [I.4] can be applied to (I.1) with the above choice of S provided
that we restrict our consideration to trajectories lying in A = A({0}). Indeed, the
differentiability of the flow map for the Navier-Stokes system is well known (e.g.,
see section 7.5 in [1]]), and all other properties entering Conditions (A) and (B)
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are checked in [21]]. Furthermore, the squeezing property (C) is satisfied for any
choice of an orthonormal basis {e; } in H (cf. the proof of Propositionbelow).
We thus obtain the following result:

PROPOSITION 1.5. Let the random variables {ny } satisfy Condition (D) with b; #
0 forall j > 1, let ug be an arbitrary H -valued random variable that is indepen-
dent of {ny } and whose law is supported by A, and let {uy } be the corresponding
trajectory of (L.1). Then the occupation measures (. and &, defined by (1.12)) and
(T.16) satisfy the LDP with good rate functions.

In particular, taking for u¢ a random variable distributed according to the sta-
tionary measure p, we obtain Theorems and of the Introduction. Furthermore,
in view of the discussion after Theorem[I.3] we have an LDP for the time averages
of continuous functionals f : H — R™ calculated on trajectories of (I.I)). This
result is applicable, for instance, to the energy functional f(u) = % Ip lu(x) |2 dx.

To treat other physically relevant observables, such as the enstrophy or the cor-
relation tensor, we need to change the phase space of the problem, making it more
regular. Specifically, let us define the space

U=HnH)D)nH*D)

(where H®(D) denotes the usual Sobolev space of order s) and endow it with
the usual scalar product in H?2. Since the flow map for the Navier-Stokes system
preserves the H2-regularity, system (II)) can be studied in the space U provided
that the random kicks also belong to U. We have the following result.

PROPOSITION 1.6. Let {n;} be a sequence of i.i.d. random variables in U of the
form (1.6), in which {e;} is an orthonormal basis in U, and {b; } and {&;i } are the
same as in Condition (D). Assume that b; # 0 for all j > 1. Then the LDP holds
for the occupation measures (i and &, of any trajectory whose initial state ug is a
U -valued random variable with range in A.

For instance, one can take for an initial state any function ug9 € U or a ran-
dom variable ug distributed according to the stationary measure. Furthermore,
relations (T.14) and (T.13) hold for the functional f : U — RS defined by

700 = (5 [P ax. 5 [ 19 @ w0 arad ol o). 121 <2),
D D

where u = (u',u?), and x1, x € D are given points.

PROOF OF PROPOSITION[L.6. We shall check that Conditions (A)—(D) of Sec-
tion[I.T](with H replaced by U) are fulfilled. The validity of (D) follows from the
hypotheses of the proposition. The facts that, for any 7" > 0, the time-7" shift along
trajectories is uniformly Lipschitz-continuous on bounded subsets of U and that it
is continuously differentiable in the Fréchet sense are proved in chapter 7 of [[1].
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Let us prove (1.3). It is well known that (see the proof of theorem 6.2 of chap-
ter 1 in [1]))
ISl = gllull,  [1S@)2 < Cllul,

where ¢ < 1 and C > 0 are some constants, ¥ € H in the first inequality, and
u € Bpg(1l) in the second. Combining these two estimates we see that for any
R > 0 wecan find n1 = ny(R) > 1 such that

18" L), < Cq™|lu|| foru € Bg(R),n > nj.
This inequality immediately implies (I.3)).

We now establish the dissipativity property (B). We know that this property
holds in the space H. Thus, we can find p; > 0 such that, for any R > 0 and a
sufficiently large integer k1 (R) > 1, we have

Ak(BU(R)) C BH(PI) for k > kl(R).
Since the mapping § is continuous from H to U, it follows that
Ak+1(Bu(R)) C S(Bu(p1)) + K fork > ki(R).
Choosing p > 0 such that S(Bm (p1)) + /X C By (p), we obtain (I.4) with H = U
and ko(R) = k1(R) + 1.

It remains to prove the squeezing property (C). Let u;(z), i = 1,2, be two
solutions of the homogeneous Navier-Stokes system, which we write as a nonlocal
PDE in the space H:

(1.17) d;u +vLu + B(u) = 0.

Here L = —TI1A, B(u) = B(u,u), B(u,v) = I1({u, V)v), and IT is the orthogo-

nal projection in L2 (D, R?) onto H. We wish to show that, if the initial conditions

u;o = u;(0) belong to the ball By (R) and {e; } is an orthonormal basis in U, then
I = Pn)(u1(1) —u2(1) |2 < yn (R)|[u10 — u20ll2,

where yn (R) depends only on the basis {e; } and goes to 0 as N — oo.
A simple compactness argument implies that this inequality will hold if we
prove that

(1.18) ||u1(1) —u2(1)||3 < C(R)||u10 — M20||2 for uy1g, U209 € BU(R).

The proof of this inequality is carried out by standard methods (e.g., see [[1]]),
and we confine ourselves to outlining the main steps. We shall denote by C;(R)
unessential positive constants depending only on R.

Step 1. It suffices to prove that
(1.19) 1 (1) —uz(1)|l2 < C1(R) |10 — uz0ll2.
(1.20) i1 (1) —u2(D 1 = C2(R)[Ju10 — u20l2,

for u19,u20 € By(R), where v = d;v. Set u = u; — up and note that (1.17)
implies
vLu(l) = —u(l) — B(ui(1),u(1)) — B(u(1), uz(1)).
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Since u; (1), i = 1,2 are bounded in H? (see theorem 6.2 in [1]) and the bilinear
mapping (1, v) — B(u, v) is continuous from U to H!, we see that

VIILully < [t + C3(R)[lu() ]2

Recalling that L™! is continuous from H} N H to H? and using inequalities (T.19)
and (I.20), we obtain the required estimate (I.18).

Step 2. To prove (L.I9) and (I.20), we first show that
t
a2y sup (1O + [ 11 as) < CaRluno ~
0<t<1 0
Differentiating (I.17) in time, we derive the following equation for 1 = 1] — u>5:
(1.22) st +vLu + B(uy,u) + B(uy,u) + B(u,uz) + B(u,uz) = 0.

Taking the L2-scalar product with 2u and performing some standard transforma-
tions, we obtain

2 .2 202 . . . .
Aellull* + vlult < Cslluzllflll® + Cslhullyluell (Nl lea ] + itz ll1 ).

Applying the Gronwall and Cauchy-Schwarz inequalities and using the fact that 1;
belong to a bounded set in L2 (0, 1; H) N L2(0, 1; H'), we derive

t
(1.23) ||u(z>||2+v/0 (o)1 ds <

Co(R) ([l (01> + llullLoo s,y Nl L2, 1Y)
where J; = (0,1). It follows from (1.17) that (cf. Step 1)
[ (0)]| = C7(R)[[u(0)]2.
Furthermore, it is well known that
t
(1.24) sup (Ilu(l)ll2 +rlu@)i +/ IIM(S)II%dS) < Cs(R)[[u(0)|*.
0<t<l1 0
Combining these two inequalities with (I.23)), we obtain (1.21).
Step 3. We now derive (I.19). To this end, note that
(1.25) vLu(1) = g := —0;u(l) — B(u1(1), u(1)) — B(u(1), uz(1)).

Using the continuity properties of B and inequalities (I.21]) and (I.24)), one easily
obtains
gl = oDl + Co(R)[u(Dl1 < Cro(R)[[u(0)]2.
Combining this with (T.23) and the continuity of L™! from H to H?2, we ob-
tain (I.19).
Step 4. It remains to prove (T.20). To this end, we take the L2-scalar product
of (I.22)) with 27Lu. After some standard transformations, we derive

(1.26) 0 (t03) — il + 2ve [e]l3 = q(0),
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where we set
q(t) = =21(B(i1,u) + B(ui,u) + B, u2) + B(u,12), Lit).

Well-known estimates for the bilinear term B imply that
(1.27) lg()] < velll3 + Ciat g1 (1),
where

q1(0) = lla iy llx el laellz + len Il 1301012

+ Nueallalhezll2llal el + flz )3 el a2
Integrating (I.26)) in time and using (I.27), we obtain
t

t t
a2 il [slitdes < [ ittes+ oo [ sqas
0 0 0

The first integral on the right-hand side can be estimated with the help of (I.21).
We now bound each term of the second integral:

1/2

t t
[;ﬂmumumuwnmuhdsscan)(A|W@N@d0 sup ()l

o<s<t

t t 1/2
AswmﬂmﬁwWMSCMm(Awmm%ﬁ ,

1/2

t t
/0Slluzlll||uz||2||il||||ﬂ||1ds§C14(R) (/0 IIﬂ(S)IIde) sup u(s)l,

o<s<t
t 5 t 5 1/2
/SIIb’tzlllllullllullzdsSCls(R) (/ ||“(S)||2ds) sup [u(s)],
0 0 0<s<t

where 0 < ¢t < 1, and we used the fact that the functions u; and u; belong to
bounded sets in the spaces L>°(Jy, H?) and L>®(J1, L?) N L?(J1, HY), respec-
tively. On the other hand, it is well known that

t
wp@mmﬁ+/nwnﬁa)saﬂmwmm%
1 0

0<tr<
Combining these estimates with (1.28), (1.24), and (1.21)), we obtain (1.20). This
completes the proof of Proposition[I.6] O

Complex Ginzburg-Landau Equation

Let us consider a complex Ginzburg-Landau (CGL) equation perturbed by a
random kick force:
(1.29) du— (v +i)Au+ialu)®u =y, x), xeD, ”‘BD =0.

Here a > 0 is a parameter, D C R3 is a bounded domain with C2-smooth bound-
ary 0D, u = u(t, x) is a complex-valued unknown function, and 7 is an external
force of the form (0.3]), where {1} is a sequence of i.i.d. random variables in the
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complex space H(}(D). It is well known that the Cauchy problem for (T:29) is
well posed in HO1 (D) (see [22]), that is, for any ug € HO1 (D), problem (1.29) has
a unique solution such that

(1.30) u(0,x) = ug(x).

Let us assume that the random kicks entering (I.29) have the form
oo
me(x) =Y b} + i e,
j=1

where {e; } is an orthonormal basis in H, 01 (D) consisting of the real eigenfunctions
of the Dirichlet Laplacian, {b;} C R is a sequence satisfying (I.7), and é}k are
independent real-valued random variables whose laws possess the properties stated
in Condition (D) of Section We denote by A C H, (D) the set of attainability
from 0. The following result is an analogue of Propositions[I.5]and[I.6|for the case
of the CGL equation.

PROPOSITION 1.7. In addition to the above hypotheses, assume that b; # 0 for all
j = 1. Then the LDP holds for the occupation measures (1.12)) and (1.16)) of the

trajectories whose initial state is an HO1 -valued random variable with range in A.

PROOF. We endow the space H = HO1 (D) with the scalar product

(u1,u2)1 = Re/ Vui(x) - Vua(x)dx
D
and regard it as a real Hilbert space. Let S : H} — H{ be the time-1 shift
along trajectories of the problem (I.29) with n = 0. The required results will be
established if we check that the stochastic system (I.1)) considered in the space
H = HO1 possesses properties (A)—(D). Regularity of the mapping S and its Lip-
schitz continuity on bounded subsets are standard, and (D) is satisfied in view of
the hypotheses of the proposition. Thus, it remains to check (1.3)—(1.5).

Step 1. Let us introduce the following continuous functionals on Hol:

1 1 a

Mo = 5 [ e ar. #w = [ (SVuP + o) ax
D D

It is well knowrﬁ that if u(z) is a solution of (1.29) and 7 is a locally integrable

function of time with range in H 01 , then

d

(1.31) "

Ho(w) = —v||Vul?® + (u. 1),

3 For instance, see section 2.2 in [22] for the more complicated case of a white noise force.
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d
(1.32) 3 100 = —v[[Aul® =2av(jul®, [Vul?)
+ av(?, (Vu)?) + (—Au + alul®u, ),
where (-,-) and |-|| stand for the real L2-scalar product and the corresponding
norm:

(n.u2) = Re [0 T, P = ()
D
Using the inequalities

lAul? = ar[Vul?, [@?, (Vu)®)] < (ul?, [Vul?),

(P |VuP) = ¢ / Jul*dx,
D

where «; > 0 is the first eigenvalue of the Dirichlet Laplacian, from (1.32) we
derive the inequality

(1.33) %%(u(t)) < —§H1(u(t)) — gnAuuz + (—Au + alul*u, n),

where § > 0 depends only on a, v, and «;. Taking n = 0 and applying the
Gronwall inequality, we see that

Hi(u(t)) < e 31, (u(0)), ¢ > 0.
It follows that if ug € BH(; (R), then

15" o)l < (2H1 () '"? < e H; (uo)) /> < €1 R ug 1,
where we used the inequality
(1.34) Hi(v) < Cllv||}. v e Hy,

following immediately from the continuity of the embedding of Ho1 C L* The
above estimate for ||.S” (u¢)||1 implies (I.3).

Step 2. We now prove the dissipativity property (I.4). To this end, we first
establish a bound for the L2-norm. It follows from (T.31)) that, for any & > 0, the
function @, (1) = (Ho(u(r)) + €)'/2 satisfies the inequality

1
0 (t) < —vaiee(t) + —2||77(t)|| +varVe.

5

Applying the Gronwall inequality and passing to the limit ¢ — 0, we obtain
t
(1.35) O] < ™ o+ [ e ) s
0
Now note that if [ [|n(s)||ds < bo for any interval J C Ry of length 1, then

¢ b
/ e—val(t_s)”n(s)“ds < 70 fort > 0.
0

1 —eva
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Combining this with (I.35]), we see that

bo , k>0.

(136) luoll < e luoll + +— =;
This inequality, established in the case of locally time-integrable functions 7(¢),
remains true for kick forces of the form (0.3) with L2 bounded functions 7. In
particular, (T.4) holds with H = L2?(D).

We now use the regularizing property of the homogeneous CGL equation to
prove (T4) with H = H(}. Namely, if we show that the mapping S : ug — u(1)
from L? to HO1 is bounded on bounded subsets, then will obviously imply
the existence of a universal constant p > 0 satisfying (I.4) with H = H/}. To
prove the boundedness of S, let us fix a solution u of (1.29), define a function

Y (t) = t+/H1(u(t)), and calculate its derivative. It follows from (I.32)) and (1.34)
that’]
V0 = V1 + ——’Hl = VClu@l}.

Furthermore, integrating relation w1th n = 0, we see that

u(t)])2 +2v/0 lu(s) |12 ds < fluo]®.

Combining these two relations, we obtain

C C,
(L37) Ju@®lh = v2H1(u(@)) = ?Wt) =< \/2_/ lull} ds < —||u0||2

The boundedness of S from L? to H(} is a straightforward consequence of this
inequality.

Step 3. It remains to establish the squeezing property (I.3)), in which Py is the
orthogonal projection in HO1 (endowed with the scalar product (-, - )1) to the vector
span of {e;,ie;, j = 1,...,N}. Letus set Qy = I — Py. By hypothesis, we
have |le;|[1 = 1; hence it follows that

1
= — P> 1
llej I \/Ol_j’ J =z L
where «; is the eigenvalue of the Dirichlet Laplacian corresponding to the eigen-
function e;. Using this relation, it is straightforward to check that {,/a; e; } is an
orthonormal basis in L2 and that the norm of Qu regarded as an operator in L? is
equal to 1.

Let u;, us be two solutions of (I.29) corresponding to initial data w9, u20 €
BH(} (R). Applying Qn to (I.29) and setting w = Qpn (u; — uz), we derive the
equation

— (v +i)Aw + iaQp (Jur?ur — Juz|*uz) = 0.

A rigorous derivation of (I.37) can be carried out by the simple argument used to estab-

lish (T33).
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It follows that

A |wl? = 2Re/Vu')-V1de = —2Re/u')Awdx
D D
= =2((v +i)Aw —iaQp (Ju [*us — [u2|*uz), Aw)

(1.38) < 2| Awl|* + a”|u1|2u1 — |u2|2u2H |Aw]l,

where we used the fact that the norm of Qu is equal to 1. Using the Holder in-
equality and the continuity of the embedding H(} C LS, we derive

Nt Py — JuzPuzl| < Ca(llunlly + lluzll)?[[wls.

Substituting this into (T.38) and using the Poincaré inequality || Aw]||?> > ay ||w]?,
we obtain

(1.39) dlwl? < —(wan — Ca(llur |1 + uzl)*) wl3.

Since u10,u20 € By ! (R) and the resolving operator for the CGL is bounded on
bounded subsets, we can find C5(R) such that

lui @]y = Cs(R) forO <7 <1,i=1,2.
Combining this with (I.39) and the Gronwall inequality, we derive

t
lw()||? < exp(—vam + 64[0 (lur 1 + ||uz||1)4ds)||w(0>||%
< exp(—vant + Cs(R)t)||w(0)||3.

Since Qy is an orthogonal projection in HJ, we have |w(0)||; < |lu10 — u20]|1.
Substituting this into the above estimate and taking ¢ = 1, we obtain

lur (1) =u2(Dl1 < yn(R)lluto —uzolli, vy (R) = exp(—van + Cs(R)).
This completes the proof of (1.5 and Proposition [1.7|follows. 0

1.4 Scheme of the Proof of Theorem [1.3]

Along with g, let us consider “shifted” occupation measures defined as
1 k
é‘k = E Z 5un-
n=1

The sequences {{;} and {Z‘k} are exponentially equivalent (see Lemma , and
therefore, by theorem 4.2.13 of [9], it suffices to prove the LDP for Ek- The proof
of this property is based on an abstract result established by Kifer [20]]. For the
reader’s convenience, its statement is recalled in the Appendix (see Theorem [A.T).
We shall prove that the following two properties hold.
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Property 1 (Existence of a Limit). For any V' € C(A), the limit

k
1
(1.40) o) = kBToo ;logE exp(’; V(u,,))

exists and does not depend on the initial condition u.

The function Q (V) is convex and 1-Lipschitz, and we denote by I : M(A) —
R + its Legendre transform; see (A.2). It is well known that

(V)= sup ((V.o)—1(0)):
o€P(A)
see lemma 2.2 in [2] and theorem 2.2.15 in [10]. In view of the compactness
of P(A), for any V' € C(A) the supremum in the above relation is attained at
some point o € P(A). Any such point is called an equilibrium state.

Property 2 (Uniqueness of the Equilibrium State). There is a dense vector space
YV C C(A) such that, for any V' € V, there exists unique oy satisfying

(1.41) Q) = (V,oy) — I(oy).

According to Kifer’s theorem, the first of the above properties implies the LD
upper bound for Ek, while the second is sufficient for the LD lower bound. The
proofs of these two properties are related to the large-time behavior of a gener-
alized Markov semigroup associated with u;. More precisely, given a function
V e C(A), we consider the semigroup

k
14 700 = Bt e 2 V(u,»), fec,
n=1

where the subscript u means that we consider the trajectory of (I.1I) starting from
u € H. The dual semigroup is denoted by ’,B,Ic/* : P(A) — P(A). We construct
explicitly a dense vector space V C C(A) such that, for any V' € V, the semigroup
‘B}C/ is uniformly Feller and uniformly irreducible (see Section [2| for the definition
of these concepts). Then, by an abstract result proved in Section [2] there is a
number Ay > 0, a function 1y € C4(A), and a measure py € P(A) satisfying

(1.43) BV hy =dvhy. B *uy = Avuy.

such that for any f € C(A) and v € P(A) we have

(1.44) AR f — (fiuv)hy  in C(A) ask — +oo,
(1.45) ARy — (hy,v)py  in M4 (A) ask — +oo.

Taking f = 1 in (L.44)), one gets immediately the existence of the limit (I.40) for
V €V and any initial function 1y whose law is supported by .A. Then, by a simple
approximation argument, we prove the existence of the limit for any V' € C(A).
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To establish the uniqueness of oy € P(A) satisfying (I.41), we first show
that any equilibrium state oy is a stationary measure for the dual of the follow-
ing Markov semigroup:

(1.46) FY g = AR BY (ghy), g € C(A).

From convergence (I.43) we then deduce the uniqueness of stationary measure
for ka, showing that oy (du) = hy (u)puy (du).

The crucial point in the realization of the above scheme is the verification of the
unifor.m Feller property' for the semigroup {‘BZ} This verification is based on a
coupling argument and is carried out in Section 3]

1.5 Scheme of the Proof of Theorem [1.4]
Let p,, : H — H™ be the projection that maps a sequence (u;, j € Zy) to
the vector (u;, 0 < j < m — 1). It is straightforward to check that if {uy,k > 0}

is a trajectory for (1.1), then the image of §; (see (1.16)) under p,, coincides with
the random probability measure

k—1
1
m _ _ m
(1.47) Go=r D dup k=1,
n=0
where u)! = (up, ..., Uup4m—1). It follows from the Dawson-Girtner theorem (see

Theorem[A.3]in the Appendix) that to prove Theorem|[I.4]it suffices to show that for
any integer m > 1, the LDP holds for {7* with a good rate function I, : P(H™) —
[0, +00]. The proof of this fact is very similar to the proof of Theorem|[1.3]and the
argument is outlined in Section To formulate the result precisely, let A7) be the
set of vectors (u1,...,u,) € H™ such thatu; € Aand up = S(ug_1) + ng for
2 <k < m, where n; € K. Note that if a trajectory {uy } for (I.I)) is such that ug
is an A-valued random variable, then the measures g’ are concentrated on A,
In Section [5| we prove the following:

THEOREM 1.8. Under the conditions of Theorem[1.3] let ug be a random variable
in H whose law is supported by A. Then the family {{]", k > 1} regarded as a

sequence of random probability measures on Alm) satisfies the LDP with a good
rate function Iy : P(AM™) — [0, +00]. Moreover, I, can be written as

(1.48) In(@)= sup ((V.o) = Qm(V)), oePA™M),
VeC(Am)

where Qp, : C(A"™) — R is a 1-Lipschitz convex function such that Q,(C) = C
forany C € R.

This result immediately implies that {;”, as measures on H™, satisfy the LDP.
To see this, extend the rate function I, that was constructed in Theorem[I.8]to the
space P(H™) by setting I,,(0) = +oo for any measure ¢ € P(H™) satisfying
o (AM™) < 1. Then, recalling that ¢ ' are supported on A if 50 is the the initial
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measure D(ug), we check that the LD upper and lower bounds hold for the family
{8y, k > 1} regarded as random probability measures on H™.

1.6 Uniform Large Deviations Principle

The arguments of the proofs of Theorems|[I.3|and[I.4]enable one to obtain a uni-
form LDP for the families {{x } and {{ }, which depend on the initial point. More
precisely, let us denote by i (u) the occupation measure (I.12)) for the trajectory
issued from a deterministic point u € A and define {; (u) in a similar way. The
definition of the uniform LDP is recalled in the Appendix (see Section [A.3). We
have the following result:

THEOREM 1.9. Let Hypotheses (A)—(D) and Condition (1.8)) be satisfied. Then the
uniform LDP holds for the families {{ (u), u € A} and {§; (u), u € A} with the
good rate functions I and I defined in Theorems|I.3|and respectively.

SKETCH OF THE PROOF. Let us define the set ® := N x 4 and introduce an
order relation < on it by the following rule: if §; = (k;, ui) e ®fori = 1,2, then
01 < 6, if and only if k1 < k,. Then (®, <) is a directed set. Defining r(6) = k,
we apply Theorem [A.T]to the family {y = i (u) indexed by 6 = (k,u) € ©. The
scheme of the proof described above for Theorem [I.3] applies equally well in this
case, and using the fact that the convergence in is uniform with respect to
the deterministic initial condition ug € A, we get the existence of limit and
uniqueness of equilibrium measure. Thus, we have the LDP

. 1 1 —
(1.49) — I(T") <liminf —logP{¢y € I'} < limsup —loglP{¢y € '} < —I(I).
9e® k gece Kk

Now notice that the middle terms in this inequality can be written as

1 1
liminf — log P{¢y € T’} = liminf — inf log P en,
iminf .- log {6p e T} Jim inf -+ inf log {Ck(u) € T'}

1 1
limsup —logP{¢y € '} = limsup — sup log P{¢; () € T'}.
0e® k k—+o00 k yea

Substituting these relations into (I.49), we obtain the uniform LDP for {j (u).

To establish the uniform LDP for {; (1), we apply Theorem We thus need
the uniform LDP for the projected measures §;” = ;" (u) defined in Section
The latter can be obtained by modifying the proof of Theorem [I.§] exactly in the
same way as we did above to get the uniform LDP for {j (u). O

2 Large-Time Asymptotics for Generalized Markov Semigroups

In this section, we prove a general result on the large-time behavior of trajec-
tories for a class of dual semigroups. This type of result was established earlier
for Markov semigroups satisfying a uniform Feller and an irreducibility proper-
ties; see [21,23H25,29]. The main theorem of this section is a generalization of
theorem 4.2 in [21]] and has independent interest.
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Let X be a compact metric space, let M4 (X) be the space of nonnegative
Borel measures on X endowed with the topology of weak convergence, and let
{P(u,-),u € X} C M4(X) be a family satisfying the following condition:
FELLER PROPERTY: The function u — P(u,-) from X to M4 (X) is continuous

and nonvanishing.

In this case, we shall say that P (u, I') is a generalized Markov kernel. One obvious
consequence of the Feller property is the inequality
C'<Pwu,X)<C foralluecX.

Define the operators

B/ = [ Padofo). ¥ = [ P D)
X X
and denote P = P* and Ly = (B*)k. 1t is easy to see that

Pef@) = [ Petu.dv) @), Wum) = [ Pete D)
X X
where Py (u, I') is defined by the relations Po(u,-) = 8y, P1(u,-) = P(u,-), and

Pr(u,-)= / Pr_1(u,dv)P(v,-), k=>2.
X
To simplify the notation, the sup-norm on C(X) is denoted in this section by ||-|.
Let 1 be the function on X identically equal to 1. Recall that a family C C C(X)
is called determining if any two measures u,v € M (X) satisfying the relation
(f. ) = (f.v) forall f € C coincide. In this section we prove:

THEOREM 2.1. Let P(u, ") be a generalized Markov kernel satisfying the follow-

ing conditions.

UNIFORM FELLER PROPERTY: There is a determining family C C C1(X) of
nonzero functions such that 1 € C and, for any f € C, the sequence

{18 £ 17 Bk £+ k = 0} is uniformly equicontinuous.
UNIFORM IRREDUCIBILITY: For any r > 0 there is an integer m > 1 and a
constant p > 0 such that

(2.1) Pyn(u,B(,r)) > p forallu,uecX.

Then there is a constant A > 0, a unique measure i € P(X) whose support
coincides with X, and a unique h € C(X) satisfying (h, u) = 1 such that for any
feC(X)andv € M4(X) we have

(22) Ph=Arh, Pu=2Au,
(2.3) AR f > (fw)h in C(X) as k — oo,
(2.4) )L_k‘ﬁ;';v — (h,v)u ask — oo.
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PROOF. Note that the uniqueness of & and p is an immediate consequence of
the normalization and relations (2.2)—(2.4). We split the proof in four steps.

Step 1. We first prove the existence of a measure satisfying the second relation
in (2.2). To this end, let F : P(X) — P(X) be a map defined by

F(p) = (B* (X)) "B* .
The Feller property implies that this map is well-defined and continuous in the
weak topology. Since P(X) is a convex compact set, by the Leray-Schauder the-
orem, the mapping F has a fixed point u € P(X). We thus obtain the second

relation in (2.2)) with A = PB* 1 (X). In what follows, we may assume without loss
of generality that A = 1; otherwise, we can replace P(u, ") by A=1P(u, ).

Step 2. Let us prove that, for any f € C, we have
(2.5) Cil <% fll <Cp forallk > 1,

where Cy > 1 is a constant not depending on k. Indeed, suppose that there is a
sequence k; — oo such that

(2.6) 1Bk, 1| + 1Bk, ST — 400 as j — oo.

In view of the uniform Feller property, we can assume that

1Bk, £ 17" B,/ — & inC(X)as j — oo,

where g € C(X) is a function whose norm is equal to 1. Integrating with respect
to n and using the invariance of u, we derive

2.7) 1R, SIS ) = (g.m) as j — oo

The uniform irreducibility implies that for any # € X and r > 0 we have

BB = [ Pl B@)) = pu(x) >0,
X
Hence, supp 1 = X, and since f, g € C4+(X) are nonzero functions, we have that
(fi) > 0and (g, ) > 0. It now follows from that the sequence [P, f ||
has a finite positive limit, and therefore cannot hold.

Step 3. Let us prove the existence of h € C4(X) satisfying the first relation
in @.2) with A = 1. Let f € C be an arbitrary function. The uniform Feller
property and inequality (2.3 imply that the sequence Py f is uniformly equicon-
tinuous. It follows that so is the sequence

1 k—1
Je=+ > Bif
=0
Let /2 be a limit point for { f; }. It is straightforward to see that # > 0 and P31/ = h.

Furthermore, since { fz, ) = {f, u) > 0, we see that & is nonzero. Multiplying &
by a constant, we can assume that (4, u) = 1. It remains to prove that 4(u) > 0
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for all u € X. Indeed, let Z € X be any point at which /4 is positive. Then there is
r > 0 such that 2(v) > r for v € B(u,r). It follows that, for any u € X, we have

h(u) = Puh(u) = / Pp(u, dv)h(v) > / Py (u, dv)h(v)
X B(u,r)
> er(u, B(u, r)) >rp >0,
where m > 1 is the integer from (2.1).

Step 4. We now establish convergence (2.3) and (2.4) with A = 1. To this end,
we first note that (2.4) is an immediate consequence of (2.3). Furthermore, the
right-hand inequality in (2.5) with f = 1 implies that the norms of the opera-
tors By are bounded by Cy for all k > 1. Since the linear span of a determining
family is dense in C(X), it suffices to establish forany f € C.

Let us fix an arbitrary f € C and define the function g = f — (f, u)h. We need
to prove that Bz g — 0in C(X). Since {PBr g, k > 0} is uniformly equicontinuous
and the norms of *J3; are bounded, the required assertion will be established if we
prove that any sequence of integers n; — 0o contains a subsequence {k;} C {n;}
for which

2.8) gkl — 0 asj — oo,

where we set g = Prg. Since (g, u) = 0fork > 0, convergence certainly
holds for any subsequence {k;} such that ”ng,~ | = 0or ||g,:j | = 0asj — oo.
Let us assume that there is no subsequence satisfying this property. Then there
exist sequences {uii} C X and a constant & > 0 such that

29 F ) =maxg e ze, F @) =maxg @)= e

ueX ueX
where we set g; = g, Since §li are uniformly equicontinuous, we can find r > 0
not depending on i such that
1
2
Let m and p be the constants arising in the uniform irreducibility condition.

Then 2.10) and 2.5)) imply
TonZE () = / P, d0)TE() < C1TEME).
X
P TE () > / P, d)TEQ) = pFEQE)/2.

B,

l

(2.10) [g;l-i(u) > :g"l-i(u;—L) foru € B(u;JE, r).

and it follows that

(2.11) sup PmZE () < Ag inf P& (),
ueX ueX
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where Ag = 2Cy/p > 1 (sothat 0 < 1 — A? < 1). In particular, due to the
stationarity of u, we have

P& ) = AZUBmZEN = A UBmEE N = AF1EEN -

Using this inequality, we now write

1Bl = f B @ — )l
X
- / Bz — AZUEF 1) — (B — AZ 1 0| die
X
< [1Bmt — A N Naldis + [ 19mG7 — A5 1T Nl
X X

- / P (@ + T — A7 NZF e + 127 10)
X

(2.12) = (1= A&l e-
Furthermore, for any f € C(X) and k > 1, we have

1B f M = AP S 1) = Biel £w) = (1S L) = 1 -

It follows that the sequence {|*Bxg|| .} is nonincreasing. Combining this property
with (2.12)), we see that if n; > n; + m, then

(2.13) Ign Nl < (1= Ag)gn; -

Let us choose a subsequence {k;} C {n;} such that k; 1 > k; + m. Then (2.13)
implies that

gk, Nl = 1B gl < (1= AgY llgll for j =0,

where ko = 0. This proves convergence (2.8) and completes the proof of the
theorem. O

3 The Uniform Feller Property

We shall use freely the notation introduced in Section [I.T] (we recall, in par-
ticular, that {e;} is the orthonormal basis introduced in Condition (C), Py is the
orthogonal projection onto Hy = span{ey,...,en}, and A = A({0}) is the do-
main of attainability from zero). Let V be the set of functions V' € C(.A) for which
there is an integer N > 1 and a function F € C(H y) such that

3.1 V(u) = F(Pyu) foru € A.

It is easy to see that  is a dense subspace in C(A) containing the constant func-
tions. In particular, the intersection C = V N C4(A) is a determining family
for P(A).
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For any V' € C(A), let us consider the following generalized Markov kernel
on A:

PV (u,T) = Ey(Ir(up)e”®V)

(3.2) _ / Piu.dv)e’®, ue A T eB(A).
T

The corresponding semigroup of operators is given by (I.42). The goal of this
section is to prove the following:

THEOREM 3.1. Under the hypotheses of Theorem forany V €V the semi-
group {‘BZ} possesses the uniform Feller property for the determining class C. In

other words, for any V € V and f € C the sequence {||q3,‘€’f||golq3}c’ﬁ k >0} is
uniformly equicontinuous.

This theorem will play a key role in the proof of our main results. To prove it,
we first recall a coupling construction for the Markov chain associated with (I.))
and then use it to establish Theorem 3.1l

3.1 Coupling

Let us denote by AZ+ the direct product of countably many copies of A en-
dowed with the Tikhonov topology and by P (v) the law of the trajectory {uy, k >
0} for (T.I)) issued from v € A. Thus, P(v) is a probability measure on A%+, The
following result is established in [23]] (see section 3.2.2).

PROPOSITION 3.2. Under the hypotheses of Theorem|[1.3] for any sufficiently large
integer N > 1 there is a probability space (2N, Fn, PnN), positive numbers Cy,
and yy < 1 such that

3.3) yN >0 as N — oo,
and an A x A—valued Markov process (uy, u;c) on QN parametrized by the initial
point (v,v") € A x A for which the following properties hold:
(a) The Py-laws of the sequences {uy, k > 0} and {u;c k > 0} coincide
with P (v) and P (V'), respectively.
(b) For any integer r > 1, we have

(34) Py{Pnuy =Pyujforl <k <r—1, Pyu, #Pyu,} <

Cnyyllv—o'II[]
where the trajectory (uy, u;c) entering the left-hand side corresponds to

the initial point (v,v') € Ax A.

Note that, in [23]], inequality (3.4) is proved with a fixed y. However, since
the numbers yy (R) entering (I.5) go to 0, we can make yy arbitrarily small by
choosing a large N.

3 The relation Pyuy = Py uj, in (3.4) should be omitted when r = 1.
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3.2 Proof of Theorem 3.1

Let us fix two functions V' € V and f € C. There is no loss of generality in
assuming that the integer N > 1 entering representation (3.1) for V and f is the
same. Abusing slightly the notation, we shall write V and f for the corresponding
function F in the right-hand side. Let us set

ge) = B L BY f(w), k=o0.

We need to show that {gz, k > 0} is uniformly equicontinuous. One can assume
that 0 < f < landinfy V = 0.

Let us fix two points v, v’ € A and denote by {u;} and {u;c} the sequences
constructed in Proposition[3.2] Denoting

8y f(z1,....zk) = exp(V(z1) + -+ + V(zk)) f(2k)
and defining A(r) to be the event on the left-hand side of (3.4)), we can write

k
(3.5) Bl S @) =B SO =D I,
r=1

where we set

I[ (V") = En{Iay(Bv f(ur, ... ,ux) — By fu], ... up))}

and E y stands for the expectation corresponding to P . Let us denote by F ,ﬁv the
filtration generated by (uy, u}c). Since f is bounded by 1 and separated from 0 by
a positive number §, taking the conditional expectation given .7-',N and carrying out
some simple estimates, we derive

I (0,v) < En{Tae” 0T V00 £y

< ]EN(IA(,‘)EV(“])J’_M-FV(ur) EN{EV]I(MI‘-FI’ ey Mk) ‘ ]:7]'\'})
< e"”V”ooEN(]A(r)($}€/_r]l)(ur)) = er”VHOOEN(IA(r)”m]‘c/]l”oo)
(3.6) < s te Wl |l £ Pn (A(r)).

Substituting this into (3.5)) and using (3.4), we derive

k
18k (V) — gk (V)] < Cxs ™ o —v'|| Y eV lyr

r=1
Choosing N so large that ||V | e + log yn < 0, we obtain
1g6() — gk ()| < Ciyllv —v'|| forallv.v' € Ak > 0.

The proof of Theorem[3.1]is complete. O
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4 Proof of Theorem

We shall prove Theorem [I.3| by verifying Property [I] (the existence of a limit)
and Property [2] (uniqueness of the equilibrium state) of Section [I.4]
Let PkV (u,T), {Y.BZ}, V), and C be as in Theorem Forany V € C(A),

PkV(u,-) > e_k||V”°°Pk(u,-) for any u € A.

Since Py (u,I') is uniformly irreducible (e.g., see section 5 of [21]] for a proof of a
similar assertion in a more complicated setting), so is PkV (u, T). By Theorem
for any V' € V the semigroup {‘JS}C/} possesses the uniform Feller property for the
determining class C. Thus, for V € V, Theoremholds for the semigroup {‘Bl‘:}
and the class C.

We now turn to the proof of Property [T] and the existence of the limit (I.40).

Theorem 2.1 implies that for any V' € V there is hy € C4+(A) and a constant
Ay > 0 such that

)LI_/k‘I}Z]l — hy inC(A)ask — oo.
It follows that for V € V

) 1
4.1) O(V)= lim —log(P)1)(u) =logiy
k—+oo k
uniformly in u € A. The estimate

k k
B D) = E, exp( > Vl(un)) <M=l g, exp( > Vz(un))

n=1 n=1
— kIVi=V2lleo (('311/2]1)(“)’

which holds for any V7, V5 € C(A), implies
1 1
4.2) 'Elog(iﬁ};' D) - ¢ log(PB2 D) < Vi — Valloo fork > 1,u € A.

Hence, (4.1) holds for all V' € C(.A), the limit is uniform in ¥ € A, and
4.3) |Q(Vﬁ)—-Q(V§)|§ HVj—-Vawm for V1, V5 € C(A).

The existence of the limit (I.40) for an arbitrary .A-valued initial random vari-
able ug now follows by integration with respect to the law of ug. The Holder
inequality implies immediately that Q is a convex function.

Let us prove Property [2| We shall show that, for any V' € V), there is a unique
equilibrium state oy € P(A) for Q(V'). To this end, we first derive a necessary
and sufficient condition for a measure ¢ € P(.A) to be an equilibrium state.

Recall that 7 : M(A) — R is the Legendre transform of the 1-Lipschitz convex
function Q : C(A) — R. Given a function V € C(A), introduce a Markov
semigroup by (I.46) and denote by {ka*} its dual semigroup acting on P(A).
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As in the case of Py, for any F € C(A) we can consider a generalized Markov
semigroup defined by

of f =" 1. of =@ D
We claim that, for any F € C(A), the limit

(4.4) oV(F) = klim %mg(g,f 1)(u)

is well-defined and does not depend on u € A. Indeed, it is straightforward to
check using (1.46)) that

SF1 =275y ) hy.

In view of convergence (1.44), it follows that (4.4) exists for any F € V and is
equal to

(4.5) QV(F)=Q(V + F)—Q(V).

Repeating the simple approximation argument used in the proof of (.I)), we con-
clude that the limit (4.4) is well-defined for any F € C(A) and is given by (.5).
It follows that the Legendre transform of Q" has the form

(4.6) 1V (o) =1(0)+ Q(V)— (Vo).

Thus, o € P(A) is an equilibrium state for Q (V) if and only if IV (¢) = 0. On the
other hand, by lemma 2.5 in [11]] (see also lemma 4.1.45 in [10]), the latter holds
if and only if o is a stationary measure for ,VIV*. Thus, the required property will
be established if we prove that Ylv* has a unique stationary measure.

In view of (I.46), we have
(4.7) SV *a = AFhy Bl (hy' o).

It follows that oy = hypy (where py is the measure in (I1.43)) is a stationary
measure for YIV*. Moreover, if 0 € P(.A) is another stationary measure for YkV*,

then, by (1.43), we have
o= ka*O' = AI_/thm]Ic/*(hI_/lo—) — hyuy = oy.

This completes the proof of uniqueness of the equilibrium state for V' € V' and that
of Theorem O

5 Proof of Theorem 1.4

As described in Section [I.5] Theorem [I.4] follows from Theorem [I.8] (which in
turn is a generalization of Theorem [I.3). To establish Theorem [I.8] one follows
the general scheme used in the proof of Theorem applying it to the Markov
chain formed by the segments of trajectories of length . Namely, let us consider
the following family of Markov chains in A:

(5.1 up = S(ug—1) + g,
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where uj = (u}c, cosuy ) Mg = (0,...,0, Mg 4m—1), and S : H™ — H™ is the
mapping given by
SWi,.ochvm) = (V2. 0m, S(vm)),  (v1,...,v) € H™,

It is clear that if u¢ is an .A-valued random variable independent of {1} and {uy }
is the corresponding trajectory of (L.IJ), then ;" is the occupation measure for the
trajectory of (5.1I)) starting from the (random) initial point (uy, ..., U—1). Since
its law is supported by AU the LDP for ¢ 2 will be established if we prove the
LDP for the Markov family (5.1 restricted to the invariant compact set A . By

Kifer’s theorem and the argument described in Section [I.4] the latter result is a
consequence of the following two properties (which were described in Section[I.4]

for {ug}):

Property 1’ (Existence of a Limit) For any function V € C(A®) the limit

k
1
5.2 V)= lim - logE exp( ) V(un))
(52) Om(V) = Tim —logE exp 2 (tn)
exists and does not depend on the initial point u = (u!,..., u™) € A,

Property 2" (Uniqueness of Equilibrium State) There exists a dense vector space
VY C C(A™) such that, for any V' € V,,, there is a unique measure oy €
P(A) satisfying the relation

Om(V)=sup ((V.0) = In(0)),
gEP(AM)

where I,,,(0) denotes the Legendre transform of Q,.

To establish these assertions, we introduce a generalized Markov semigroup by

the relation (cf. (1.42))
k

63 WS = Eafmen( X V). f e cum),

n=1
where V e C(A"™) is a given function. If we prove that {‘BZ} satisfies the
uniform Feller and uniform irreducibility properties of Theorem [2.1] for any V' be-
longing to a dense subspace V,, that contains constant functions, then the required
results will follow line by line the proof of Theorem [I.3]

To show the uniform irreducibility, note that A is the domain of attainability
from O for system (5.1). Therefore the required property follows by repeating the
proof of a similar property for (I.1).

We now turn to the uniform Feller property. Let V,, be the space of functions
V e C(A™) for which there is an integer N > 1 and a function F € C(H )
such that

V(u) = F(Pyu) foru= (u',...,u™)e A,
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where Pyu = (Pyul,...,Pyu™). Given v, v’ € A e define

v = (v, ug,...,ug), v;c =(v/,u/1,...,u;€), wr = (v, Uy, ..., ug),

where {u; } and {u} } stand for the trajectories issued from v and v’, respectively.
Then, for V, f € Vy,, and k > m, we have (cf. (3.5))

k
BYf@) =R FO) = (. 0) + Y 1 (0,0),

r=1
where we seiE]

Ik(v, v/) — Ef(vk)(eV(v1)+"-+V(vk) _ eV(wl)-i-'"-‘r-V(wk))’
I{(w.0') = Elyg(e" @0 V00 f(g) — e VOVHHVOD fa))),

and A(r) is defined in Section Since the last k& elements of the sequences vy
and wy, are the same, the expression ;. (v, v’) can be estimated uniformly in k > m
by a function of the form ||‘1Y.§,Ic/f||oo g(v,v’), where g(v,v) > Oasv —v — 0.
On the other hand, I} (v, v’) can be bounded in exactly the same way as in the
proof of Theorem [3.1] This completes the proof of Theorems|[I.8|and[1.4]

Appendix: Auxiliary Results

In this section, we recall three results on the large deviations principle (LDP).
The first of them was established by Kifer [20] and provides a sufficient condi-
tion for the validity of LDP for a family of random probability measures. The
second result shows that, when studying the LDP for occupation measures of ran-
dom processes, one can take the average starting from any nonnegative time. The
third result due to Dawson and Gértner [8] shows that the process level LDP is a
straightforward consequence of the LDP for finite segments of solutions.

A.1 Kifer’s Sufficient Condition for LDP
Let ® be a directed set, let X be a compact metric space, and let (2, F, P)
be a probability space. We consider a family {{g} = {{g’} of random probability
measures on X depending on 6 € ® such that the following limit exists for any
VeCX):
(A.1) o) = hm @log/exp(r(e)/ Vng’)dIP’(a)),
X

where 7 : ® — R is a given positive function such that limgeg () = oco. Then
0 : C(X) — R is aconvex 1-Lipschitz functional such that Q(V') > 0 for any

6 Given a function g : A — R and any finite sequence z C A of length > m, with a slight
abuse of notation we denote by g(z) the value of g calculated on the last m elements of z.
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V e C4+(X) and Q(C) = C for any constant C € R. Recall that the Legendre
transform of Q is defined on the space M (X) by

(A2) I(o) = sup ({V.o)—Q(V))
VeC(x)

if 0 € P(X) and I(0) = oo otherwise. The function /(o) is convex and lower-
semicontinuous in the weak topology, and Q can be reconstructed by the formula

O(V)= sup ((V.0)—1(0)).
oeP(X)
Since P(X) endowed with the topology of weak convergence is compact, for any
V e C(X) there is oy € P(X) such that
(A3) V) =(V,ov) —I(oy).

Any measure oy € P(X) satisfying (A.3) is called an equilibrium state for V. The
following result of Kifer shows that if the equilibrium state is unique for a dense
vector subspace of V' € C(X), then the LDP holds for {g.

THEOREM A.l. Suppose that limit (A.1)) exists for any V € C(X). Then the LD
upper bound

llglsupﬁlog}?{{g e F} <—I(F)

holds with the rate function I given by (A.2). Furthermore, if there exists a dense

vector space V C C(X) such that the equilibrium state oy € P(X) is unique for
any V €V, then the LD lower bound also holds:

1
hm 1nf W loglP{¢g € G} = —1(G).
A.2 Exponential Equivalence of Random Probability Measures

Let X be a Polish space and let {4} and {} } be two sequences of random
probability measures on X . Recall that {1tz } and { u;c} are said to be exponentially
equivalent if

(A4) lim P{||pg —uilf > 81/% =0 forany§ > 0.
k—>o0

It is well known that if two sequences of random probability measures are expo-
nentially equivalent, then an LDP with a good rate function for one of them implies
the same LDP for the other; see section 4.2.2 in [9].

Now let {u,} be a random sequence in X. We denote by ¢ ]Em) the occupation
measures for {u,} starting at time m > O:

m+k 1

](cm) k Z Sun

The following result was used in Section @
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LEMMA A.2. The sequences M;(cm) and ug) are exponentially equivalent for any

integers m,l > 0.
PROOF. Let f € Ly(X) be such that || f||z < 1. Then
(m) M| < 2m—1]
[(fo) = (fom)] = A
It follows that ||/,L](€m) — ,u]((l) |7 <2|m —1|/k, whence we see that

P{| ™ — P > 8y =0 fork > 287 m —1].

Hence, condition (A.4)) is satisfied for any § > 0, and the sequences in question are
exponentially equivalent. O

A.3 Dawson-Girtner Theorem

For a given Polish space X, we denote by X = X%+ the direct product of
countably many copies of X endowed with the Tikhonov topology, and by p,, :
X — X' the natural projection to the first m components of X . Let {{;} = {{7}
be a sequence of random probability measures on P(X) and let {;" be the image
of §; under the projection p,,. The following theorem is a particular case of a
more general result established in [8] (see also theorem 4.6.1 in [9]).

THEOREM A.3. Suppose that for any integer m > 1 the sequence {{}''} satisfies
the LDP with a good rate function I, : P(X™) — [0, +00]. Then the LDP holds
for {& .} with the good rate function

(A.5) 1(0) = sup In(o o p;,').
m>1

PROOF.

Step 1. Rate function. Let us prove that the function I defined by (A.3) is a
good rate function. Indeed, since I,, are good rate functions, for any & € R we
have

{I <a}= ﬂ{a € P(X) : Im(o 0 p,,') <o}
(A.6) m=1

o0
= (Moop,' K7}
m=1

where K" are compact subsets in P(X"). This relation immediately implies that
the set {I < «} is closed and therefore I is lower-semicontinuous. Furthermore,
since a sequence {6 ;} C P(X) converges if and only if so does {a; o p,,'} for
any m > 1, it follows from (A.6) that the level sets of I are compact.

Step 2. Lower bound. Let G C P(X) be an open subset. It suffices to prove
that, for any o € G, we have

1
liminf —logP{{;, € G} > —I(o).
k—oo k



2140 V. JAKSIC ET AL.
Since G is open, for any ¢ € G, one can find an integer m > 1 and open subset

Gm C P(X™) containing o o p;,! such that G D p,,'(G,,). Since the LDP holds
for §' =&y o0 Pl it follows that

1 1
liminf — log P{¢; € G} > liminf — log P{¢; € p,. ' (Gm)}
k—o0 k k—o0 k
1
= liminf - log P{¢" € G} = =1 (Gm).
k—oo Kk

It remains to note that 1,;(Gp) < Im(o o p;,}) < (o).

Step 3. Upper bound. Let F C P(X) be a closed subset. It suffices to prove
that, if « < I(F), then

1
(A7) liminf —log P{¢; € F} < —«a.
k—oo k
Relation implies that

g=Fn{I<a}= () FN{ln(oop,")<e}
m=1

Since F N {I < «} is a compact set, it follows that one can find an integer m > 1
such that F N {I,,(0 o pnjl) < o} = . Denoting by Fy, the image of F under
the projection py,, we conclude that I, (Fy,) > a. Since F C p,,' (Fp), using the
LDP for ", we derive

1 1
liminf —logP{¢; € F} <liminf —-logP{{; € pzl(Fm)}
k—oo k k—oo k
1
= liminf - log P{¢}" € Fu} < —Im(Fpm) < —a.
k—oo k

This completes the proof of (A.7) and of the theorem. 0

Theorem [A.3] admits a simple generalization to the case of uniform LDP. Let
us assume that we are given a sequence of random probability measures {{ (y)}
on X depending on a parameter y € Y where Y is an arbitrary set. We say that
{€x (v)} satisfies the uniform LDP with a good rate function I : P(X) — [0, +00]
if

. 1
—I(I') <liminf —log inf P{$;(y) € I'}
k—oo k yey
1 —
(A.8) < liminf —log sup P{§;(y) e I'} < —I(I),
k—o0 k er

where I' C P(X) is an arbitrary Borel subset. The proof of the following result
literally repeats that of Theorem[A.3] and we omit it:
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THEOREM A.4. Suppose that for any integer m > 1 the sequence {;'(y), y € Y}
satisfies the uniform LDP with a good rate function I, : P(X™) — [0, +o<]. Then
the uniform LDP holds for {§; (y), y € Y } with the good rate function (A.5).

Acknowledgment. This research was supported in part by CNRS PICS Project
RESSPDE. The research of VJ was supported by NSERC. The research of VN was
supported by ANR grants EMAQS (ANR 2011 BS01 017 01) and STOSYMAP
(ANR 2011 BS01 015 01). The work of CAP has been carried out in the framework
of the Labex Archimeéde (ANR-11-LABX-0033) and of A*MIDEX Project (ANR-
11-IDEX-0001-02), funded by the French government program Investissements
d’Avenir. The research of AS was carried out within the MME-DII Center of
Excellence (ANR-11-LABX-0023-01) and supported by ANR Grant STOSYMAP
and RSF Project 14-49-00079.

Bibliography

[1] Babin, A. V.; Vishik, M. 1. Attractors of evolution equations. Studies in Mathematics and Its
Applications, 25. North-Holland, Amsterdam, 1992.

[2] Bogenschiitz, T.; Doebler, A. Large deviations in expanding random dynamical systems. Dis-
crete Contin. Dynam. Systems 5 (1999), no. 4, 805-812. doi:10.3934/dcds.1999.5.805

[3] Bricmont, J.; Kupiainen, A.; Lefevere, R. Exponential mixing of the 2D stochastic Navier-
Stokes dynamics. Comm. Math. Phys. 230 (2002), no. 1, 87-132. |doi1:10.1007/s00220-002-
0708-1

[4] Cerrai, S.; Rockner, M. Large deviations for stochastic reaction-diffusion systems with multi-
plicative noise and non-Lipschitz reaction term. Ann. Probab. 32 (2004), no. 1B, 1100-1139.
doi:10.1214/a0p/1079021473

[5] Cerrai, S.; Rockner, M. Large deviations for invariant measures of stochastic reaction-diffusion
systems with multiplicative noise and non-Lipschitz reaction term. Ann. Inst. H. Poincaré
Probab. Statist. 41 (2005), no. 1, 69-105. do1:10.1016/j.anithpb.2004.03.001

[6] Chang, M.-H. Large deviation for Navier-Stokes equations with small stochastic perturbation.
Appl. Math. Comput. 76 (1996), no. 1, 65-93.|doi:10.1016/0096-3003(95)00150-6

[7]1 Chueshov, I.; Millet, A. Stochastic 2D hydrodynamical type systems: well posedness and large
deviations. Appl. Math. Optim. 61 (2010), no. 3, 379—420. doi:10.1007/s00245-009-9091-z

[8] Dawson, D. A.; Girtner, J. Large deviations from the McKean-Vlasov limit for weakly inter-
acting diffusions. Stochastics 20 (1987), no. 4, 247-308. doi:10.1080/17442508708833446

[9] Dembo, A.; Zeitouni, O. Large deviations techniques and applications. Stochastic Modelling
and Applied Probability, 38. Springer, Berlin, 2010. doi:10.1007/978-3-642-03311-7

[10] Deuschel, J.-D.; Stroock, D. W. Large deviations. Pure and Applied Mathematics, 137. Aca-
demic Press, Boston, 1989.

[11] Donsker, M. D.; Varadhan, S. R. S. Asymptotic evaluation of certain Markov pro-
cess expectations for large time. 1. Comm. Pure Appl. Math. 28 (1975), no. 1, 1-47.
do1:10.1002/cpa.3160280102

[12] Donsker, M. D.; Varadhan, S. R. S. Asymptotic evaluation of certain Markov process
expectations for large time. II. Comm. Pure Appl. Math. 28 (1975), no. 2, 279-301.
do1:10.1002/cpa.3160280206

[13] E, W.; Mattingly, J. C.; Sinai, Y. Gibbsian dynamics and ergodicity for the stochas-
tically forced Navier-Stokes equation. Comm. Math. Phys. 224 (2001), no. 1, 83-106.
doi:10.1007/s002201224083


http://dx.doi.org/doi:10.3934/dcds.1999.5.805
http://dx.doi.org/doi:10.1007/s00220-002-0708-1
http://dx.doi.org/doi:10.1007/s00220-002-0708-1
http://dx.doi.org/doi:10.1214/aop/1079021473
http://dx.doi.org/doi:10.1016/j.anihpb.2004.03.001
http://dx.doi.org/doi:10.1016/0096-3003(95)00150-6
http://dx.doi.org/doi:10.1007/s00245-009-9091-z
http://dx.doi.org/doi:10.1080/17442508708833446
http://dx.doi.org/doi:10.1007/978-3-642-03311-7
http://dx.doi.org/doi:10.1002/cpa.3160280102
http://dx.doi.org/doi:10.1002/cpa.3160280206
http://dx.doi.org/doi:10.1007/s002201224083

2142 V. JAKSIC ET AL.

[14] Flandoli, F.; Maslowski, B. Ergodicity of the 2-D Navier-Stokes equation under random pertur-
bations. Comm. Math. Phys. 172 (1995), no. 1, 119-141.

[15] Freidlin, M. I. Random perturbations of reaction-diffusion equations: the quasideterministic
approximation. Trans. Amer. Math. Soc. 305 (1988), no. 2, 665-697. doi:10.2307/2000884

[16] Freidlin, M. 1.; Wentzell, A. D. Random perturbations of dynamical systems. Grundlehren
der mathematischen Wissenschaften, 260. Springer, New York, 1984.|doi:10.1007/978-1-4684-
0176-9

[17] Gallavotti, G.; Cohen, E. G. D. Dynamical ensembles in stationary states. J. Statist. Phys. 80
(1995), no. 5-6, 931-970. |doi:10.1007/BF02179860

[18] Gourcy, M. A large deviation principle for 2D stochastic Navier-Stokes equation. Stochastic
Process. Appl. 117 (2007), no. 7, 904-927. doi:10.1016/j.spa.2006.11.001

[19] Gourcy, M. Large deviation principle of occupation measure for stochastic Burg-
ers equation. Ann. Inst. H. Poincaré Probab. Statist. 43 (2007), no. 4, 441-459.
doi:10.1016/j.anihpb.2006.07.003

[20] Kifer, Y. Large deviations in dynamical systems and stochastic processes. Trans. Amer. Math.
Soc. 321 (1990), no. 2, 505-524.d0i:10.2307/2001571

[21] Kuksin, S.; Shirikyan, A. Stochastic dissipative PDEs and Gibbs measures. Comm. Math. Phys.
213 (2000), no. 2, 291-330. /doi:10.1007/s002200000237

[22] Kuksin, S.; Shirikyan, A. Randomly forced CGL equation: stationary measures and the inviscid
limit. J. Phys. A 37 (2004), no. 12, 3805-3822.|doi:10.1088/0305-4470/37/12/006

[23] Kuksin, S.; Shirikyan, A. Mathematics of two-dimensional turbulence. Cambridge University
Press, Cambridge, 2012.

[24] Lasota, A.; Szarek, T. Lower bound technique in the theory of a stochastic differential equation.
J. Differential Equations 231 (2006), no. 2, 513-533.do1:10.1016/;.jde.2006.04.018

[25] Lasota, A.; Yorke, J. A. Lower bound technique for Markov operators and iterated function
systems. Random Comput. Dynam. 2 (1994), no. 1, 41-77.

[26] Sowers, R. B. Large deviations for a reaction-diffusion equation with non-Gaussian perturba-
tions. Ann. Probab. 20 (1992), no. 1, 504-537.

[27] Sowers, R. Large deviations for the invariant measure of a reaction-diffusion equation with
non-Gaussian perturbations. Probab. Theory Related Fields 92 (1992), no. 3, 393-421.
doi:10.1007/BF01300562

[28] Sritharan, S. S.; Sundar, P. Large deviations for the two-dimensional Navier-Stokes equa-
tions with multiplicative noise. Stochastic Process. Appl. 116 (2006), no. 11, 1636-1659.
doi:10.1016/j.spa.2006.04.001

[29] Szarek, T. Markov operators acting on Polish spaces. Ann. Polon. Math. 67 (1997), no. 3, 247-
257.

[30] Wu, L. Large and moderate deviations and exponential convergence for stochastic damping
Hamiltonian systems. Stochastic Process. Appl. 91 (2001), no. 2, 205-238.|doi:10.1016/S0304-
4149(00)00061-2


http://dx.doi.org/doi:10.2307/2000884
http://dx.doi.org/doi:10.1007/978-1-4684-0176-9
http://dx.doi.org/doi:10.1007/978-1-4684-0176-9
http://dx.doi.org/doi:10.1007/BF02179860
http://dx.doi.org/doi:10.1016/j.spa.2006.11.001
http://dx.doi.org/doi:10.1016/j.anihpb.2006.07.003
http://dx.doi.org/doi:10.2307/2001571
http://dx.doi.org/doi:10.1007/s002200000237
http://dx.doi.org/doi:10.1088/0305-4470/37/12/006
http://dx.doi.org/doi:10.1016/j.jde.2006.04.018
http://dx.doi.org/doi:10.1007/BF01300562
http://dx.doi.org/doi:10.1016/j.spa.2006.04.001
http://dx.doi.org/doi:10.1016/S0304-4149(00)00061-2
http://dx.doi.org/doi:10.1016/S0304-4149(00)00061-2

LARGE DEVIATIONS FOR DISSIPATIVE PDES WITH RANDOM KICKS 2143

VOIKAN JAKSIC
Department of Mathematics
and Statistics
McGill University
805 Sherbrooke Street West
Montreal, QC, H3A 2K6,
CANADA
E-mail: Jaksic@math.mcgill.ca

CLAUDE-ALAIN PILLET
Aix Marseille Université
CNRS, CPT, UMR 7332
Case 907, 13288 Marseille
FRANCE

and
Université de Toulon
CNRS, CPT, UMR 7332
83957 La Garde
FRANCE
E-mail: PilletQuniv-tln.fr

Received September 2013.

VAHAGN NERSESYAN

Laboratoire de Mathématiques

UMR CNRS 8100

Université de Versailles-Saint-Quentin-
en-Yvelines

F-78035 Versailles

FRANCE

E-mail: vahagn.Nersesyan@

math.uvsqg. fr

ARMEN SHIRIKYAN

Department of Mathematics

University of Cergy—Pontoise

CNRS UMR 8088

2 avenue Adolphe Chauvin

95302 Cergy—Pontoise

FRANCE

E-mail: Armen.Shirikyan@
u-cergy.fr


mailto:Jaksic@math.mcgill.ca
mailto:Pillet@univ-tln.fr
mailto:Vahagn.Nersesyan@\math.uvsq.fr
mailto:Armen.Shirikyan@\u-cergy.fr

	Introduction
	1. The Model and the Results
	2. Large-Time Asymptotics for Generalized Markov Semigroups
	3. The Uniform Feller Property
	4. Proof of Theorem 1.3
	5. Proof of Theorem 1.4
	Appendix: Auxiliary Results
	Bibliography

