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Abstract

In this paper, we consider the 2D Navier—Stokes system driven by a
white-in-time noise. We show that the occupation measures of the tra-
jectories satisfy a large deviations principle, provided that the noise acts
directly on all Fourier modes. The proofs are obtained by developing an
approach introduced previously for discrete-time random dynamical sys-
tems, based on a Kifer-type criterion and a multiplicative ergodic theorem.
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0 Introduction

We study the large deviations principle (LDP) for the 2D Navier—Stokes system
for incompressible fluids:

O+ (u, Viu —vAu+ Vp = f(t,x), divu =0, (0.1)

where v > 0 is the viscosity of the fluid, u = (u1 (¢, ), u2(t, z)) and p = p(t, x)
are unknown velocity field and pressure, f is an external (random) force, and
(u, VY = u101 + u202. Throughout this paper, we assume that the space vari-
able x = (21, 3) belongs! to the standard torus T? = R?/27Z2. The problem
is considered in the space of divergence-free vector fields with zero mean value

H = {ueL‘Z(T?,R?): divu =0 in T?, / u(x)d:c:()} (0.2)
T2

endowed with the L?-norm || - ||. We assume that the force is of the form

f(t7x) = h(l‘) + n(tvx)a

where h € H' := HY(T?,R?) N H is a given function and 7 is a white-in-
time noise

n(t,x) =W (tz), W(ta)=> biB;t)e;(r). (0.3)
j=1
Here {b;} is sequence of real numbers such that
B = ZO&jb? < 00, (04)
j=1

{B;} is a sequence of independent standard Brownian motions defined on a
filtered probability space? (Q,F,{F:},P), and {e;} is an orthonormal basis
in H consisting of the eigenfunctions of the Stokes operator L = —A with
eigenvalues {«;}. As usual, projecting (0.1) to H, we eliminate the pressure

1The periodic boundary conditions are chosen to simplify the presentation. Similar results
can be established in the case of a bounded domain with smooth boundary and Dirichlet
boundary conditions.

2We assume that this space satisfies the usual conditions (see Definition 2.25 in [15]).



and obtain an evolution equation for the velocity field® (e.g., see Section 6 in
Chapter 1 of [21]):
u+ B(u) + Lu = h(zx) + n(t, ), (0.5)

where B(u) = I((u, V)u) and II is the orthogonal projection onto H in L?.
This system is supplemented with the initial condition

u(0) = ug. (0.6)

Under these assumptions, problem (0.5), (0.6) admits a unique solution and de-
fines a Markov family (u;, P,,) parametrised by the initial condition u = ug € H.
The ergodic properties of this family are now well understood. In particular, it
is known that (u¢, P,) admits a unique stationary measure, which is exponen-
tially mixing, provided that sufficiently many coefficients b; are non-zero (see
the papers [7, 18, 6, 19, 1, 12, 24] and the book [20]). A central limit theorem
(CLT) for problem (0.5), (0.6) is established in [16, 25]. The LDP proved in
the present paper is a natural extension of the CLT. Indeed, while the CLT
describes the probability of small deviations of a time average of a functional
from its mean value, the LDP quantifies the probability of large deviations.

Before formulating the main result of this paper, let us introduce some
notation and definitions. We denote by P(H) the space of Borel probability
measures on H endowed with the topology of weak convergence. Given a mea-
sure v € P(H), we set P, (I') = [, Pu(T')v(du) for any I' € F and consider the
following family of occupation measures

1 t
G = g/o du,ds, t>0 (0.7)

defined on the probability space (2, F,P,). Here d,, is the Dirac measure concen-
trated at w € H. We shall say that a mapping I : P(H) — [0, +00] is a good rate
function if the level set {o € P(H) : I(0) < a} is compact for any a > 0. A good
rate function I is nontrivial if its effective domain D; = {o € P(H) : I(0) < oo}
is not a singleton. For any numbers s > 0 and M > 0, we denote

A(se, M) = {1/ € P(H) : /He"HUHQV(dv) < M} .

Main Theorem. Assume that (0.4) holds and b; > 0 for all j > 1. Then
for any numbers » > 0 and M > 0, the family {(;,t > 0} satisfies an LDP,
uniformly with respect to v € A(3, M), with a non-trivial good rate function
I:P(H)— [0,+00] not depending on > and M. More precisely, the following
two bounds hold.

Upper bound. For any closed subset F C P(H), we have

1
limsup —logsup P, {¢; € F} < — inf I(0).
t vEA oeF

t—o00

3To simplify the notation, we shall assume that v = 1.



Lower bound. For any open subset G C P(H), we have
o1 . .
hggggf : log ;Ielf\]?,,{ct eG}>— Uuelg I(o).
Furthermore, I is given by

o) = sup ( /H V(u)a(du)—Q(V)), o € P(H), 0.8)

VeC,(H)

where Q : Cy(H) — R is a 1-Lipschitz convex function such that Q(C) = C for
any C € R.

This type of large deviations results have been first established by Donsker
and Varadhan [4] and later generalised by many others (see the books [9, 3, 2]
and the references therein). There are only a few works studying the large
deviations behaviour of solutions of randomly forced PDEs as time goes to
infinity. The case of the stochastic Burgers and Navier—Stokes equations is first
studied in [10, 11]. In these papers, the random perturbation is of the form (0.3)
with the following restriction on the coefficients

1_

1 1
Cjiagbjgcjiz 67 §<Oé<1, 56(0,@2]- (09)

Notice that the lower bound does not allow the sequence {b;} to converge to
zero sufficiently fast, so the external force f is irregular with respect to the space
variable. This is not very natural from the physical point of view. The proof is
based on a general sufficient condition established in [26], and essentially uses
the strong Feller property. The main novelty of our Main Theorem is that it
proves an LDP without any lower bound on {b;} (so, in particular, we do not
have a strong Feller property).

We use an approach introduced in the papers [13, 14], where an LDP is
established for a family of dissipative PDEs perturbed by a random kick force.
The proofs of these papers are based on a Kifer type criterion for LDP and
a study of the large-time behaviour of generalised Markov semigroups. These
results have been later extended in [22] to the case of the stochastic damped
nonlinear wave equation driven by a spatially reqular white noise. The main
result of that paper is an LDP of local type. In the case of the Navier—Stokes
system (0.5), although we follow a similar scheme, there are important differ-
ences in all the steps of the argument, coming from both the continuous-time
nature of the system and the globalness of the LDP. Here we study the large-
time asymptotics of the Feynman—Kac semigroup without any restriction on the
smallness of the potential. One of the most important difficulties arises in the
proof of the uniform Feller property. To establish this, we construct coupling
processes using a new two parameter auziliary equation (see (3.1)) which allows
to have an appropriate Foiag—Prodi estimate for the trajectories and a rapid
exponential stabilisation for finite-dimensional projections.



Let us also mention that the multiplicative ergodic theorem we obtain for
system (0.5) is of more general form and works for a larger class of functionals
and initial measures (see Theorem 1.1).

It is a challenging open problem whether an LDP still holds for (0.5), (0.6)
when the driving noise is highly degenerate (i.e., only a finite number of b; are
non-zero in (0.3)). For the Navier-Stokes system in this degenerate situation,
exponential mixing is established in [12] for white-in-time noise and in [17] for
a bounded noise satisfying some decomposability and observability hypothe-
ses. Using these results and literally repeating the arguments of the proof of
Theorem 5.4 in [23], one can prove a level-1 LDP of local type.

The paper is organised as follows. In Section 1, we state a multiplicative er-
godic theorem for the Navier—Stokes system and combine it with Kifer’s criterion
for non-compact spaces to prove the Main Theorem. In Sections 2 and 3, we
check the conditions of an abstract result on large-time behaviour of generalised
Markov semigroups. Section 4 is devoted to the proof of the multiplicative er-
godicity. In the Appendix, we prove various a priori estimates for the solu-
tions and recall the statement of the above-mentioned result for generalised
Markov semigroups.
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Notation

We shall use the following standard notation.

H is the space defined by (0.2), By (a, R) is the closed ball in H of radius R
centred at a. When a = 0, we write By (R).

H' = HY(T?,R?) N H, where H*(T?,R?) is the space of vector functions u =
(u1,u2) with components in the usual Sobolev space of order 1 on T2.

L*°(H) is the space of bounded Borel-measurable functions f : H — R en-
dowed with the norm || f|loc = sup,cpq | f(w)].

Cy(H) is the space of continuous functions f € L*(H).
Ly(H) is the space of functions f € Cy(H) for which the following norm is finite
[0(w) — ()|

1Y)z = N9l 4 sup
wy  [lu—of

V is the space of functions V : H — R for which there is an integer N > 1 and
a function F' € Ly(Hy) such that

V(u)=F(Pyu), wu€ H. (0.10)



Here Py is the orthogonal projection in H onto the space
Hy = span{ey,...,en} (0.11)

and {e;} is the orthonormal basis entering (0.3).
For a given Borel-measurable function tvo : H — [1, +00], we denote by Cy (H)
(respectively, Lo (H)) the space of continuous (Borel-measurable) functions f :
H — R such that

|f ()]

fllpee = sup < 00
£ 1]z S )

M (H) is the set of non-negative finite Borel measures on H endowed with
the topology of the weak convergence. For p € M (H) and f € Cy(H), we

denote (f, ) = [;; f(u)p(du).
P(H) is the set of Borel probability measures on H, and Py, (H) is the set of
measures y € P(H) such that (1w, u) < oo.

1 Proof of the Main Theorem

In this section, we state a multiplicative ergodic theorem for the Navier—Stokes
system (0.5) and apply it to prove the Main Theorem. Let us start by intro-
ducing the following two weight functions

m.(u) = exp(s|u]?), (1.1
o, (u) =1+ [[u|®™, weH (1.2
for positive numbers » and m. To avoid triple subscripts, we shall write Cy, (H

and Pn(H) instead of C (H) and Pu, (H). Recall that the Feynman—Ka
semigroup associated with the family (us, IP,) is defined by

PBY fw) =Eu {Z) f(ur)},

2 =exp (/Ot V(us)ds> : (1.3)

From estimate (5.21) it follows that, for sufficiently small s and any V' € Cy(H),
the application B} maps Cy(H) into itself. Let Py * : M (H) — M (H) be
its dual. Then a measure u € P(H) and a function h € Cy,(H) are eigenvectors
corresponding to an eigenvalue A > 0 if

)
)
)
where

Vip=Xu,  PYh=Ah foranyt>0.
We have the following result.

Theorem 1.1. Under the conditions of the Main Theorem, for any V € V),
there are numbers m = m(V) > 1 and v = v(Bo) > 0, where By = Zj>1 b?,
such that the following assertions hold for any » € (0,7). B



Existence and uniqueness. There is a unique pair (py, hy ) € P (H)XCy (H)
of eigenvectors corresponding to an eigenvalue Ay > 0 normalised by the
condition (hy,uy) = 1.

Convergence. For any f € C(H), v € P(H), and R > 0, we have
ANSBEf = (fomvhy in Cy(Br(R) NLY(H, py) ast — 0o, (14)
MRV = (hy,v)py in My (H) as t — oo. (1.5)

Moreover, for any M > 0 and s’ € (5,79), the convergence

A, {f(ut)exp ( / t V<us>ds)} = (fou) (hy,v) ast— oo (L6)

holds uniformly in v € A(>', M).

This theorem is established in Section 4. Here we combine it with some ar-
guments from [14, 22], to prove the Main Theorem.

Proof of the Main Theorem. Step 1: Reduction. It suffices to prove the Main
Theorem for small 5, so we shall assume that 3¢ € (0,7p). Let us take any M > 0
and endow the set

O =R} x A(», M)

with an order relation < defined by (¢1,11) < (t2,12) if and only if ¢; < to. Then
a family {zy € R, 0 € O} converges if and only if it converges uniformly with re-
spect to v € A(s, M) ast — oo. Assume that the following three properties hold.

Property 1. For any V € Cy(H) and v € A(s, M), the following limit exists

t
Q(V) = lim %1ogEy exp(/o V(us)ds).

Moreover, it does not depend and is uniform in v € A(s¢, M).

Property 2. There is a vector space V C Cy(H) such that its restriction to
any compact set K C H is dense in C(K), and for any V' € V), there is a
unique oy € P(H) satisfying the relation

Q)= (V,ov) = I(ov), (L.7)
where I(o) is the Legendre transform of @ given by (0.8).

Property 3. There is a function ¢ : H — [0,+00] with compact level sets
{u e H :P(u) < a} for any o > 0 such that

t
E, exp(/ @(us)ds) <Ce, veA(,M),t>0 (1.8)
0

for some positive constants C' and c.



For any 0 = (¢t,v) € O, let us set 79 := t and (y := (;, where (; is the random
probability measure given by (0.7) defined on the probability space (Qg, Fp,Pp) :
(Q, F,P,). The definition of the relation < and Properties 1-3 imply that the
family {(y} satisfies the conditions of the Kifer type criterion established in
Theorem 3.3 in [14]. Hence (0.8) defines a good rate function I and for any
closed set F' C P(H) and open set G C P(H), we have

1
lim sup — logPe{¢p € F} < — inf I(0),
oce To ocEF

1
lim inf — log P G} > —inf I(o0).
gy, oeFeic € G2 = la 1)

These two inequalities imply the upper and lower bounds in the Main Theorem,
since we have the following equalities

1 1
limsup — logPy{¢p € F'} = limsup - logsup P, {(; € F},
0cO  To t—oo T veA
o1 | .
hIe%l@nf - logPy{¢p € G} = hgl()gf 7 log VuelgIPI,{g € G}.

Now we turn to the proofs of Properties 1-3.

Step 2: Proof of Properties 1-3. Property 3 is the easiest one. It is verified
for ®(u) = »||ul|? if we choose s € (0,70). Indeed, (1.8) follows from inequal-
ity * (5.20), and @ has compact level sets, since it is continuous from H' to R
and the embedding H' C H is compact.

Properties 1 and 2 are proved using the same methods as in the case of the
discrete-time model considered in [14]. The restriction of V to any compact
set K C H is dense in C(K). Taking f = 1 in (1.6), we get Property 1 for
any V € V with Q(V) = log A\y. In the case of an arbitrary V € Cy(H), this
property is established by using a buc-approzimating sequence V,, € V of V.
(i-e., sup,>1 [|[Valloo <00 and ||V, — V||pe(x) — 0 as n — oo for any compact
K in H) and the exponential tightness of the family {(y} (which holds by
Property 3). The reader is referred to Section 5.6 of [14] for the details.

To prove Property 2, for any V € V and F € Cy(H), we consider the
following auxiliary Markov semigroup

LT g) = A B (v g)(w), g € Cy(H), £ >0,
By Property 1, the following limit exists
.1
Q' (F) = Jim +log(# 1)(u),

Let IV : M(H) — [0, +00] be the Legendre transform of QV. The arguments of
Section 5.7 in [14] show that o € P(H) satisfies (1.7) if and only if IV (o) = 0.

4We shall see in the proof of Theorem 1.1, that 7o is the number in Lemma 5.3.



On the other hand, by Proposition 1.3 in [22] (whose proof is the same in our
case), the measure oy = hy py is the unique zero of T v.

It remains to show that the good rate function I is non-trivial. Assume,
by contradiction, that D; is a singleton. Then I(y) = 0 and I(o) = +oo for
o € P(H)\ {u}, where u is the stationary measure of (us,P,). On the other
hand, as the Legendre transform is its own inverse, we derive from (0.8) that

QW)= :;FH)«V, o) —I(c)) for Ve Cy(H).

This implies that Q(V) = (V,pu) for any V € Cy(H). Let us take any non-
constant V' € V such that (V, ) = 0. Then Q(V) = 0, and from limit (1.4) with
f=1and v=pweget \y =e?V) =1 and

supE,, exp ( /0 t V(us)ds> < . (1.9)

t>0

Combining the latter with the central limit theorem (see Proposition 4.1.4
in [20]), we get V' = 0. This contradicts the assumption that V' is non-constant
and completes the proof of the Main Theorem.

|

2 Checking conditions of Theorem 5.6

Theorem 1.1 is proved by applying a convergence result for generalised Markov
semigroups obtained in [14, 22] and restated here as Theorem 5.6. In this and
next sections, we show that the conditions of that theorem are satisfied for the
generalised Markov family of transition kernels defined by

P/ (u,T) = (B} *6.)(), T €B(H), ue H,

if we take X = H, Xp = By:1(R), and to = w,, with sufficiently large m > 1.

2.1 Growth estimates

Estimate (5.24) implies that the measure PY (u,-) is concentrated on the space
H!' = UR X =X forany V € Cy(H), t > 0, and v € H. The boundedness
of V implies that sup,cp 1 B 1]|so < oo. So the following proposition gives
the growth condition in Theorem 5.6.

Proposition 2.1. For any V € Cy(H), there are positive numbers m and Ry
such that

14
1B wlle

sup < 00, (2.1)
120 [1BY LR,

where w0 =10, and || - || g, is the L™ norm on Xg,.



Proof. Replacing V by V —infy V', we can assume that V is non-negative.

Step 1. Let us show that there are integers m, Ry > 1 such that

o 121 1
120 1B} Lllr,
Indeed, let 7(R) be the first hitting time of the set X defined by (5.26), and let

m and Ry be the integers in Proposition 5.4 for v = ||V||s. Then for any v € H,
we have

(2.2)

PY1(w) =EE) =Eu{le, =Y } + E{lg:Z} } = I + I, (2.3)

where =} is given by (1.3) and G; = {7(Ro) > t}. As V is non-negative, we
have B} 1(u) > 1. This and (5.27) imply that

I < B ) < Euexp(17(Ro)) < Crow) < Cro(w) [V 1, (24)
By the strong Markov property and (5.27),
L < Eu{l6, = (o) Butr(ro) B }
< By {eTFO} B 1| r, < Cvo(u) R 1] ko (2.5)

Inequalities (2.3)-(2.5) imply (2.2).
Step 2. It suffices to prove (2.1) for integer times k > 1:

1%

10 oo
sup II‘BkV 2
k>0 [BY 1R,

Indeed, the semigroup property and the fact that V' is non-negative and bounded
imply that

(2.6)

1Y wllzee = B 1 (Bl < ColBwllres,
198 Ll e > 197110
where [t] is the integer part of t and Co := sup,c(o 1) By wllze. By (5.23),

we have

Co < e sup [Pstol|pe < o0,
s€10,1]

where B3, = P? is the Markov operator associated with (0.5).
Step 3. To prove (2.6), we use the Markov property and (5.23):

Py w(u) < By {Z_ 1w (ur) }
=e"E, {E{_1Eu,_,w(u1)}
< eE, {E)_1[e ™ o (up_1) + C1]}
< Py i (u) + T CrP_ 1 (w),

10



where we choose m > y/aj, so that g := e7"™* < 1. Tterating this inequal-
ity and using the fact that the sequence {|B} 1||g,} is a non-decreasing in k,
we obtain

P w(u) < ¢*ro(u) + (1 —q) ' CrPy 1(w).

This and (2.2) imply (2.6).
U

We shall also need the following growth estimates with two other weights.

Proposition 2.2. Let V € Cy(H) and let Ry and 7o be the numbers in Propo-
sition 2.1 and Lemma 5.3, respectively. Then for any » € (0,7), we have

1B ml g
>0 [IBY 1|,
IBY FllLee

Py
>1 [|BY 1 g,

< 00, (2.7)
< 00, (2.8)

where m = m,, and F(u) = ||ul|?.

Proof. Step 1: Proof of (2.7). As in the previous proof, we can assume that V
is non-negative and ¢t = k is integer. We take any A > 0 and write

B m(w) = B {Tju, <y Zm(we) } + Eu {Tju, 2520 5 m(u) }
=: Iy + Jg. (2.9)

By (2.2), we have
IBY Ul < Call By 1R,

hence
1kl < e IR ULz < Coe™ 1B 1 5, (2.10)

To estimate Ji, we use the Markov property and (5.22)
Ji() < A7VE, {lunl 22 mun)} < A7 By {lunPEL_ m(u)}
= A7 By {Z B { ] Pm(un) < A7 G m().

Combining this with (2.9) and (2.10), and choosing A > 0 so large that ¢ :=
A71C5 < 1, we get

1B mlzg < Coe”[BY Ly + allBE_1m| 25

Iterating, we obtain

1B |2 < Cae™ (1 —q) 1B L Ry + .

As BY 1(u) > 1, we arrive at the required inequality (2.7).

11



Step 2: Proof of (2.8). For any t > 1, we have
VF =B (B F) <P (PaF).
So (5.24) and (2.7) imply that
Y F(u) < CaPy_qws(u) < CsPBy_ym(u) < Cs|BY 1] rom(u).

This proves (2.8). O

2.2 Time-continuity
The following lemma proves the time-continuity property.

Lemma 2.3. The function t — BY g(u) is continuous from Ry to R for any
VeCy(H), g€ Cyw(H), ue H, and w = 1o, with any m > 1.

Proof. Let us show the continuity at the point 7' > 0. For any ¢ > 0, we write

Prow) — B, g(u) =B, {[E} — EV] g(ue)} + Eu {{g(ur) — g(u)] E} }
=: Sl + Sz.

As V is bounded and g € C,(H), we have

T
1S1] < Eu{ exp (/t V(us)d8> -1 El/g(m)l}

< lgllzes (e|T—tH|V\|oo _ 1) TIVI<E, o (uy).

Combining this with (5.23), we get S; — 0 as t — T. To estimate Sa, we take
any R > 0 and write
e "Wl |8y < By [g(ur) — g(uy)|
= Ey {Ics, l9(ur) — g(u)|} + Eu {Iey, [g(ur) — g(u)[}
=: 53 + Sy,
where G := {us, ur € Bg(R)}. From g € Cyp(H) and (5.23) we derive

Sz < C1E, {1, (v (ur) + 1o (ur)) }
< CiR7'E, {w?(ur) + w?(uy) } < CoR™'ro?(u).
On the other hand, by the Lebesgue theorem on dominated convergence, for
any R > 0, we have Sy — 0 as t — T'. Choosing R > 0 sufficiently large and ¢

sufficiently close to T, we see that S5 + S4 can be made arbitrarily small. This
shows that So — 0 as t — T and completes the proof of the lemma. O

12



2.3 Uniform irreducibility
As V is a bounded function, we have
PY (u,dv) > e W= p,(u,dv), we H,

where P;(u,-) is the transition function of the Markov family (u,P,). Thus to
show the uniform irreducibility of { P}, it suffices to prove the following result.

Proposition 2.4. The family {P;} is uniformly irreducible with respect to the
sequence {XRg}, i.e., for any integers p, R > 1 and any r > 0, there are positive
numbers I = l(p,r, R) and p = p(p,r) such that

P/(u,Bu(u,r)) >p, we Bu(R), ueX,. (2.11)

Proof. Step 1. There is a number d > 0 such that for any R > 1, we have

1

for sufficiently large ¢ = ¢(R). Indeed, combining (5.23), (5.24), and the Markov
property, we get

Eullwli <Ce®'R® +1), wue Bu(R),t>1.

Taking t so large that e 3*1*R® < 1 and d > 2v/C and using the Chebyshev
inequality, we arrive at

Pi(u, X4) > 1—d 2C(e 'R + 1) >

N | —

Step 2. By Lemma 3.3.11 in [20], for any non-degenerate ball B C H, there
is p1 = p1(d, B) > 0 such that

Pi(u,B) > p1, ue Xy
Combining this with a simple compactness and continuity argument, we get
Pl(u,,BH(ﬂ,’l"))ZpQ, uEXd,fLEXp

for some po = pa(d,p,r) > 0. This estimate, (2.12), and the Kolmogorov—
Chapman relation imply (2.11) with [ = ¢+ 1 and p = p2/2. |

2.4 Existence of an eigenvector

Here we show that the dual operator 3}* has an eigenvector and give some
decay estimates for it.
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Proposition 2.5. For any V € Cy(H) andt > 0, the operator BY* has at least
one eigenvector p.y € P(H) with a positive eigenvalue Ay v :

‘m/*,ut,v = A,V e,V - (2.13)
Moreover, any such eigenvector satisfies
[l + ) () < (2.14)
H

HmthmHXR/ o (W)ptgy (du) = 0 as R — o0 (2.15)
XC

R
for any » € (0,7) and n,m > 1.

Proof. Step 1: FEstimate (2.14). Let us fix t > 0, and let u € P(H) be an
eigenvector of the operator 3}* corresponding to an eigenvalue A > 0. Let
us show that p € Pu(H) with m = m,, for any » € (0,79). Indeed, for any
measurable function f: H — R, U {400}, we have

(fo) = XTHRY £y < AtetlVllee (s, £, ). (2.16)

Taking f = m,,, any number A > 0, and setting® C; = A~ tetlVll< we obtain
[ mwtdn) < €1 [ Bu{matun)utaa)
H H
= Cl/H(]Eu {T{juz<caymac(ue) } +E,y {H{uut||2>A}m%(uzs)})u(du)
< / (exp(xA) + AR, {||ut||2m%(ut)} ) u(du)
H
< Cl/ (exp(3A) + CoA™'m,. () p(du),
H
where we used inequality (5.22). Choosing A > C1Cs, we get
/ m,, (u)p(du) < Cy(1 — C1C A7) " Lexp(2A) < oo, (2.17)
H

s0% yu € Pn(H). Taking f(u) = |lu|} in (2.16) and using (5.24) and (2.17),
we obtain

/H lullpu(du) < Cy /H B, {|Jue]|7 }u(du) < C /H (1 -+ [Jul*)(du) < oo

for any n > 1. This proves (2.14).

5We do not indicate the dependence of different constants on V,t,m,n, and s.
SNote that this proof is formal. A rigorous proof can be obtained by applying the above
arguments to bounded approximations of m.
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Step 2: Limit (2.15). From (5.23) it follows that

||€B2/mm”XR S etHVHw sup Eumm(ut)
u€Xpr
<Cy sup t,(u) = Cy(1+ R*™). (2.18)
u€Bp (R)

Using the Cauchy—Schwarz inequality, (2.14), and the Chebyshev inequality, we

see that

c\1/2
| rom(u)p(du) < (03,02 (X)
R

< CsR™".

Combining this with (2.18) and choosing n > 2m, we obtain (2.15).

Step 3: Construction of an eigenvector. Let us take any A > 0 and m > 1
and define the convex set

Dy = {l/ €P(H): (wy,,v) < A}.
By the Fatou lemma, D 4 ,, is closed in P(H). Consider the continuous mapping
G:=G(V):D v
= s : A,m_>,P(H)7 VO—)W.

Let us show that G(D4 ) C Dy, for an appropriate choice of A and m, and
that G(Da ) is compact in P(H). In view of the Leray—Schauder theorem,
this will imply the existence of an eigenvector p € D4, satisfying (2.13) with
eigenvalue A = B} *u(H) > 0. From (5.23) we derive that

(W, G(v)) < exp{t Osc(V)}{w,,, B;v)
< exp{t(Osc(V) — may) Hw,,, v) + Cs,

where Osc(V) := sup,cg V(u) — infyem V(u) is the oscillation of V. Choos-
ing A and m so large that exp{¢t(Osc(V) — ma;)} < 1/2 and A > 2Cs, we get
that G(Da,m) C Da,m. In view of the Prokhorov compactness criterion (see
Theorem 11.5.4 in [5]), to prove that G(Da4 ) is relatively compact, it suffices
to check that

/ [|w]|? v(du) < C7 for any v € Dy .
Using (5.24) and the fact that V is bounded, we get
/ [l 398, v(du) < exp(t]|V]|) / ullF (7 v) (du)
<Cu [ JulPon
H
< Cg/ W, (w)r(du) < CyA =: C7.
H

Thus there is an eigenvector p € D4 .
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3 Uniform Feller property

In this section, we establish the following result.

Theorem 3.1. For any V € V, the family {PY} satisfies the uniform Feller
property with respect to the sequence {Xgr}, i.e., there is an integer Ry > 1 such
that the family {||BY 1|z BY 1, t > 0} is uniformly equicontinuous on Xg for
any ¥ €V and R > Ry.

See the papers [13, 14, 23] for similar results in the case of a discrete-time
random dynamical system and [22] for the case of the stochastic damped non-
linear wave equation. The main difficulty in the proof of Theorem 3.1 comes
from the fact that the oscillation of the potential V' can be arbitrarily large.
To overcome this, we introduce a new auxiliary equation in the construction of
the coupling processes and choose carefully the parameters in order to have a
stabilisation property with an appropriate rate.

3.1 Construction of coupling processes

The coupling processes are constructed following the arguments of [22]. Let us
take any z,z’ € H and denote by u; and u} the solutions of (0.5) issued from z
and z’. For any integer N > 1 and number A > 0, let v be the solution of the
following problem

0+ B(v) + Lv + Py[A(v —u) + B(u) — B(v)] = h+n(t), v(0)=2" (3.1

where 7 is defined by (0.3). We denote by v(z, z') and v/(z") the laws of processes
{v(t),t € J} and {u/(t),t € J}, respectively, where J = [0,1]. We shall use the
following result.

Proposition 3.2. There exists an integer Ny > 1 such that if N > Ny and
A > N2/2 then for any e > 0 and z,2' € H, we have

, 1/2
[0z ) = /() loar < 2 42 [exp (Cn we 2|z — 2/ [2eCUI 1) ] 7,

(3.2)
where || - ||var denotes the total variation distance on P(C(J; H)) and a < 2,C,
and Cx n are positive constants not depending on €, z, 2’ .

See Section 5.2 for the proof. By Proposition 1.2.28 in [20], there is a prob-
ability space (Q, F,P) and measurable functions Z, 2’ : H x H x Q0 — C(J; H)
such that (Z(z,2'), 2'(z,2’)) is a maximal coupling for (v(z,2'),v(z")) for any
z,7 € H. We denote by ¥ and @} the restrictions of Z and Z’ to time t € J.
Then 7, is a solution of

U4 B(®) + Lo+ Py[Ao — B(®)] = h+(t), ©(0) =2,

where the process {fg’ ¥ (s)ds, t € J} has the same law as
t
{W(t) —/ Pu[Blus) — Aulds, t € J}.
0
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Let @; be a solution of
i+ B(@) + La + Py[Mi — B(@)] = h+¥(t), @(0) = z.

Then {@;,t € J} has the same law as {u;,t € J}. Now the coupling operators R
and R’ are defined by

Ri(z, 2 ,w) =1, Ri(z,2 \w)=1a;, 272 €H we O, teld
By Proposition 3.2, for any ¢ > 0, N > Ny, and A > N?2/2, we have
P{3t € J s.t. ¥ £ @}
<492 [exp (C,\,Nsa_2||z _ Z/H2eC(HzH2+IIz’H2)) — 1] 1z . (3.3)

Let (QF, F* P*) k > 0 be a sequence of independent copies of (Q F,P) and
(92, F,P) the direct product of (Q%, F¥ PF). For any w = (w!,w?,...) € Q and
z,2 € H, we set Gy = z, uy = 2, and

iy (w) = Re (e (w), g, (w), w*), iy (w) = R (e (w), T, (w), "),
B(w) = Z (g (w), @) (w), wk),

where t = s+ k,s € [0,1). We shall say that (@, ;) is a coupled trajectory at
level (N, X) issued from (z,2').

3.2 Proof of Theorem 3.1

Step 1: Stratification. Let us take any V,v € V and 2,2’ € Xpg such that
d = ||z —Z|| <1. We need to prove the uniform equicontinuity of the family
{gt,t > 0} on Xg, where

ge = 1B 1) 7"B) .

Without loss of generality, we can assume that 1) and V' are non-negative, ¢ < 1,
and the integer N in representation (0.10) is the same for ¢ and V' (we denote
it by Noy). Let (ug,uy) := (@, @;) be a coupled trajectory at level (N, \) issued
from (z,z’) and let vy := ¥; be the associated process. The parameters N > Ny
and X\ > N?2/2 will be chosen later.

Following [22, 14], for any integers r > 0 and p > 1, we introduce the events ”

T

mij Gj_{vt_ut7Vt€(]]+ ]} FTO_
=0

t
Frp= { sup (/ (lluslF + [lui]lF) ds —Kt) < 2 + 112711 + o5
0

telo,r]

S

Jar P + [ 2 < p},

"The event G, is well defined also for r = +o0.
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where K is the constant in (5.19), and the pairwise disjoint events
Ag=G§, Arp=(GroiNGENF )\ Frpo1, 7>1,p>1, A=Gin
We decompose as follows
[9(2) =B 0() = E{Ly, [E) v (u) — ZF v (u))] }
+ D E{La,, [E v (u) — 20 (up)] }

r,p=1
+E{I 4 [EY ¢(ur) — Y ¢(up)] }
=If+ > It +T, (3.4)
r,p=1
where
Ié = ]E{I[AO [E:/ (ut) - Ey (u;)] }7
I, =E{la, [E/ () — Y 9(up)] },
1" =E{1; [} ¢(us) — E ¢(uy)] }.

In Steps 2 and 3, we estimate If, I' , and I*.

p?

Step 2: Estimates for If and I} ,. We have following inequalities
|15 < C1 (R, V)| 1| r P(A0) /2, (3.5)
|17 | < Co(R, V)erlVI= |/ 1] p P(A, ,)'/? (3.6)

for any integers r, p > 1 and R > Ry, where Ry is the number in Proposition 2.1.
Let us prove (3.6), the other inequality is proved in a similar way. First assume
that r + 1 < t. Using ¢ < 1, the positivity of =)+, and the Markov property,
we derive

I}, <E{la, BV (u)} <E{La, B/
=B{L, B[=) | Fra]} < e IVIE{L, , (B, _11)(urs1)},

where {F;} is the filtration generated by (u, u;). Then from the positivity of V'
and (2.1) it follows that

By, 11(y) <P 1(y) < MR 1 g,0(y), v € H,
so that

1L, < Cae IV~ 1Y 1| B TLa,,, () }
< Cae V= Y 1| gy {P(Ay ) Evo(u,) }2.
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Using this, (5.23), and the symmetry, we obtain (3.6). If r > t, then
I, < eWi=p(a,,) < elVi= gy 1) r P(A,,)" /2,
which implies (3.6) by symmetry.
Step 3: Estimate for I'. Let us show that
'] < Ca(R VAN, |9 1] . (3.7)

Indeed, we write

I = B{I;EY [(u) — ()]} + B{ILEY — 2Y N} = Jt + J2,
where Z) := exp (fot V(u’s)ds). Then by (5.3), on the event A we have

PN (us —ul)|| < e d, sel0,t].
Since ¢ € Ly(H ), we derive from this
8] < B{LGEY o) — ()]} < lllse ™ 1BY 1ad < 6] 1% 1 nd
Similarly, as V € Ly(H),

t
|JE <E{1z=Y -2V |} <E {]IAE,Y [exp (/ |V (us) — V(u;)ds) - 1} }
0
< [exp (CanAHIVd(1 — e ™)) — 1] B} 1]z
< [exp (C5(R, V, A, N)d) = 1] | B 1] .

Recalling that d < 1 and combining the estimates for J? and Ji, we get (3.7).

Step 4: Uniform equicontinuity of g.. We use the following lemma, which is
proved at the end of this subsection.

Lemma 3.3. For any o > 0, there is an integer Na(«) > 1 and positive numbers
a and B such that

P{Ao} < C6(R, A, N)d"/?, (3.8)
]P){Anp} < C7(R){ (daeaar+ |:€Xp (Cg(R, A, N)daeclpf'w”) 71} 1/2> /\eﬁp}
(3.9)

for any N > Na(a), A > N?/2, R > 1, and a universal constant C' > 0.

From (3.4)-(3.9) it follows that, for any z, 2’ € Xg,t > 0, R > Ry, and « > 0,
we have

|9:(2) = g:(2')] < Co(R,V, A, N, ) (da/‘* +d

+ ier'v'w{(da/%wﬂ + [exp (CdreCr=eer) 1] K 4) A eﬂp/2}>,

rp=1
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provided that N > Ny V Ny V No(a) and A > N2/2. When d = 0, the series on
the right-hand side vanishes. So to prove the uniform equicontinuity of {g:}, it
suffices to show that the series converges uniformly in d € [0, 1]. Since its terms
are positive and monotone, it suffices to show the converge for d = 1:

> , 1/4
Z eIVl {(e‘mr/2 + {exp (C’gec ”_‘w”> — 1} ) A e‘ﬂp/z} < 0.

r,p=1
(3.10)
To prove this, we will assume that « is sufficiently large. Let
Sy ={(r,p) eN?:p<aar/(2C")}, S, =DN?\GS.
Then taking a > 16{|V||~/a, we see that
! 1/4
Z erHVHOC (eaar/Q + [exp (Cgec pfaa'r> o 1:| )
(Tap)esl
< Cio(R,N) > erlVleemoor/® < 0y (RN) D e /16 < o,
(’l‘,p)ESl r=1

Choosing o > 8C'||V |/ (af), we get
Z eTHV”ooe_Bp/2 S 012Ze_ﬁp/4 < 0.
(r,p)€S2 p=1
These two inequalities show that (3.10) holds.

Proof of Lemma 3.3. Taking e = d in (3.3) and using d < 1, we get
1/2
P{Ao} < d" +2 [exp (CA’Nd’leZCRQ) - 1] < Cs(R, A, N)d*/?

for N> Ny and X > N?/2. This gives (3.8). From the inclusion A, , C Fy,
and inequalities (5.19) and (5.21) it follows that

P{4,,} < Ci3(R)e™ "7, (3.11)
where 8 := ~0/2. By Proposition 5.1, on the event A,., we have
Jur — | < exp(—ar + el + |2 + p))d < Cra(R)e™*d,  (3.12)

provided that N > Nj(a) := va + cK and A > N2/2. Recall that on the same
event we have also
| + llup |* < p. (3.13)
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Using the Markov property, (3.3) with e = de™", (3.12) and (3.13), we obtain

P{A,,} <P{G,-1NGENF.,} =E{lg p, E(lc:

fr)} S daefaar
, 1/2
+2E{H@T710an{exp (CA’Nda*%*(aﬂ)MHur - u;||260<|\u7-\|+|\urwl)> _ 1} }
, 1/2
< %0 49 [exp (cg(R, A, N)daeC p—aw) - 1} .

Combining this with (3.11) and taking N > Na(a) := N1V Nj(a) and A > N2/2,
we get the required inequality (3.9). |

4 Proof of Theorem 1.1

The results of Sections 2 and 3 show that the conditions of Theorem 5.6 are
satisfied if we choose

PY(u,T) = (B/*0.)T), X =H, Xr=Bm(R), R> Ry,
w(u) =, (u) =1+ |u*", C=V, VeV

with sufficiently large m and Ry. Thus there are eigenvectors py € P(H) and
hyv € L (H) corresponding to an eigenvalue Ay > 0. Moreover, for any R > 1,
the restriction of hy to Xg is continuous and strictly positive, so hy : H' — R is
continuous and strictly positive. As P, {u; € H'} = 1 and h(u) = A\j;"BY hy (u),
we have

hy (u) > Ayte Wl B hy (uy) >0 we H.

The continuity of hy : H — R follows from the uniform convergence in (1.4),
and the uniqueness of py and hy from (1.4) and (1.5). The proof of (1.4) is
carried out in Steps 1-3, and that of (1.6) in Step 4. Convergence (1.5) follows
immediately from (1.4).

Step 1: Proof of (1.4) for f € V. In view of (5.32), for any f € V, we
have limit (1.4) in C(Xg) N L*(H,puy). We claim that this limit holds also
in C(By(R)) for any R > 1. Indeed, it suffices to check condition (5.33)
with B = By (R) and s =1, i.e.,

Ap,:= sup / 10, (v) PV (u,dv) — 0 as r — oc.
w€Bx(R) JH\X,

From the Poincaré inequality and (5.24) it follows that

AR,T‘ S T72 sup Eu {m’m(ul)null‘? EY}
u€Bm (R)

<r2elVlie sup By {(1+ a7 ™ a7 ]|uaF}
u€Bp (R)

<r72C(m)R¥™Y) 50 asr — oo.

This implies (1.4) for f € V.

21



Step 2: Proof of (1.4) for f € Cy(H). For any n > 1, let f, € Ly(H) be
such that

sup | fn(u) = f(u)] <

u€Bg(n)

S|

Then the functions f, = f,, o P,, belong to the space V), satisfy Il fnlloo < I lloo
and f, — f as n — oo, uniformly on compact subsets of H. Setting

Ai(g) = sup [A\SBYg(w) — (g )hv(W)], llglor= sup [g(u),
u€By(R) u€BH(R)

for any t > 0 and n > 1, we write

Ae(f) < Aelfa) + by llo,r 1Cf = fas )| + AT IBY (F = Fa)llo,r-

Since f,, € V, the first term on the right-hand side of this inequality goes to zero
as k — oo for any fixed n > 1. The Lebesgue theorem on dominated convergence
implies that [(f — fn, v )| = 0 as n — oo. Thus, the required convergence will
be established if we show that

S1>11’i) A;t||’}32/(f — fo)llor =0 asn — . (4.1)
t>

To prove this limit, we take any p > 0 and write

||q3¥(f - fn)”O,R S Jl(t,nvp) + JQ(t7n7p)7 (42)

where
J1<t7n’p) = ”m}/((f - fn)HXp)HQRa Jg(t7n,p) = H‘m/((f - fn)HX,i)HO,R'
By (2.2), we have

Jl(tan,p) S 5(”3 p) ||(B:/1||0,R S E(TL, p) CR ||;‘]3:/1||R07

where e(n,p) = ||f — fullx, — 0 as n — oo. Convergence (1.4) with f = 1
implies that
the set {\,'[|B) 1||r, }¢>0 is bounded in R. (4.3)
It follows that
sup )\;tJl(t,n, p) =0 asn — oc. (4.4)
>0

To estimate Jo, we use (2.8). For any p,n > 1 and ¢ > 0, we have

)‘;tJQ(t’nJ)) < QHf”OOp_Q/\\_/thXFHO,R
< Crllflloop 2 AV 1Y 1 5, -

By (4.3), the right-hand side of this inequality goes to zero as p — 0o, uniformly
with respect to ¢ > 1. Combining this with (4.4), we see that supremum over
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t > 1 of the right-hand side of (4.2) can be made arbitrarily small by choosing
first p > 0 and then n > 1 sufficiently large. This proves (4.1).

Step 3: Proof of (1.4) for f € C(H). We use again an approximation ar-
gument. Let us fix any s € (0,70) and f € Crn(H) with m = m,,. We define a
sequence { f,} by the relation f,, = fTAn—f~An. Then f, € Cy(H), |fu| < |f]
for any n > 1, and f,, — f in L3S (H) with m’ = m, for any »' € (5¢,70). Fur-
thermore, in view of (1.4) and the Lebesgue theorem on dominated convergence,
we have

sup |)\‘7t‘§3yfn(u) — (fn, pv)hv(u)| = 0 ast— oo for any fixed n > 1,
uEBH(R)

[{f = faspv)] =0 asn— oo.

Thus, as in the previous step, it suffices to prove that

sup MY (f = fallo.r =0 asn— oo (4.5)
t>

To see this, we use (2.7) for m':

1B (f = fadllo,r < &n 1B W [lo,r < Cren [ 1| g,
where en, = ||f = ful L, — 0 as n — co. Combining this with (4.3), we get (4.5).
Step 4: Proof of (1.6). In view of (1.4), it suffices to show that

sup {/ INBY S = (fo )b | V(du)} — 0 as R — oo.
(t)ery xAGe M) LBy ()
(4.6)

By (2.7) and (4.3), we have
IBY Fle < Gl Ulm, < Gy for all £ 2 0.

It follows that
IAVPBY f ()| < Cam(u).
Since » < 3, hy € Cyn(H), and

sup / m,.(u) v(du) < M= 0 as R — oo,
vEA(s',M)J By (R)¢

we obtain (4.6). This completes the proof of Theorem 1.1.

5 Appendix

5.1 The Foiag—Prodi estimate

Let us take any numbers T, A > 0, any function ¢ € L%([0,T]; H), any integer
N > 1, and consider the equations

U+ B(u) + Lu = h(x) + Opp(t, x), (5.1)
0+ B(v) + Lv + Py[Av — u) + B(u) — B(v)] = h(z) + 0rp(t, ),
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where Py is the orthogonal projection in H onto the space Hy defined by (0.11).
The following result is a version of the Foiag—Prodi estimate obtained in [8];
see also Section 2.1.8 in [20] for a similar result for the Navier—Stokes system
(with different equation instead of (5.2)) and Section 7.3 in [22] for the damped
nonlinear wave equation.

Proposition 5.1. Let u,v € C([0,T); H) N L2([0,T); H') be solutions of (5.1)
and (5.2) issued from z and 2, respectively. Then

IPx(ue —ve)ll < e M|IPn(2 =2, te€[0,T]. (5:3)

If we assume additionally that

t
/ (lusl? + [0s]2) ds < p+ Kt, ¢ € [0,7] (5.4)
0

for some numbers p > 0 and K > 0, then for any o > 0, we have
lue —vell < Cxve” ™)z = 2|, t€[0,T], (5.5)

provided that 2\ > N2 > a+ cK. Here ¢ > 0 is an absolute constant and Cy N
s a constant depending on A and N.

Proof. Step 1: Proof of (5.3). Let us set y = Py(u— v). Then
¥+ Ly+ Ay =0.

Taking the scalar product in H of this equation with y, we obtain

1d

2 2 2
- = A —0.
2ChtHyII + lylls + Allyll

Hence d
—lylI> + 2A]ly[|> < 0
Sl + 2x]y]> <0,
which implies (5.3).
Step 2: Proof of (5.5). Let w =u —v. Then
W+ Lw + APyw + Qn[B(u) — B(v)] =0, (5.6)

where Qn = 1 — Py. For any a,b € H!, let us set B(a,b) = II((a, V)b). Taking
the scalar product of (5.6) with w, and using the equality

B(v) — B(u) = B(v,w) + B(w, u), (5.7)
we get

1d

5 g @I+ Il + APrvwl = (B(v) - B(u), Quw)

= <B(an)a QNw> + <B(w,u),QNw>
=: Il + Ig. (58)
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Using the identity
(B(a,b),b) =0, a,bec H*

and the Holder inequality, we obtain
|| = [(B(v, Pnw), Quw)| < C / [v||VP yw||Qnw|dz
T
1
< Gl VPrwlsollwll < SIVPNwS + Collol?[lw]®. (5.9)

To estimate I, we use the Holder inequality, the inclusion H 3 C L*, and the
interpolation inequality ||a||?/2 < |lelllall1:

2] = (B(w,u), Quw)] gcg/ w||Vu||Quw|dz
’]I‘2

1
< Csllwl|zallull|Q@uwllzs < Callwllwlhfully < 5 llwllt + Csllwlullt.
Combining this with (5.8) and (5.9), and using the Poincaré inequality
Nl Qnwl| < [lwlly,

we get

d

el + @ = el + o)) vl < [VPywl, (5.10)
where [ = min{N?,2)\}. From (5.3) we deduce that

IVPyw||2, < Cnve M [Jwol|>.

Hence, (5.10) and (5.4) imply that

t
[lwe]|? < (1 + CN/O e(lz’\)sds> [|wol|? exp (=1t + ¢1(p + K1)) .

Choosing A and N such that 2\ > N2 > 2a + ¢1 K, we get (5.5) with ¢ = ¢ /2.
U

5.2 Proof of Proposition 3.2

We closely follow the arguments of the proof of a similar result from Section 7.3
of [22] in the case of the nonlinear wave equation (see also Section 3.3.3 of [20]).

Note that inequality (3.2) concerns the laws of the solutions and not the solu-
tions themselves. Thus we can choose the underlying probability space (2, F, P).
We assume that 2 is the space C'(R4;R) endowed with the topology of uniform
convergence on bounded intervals, P is the law of the Wiener process W in (0.3),
and F is the completion of the Borel o-algebra of Q with respect to P. We define
a stopping time by

T =1inf{t > 0: E%(t) > ||z||* + Kt + p},
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where £%(t) is the functional and K is the number in Lemma 5.3, and p > 0 is
a constant to be chosen later. The stopping times 7% and 7% are defined in a
similar way. Then by inequality (5.19), we have

P{r" < oo} 4+ P{r% < oo} < 2e770. (5.11)

We define a transformation A : Q — Q by
t
Aw)(t) = w(t) — / o(s,w)ds,  @(t,w) =Ip<sPy[A(v —u) + B(u) — B(v)],
0

where 7 = 7 A7 A7Y and ;<7 is the indicator function of the interval [0, 7].
We use the following result, whose proof is given at the end of this section.
Lemma 5.2. There is an integer N1 > 1 such that for any numbers N > N,
A > N2/2 and p > 0 and any initial points z, 2’ € H, we have

2 12 1/2
JAP = Plloar < [exp (Collz = 2200140 ) — 4 750 (5.12)

where AP stands for the image of P under A, and C and Cy\ n are positive
constants not depending on p, z, 2.

Let us introduce auxiliary processes y,, and y, in H defined as follows:
for ¢t < 7 they coincide with the processes u’ and v, respectively, while for ¢ > 7
and 7 < oo they are zero. With probability 1, we have

Yo (t,w) = yu (£, A(w)), te€J (5.13)
Let us denote by u} and vy the restrictions of «/(¢t) and v(¢) to J. Then
[v(z,2") = V(') var = sup [P{vy € T} — P{uj € T'}|
r

<P{7F < oo} +sup|P{vy €, 7 =00} —P{u] €, 7 =00} = L1 + La,
r

where the supremum is taken over all Borel subsets of C(J; H). Note that
Ly < [|AP = Pllogr
Further, we have
Ly <P{r’ < oo, 7" AT = 0o} + P{r" < 0o} + P{r* < oco}.
Moreover, thanks to (5.13),

P{r’ < 0o, 7" AT% = oo} < P{r¥ < oo} = A,P{r¥' < oo}
< B{rt < 00} + AP — Bl
< P{TUI < oo} + [[AP — Pllvar.
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Combining last four inequalities, we infer that

(2, 2") = V(') oar < 2 (P{Tu <00} + P{r" < oo} +[|AP — P||W) .
Finally using this with inequalities (5.11) and (5.12), we get
22—/ ()l < 470042 [exp (O w2 = 22001140 ) 4] 7

Choosing a = 2vo/(y0 + 1) and p = —, ‘aln(e/4'/%), we obtain (3.2).

Proof of Lemma 5.2. Step 1: Girsanov theorem. We write (2 = QN—i—Qﬁ, where
Oy = C(Ry;Hy) and Qn = C(Ry; Hy). For any w = witws € Q, we
write w = (w1, ws) € QN X QJA-, Then the transformation A can be written
as A(w) = (T(w),ws), where T : Q — Qp is given by

t
T(w)(t) = wi(t) +/ o(s,w)ds.
0
It is not difficult to see that

IAP = Pllar < / (B ) — P B (o),
QN

where Py and Pﬁ are the images of P under the projections P N Q= Qn and
Qn : Q2 — Qﬁ, respectively. Let

Then Py coincides with the law D(X) of the random variable X and T, (Py,ws)
coincides with that of X. By the Girsanov theorem (see Theorem A.10.1 in [20]),
we have

D)~ DXl < ((Ep [61max a ||<P(t)||2dt]>% - 1) g

<j<N Y
(5.14)
provided that the Novikov condition

E exp (p/ ||go(t)||2dt> < oo foranyp>0
0

is satisfied. In Step 2, we show that

LS
Eexp (p/ ||g0(t)|2dt> < exp (Cp,)\,NHZ o Z/||260(HZ‘|2+HZ"|2+/7)) (515)
0

for any p > 0. Clearly, this and (5.14) imply (5.12).
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Step 2: Proof of (5.15). By Proposition 5.1, the following inequalities hold
IPx(ue — vl < e M|Pn(z = 2)], t2>0, (5.16)
e — v < Cle—t+c(|\2|\2+|\2’H2+p)||Z — ||, telo, 7 (5.17)

if 2A > N2 > 1 4 ¢K. We have

Eexp (p / N ||so<t>|2dt) — Eexp (p / ' so(t>||2dt>

< Eexp <C2 /OT (IPx[u = v]|* + IPx[B(u) — B(w)][?) dt) - (518)

Integrating by parts and using the Holder inequality, we see that
(B(a,b),e;)| < Cjllall1|lbll, a,be H', j>1.
Combining this with (5.7) and (5.16)-(5.18), we get

Bow (o [ et

o0
< Eexp (C’3|z - z'||2/ e—tre(lzl’+= ”2”)(1 + 12?4 |12 + Kt + p)2dt>
0

< Eexp <C4|z — 2|2 /OO et/2+20(|Z|2+|Iz’|2+p)dt>
0

— exp (2C4||Z _ Z/H2eC<||zH2+uz'n2+p>> .

This proves (5.15).

5.3 A priori estimates

The following lemma gathers some standard a priori estimates for the solutions
of the stochastic Navier—Stokes system. The reader is referred to Section 2.4.2
in [20] for more general results.

Lemma 5.3. Assume® that B, < oo, h € H', and v, is a solution of (0.5)
issued from u € H. Then we have the following estimates.

Exponential moments. There are numbers 79 = 70(Bo) > 0 and K =
K(Bo,||h]]) > 0 such that for any s € (0,70),
P, {Sup (E(t) — Kt) > ||lul|® + ,0} <e Pl p>0, (5.19)
>0
E,e*¢® < Cl(m%o)e”(K”l‘“”?), (5.20)
Ey, exp(s]|u||?) < e exp(se|u]|®) + Ca(s¢, Bo, || 1)), (5.21)
By {[Jut]|® exp(selluc]|®) } < Cs(t, 2, Bo, [|b]]) exp(s¢]|ul?), (5.22)
8Recall that B; = ijl a;b?, 1=0,1.
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where E(t) = EY(t) = |Jug|)* + f(f [|lus||3ds.
Polynomial moments. For any m > 1,

Eulue*™ < e™™ " [ul*™ + Ca(m, Bo, |A])), (5.23)
Eullu [T < Cs(t,m, By, [[A]l1)Ju]®™. (5.24)

Proof. Estimate (5.19) is established in Proposition 2.4.10 in [20]. To prove (5.20),
we denote C, := C,_1 \ C,, where C, the event on the left-hand side of (5.19)
and C_1 := Q. Then for any s € (0,0), we have

B0 = 308, {01, ) < ) $ rp(c, )
p=0 p=0

Kt [ul®) 70

oo
Kl 70 N =000 —
pn

Estimates (5.21) and (5.24) are proved in Propositions 2.4.9 and 2.4.12 in [20],
respectively. To show ? (5.23), we set F(u) = |lu|*™. Then

OuF (u;v) = 2m||u)|?™ =V (u, v),
O F(u;v) = 2m|ul [0 + dm(m — 1) |Jul ") (u, v)?,

so applying the It6 formula for the functional F' and taking the expectation:
t
ol = ulP™ + B [ (2l P D s~ L, ~ Blus) + 1)
0

g B0+ 2mm — Dl P23 122 )ds,
Jj=1

where u; = (u, e;). The identity
(u, B(u)) =0 (5.25)
and the Cauchy—Schwarz and Poincaré inequalities imply that
t
Bullue ™ < ol + By [ (2l P = + 1)
g 207 DBy + 2m(m — 1) fu |2V By ) ds

t
< Jluf*™ *mal/ Ey|Jus]|*™ds + tCs(m, Bo, || hl])-
0

Combining this with the Gronwall inequality, we obtain (5.23).

9We confine ourselves to a formal derivation of (5.23). The accurate proof is based on the
same arguments applied to the stopped solutions u(t A7y ), where 7, = inf{t > 0 : ||u(¢)|| > n}.
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To prove (5.22), we apply the Ito formula for F(t,u) = t||ul|? exp (s ul?),
use the equalities

OcF (t,usv) = [|ul]* exp(se]ul?),
0y F (t,u;v) = 2t exp(se]|ul|*) (1 + seflul|*) (u, v),
ORF (t,usv) = 2texp(sefull?) (252 + sel|ull®) (u, v)* + (1 + s<]|ull*)[[0]|?),

and take the expectation:
t
tE, {HutH2 eXp(%HutHQ)} = Eu/ Hus||2+23(1+%HusH2)<u87_Lus_B(u8)+h>
0

5D 2502 4 selu 2022 + (1+ %||us||2>bﬂ> exp(]|us | 2)ds.

J=1

Again using (5.25) and the Cauchy—Schwarz and Poincaré inequalities, we get
for sufficiently small vy = v0(Bo) > 0 and any » € (0,0),

t
tEy {[luel|? exp(se|u]|*)} < Eu/o (IIUSII2 +25(1+ selfug ) (= [lus [T + [lus [[12])
+5250(2 + sl us||*) [[us||*Bo + s(1+ %IIUSIQ)%0> exp (s« us|[*)ds

t
<By [ (Jul + 5Cx, B, A1) ) exploelua ).
0
Thus (5.22) follows from (5.21), the Poincaré inequality, and the estimate
t
B { [l explel s < e o, [l exploeul).

The latter is easily proved by applying the Ité formula for F(u) = exp(s/|ul?).
This completes the proof of the lemma.

O
5.4 Hyper-exponential recurrence
For any R > 0, let 7(R) be the first hitting time of the set Xg:
7(R) =inf{t > 0:u, € Xg}. (5.26)

We have the following standard estimate for the exponential moment of 7(R).

Proposition 5.4. For any v > 0, there are positive numbers m, R, and C
such that
E, exp(y7(R)) < Cw,,(u), u€ H. (5.27)
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Proof. See Proposition 5.1 in [14] for a similar result in the discrete-time case.
The proof of (5.27) follows the same arguments. The idea is to establish the
inequality for the first hitting time of a ball in H and then to use the regularising
property of the Navier—Stokes system.

Step 1: Hyper-exponential recurrence in H. For any r > 0, we denote by
7o(r) the first hitting time of the ball By (r):

7o(r) = inf{t > 0:u, € By (r)}.

Let us prove that, for any v > 0, there are positive numbers m,r, and C
such that
Euexp(y7o(r)) < Croy(u), u€ H. (5.28)

Indeed, let m > 0 be so large that g := 2e~™ < 1. Then, by (5.23), we have
Eullut]®™ < q (lull®™ V), u€H, (5.29)
where r = ™1 Cy(m, By, ||h||). The Markov property and (5.29) imply that
pr(w) =By (Iirg sy lunl®™) < ¢F|lul®™, k>0,ueH
(cf. proof of Lemma 3.6.1 in [20]), hence
P {ro(r) > k} < 2Mpp(u) < r=2mgk||ul®™. (5.30)
As ¢ < 1, the Borel-Cantelli lemma gives that P,{79(r) < oo} = 1. Choos-

ing m > 1 so large that e7q < 1, we derive from (5.30)

E, exp(y70(r)) <1+ Z P {ro(r) > k — 1}

k=1
oo
<14 72wl 2m Z kgl < Coyy(u),
k=1

which proves (5.28).

Step 2: Hyper-exponential recurrence in H'. First note that, for any num-
bers p € (0,1) and 7 > 0, there is R > 0 such that

Pu{ui € Xp} >1-p, u€ By(r). (5.31)
Indeed, this follows immediately from the Chebyshev inequality and (5.24):
Pu{||u1||1 > R} < R_QIEuHulH% < C’R_2||u|\8 <CR 2% <p

for any u € By (r) and sufficiently large R = R(r,p).

Now we combine (5.28) and (5.31) to prove (5.27). We introduce the se-
quences of stopping times

o ="10(r), 7, =inf{t>71,_+1:u €Bu(r)}, n>1
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and 7, =7/ + 1. Let
A=min{n >0:7, € Xg}.

From (5.31) and the strong Markov property we have
P {7 >k} <(1-p)* k>0 ucH,
so 7 is almost surely finite. For any integers k, M > 1, we can write
P {T(R) > M} =P, {T(R) > M,7, < M} + P, {7(R) > M, 7, > M}
< PU{T(R) > Tk} + Pu{Tk > M}

Since {T(R) > 74} C {A > k}, the first probability is estimated by (1 — p)¥.
The second one is estimated using (5.28) and the strong Markov property

Py {7 > M} < Cf vo,,,(u)e "M,
where C'; > 0 does not depend on k, M > 1 and u € H. Thus, we obtain
PU{T(R) > M} < (1=p)F+CFrypp,(u)e M,

To complete the proof, it remains to choose appropriately the parameters k
and R. We take k ~ M, where € > 0 is so small that elogC; <, and R > 0
so large that elog(1 — p)~* > 2. Then

P {7(R) > M} <2¢ "M, (u),

which implies (5.27).

5.5 Generalised Markov semigroups

For the reader’s convenience, we recall here a result on the large-time asymp-
totics of generalised Markov semigroups in a Polish space X. It is established
in [14] in the discrete-time setting, then extended to the continuous-time in [22].
Let us first recall some terminology.

Definition 5.5. We shall say that {P;(u,-),u € X,t > 0} is a generalised
Markov family of transition kernels if the following two properties are satisfied.

Feller property. For any ¢ > 0, the function u — P;(u, -) is continuous from X
to M4 (X) and does not vanish.

Kolmogorov—Chapman relation. For any t,s > 0,u € X, and Borel set I' C
X, the following relation holds

Pt+s(u7F) = /X Ps(”ﬂ F)Pt(ua d’U)
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To any such family we associate two semigroups by the following relations:
PG5 GO, Fuwl) = [ S0P d),
X
B M) 5 MX), WD) = [ Ao Duldo). ¢>0,

For a measurable function w : X — [1,400] and a family ¢ C Cy(X), we
denote by C™ the set of functions ¢ € L (X) that can be approximated with
respect to the norm [ - [|ze by finite linear combinations of functions from C.
We shall say that a family C C Cy(X) is determining if for any p,v € M4 (X)
satisfying (¢, u) = (¢,v) for all ¥ € C, we have u = v. Finally, a family
of functions v; : X — R is uniformly equicontinuous on a subset K C X if
for any ¢ > 0 there is 6 > 0 such that |[¢;(u) — ¢ (v)| < € for any u € K,
v € Bx(u,d) N K, and ¢ > 0. The following result is Theorem 7.4 in [22].

Theorem 5.6. Let {Pi(u,-),u € X,t > 0} be a generalised Markov family of
transition kernels satisfying the following four properties.

Growth conditions. There is an increasing sequence {Xr}%_, of compact sub-
sets of X such that Xoo := Ux_1 Xg is dense in X. The measures P(u, )
are concentrated on X, for anyu € X andt > 0, and there is a measur-
able function t : X — [1,+00] and an integer Ry > 1 such that'®

sup [RUAIFES
>0 [|Bellr,

sup [Pl < 00,
te[0,1]

< 00,

where || - ||r and || - ||oo denote the L™ norm on Xgr and X, respectively,
and we set co/oo = 0.

Time-continuity. For any g € Cy(X) and u € X, the function t — Prg(u) is
continuous from Ry to R.

Uniform irreducibility. For sufficiently large p > 1, any R > 1 and r > 0,
there are positive numbers I = l(p,r, R) and p = p(p,r) such that

P(u, Bx(u,r)) >p forallue Xg, 4 € X,.

Uniform Feller property. There is a number Ry > 1 and a determining fam-
ily C C Cy(X) such that 1 € C and the family {|B:1||z" Be,t > 0} is
uniformly equicontinuous on Xg for any ¢ € C and R > Ry.

Then for any t > 0, there is at most one measure u; € Py (X) such that
e (Xoo) =1 and
B e = A(t)pue  for some A(t) € R

10The expression (P¢tw)(u) is understood as an integral of a positive function w against a
positive measure Py (u,-).
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satisfying the following condition:
||‘Btm\|R/ w(u) ue(du) -0 as R — oo.
X\Xg

Moreover, if such a measure pi; exists for allt > 0, then it is independent of t (we
set p = ), the corresponding eigenvalue is of the form A(t) = X, X > 0,
supp u = X, there is a non-negative function h € LY (X) such that (h,pu) =1,

(B:h)(u) = Mh(u) forue X, t>0,

the restriction of h to Xr belongs to C+(Xgr), and for any ¢ € C™® and R > 1,
we have
AT — (b, ke in O(Xgr) N LY (X, p) ast — oo. (5.32)

Finally, if a Borel set B C X is such that

sup/ w(v) Ps(u,dv) -0 as R— oo (5.33)
u€B J X\ Xgr

for some s > 0, then
ABBp — (b, phh in L®(B) as t — oo

for any ¢ € C™.
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